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Abstract

eakly interacting Bose-Einstein condensates with dipole-dipole

interactions support intriguing macroscopic excitations in the

form of bright solitons. In this thesis we present systematic stud-
ies of the static and the dynamics of one-dimensional nonlocal solitons and
soliton molecules, performed by analytical (variational and exact) methods and
numerical simulation of the Gross-Pitaevskii equation. The thesis has focused
on three kinds of topics. The aim of the first theme is to investigate the equi-
librium and scattering properties of matter wave bright three-soliton molecules
with competing local and nonlocal nonlinearities.The variational and the numer-
ical solutions of the underlying Gross-Pitaevskii equation predict that the degree
of the nonlocality, the separation distance and the soliton phase may strongly
affect the binding energy and the soliton width. The scattering properties of
these composite nonlinear structures by Gaussian potential barrier are analyzed
variationally and numerically. We show that stable transmission and reflection
where the molecular structure is preserved can occur only for a specific barrier
height and soliton velocity. The second subject of this thesis consists in studying
the stability and the dynamical properties of interwires polar soliton molecules
in a biwire setup with dipole moments aligned perpendicularly to the line of
motion and in opposite directions in different wires. Importantly, the excitations
spectrum of such ensembles can acquire a roton-maxon structure. We reveal
that the degree of the nonlocality and the interwire separation play a key role in
stabilizing the molecules. However, by modifying the interaction stength and
the interwire distance, it is shown that the dynamics of such solitons complexes
exhibit oscillatory behavior. Finally, the exact solution of the Gross-Pitaevskii

equation has attracted much attention. In this thesis, we derive a new exact
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solution to such an equation using the Darboux transformation method. Using
an algebraically-decaying seed solution, we obtain a two-soliton solution with
diverging peaks, which we denote as singular soliton molecule. The characteris-
tics of these solitonic composites such as the profiles, the force and potential of
interaction are deeply analyzed. Furthermore, we obtain a new solution to the
nonlocal Gross-Pitaevskii equation using the same method and seed solution.
The new solution in this case corresponds to an elastic collision of a soliton,
a breather soliton on flat background, and a breather soliton on a background
with linear ramp. We illustrate also the case of reverse-time nonlocal Gross-

Pitaevskii equation.
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Résumé

es condensats de Bose-Einstein dilus en prsence des interactions
dipdle-dipdle supportent des excitations macroscopiques intrigantes
sous forme de solitons brillants. Dans cette theése nous tudions analy-
tiquement et numriquement les proprites statiques et dynamiques des solitons et
de molécules de solitons non-locaux unidimensionnels 1’aide de I’équation de
Gross-Pitaevskii. Cette thse fait cho trois questions diffrentes actuelles: Le but
du premier thme est d’étudier les proprités statiques et la diffusion de I’onde
de matiere brillante de trois molécules de solitons nonlocaux. Les solutions
variationnelles et numériques de 1I’équation de Gross-Pitaevskii prdisent que
le degr de la nonlocalité, la séparation entres les solitons adjacents et la phase
peuvent fortement affecter I’énergie de liaison et la largeur du soliton. Les pro-
priétés de diffusion de ces structures non linaires par une barrire de potentielle
gaussienne sont aussi analysées variationnellement et numériquement. Nous
avons vu qu’une transmission et une réflection stable ou la structure moléculaire
est préservée ne peuvent se produire que pour des valeurs spécifiques de la
hauteur de barriere et la vitesse de soliton. Ensuite nous regardons la stabilité et
la dynamique des molécules de solitons polaires inter-tube dans une configu-
ration bi-tubes avec des moments dipolaires alignés perpendiculairement a la
ligne de mouvement et dans des directions opposées dans les deux différents
tubes. Nous avons montr que le spectre d’excitations de tels ensembles peut
acquérir une structure roton-maxon. Nous révélons que le degré de la nonlo-
calité et la séparation entre les tubes jouent un role crucial pour la stabilisation
des molécules. Cependant, en modifiant la force d’interaction et la distance
entre tubes, nous trouvons que la dynamique de ces deux solitons présente un
comportement oscillatoire. Enfin, la solution exacte de 1’équation de Gross-
Pitaevskii attiré beaucoup d’attention.
Dans cette these, nous établissons une nouvelle solution exacte a de telle

