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Abstract

Two-component Bose-Einstein condensate show many interesting phenomena due to the
interplay between the inter and intra component interactions. We study the dynamical
properties of a highly unbalanced mixture in both trapped and homogeneous cases using two
couple Gross-Pitaevskii equation. Effects of inter and intra-component interactions on the
collective mode frequencies are discussed in three and one dimensions.
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General introduction :

General Introduction:

Brief history of Bose-Einstein condensate:

In classical mechanics it is possible to label identical particles uniquely by their position
and the momentum coordinates at any given time, while in the quantum mechanics particles
no longer have well defined trajectories, and the fact that identical particles are
indistinguishable has profound effects if we arbitrarily form a wave for many-body system by
assigning mathematical labels to each particle, an exchange of these labels can lead to

different physical predications a situation which is obviously unacceptable.

To obtain un a acceptable physic we must impose certain symmetries on the many-body wave
function we find that there are two possibilities of the wave it’s must be “symmetric” or

“antisymmetric”, this is expressed as

where particles which have wave functions antisymmetric (-) called fermions and obey the
Fermi-Dirac statistics and those which are symmetric (+) called boson and obey the Bose-
Einstein statics. It is now possible to deduce that particles within half-integer are fermions
while those with integer spin are boson. This requirements on the symmetry of the wave
function lead us to a new principle called “the Pauli exclusion principle” where it’s said that:
the fermions can’t sharing the same quantum state”, in the other hand the bosons have a
tendency to cluster together in the same state; this phenomenon know as Bose-Einstein
condensate (BEC).

The phenomena of BEC was first described by Albert Einstein in 1925 [1] basing on
the work of Satyendra Nath Bose theory of the quantum statistics of photons. Einstein
realized that an ideal Bose gas, cooled below a critical temperature T., would have a
macroscopic population of atoms in a single quantum state (the ground state). Stated this way,
Einstein’s prediction is not surprising; it makes sense that a large ground state occupation
would occur if an ideal Bose gas were cooled at temperatures lower than a certain critical
value. What is surprising, however, is the fact that the temperature at which this occurs can be
many times higher than the energy of the first excited state, and the number of atoms in the
ground state, as a function of temperature, was predicted to have a discontinuous derivative at

the critical temperature Tg.
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Efforts to realize BEC in a weakly interacting gas were initiated by a paper by

Stwalley and Nosanow in 1976 [2]. In this paper the authors pointed out that Hydrogen
remains in its gaseous state down to temperatures necessary for BEC, while all other
substances with the exception of Helium transform into the solid state. The groups of Silvera
and Walraven in the Netherlands and Greytak and Kleppner in the USA started experiments
to reach BEC in Hydrogen in the early 80s [3,4]. The American group eventually observed
BEC in 1998 [5] three years after, the first condensates in Alkali vapors had been realized. It
turned out that ultracold alkali atoms can be stored in a metastable state with a sufficient life
time to reach BEC.
Soon after the invention of laser cooling, it was realized that this technique offered a second
possible route to BEC apart from the Hydrogen approach. The pioneers of laser cooling were
awarded the Nobel Prize in 1997 [6,7,8], two years after BEC (in Sodium, Rubidium and
Lithium) was achieved nearly simultaneously by three groups in 1995 [9,10,11]. In 2001 Carl
E. Wiemann, Eric Cornell and Wolfgang Ketterle received the Nobel Prize for their
contributions to studies on BEC [12,13].

Why two-component?

BEC of mixtures has recently the subject of an intensive experimental and theoretical
research because its show many interesting phenomena do not existing in one-component due
the interplay between intra- and inter-species BECs, such us interferences, soliton

molecules....

Experimental realization:

A mixture of BEC can be produced experimentally by simultaneously trapping atoms in
different hyperfine states, or different species. The first experimental realization of a system
of two interacting BECs has been obtained at JILA with a double condensate of 8'Rb in two
different hyperfine states|F, M ) = |1,—1) and |2,2) [14]. This mixture was characterized
by a partial overlap between the two condensates. Since then several other experiments have
been performed with double condensates of rubidium [15,16,17] and with spinor condensates
of sodium in optical traps [18]. These systems have been extensively studied also from the

theoretical point of view.
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On the other hand, the two-component BEC has recently attracted a great deal of interest
in theoretical side. Ground state density profiles were first investigated by Ho and Shenoy in
1996 [19] in the context of the Thomas—Fermi (TF) approximation. The boundary between
inter-penetrating BECs has been studied in great detail [20]. Metastable states, which do not
correspond to the lowest energy for the system, have been obtained numerically [21].
Furthermore, the stability of a two—component system has largely explored in both
homogeneous and trapped cases. Indeed, the stability has been investigated when the system
is disturbed by an external force. It has been found also that, similarly to a one species
condensate, when attractive interactions are present, the binary BEC exhibits a collapse [22,
23]. BEC mixtures have been also studied in non—harmonic trapping potentials such as double
well magnetic trap [24], optical lattices (where the potential has spatially periodic wells) [25],
and recently ring potentials where the fragility of the system was found to depend on the
speed of persistent currents [26]. Other varieties of ultracold atomic mixtures have been
intensively investigated namely spinor condensates (see [27] for review), Bose—Fermi
mixtures [28, 29, 30] and BEC-impurity mixtures [31, 32]

The aim of this dissertation is to investigate the effects of inter and intra-species
interaction on the properties of a two-component BEC at zero temperature, by using two

coupled time dependent Gross-Pitaevskii equations (GPE).