équation en utilisant la méthode de la transformation de Darboux. A 1’aide d’une
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fonction algébriquement dcroissante, nous obtenons une solution a deux solitons
avec des pics divergents, que nous désignons par molécule de soliton singulier.
Les caractéristiques de solitons telles que les profiles, la force et le potentiel
d’interaction sont analysées en dtail. De plus, nous obtenons une nouvelle solu-
tion de I’équation de Gross-Pitaevskii nonlocale en utilisant la méme méthode
et la méme solution initiale (seed zero). Nous illustrons également le cas de
I’équation de Gross-Pitaevskii nonlocale possde une symtrie par renversement

du temps.
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General introduction

soliton is a peculiar manifestation of nonlinear wave systems arises from a
competition between nonlinear and dispersive effects. It maintains its shape

during the propagation at constant speed and moving without distortion. Solitons

appear as particle-like self-localized coherent solutions of certain differential equations
such as the well-known nonlinear Schrédinger equation (NLSE). This equation has a great
relevance in the field of nonlinear optics, where it governs the propagation of the envelope
of an electromagnetic pulse and plays also an essential role in the domain of BoseEinstein
condensation (BEC) where it adopts the form of the GrossPitaevskii equation (GPE) [11} [2].
The soliton solutions are typically obtained by means of the inverse scattering transform

owe to their stability to the integrability of the field equations.

0.1 A Brief History of Solitons

The solitary wave was first observed in August 1834 by the Scottish engineer John Scott
Russell (18081882) in the Union Canal in Scotland. In 1844, Russell reproduced the phe-
nomenon in a wave tank and named it the ”Wave of Translation” [3]] and demonstrated four
facts namely :

i) Experimental proof of the existence of solitary waves which have the shape A sinh? [p(x—
vt)], where p depends on the nonlinearity parameter.

i1) A sufficiently large initial mass of water generates many independent solitary waves.
ii1) Solitary waves cross each other without change of any kind.

iv) The velocity of the solitary wave v is an empirical and depends on the height and the
acceleration of gravity implying that a large amplitude solitary wave propagates faster than
of one of low-amplitude.

In 1895 Diederik Korteweg and Gustav de Vries [4] working in Amsterdam, published
the deffinitive theory providing what is now known as the Korteweg-de Vries equation,
including solitary wave and periodic cnoidal wave solutions.

In 1939 Frenkel and Kontorova [5] suggested a nonlinear chain to describe the structure and

dynamics of a crystal lattice in the vicinity of the dislocation core (discrete Sine-Gordon
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equation).
In 1954, Fermi, Pasta and Ulam [6] carried out the first and most fundamental numerical
computations in the history of physics. They used the Los Alamos MANIAC computer to
investigate the dynamics of energy equipartition in a slightly nonlinear crystal lattice.
In 1958, the subject of solitary waves had been reborn in plasma physics with the discovery,
by Adlam and Allen [, [7], of solitary waves in a collisionless plasma containing a magnetic
field.
In 1965 Norman Zabusky of Bell Labs and Martin Kruskal of Princeton University [8] first
demonstrated particle-like behavior in media subject to the Korteweg-de Vries equation [4]]
by numercial means using a finite difference approach.
This particle-like behavior led these authors to introduce the term soliton to replace the term
solitary wave. They also discovered the interaction of solitons.
In 1967, Gardner, Greene, Kruskal and Miura developed an ingenious method the inverse
scattering transform” for finding the exact solution of the KdV equation [9]].
In the same year 1967, M. Toda [10]] discovered an equation that bears his name. In contrast
with the Sine-Gordon system, the Toda lattice supports wave solutions, which travel freely
through the lattice at constant speed.
The history of dark solitons dated back in 1971 with the pioneering paper by Tsuzuki[/11],
where exact soliton solutions of the GPE were obtained and their connection with Bogoli-
ubov’s phonons [12] was revealed.
In 1972, Zakharov and Shabat [[13}[14] provided an exact theory of two-dimensional (2D)
self-focusing and 1D self-modulation of waves in nonlinear media.
In 1973, Hasegawa [15] suggested, that the realization of a solitary wave is possible in fiber
optics when a pulse-narrowing nonlinear effect balances the effect of dispersive spreading
of the light pulse.
The first experimental observation of dark solitons in BEC of 3’Rb atoms was made in 1999
[16]. In 2002, the first experimental observation of bright solitons in BEC of 7Li atoms was
reported in [[17, [18]].

Since the mid-1970’s, solitons have attracted a much attention and have become applied

in diverse areas in physics such as plasmas, astrophysics, molecular biology, nonlinear

12



SOLITON INTERACTION IN NON-LOCAL MEDIA General Introduction

optics, spin waves, superfluidity, and BECs (see for review Ref. [19]).

0.2 Solitons in Bose-Einstein condensates

In condensed matter physics, BEC is a new state of matter that atoms reach below a
certain critical temperature. This form of matter was predicted in 1924 by Satyendra Nath
Bose and Albert Einstein [20, 21]]. The transition to BEC occurs when the thermal de
Broglie wavelength becomes comparable to the mean interparticle separation, and thus, a
macroscopic fraction of the bosons occupies the lowest single-particle quantum state. The
success of trapping techniques and magneto-optical evaporative cooling (see for review
([22-24])) have given rise to the realization of BEC in dilute atomic gases at temperatures of
the order of fractions of microkelvins for the first time at JILA, MIT and Rice University in
1995 ([255271]).

Atomic BECs constitute a best environment for studying nonlinear macroscopic ex-
citations such as solitons in quantum systems. For short-range interacting BECs at low
temperatures, the wavefunction of the condensate obeys the GPE with cubic local nonlinear-
ity resulting from the interatomic interactions. The one-dimensional (1D) GPE admits stable
solitonic solutions for bright (dark) solitons [[13, [14] for attractive (repulsive) interactions,
equivalent to the self-focusing (self-defocusing) nonlinearity in Kerr media (optical solitons).
Dark solitons are characterized by a local density dip and a sharp phase gradient of the
wavefunction at the position of the minimum. Robust dark solitons have been realized in Ref.
[16, 28, 129]] over two decades ago using the phase imprinting technique. Strictly speaking
the stability of these structures holds only in 1D systems. In 2D regime they collapse into
vortex-antivortex pairs, while in 3D they behave as vortex rings through the snake instability
[16, 28, 29]]. Bright solitons correspond to a localized peak in density. First experimental
bright solitons were generated in BECs of "Li in quasi-1D regime [17, [18]. The creation
of these structures was possible only by means of the Feshbach resonance and then tuning
of the interactions from repulsive to attractive during the experiments. In the experiment
of Strecker et al.[18], the formation of the bright soliton trains has been interpreted as due

to quantum mechanical phase fluctuations of the bosonic field operator [30]. The most
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important feature of both types of solitons is that they do not disperse due to the nonlinearity
in the wave equation.

On the other hand, the experimental achievements of BEC of >2Cr [31], '**Dy [32],
168y [33]] and recently with a degenerate Fermi gas of '®! Dy [34] atoms with large magnetic
dipolar interaction (6 tp, 10up and 7up, respectively) has opened promising perspectives
for the observation of novel quantum phases and many-body phenomena [31, [35H37]]. Polar
molecules which have much larger electric dipole moments than those of the atomic gases
have been also produced in their ground rovibrational state [38, [39]]. The most important
feature of these systems is that the atoms interact via a dipole-dipole interactions (DDI) that
is both long-ranged and anisotropic.