Outline of the dissertation

In chapter 1, we start from a second-quantized description of a two-component Bose
gas system and derive the coupled GPE for each component. Miscible and immiscible
mixtures are deeply discussed in the frame of the Thomas-Fermi (TF) approximation. The
elementary excitation will be obtained within the so-called Bogoliubov-de-Gennes equations
by considering the small oscillations of the order parameter around the equilibrium solution.

Furthermore, we will calculate the superfluid fraction and the depletion of the mixture.

Chapter 2 deals with the dynamics of highly unbalance mixture. We will use the
coupled GPE within the hydrodynamic approach. A generalized Stringari’s equation is

derived. Linearizing this latter around the equilibrium state, we obtain analytical expressions
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for the collective modes of both majority and minority components of the mixture for

isotropic and anisotropic traps.

Chapter 3 is devoted to study the dynamics of a binary Bose gas in one dimensional
geometry. The collective modes are obtained following the same process as in chapter 2.
Moreover, we investigate the time evolution of the majority component employing a
variational method. The profile in real space reveals sinusoidal width oscillations. Our

findings are compared with recent experimental data.
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Chapter 1

Homogeneous BEC mixture

he Bose Einstein Condensate (BEC) containing around one million atoms occupying
the ground state so it is impossible to describe the motion of every single particle. It is
much better to move from microscopic to macroscopic description. This is done by so
called non linear Schrddinger equation (NLSE) known also as Gross-Pitaevskii equation
(GPE). This equation has been successfully used to describe the statics and the dynamics of

BEC at very low temperature such as the excitation energy and collective mode frequencies.
1.1.Gross-Pitaevskii equation:

We consider a two component BEC formed by a mixture of two kinds of atoms (or the

same atoms in two different internal states). The Hamiltonian of the system reads

H :H1+H2 +H12, (11)

where
H, = [ dr P (r) [Z‘—fia + V() + L FF T P, (1.2)
Hy =g [ dr P (F OO (), (1.3)

Here, i,j = 1,2, V;(r) is the external confining field, and "Pf ,'P; are the creation and

annihilation operators satisfying to the usual commutation relations

HOXIGIE [@*(@,@*(ﬂ)] — 0 and [L’ff(r),ffl+ (r')] =8(r—r). (1.4)
The coupling constants g;; are given in terms of the s-wave scattering length a;; by
4mh2a; anh’a;; 1,01
gi = nTla and 921 = 912 = m—l]] = 47Th2aij (;l + m_]) (15)

The intercomponent coupling constant g;;yields new structures and dynamics not found in a

single component BEC.
The GP equation can be derived using the Heisenberg picture [33]
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ihS” = [@,H].
Then splitting the field operator into the condensate contribution, which corresponds to the
macroscopic occupation of a single quantum state, from the remaining part of the Bose field
operator. Therefore,

P=0+7, (1.6)
where @ corresponding to the condensate wave function (order parameter), and ¥ is the non
condensate operator.

Keeping in mind that at zero temperature all particles are in the lowest state i.e. we can
neglect the non-condense field operator. After a straightforward calculation, we obtain the
GPE for the two BECs mixture

ih% = (%A + V() + gl 4% + g12|CI)2|2) @, (r,t), 1.7)
ih% = (%A + V(1) + g2 | 2> + g12|q)1|2) @, (1, 0), (1.8)
with the normalization condition
Jdr |®i(D)]* = N;. (1.9)
The static solutions can be found by eliminating the time-dependence via the transformation:
@;(r,t) = O;(r)e it/ (1.10)

where y; the chemical potential
Introducing (1.10) in (1.7) and (1.8) we obtain

—h2

p®,(r) = (%A +Vi(r) + g0y + 912n2) d4(r), (1.11)
—h?2

pa®,(r) = (EA + V(r) + gon,; + 912n1) ®,(r), (1.12)

where the density of particles is given by n; = |®;|?.