In the past decade a great deal of attention has been paid to matter-wave solitons in
dipolar BECs owing to their fascinating attributes, see for review [31}35]. The nonlocality
originating from the DDI may substantially affect the physics of solitons. The competition
between local and nonlocal interactions leads to the formation of bright [40,41]] and dark
[42,43]] soliton molecules. The stability and the dynamics of both bright and dark solitons
in quasi-1D dipolar BEC have been studied in [40-42] 44-48]]. In addition, discrete and
vortex solitons have been analyzed in dipolar BECs [49-53]]. It has been shown also that
stable and mobile dark-in-bright solitons can be formed in dipolar binary BEC [54,155]]. On
the other hand, anisotropic solitons have been predicted in dipolar BECs [44} 56-60] due to
the anisotropy of the DDI. Unlike the short-range interacting condensates, quasi-2D and
3D dipolar BECs can support the emergence of stable solitons [56-358, 60, 61], where the
famous ”snake” instability of dark solitons is suppressed [61]. Nonlocal solitons appear
also in diverse nonlinear systems such as photorefractive and liquid crystals [62-68]], and

ballistic atomic transport [69]].

0.3 Soliton molecules

A soliton molecule is a bound state of two or more solitons. Recently, the soliton molecules
have attracted a great deal of interest both theoretically and experimentally. This is mainly

motivated by the application of optical solitons as data carriers in optical fibers [70-90] and
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the realization of matter-wave solitons in BEC [[17,91]]. Such molecules permit to encode
two bits of data per clock period and beyond, enabling to increase the data carrying capacity
[30L 192, 193]]. Many factors affect the stability of these molecules. The number of atoms,
strength of atomic interactions and the radial wave trap frequency. More intriguing is the
fact that relative phase AP and speed v of solitons have a major effect on the formation of
the molecule. Therefore, the force of interaction between the two solitons depends on their
relative phase and the soliton separation, play also a crucial role on the stabilization of the

soliton molecule.

AG=0

Adp=n A

Figure 1: Characteristics of a two-solitons molecule, A is distance between the peaks position
of the two solitons

Recently, two bright/dark nonlocal solitons molecules have attracted considerable interest
in both nematic liquid crystals [94-104] and long-range dipolar BEC [43-45,105]]. Polar
soliton molecules in biwire/bilayer systems were reported in [60, 61, 106]. Bound state
of three interacting optical solitary waves propagating with angular momentum in bulk
nematic liquid crystals was investigated in [[107]. Most recently, the formation of matter
wave nonlocal three soliton molecules and their normal modes have been investigated in

Ref.[108].
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0.4 This thesis

In the present thesis we investigate the stability, the scattering and the dynamics of nonlocal
bright solitons and soliton molecules in 1D geometry. A special emphasis is paid on the
properties of matter-wave solitons in dipolar BECs governed by the nonlocal GPE.

First, this manuscript deals with the propagation of 1D bright three-soliton molecules
in a dipolar BEC with competing local and nonlocal nonlinearities by numerically and
variationally solving the underlying the nonlocal GPE. A natural question here is, what
degree of the local and nonlocal nonlinearities is necessary in order to observe a stable
molecule ? Our analysis reveals that the soliton phase and the intersoliton sepration may
strongly affect the the binding energy and the soltion width. A second outstanding question,
however, is whether the molecular structure is preserved before and after the scattering of
these composite nonlinear structures by Gaussian potential barrier. It is shown that a stable
reflection is preserved only for a specific height and width of the barrier.

Another interesting configuration that can support nonlocal solitons is that of a biwire
(tubes) system of a quasi-1D trap [60, 61, [106]. In this thesis we consider 1D dipolar
BECs loaded in a biwire system where the dipole moments are assumed to be aligned
perpendicularly to the tubes by an external field and in opposite directions in different wires.
An understanding of these nonlocal solitons involves two questions:

i) how do the orientation of the dipoles in different wires affect the binding mechanism and
the stability of these peculiar polar soliton molecules?

i1) what are the impacts of the degree of nonlocality and the interwire separation on the time
evolution of the width and center-of-mass of such ensembles?

The last part of our work is devoted to construct, by means of the Darboux transformation
method, exact new solutions to the NLSE. We first present the general approach and use an
algebraically-decaying seed solution to obtain a local two-soliton solutions with diverging
peaks, known as a singular bright soliton molecule. The equilibrium properties of these
solitons are deeply examined. We then follow the same procedure to generate a new solution
for the nonlocal NLSE. The obtained solution corresponds to the scattering of stationary

soliton and two breathers on a finite background at half of space and inclined background at
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the other half. The case of reverse-time nonlocal NLSE is also highlighted.

0.5 Outline

This thesis is organized as follows.

Chapter 1 is devoted to the relevant theoretical background to the topics addressed in
this thesis. This will involve discussion of the local and nonlocal GPE, and the key physical
properties of the condensate relevant for solitons. We briefly recall some of the different
analytical methods available for constructing solitonic solutions that we use in the following
chapters such as the variational method and Darboux transformation method.

Chapter 2 focuses on the equilibrium and scattering properties of 1D nonlocal bright
three-soliton molecules in a dipolar BEC with competing local and nonlocal nonlinearities.
We consider a suitable nonlocal response function and employ the variational approach to
derive useful analytical expression for the energy of the three solitons. Our analysis reveals
that the degree of nonlocality and the relative phase of solitons may strongly influence the
binding energy and the soliton width. We then study the propagation and interaction of the
three solitons using numerical simulations of the full nonlocal GPE. On the other hand, we
investigate the scattering of these three-soliton molecules by Gaussian barrier and show that
these molecular ensembles exhibit markedly different behavior due to the interaction with
the potential barrier. To the best of our knowledge, this fascinating new result has never
been existed before in the literature. Some of the results of this chapter are available in:
Equilibrium and scattering properties of a nonlocal bright three-soliton molecule, Mo-
hammed Elhadj Khelifa and Abdelaali Boudjemaa, Phys. Scr. 96 025212 (2021).

Chapter 3 deals with the stability and the dynamics of 1D interwires polar soliton
molecules in a biwire setup with dipole moments aligned perpendicularly to the line of
motion and in opposite directions in different wires. Numercial results based on a nonlocal
GPE point out the existence of a bound state leading to the formation of a molecule. We
show that the degree of the nonlocality and the interwire separation play a chief role in
equilibrium and the time evolution of the molecules. The most relevant results of this chapter

are published in:
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Interwires polar soliton molecules in a biwire system, Mohammed Elhadj Khelifa, Abdelaali
Boudjemaa and U. Al-Khawaja, Phys. Scr. 94, 085402 (2019).

Chapter 4 is dedicated to derive an exact solution to the local and nonlocal NLSE em-

ploying the Darboux transformation method. This method is one of the strongest methods
to find the exact solutions to the NLSE. Using an algebraically-decaying seed solution, we
obtain a two-soliton solution with diverging peaks, which we denote as singular soliton
molecule. We find that the new solution has a finite binding energy. We calculate the force
and potential of interaction between the two solitons, which turn out to be of molecular-type.
The new solution describes the profile and dynamics of a two-soliton molecule. We then
extend our study to the nonlocal NLSE using the same method and seed solution. The new
solution in this case corresponds to an elastic collision of a soliton, a breather soliton on flat
background, and a breather soliton on a background with linear ramp. Finally, we consider
an NLSE which is nonlocal in time rather than space. The results presented in this chapter
have been the object of the following paper:
Singular Soliton Molecules of Local and Nonlocal Nonlinear Schrodinger Equations, Mo-
hammed Elhadj Khelifa, Laila Al Sakkaf, U. Al-Khawaja, and Abdeldali Boudjemda, Phys.
Rev. E 101, 042221 (2020).

Last part concludes the thesis. We first summarize the content of each chapter and then

discuss prospects for future works.
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SOLITON INTERACTION IN NON-LOCAL MEDIA Chapter 1

1.1 Introduction

n this chapter we briefly review the basics of BEC with short-ranged contact interac-
tions as well as its mean-field description and collective excitations. Presentation of
soliton theory is given with solutions to the 1D GPE. We then move on to present the

relevant two-body interactions in a dipolar BEC and discuss its stability.