1.2. Tomas-Fermi (TF) approximation:

For sufficiently large clouds (N > 1) and for repulsive interaction (g; > 0), an accurate
expression for the ground-state energy may be obtained by neglecting the kinetic energy term

in the GPE [34]. The densities of both components 1 and 2 take an inverted parabola as

n, = bZOzgime (1.13)
g1

n, = 2@ (1.14)
gz

Combining equations (1.14) in (1.13), one gets
7
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g2(U1—V1)—g12(U2—-V2)
n, = , 1.15
1 919293, (1.15)
g1(U2—V2)—9g12(#1—V1)
n, = , 1.16
2 9192-9%, (1.16)

The mixture of two BEC can be miscible or immiscible depending on the parameter A =
9192/9%,. For A > 1 we have a miscible mixture and while for A< 1, the mixture becomes

immiscible [35]

—1(A Gz, 912
ne=o (A—l) (Hl 5, 2 Vi+ % Vz) , (1.17)
- 1(A G2, 912
n, = 9 (A—l) (llz 9 w =V + 9 V1) ) (1.18)
By introducing the normalized chemical potential i, = u, (1 — &%) and the normalized
2
external potential V, = V, (1 — &ﬁ) we obtain
g1 V2

1.3.Excitation of inhomogeneous mixture BEC:

The study of the excitation BEC can be done by linearizing GPE using the random phase
approximation (RPA)
@,;(r,t) = [Pg;(r) + 6D, (1, t)]e H#at/M, (1.20)
where §®; <K ®y; , Dy; = \/n_ol the equilibrium density of particles.
Inserting (1.20) in the equations (1.7) and (1.8), we obtain

i)
U1 Po1 (1) + 18P, (7, t) + iha&lﬁ(r; t)

2

—h
= 2m A+ V(1) + g1no1 + g14/101(8P1 + P7) + 12702
1

+ G124/ M02 (6P, + 8D3) [ (Do (1) + 6P, (7, 1)),

(1.21)
d
‘U.2¢02(T') + M25¢2(T', t) + lhaé‘q)z (T‘, t)
—h?
= mA + V(1) + gang, + 92/ Moz (6P, + 8P3) + g12n01
2
+ 9124/M01 (6P + 6P7) | (D2 (1) + 6D, (7, 1)),
(1.22)
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To the zeroth order, we obtain the usual GPEs

—h2
(EA +Vi(r) — py + ginos + 9127102) o, (r)=0 , (1.23)

—h2
(EA + Vo (r) — uz + gz2noz + 9127101) D,(r) =0, (1.24)
The first order gives
3 0 -h? * — *
lh&é‘d)l(r, t) = EA&Pl + Vl(T‘)5<P1 + g1n01(6¢1 + 6‘p1) + ng 11017102 (64)2 + 64)2),
(1.25)
5 0 -h? * — *
lhaﬁq)Z(T, t) = EAé\q)z + VZ(T)SQDZ + g2n02(5¢2 + 6q)2) + ng 11011102(5(131 + 6(1)1),

(1.26)
To calculate the energy of elementary excitation we need to use the Bogoliubov
transformation:
5P, = u e Ekt/h 4y glekt/h (1.27)
5P, = u e ikt 4y plert/n (1.28)
where g, the excitation energy of the system. u,, v, u,, v, are Bogoliubov parameters.
Inserting theses terms in equation (1.25) (1.26) and separate the terms with e ~*¢xt/® and with

e'ékt/M 50 we obtain the following set of equations

—h2
Uy = (z_mlA + Vi (r) + g1no1 ) Uy + g1Mo1V1 + G124/ No1Noz2 (Uz + V3)

—h2
—&kV1 = (z_mlA + Vi (r) + g1n01) V1 + g1Mo1Us + G124/ Mo1M02 (U2 + V2)
—h?2
Euy = (%A + Vo (r) + gznoz) Uy + gaNo2V2 + G124/ Mo1M02 (uy +v1) , (1.29)

—h?2
—EgVy = (EA + Vo(r) + ganoz ) vz + oMotz + G124/ Mo1M02 (Ug + V1)

In the uniform case where V;(r) = 0 and V,(r) = 0, we obtain the so-called Bogoliubov-de-

Gennes equation

h2K2
ErUq (2m1 + g1n01) Uy + g1Mp1v1 + G124/ Mo1Mo2 (up +v3)

h2k2
—&kV1 (2m1 + g1Mo1 ) V1 + 91Mo1U1 + G124/ No1Ngz2 (Uy +v3) (1.30)
h2k?
ExlUy = (Zmz + 92"02) Uy + GoNo2Vz + G124/ o102 (Ug + V1)
h?k?
—E&Vy = (Zmz + gznoz) Uy + oMUz + G124/ Mo1Mo2 (U + 1)
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or equivalently in the matrix from

Uq L, M A A Uq
_vl _ Ml Ll A A v]_

&l u, |T\a A4 L, M| u (1.31)
) A A M, L, ()

h2k?
where Li = 2_1m + Mi ) Mi = 8iNpj and A = 9124/ Np1No2

To calculate the excitation energy, one should first calculate the determinant of this matrix

Ll - £k Ml A A
Ml Ll + sk A A
det = 0. 1.32
A A M, L, + g,
The excitation energy reads
&2 +¢3 e2-e2)”  pags
€kt = i\/ ot \/( — )y — giaNo1Moz (1.33)
where
2 _ R2K% (R2K2 o R2k? (R2k2

are the usual single condensate Bogoliubov dispersion relations.
In the long wavelength limit k — 0 we have &; ~ hkc;with ¢; = /g;n;/m; being the sound
velocities of single BEC. The total dispersion is phonon-like

& =~ hkcy,

with

4 192

2, .2 2_.2)2 2
cp =+ \/“;CZ + J(Cl o) + P (1.34)

In the immiscible case (g2, > g1g,), the spectrum (1.33) becomes unstable.