1.2 Gross-Pitaevskii Equation

Let us consider a system of a dilute trapped Bose gas. The many-body problem can
be described within the framework of second quantization, where the second-quantized

Hamiltonian for the Bose field operator is expressed as,
H= /dr‘PT VPP (r /dr/dr Y ()P (V)P ()¥(r), (1.1)

where W' and W denote, respectively the usual creation and annihilation field operators,
satisfying the usual canonical commutation rules [¥(r), ¥ (r')] = 8 (r— '), [¥(r), ¥r)] =
(¥ (r), ¥ (r')] = 0, and h*? = —(1*/2m)A+ U (r) is the single particle Hamiltonian, with
U (r) being the external trap. Here V (r —r’) is the two-body interaction potential. For dilute

gases at very low temperature, the common procedure is to approximate the true interatomic

interaction by a “contact” potential which is short-range and isotropic
V(r—r')=gpd(r—r), (1.2)

where g3p = 4nha /m is the coupling constant and a is the s-wave scattering length. This
potential means that the interatomic forces are important only when the atoms are close to
each other.

Substitution into the Hamiltonian (1.1) then gives

A= / ar¥ (n)pe(r) + 2 / A (e) W () (0) (). (1.3)
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SOLITON INTERACTION IN NON-LOCAL MEDIA Chapter 1

Hamiltonian (1.3)) allows for finding the time evolution of the field operators. Using the

Heisenberg equation and the commutation rules, we obtain the equation of motion:

2

R0 = (900 8] = (SA+ U0+ 08 ) 0. (1

Let us now devide the Bose-field operator into two parts: the condensate contribution y
(c-number), which corresponds to the macroscopic occupation of a single quantum state and

noncondensed part ¥ which corresponds to thermally-excited atoms, quantum fluctuations.
Y(r,t) = y(r,t)+P(r,?). (1.5)

At T =0, almost of the particles are in the condensate state and owe to the weakly-interacting
nature of the condensate. Therefore, the noncondensate operator can be neglected (‘i‘ =0),
we consider only the classical field P - v in the Hamiltonian . Note that the assumption
of zero temperature is generally satisfied in reality for temperatures much less than the
transition temperature for condensation. The exact Heisenberg equation of motion ({1.4])
reduces then to the so-called local GPE [[1} 2]

0 _ K2
4 "’5?” - ( m A+U(")+gwlw(r,t)lz) y(r,1). (1.6)

2

The function y is a classical field having the meaning of an order parameter and is often
called the ”wave function of the condensate”. Equation (I.6) is nothing else than the
nonlinear Schrodinger equation, corresponding to the zero temperature hydrodynamic
description of Bose gases, first introduced to study vortex lines in an imperfect Bose gas. Its
validity is based on the condition that the s-wave scattering length be much smaller than the
average distance between atoms and for large number of atoms in the condensate N > 1. An
analytical solution of equation is in general not possible and the use of numerical tools
becomes necessary. However, there is a useful approximation such as the Thomas-Fermi
approximation or a variational method in the stationary case, which provide some analytical

insights.
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The stationnary solutions can be found via the transformation:

y(r,t) = y(r)exp(—iut/n), (1.7)

where U is the chemical potential. Substituting (1.7)) into yields the time-independent
GPE:

—K2
(—A+U<r> T galy(n) —u> w(r) =0. (1.8)

2m
Here the wave function is normalized to the total number of particles, i.e. [ |y|>d%r=N. The
GP equation gives a good description of the condensate dynamics, including the oscillations
of collective modes, the time evolution of solitons and vortices, and interference effects

associated with the phase of the condensate’s order parameter (see for books [[109, [110]).

1.3 Excitations in Bose condensates

The study of the excitation of an inhomogeneous system (small amplitude oscillations) can
be done by linearizing the GPE (I.6) around a static solution (weak perturbations). To do so,

we consider the wavefunction of the form:
w(r,1) = [wo(r) + Sy(r,0)] e /M, (1.9)

where Sy /yp < 1.
The left-hand side of equation || becomes ihw — e /My 4+ uSy + ihag—lw .

The zeroth order gives the stationary GPE

1o = hPyo(r) + g3p|vol* wo. (1.10)
The first order terms yield
. d6 s *
zha—;" = [1*? +2g3p|wol* — 1] W+ gap W Sy, (1.11)
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Now we solve equation (1.11]) with the ansatz
Sy(r,t) = u(r)e &/ 4y (r)e'®/", (1.12)

which leads we to a set of coupled equations in terms of the Bogoliubov quasi-particle
amplitudes uy(r) and vy (r). They can be written in the form of a matrix equation
LA AN g (r)

A = & ; (1.13)
M* L] \wi(r) —vi(r)

where .2 = h*? — 1+ 2g3p|®o|? and .4 = g3 D3.
Equation (1.13)) are called the Bogoliubov-de-Gennes equations (BdG) for elementary
excitations of a dilute Bose gas. They give the eigenfunctions and eigenfrequencies of the
excitations.

For a homogeneous system (U (r) = 0) with background density n and chemical potential

W = ngsp. Due to the translational invariance the solutions may be chosen of the form

u(r) = uge™ T and vy (r) = vie’™® T, which reduces the set (1.13) to

E.+n — € n u
k 83D k 83D k _ 0’ (1.14)

ngsp Ey+ngsp + & Vi

where Ej = h?k?/2m is the energy of free particle and uy, vy = (v/&/Ex £ /Ex/€)/2-

Solutions to this matrix equation gives the famous Bogoliubov [[12] spectrum of a dilute

& = \/ E} +2Exngsp. (1.15)

For small momenta k — 0, the dispersion law (1.15)) is linear in k and well approximated by

Bose gas

the phonon-like linear dispersion form
& = hegk, (1.16)

where ¢y = \/ngsp/m is the sound velocity.
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In the limit of large momenta, the Bogoliubov dispersion law reduces to the free-
particle form g, = E}.

The balance between the linear (the interaction energy, gzpn) and the quadratic (kinetic
energy) spectrum occurs at the length scale § = i/, /mngsp. This distance defines the
healing length of the fluid, which characterises the length scale over which the fluid density
can respond to perturbation. For length scales longer than & atoms move collectively and

for shorter length scales these behave as free particles.

1.4 Quasi-one-dimensional GPE equation

By employing highly-anisotropic trap geometries it is possible to engineer the effective
dimensionality of the condensate. Consider a cylindrically-symmetric trap geometry U (r) =
ma),%(p2 +227%)/2, where p? = x*> + %, @, and @, are the radial and the longitudinal trap
frequencies, respectively, and A = @/, is anisotropy parameter which defines three types
of condensates:

i) A = 1, the BEC is spherical.

ii) A > 1, the condensate takes the form of disk- or pancake-shaped (quasi-2D).

iii) A < 1, the BEC adopts the highly-elongated “cigar”-shape (quasi-1D).

The quasi-1D limit occurs using the adiabatic approximation which considers that in a
cigar-shaped trap with tight radial binding the dynamics takes place along the axial direction
and in the transverse direction the condensate wavefunction remains in the ground state [[1 11+
113]]. Tt is then instructive to separate the wavefunction into the product of a time-dependent

axial component and a time-independent transverse component,

w(p,z.1) = W(p)W(z.1) = \/ma, whe " 0P*/ My (z,1). (1.17)
Substituting these approximations into equation (1.6), we arrive at an effective 1D GPE,

V(@) oy
: ot 2maz?

+[U(2) +gly(z.1) ] w(z,1), (1.18)
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where g = g3p/ 47rl(% is 1D coupling constant, and /p = \/W is the transverse harmonic
oscillator length, and the usual harmonic potential U(z) = m®?z*/2. In the absence of the
external potential, the 1D GPE (I.18) is identical in form to the integrable NLSE and hence,
will admit the soliton solutions derived in the 1970’s [13,[14]].

Equation (1.18]) can be further reduced to dimensionless form by introducing variables:

x—=2z/lp,t > t@, Y — \/2ay, and g — g,

0
:__T+ U(x)—l—gcll//(x,t)\z v(x,1), (1.19)

Although the presence of a weak axial trap U (x) breaks the integrability of the governing
equation, many properties of localized states remain close to those of the classical solitons,

as demonstrated in the recent experiment [[114]].