The above excitation energies can be written in dimensionless form as

82

G = kit (54 1).

(nigy)?
And

M1 2

10
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g2No2 mp h
where === ag=—and é; = ——
2 g1Mo1 mq El VM1No191

The behavior of ¢ . is displayed in figure.

is the healing length.
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Figure 1.1. The excitation energy for different contact constant in function of k&, ; & _(dashed lines)
£+ (Solid lines)
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T &1<0
40F g,>0
_ 30f
S0 [
& 20p
10f
0-‘| oo
0

Figure 1.2. Real part (solid lines) and imaginary part (dashed lines) for the
excitation energy of two BEC components

The Bogoliubov parameters must satisfy the normalization condition

u? —vt=1 (1.36)
For sake of simplicity, we proceed by considering the two component system with equal
masses. m; = m, = m, which is known as the “balanced” system [36]. In such a situation the

Bogoliubov amplitudes can be written is a simpler form

u1=u2=%(\/i::+\/::’;>
. (1.37)
v =ve=i (- 5

The Bogoliubov parameters are a formally identical to that of a single BEC.

1.4.Superfluidity at finite temperature:

At finite temperature the liquid contains excitation which will treat as a gas of quasiparticle.
The total momentum per unit volume is thus equal to that carried by the excitations,

__%p
Pex = | Gogs Vo (1.38)

12
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1

where the distribution function equal N,, = STy

The density of the normal phase is then given by

—Pn_ _ p2dNp dp
Pn=7= f 3 dep (2mh)3’ (1.39)

At low temperature, the main contribution to the integral comes from the region of small
momentum where &, = cyp. After some algebra, we obtain the following expression for
normal component of the superfluid:

+ _ 2m?T*

PR = Jemice (1.40)
where c; is given in equation (1.34).

Equation (1.41) shows that the expression of the normal density is formally identical to that of
a single BEC. For g%, > g,g,, the superfluid fraction becomes imaginary yielding the

transition to a new quantum phase.

1.5.The depletion:

The condensate depletion is defined through
n=n;+ Y v + Zk=oWE + up)(bif bi) — Yo Viur(bji Xy + bychy), (1.41)
The physical interpretation of the expression (1.41) is that the first term is the number of
atoms in the condensate. The second term represents the depletion of the condensate by
interactions when no real excitations are present.
where bjfand b, are creation and annihilation operator of quasiparticles, often known as
“bogolons”.

Using the definitions:

bifby)=N
<B,t<5,1"c>=%k5£>=o’ (1.42)
we obtain
n=n,+ YV + Yroo(VZ + ui) Ny . (1.43)
At T = 0 almost of atoms are in the ground state i.e. N;, = 0. Therefore, the condensate
depletion turns out to be given as
fi=n—n, =Y,V (1.44)

where n is the total density, n, is the condensate density and 7i is the non-condensate density.

Replacing the sum over k by an integral, we get

13
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i = — °°(3+8—’<—2)k2dk, (1.45)

2m2 70 &k Eg
here ¢, the excitation energy gives in equation (1.33) and E}, the energy of free particle.

Turning to a new variable x = k¢, integral (1.46) gives immediately

i = e (1.46)
T o2m2 ! '
Again we see that the depletion of the mixture is formally identical to that of the single BEC

and it is imaginary for g2, > g,9,.

14
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Chapter 02

Dynamics of highly unbalanced mixture

The time-dependent of BEC clouds, such as collective modes are important sources of
information about the physical nature of the condensate [34]. On the experimental side they
provide direct in situ information on the system, which are free of the quantitative
interpretation of expansion experiments. On the theoretical side the low energy collective
modes are the elementary excitations and as such they play an essential role in the physical

understanding of these systems [37].

In this chapter we treat the dynamics of two components BEC at zero temperature focusing on
the easiest case of trapped highly unbalanced mixture. To this end, we use the time-dependent
of the Gross—Pitaevskii equation (1.10) within the hydrodynamic approach to derive an
equation allowing us to describe the collective modes of both the majority and the minority

components.

2.1.Dynamics of highly unbalanced mixture:

2.1.1. Hydrodynamic equation:

We consider a highly unbalance trapped BEC mixture at zero temperature. Assuming that
minority component does not affect the majority one (g, = 0). Thus, the system can be

described via the two coupled GP equation

.. 0D1(1,) —h?

in 210D = (Zm1 A+Vy(r) + g1 ®4]?) @y (1), 2.1)
., 0D, (1,0) -2
LRl et S AR AL AR LA D LA 2.2)

The wave function of the system @; (r, t) is a complex function and can be expanded in terms
of amplitude /n;(r,t) and phase 9; (r,t) variables through the Madelung transformation
[38],

16
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&, (r,t) = n;(r, t)edi ™D (2.3)

where n;(r,t) = |®;(r,t)|? represents the density of the system.
Plugging (2.3) into the GPEs (2.1) and (2.2), one finds

ih P (rt) h(a\/j) h\/_ (691)

at
-1? (92yn avn, 86 .9%0 36,\2
= (o (LR 222y 0, — i, (22) ) + Vi) + gama ) Vi,

2m, \ 0r? ar or

(2.4)
i 22200 _ h(a\/’z) hvi, (aez)

at
2
( —h (62\/ oy av 2692 & 92,/ —vn (692) )+V2(r) + g1, +921n1> Vi,

2m, \ 0r? or 6r2
(2.5)
Separating the real and the imaginary parts, we get
ovn, _ _ h? oV 08y W 0%,
h ot m; Or ar 2m4 Or? \/_ (2-6)
o, _ _ h?ovn, 00,  h2 0%,
h ot  my dr dr  2my Or? \/_ (2.7)
and
261\ _ (-1 (9*Vn; 06,
v (52) = (o (e =V (52)) + 10+ g0ms )V 28

—hv/n, (692) - (‘_hz (% —Vn, (692) ) + Vo (r) + gon, + 921n1) Vn,.  (2.9)

2m, \ 0r? or
Using the fact that the superfluid velocity is defined as 9; = %V@i, the imaginary terms
v
lead to the following continuity equations

Zny + V(0y.my) =0, (2.10)

Similarly, the real parts give us the Euler-like equations

99, _v(hA\/_l

15, = — my9f + V,(r) + g1n1) (2.12)

99, —h* Avn,
2> =V
ot 2my Vn,

The first one expresses the mass conservation while the second is the Euler like equation,

+ - 21922 + Vz(r) + gznz + ngnl). (213)

with 8 playing the role of the velocity potential. The term (—4”/2m;)(Avn,/v/n;) is called
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the quantum pressure. In the semi-classical limitz — 0, it can be neglected so Euler’s

equations become similar to the Newton law [39].

2.1.2. Stringari’s equation:

The properties of elementary excitations may be investigated by considering small deviations
around the equilibrium state. Writing the density as

n; = (ny; + 6n;)e Hi/h (2.14)
where n,; is the equilibrium density and &n; is the fluctuation of the density around its
equilibrium value. Linearizing equations (2.10) and (2.12) by treating the velocity 9 and én

as small quantities, one finds to the zeroth order

—i? An
= Z—W\/—Tnll +Vi(r) + giny. (2.15)

In the TF approximation we can neglect the kinetic term so we obtain

Uy

p =Vi(r) + g1ny. (2.16)
The first order terms give
204+ V(npy.9y) = 0, 2.17)
a9

Taking the time derivative of equation (2.17) then inserting (2.18) in the resulting equation,
we get

026111

No1 _
-7 (m—1 75u1) =0, (2.19)
where 8p; = g,6n;.

Therefore, equation (2.19) takes the form

626111
at2

—V(c2(r)Vén,) = 0. (2.20)

Following the same procedures, we find for the minority component

628711
at2

—V(c2(r)Vén,) = %V(CZZ (r)Vén,), (2.21)

with ¢ (r) = % being the local sound velocity.

4

Equations (2.20) and (2.21) describe, respectively the collective modes of the majority and the

minority components of the condensate in any arbitrary potential. They were first derived by
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Stringari in 1996[40]. Recently, these equations have been extended to deal with finite
temperature BEC-impurity mixture [41, 42 ,43].
2.2.Collective mode:

2.2.1. Anisotropic trap:

In this section, we consider an anisotropic trap which is most suitable for experimental setups.
We write the potential in the form:
1 1 1
Vi(x,y,2) = smwip? + - mwzz? = -mei(p? + 122%), (2.22)
where p? = x? + y? and 1 = w,/w, is the anisotropy parameter. For A > 1, the atomic
cloud resembles a pancake trap and for A < 1, it is cigar shaped.

In the TF approximation the chemical potential can be written in the classical turning point

as:
ui = 5mw}RE. (2.23)
The densities and their first derivatives read
nor = Tk (RE — p? — 227%) = oy = —"2241 (p + 222) 224)
Noz = mzw“ (Rl p? — A3z%) = Vngy, = —ng—a;“ (p + 132), (2.25)

here R, is the TF radius.
Inserting equations (2.24), (2.25) into (2.20) and (2.21), we obtain

Shons = (o + e ) om =3 (G107 = 2[5 (035) + 3+ ] o
(2.26)
Hion, = (o +75s2)om, 2B -5t - Ti2) L2 (0 2) 4 5+ ]
(2.27)

The analytic solutions to these equations are obtained by expressing the density fluctuations in
the form [34]:

on; o« plexp(ime) = (x + iy)' « p'V™(6,9) . (2.28)
where m = +1.
Introducing (2.28) in equation (2.26) and (2.27),

pai51’l1 = l5n1 pai6n2 = l6n2
Z—5n1—0 ’ z—5n2—0
k Adén, =0 k Adn, =0

Thus, the frequencies for the majority component are given by
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(Uml - \/T(A)J_l. (229)

Whereas, the frequencies of the minority component read

Wy = V&, = \ﬁ\/(l - @m‘”—zl) Wiz (2.30)

g1 Mz Wi,

There exist a second class of solution which has the form

oni; o« z(x £ iy)7t o YN0, ). (2.31)
Again inserting (2.31) in equations (2.26) and (2.27), we obtain

d d
(PE&H = -1dn, {955712 = (I - 1)dn,
Zi5n1 = 5711 ! Zié\nz == 5712

0z 0z

AST, = 0 \  aén,=o0
which yields for the frequencies of the majority and minority components, respectively

(,()ml =4/ l - 1 + }{%wll, (232)

and

Wz =1 — 1+ 228, =1/l—1+zg\/(1—%2—:z—%)wu- (2.33)

2.2.2. lsotropic trap:

We consider an isotropic harmonic trap (A= 1)

Vi(r) = %miwizrz : (2.34)
Because of the spherical symmetry, the general solution for the density deviation is a sum of
terms of the form

8n; = RY™(6, ). (2.35)
Here Y™ is a spherical harmonic function and R; is a radial function. In a quantum-
mechanical description, [ is the quantum number for the magnitude of the total angular
momentum and m that for its projection on the polar axis [34]. To investigate the mode
corresponding with isotropic trap, we should take only the radial function in (2.35) and
unserting in equation (2.21),(2.20) we obtain:

w3 _..d dz 2d  I(+1)
w;Rl—r;Rl(r)— (R —17) (S5 422 -1

rdr

YR, (236)

by ) () (2 2

dr?2 = rdr

DR, (@37)

Defining new radial function
G(r) = Q - R,/(r) =G()rt.

Thus,
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Chapter 02: Dynamics of highly unbalanced mixture

R'(r)=lr'""'G(r) + r'G'(r)
R'"(r) =1(1—Dr'26(r) + 2lr*"1G' (r) + r'G" (1),
we obtain

m1 G(T) =1G(r) +rG'(r) — _(RTF —12)(G" () + 2(1+1)

G'(r)),  (2.38)

2(l+1)

‘*’ml G(r) =16(r) +rG'(r) — —(RTF —12)(G"(r) + ===G' (1)), (2.39)

To solve these equations we introduce a new variable u = r2/R%. , where

! zr !
G (T) = RTG (U)
TF

G"(r) = —G () + 41 G”(u)

and putting w?,/w3; = Q,; and wi,/®3%, = Qz.
Hence, the differential equations can be written as function of G (u) as

21+3 2l+5

u(1-uw)6"w + (22 -220) 6'(w) + B2 6 (w) = 0, (2.40)

Zl+3 Zl+5

u(l - w6" W) + (2 w) 6w + 26w = 0. (2.41)

The solutions of these equations are the standard hypergeometic function F(«, 5,v,y)

yA=F' W +[y —(a+ B+ DylF'(y) —aBF(y) = 0. (2.42)
Identifying with equation (2.42) and (2.40) (2.41) we obtain:

2l+5

atf+1l=—

21+3

2 i)
(-1
\ aB==

and

a+,3+1=212—Jr5

21+3

)
_ (@-y)
\ aB="=;
Let us put « = —j or inversely g = —j (where j is a quantum number)

_20+3+2)
N 2

Q=22 +3j+2lj+1

a=-—j,

Q, =22 +3j+2lj+1

So the frequencies of the majority and the minority components are written respectively as:
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and

2
Wmz = 42/ + 3 + 2l + 1=2% + 3j + 21 + z\/(1 - gﬁﬂ“’—;l) W,y (2.44)

g1 My wjy
For j =1 and [ = 0, these values correspond the monopole oscillation which is often known

as “breathing mode”

(,l)ml = (,l)ll\/g . (245)

2
Wmz = (T)Lz\/gz‘/g\/<1 - gﬁmw_il) W2 (2.46)

g, My wyp

Equation (2.46) shows the effects of the interspecies interaction strength g,, on the breathing

modes of minority component.

W2 /(-U_LQ
= th =

o
-y

o ¢
= ;

Figure 2.1. Breathing modes of the minority component in 3D. Parameter are m1 = m2/2 =
87 uma, w; = w, = 2m200Hzand g, = g,.

Figure 2.1. shows the results of the breathing modes of minority component by varying g;,
and taking the intraspecies interaction strengths g, = g,. One can clearly see that the
frequency of the minority component decreases with increasing g,;and vanishes near the

phase separation region where g,,; = 2g,. After that the mixed system becomes unstable.
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Chapter 03

Dynamics of a trapped highly unbalanced

one-dimensional Bose mixture

One-dimensional (1D) systems constitute an ideal platform for the study of out-of-equilibrium
phenomena because of their intrinsic strong correlations and the possibility to realize
integrable models. The theoretical investigation of their quantum dynamics is of particular
relevance in clarifying questions of collective modes at both zero and finite temperatures. The
sum-rule approach [44], the time-dependent modified nonlinear Schrodinger equation
(MNLSE) [45] and the numerical Monte carlo simulations [46,47], Hatree-Fock-Bogliubov-
Popov [48] and Time dependent Hatree-Fock-Bogliubov [49] are among the theoretical
studies which have successfully predicted the collective modes of both weakly and strongly
interacting 1D Bose gas. Experimental investigations of the breathing oscillations in 1D
ultracold gas have been reported by several groups [50,51].

The purpose of this chapter is to calculate the collective mode frequencies of a
harmonically trapped highly unbalanced Bose mixture in 1D geometry in weakly interacting
regime. In addition, by means of a variational method, we show also that the time evolution of

the majority component reveals sinusoidal variation in agreement with experimental data.
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3.1.Collective modes

We consider a highly unbalanced mixture in a one dimensional harmonically trapped case (A
=1). The trapping potential is

Vi(x) = %miwizxz. (3.1)
In order to calculate the collective mode oscillations, we follow the same scenario as in the
previous chapter.
Assuming that the general solution of the GP equation (2.10) has the form

on; (x) = R(x). (3.2)
Inserting (3.2) in equations (2.20) (2.21), we get

21 d 1 d?

SR = x - R(x) =5 (REe = x*) 75 R(x), (33)
22 d 1/~ d?

“’&% R(x) = x—R(x) = (Rr — x*) = R(x), (3.4)

To solve these equations, we first introduce a new variable u = x?/R2; and using the fact
that

R'(x) = =—R'(w),
RTp
R"(x) = = R'(u) + 4 R"(u).
TF TF
The resulting equations can be reduced to the following hypergeometrical equations
u(1—wR" @) + (5 - 2u) R'(w) + 2RW) = 0, (3.5)
and
u(l - wR"@W + (3 2u) R + ZRwW) = 0, (3.6)
where w2, /w2, = Q; and w2,/&%, = Q,.

Comparing with the standard hypergeometic function F(a, 3,v,y)

F(a,B,v, ) =yQA —=»F'Y) +[y—(a+p+Dy|lF'(y) —apF(y) =0, (3.7)
we obtain

1
a+B=y=% at+p=y=;

n ) 0 )

(3.8)
For the function to be well behaved, either a or 3 must be a negative integer, so § = —k and
a=k+ % This gives for the spectrum

0, =kk+1) and 02, = kQ2k +1). (3.9
Employing the property
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Chapter 03: Dynamics of a trapped highly unbalanced one dimensional Bose mixture

e () = F (k +3,—k,2,7) % Pa(3), (3.10)
with B, being the Jacobi polynomials.
Setting 2k = n, we obtain [44]
0 =2+ 1),
and
0, = g(n + 1),
Therefore, the frequency of the majority and the minority components can be written in the

following form, respectively:

n(n+1)

Wy = W1 , (3.11)

and

n(n+1)_ [n(n+1) _dpmiwiy
Wm2 = J_Z\/ \/ \/ 4, m2 wJ_Z) W2, (3.12)

where n depends on the mode one considers.
For the dipole (center of mass) mode (n = 1), the majority and the minority components

have, respectively o, = ®,;and o, = @,,. Whereas for the breathing modes ( n = 2),

Om1 = V30,1 and oy, = V33 ,.

Figure 3.1. Breathing modes of the minority component in 1D. Where The parameter
areml = m2/2=87uma, w; = w, = 2r200Hzand g, = g,.
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3.2.Time variation of the width for the majority component

The variational approach is proved to be efficient for the analysis of non-integrable systems. It
IS based on restating the governing equation in terms of variational problem, where the
Lagrangian generating the original equation is minimized for a particular trial function. In our
case Gaussian function can be employed to describe accurately BEC in harmonic trap see
[52].

O (x,t) = A(R)exp (— 25— 1 7(8) x?) | (3.13)

where A(t) is the normalization constant, y(t) is the phase and o(t) is the width of the

condensate.

Lagrangian density corresponding to the GPE (2.10) of the majority component is

defined as:
.0 W2 (., 92 . g\ 14
£ = ihd ac1>+—2m(c1> " cb)—cb Vo +Ejof¢, (3.14)

where the asterisk denotes complex conjugation (here we put for sake of simplicity g, = g ,
m; = m).

Inserting (3.13) into the density Lagrangian, one finds
e % A i 2 _ 1 o —_xz . 2 ﬂ e
L= llhA A+ p—- |A] < Py 2i y(t))l exp ( g ) + (Lh|A| <a(t)3 l)/(t)) +

)

(3.15)

—2x
2

2
(1 _1 2 2.2 —x? ga14
2mIAI < Py 21y(t)> Smw |A| )x exp<62)+2|A| exp(

g

The dots denote derivatives with respect to t.

It is possible to calculate the ordinary Lagrangian by integrating over all space

L=[" rdx.
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. 5(t) ..
ih|A|? <h — l)/(t)) +

I % A ﬁ 2 _ 1 o ] +0o —_xz
L—[zhAA+2m|AI < 57 Zly(t)> [1ew (Z) +

(o2

2 .
hz . [o'%e) —x2 00 — 2
— |A|? (— 1t)2 — 2i y(t)> —%m W?|A1?| [77 x% exp (—ze) +-§|A|4 [ exp( jf ) :

2m o

(3.16)
To calculate (3.16) we use
© a2
[77exp(Z5) =a(om,
© a2
[0 x exp () =500
After straightforward calculation, we find
L=|mnad+2 a2 (== —2iy) )| o)vm + |linjal2 (ZL — iy ) +
2m o(t)2 14 o(t)3 14
. 2
LENTY R Y _1 217122 3 T8IAl4
Al ( 7 Zly(t)> ~m w?|Al La(t) VT + \ﬁ 5 |Al*a(0),
(3.17)
The normalization condition f_:zo d*ddx =1vyields A = (1/a(t)\/ﬁ)1/2.
Then, we obtain for Lagrangian
L=— ih @_i_i 1 —2iy() +iho(t)2 a(t) — iy () +h20(t)2( 1
T 2ml/46(t)  2m\ o(D)? Ly 2 s Y 4m  \o(0)*
2 .4 y(t) 1 2 2 g
4y(t) +lg(t)2) Zmo o(t) +4\/Ecr(t) :
(3.18)
3.2.1. Equations of motion
Variational equations of motion can be derived from the Euler-Lagrange equations
d (dL\ oL
w(e)—3.=0 (3.19)

where ¢ stands for the two variational parameters.
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( d /0L )
| E(a_y') — h6 (o (b)
4aL h?

<

i (55) 5 = 16000 + 200y = 0.

This gives a direct relation between the phase and the width

ma(t)
2ho(t)

y(@) =-—

After having eliminating y (¢) via (3.21), equation (3.18) takes the form

] 1 5(t h? . 1
L = ih (—MW + 1)%——“10@2 ~ 22 5(6) () — 2 mw?o()? + =

Equation (3.22) provides a useful expression for the width

2 (55) = (- ) 7

. 2
2=+ 1) 2 () — tmwlo(t) - —=2

do 2mwl/4 o)  2mo(t)3 4T o(t)?
mé(t) = F (o),
where
_ 2h _ 2 _ g
F(o) = e 2 mw* o(t) WFOR

is the force interaction among atoms in the condensate.

4Vma(t) '

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Equation (3.24) is a non trivial differential equation describing the time evolution of the

condensate width. Its numerical solution is shown in figure. 3.2.

Figure 3.2. Depicts that the condensate width in 1D follows a sinusoidal variation over time

due to the harmonic confining potential. We clearly see that for ¢ < 150, our variational

treatment well agrees with the experimental data of Bouchoule et al [51].Whereas for larger

periods, the variational results differ from the experimental data. This discrepancy is, in fact,

due to the finite temperature effects which cannot properly be described by the usual GP

equation.
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300 ' r r v r
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Figure 3.2. Evolution of the condensate width in 1 D harmonic trap. Solid line: variational
calculation. Circles: experimental data of Bouchoule et al [51].
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General Conclusion

In this dissertation, we have studied the dynamical properties of two components
Bose-Einstein condensate.

In the homogeneous case, by using the Bogoliubov theory, we have derived a useful
expression for the excitation energy. The stability of such a spectrum has been discussed in
terms of g2, > g, g,, in the miscible and immiscible mixtures. The behavior of the depletion
and the superfluid fraction of the mixture has been also discussed in terms of the inter and
intra-component interaction.

In a trapped mixture, we have calculated the collective modes of a highly unbalanced
mixture in anisotropic and isotropic traps utilizing the hydrodynamic approach. We have
shown in particular that the inter-species interaction plays a crucial role on the breathing
mode frequencies of the minority component.

On the other hand, we have generalized our results to the one-dimensional case. Useful
expressions for the breathing modes have been obtained. Moreover, time variation of the
width of the majority component has been analyzed using a variational method. We found that
the condensate width exhibits a sinusoidal variation over time. Our predictions are found to be
in good agreement with recent experiments.

An important extension of this work concerns Bose mixtures at finite temperature.
Another interesting future work is to investigate the binary BECs in the presence of dipole-

dipole interaction.
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