1.5 Dark and bright solitons

A- Dark solitons
A-1 Static dark solitons

Let us consider a stationary 1D GPE for g. > 0 (repulsive interactions) in the absence of the

external potential (U (x) = 0) and assume that the condensate wavefunction y is real:

ldy B
<2d 5+ 8y’ u)w—O- (1.20)

The chemical potential can be approximated to the uniform Bose gas, it = g.|Wo(x,1)|* = gcn
with yj is the bulk wave function, and # is the density of the bulk. Multiplying equation

(1.20) by dy/dx and integrating over dx, we have:

dy d*y Vi3 o5
- =g : 1.21
d — T3 =8 /WO (l// Wy |dy (1.21)

dy 1 2
(dx) Z(W lI’o) : (1.22)
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Integrating (1.22), we immediately obtain

¥ = yptanh (x/2/&), (1.23)

where & = 1/,/gcn is the healing length. According to the solution (1.23), the soliton
wavefunction approaches its bulk value y for x ~ &. The profiles from (1.23) are displayed

in Figure[T.1]

1.0F | | | /‘;_1.’._.:_.,‘_-____‘-,
./:l;‘/'
2’

0 » 5 3 ";0,‘

> 0.0} /

N A
-0.5¢} R

-1.0 i memamzSimast

_5 0 5

Figure 1.1: Soliton profile for different values of &. Black line : £ = 0.5, blue line : § =1,
and the red line : § = 1.5.

A-2 Moving dark solitons

We now analyze moving dark solitons which obay the time-dependent GPE (I.19). Writting

the wave function as:

v(x,1) = y(x)el "4 (1.24)
In free space, the 1D GPE takes the form:

d 2
Jdvlen (1
dt 2 dx?

—gelw(e, ) —u|w(x,t) =0, (1.25)
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We then suppose that the function ¥ depends only on the variable x — vz, where v is the

soliton velocity. So, it is useful to represent the y as:

y(xr) = vafl(x—w)/E]. (1.26)

For |z| = [x —vt|/E — oo, one has f — 1 and df /dz — 0. Thus, equation (1.25) simplifies

to
vdf 1d*f

2
lc—sE—Ed—Zer(l—m )f (1.27)

where ¢; = 1/,/1L is the sound velocity. Writting f = fi +if>, where f; and f, are real.

Then, we find after some algebra

2 _ 2
lll(x,t):\/ﬁ{ici—ﬂ/l—i—ztanh {XTW 1—%”. (1.28)

Hence, the density reads

V2 V2 X —vt V2
n(x,t):n{z—f—(l—?)tanhz[é 1—2”. (1.29)

N N S

The density has a minimum #n,,;, = nv? / c? in the center of the soliton. For v = 0, the
minimum is zero and this solution corresponds to a static dark sotion. Whereas for v # 0, the
minimum does not reach zero, and thus, solitons are called gray. For v = c;, the grey soliton
is transformed into a uniform BEC with |y| = \/n. For increasing velocity, the density dip

get smaller, and soliton width & //1 —v2/cZ broadens as is seen in figure
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Figure 1.2: Density profile of drak soliton for different values of parameter o = v?/c2, Blue

color: a = 0.1, red color: & = 0.3, brown color: &« = 0.5 and o = 0.8 for the
black color g, = 1.

A-3 Soliton energy

The energy of dark solitons is defined as

o 1dy, 4 Nngc 2
ES: Al 7 ) - 9 )
[ ax |15 vt = M )

> (1.30)

Using the identity [~ dy sech*y =4/3, we get

MC2 V2 3/2
E (1 1.31
)" o

where M = 4né is the soliton mass. Equation (1.31)) shows that the dark soliton energy
decreases with rising its velocity.
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B- Bright solitons
B-1 Static bright solitons

We turn now to discuss bright solitons which can be obtained from the 1D GPE for attractive
interactions g < 0 and the chemical potential thus become negative (1 < 0). Assuming that

the condensate wave function is real:

1 d
(—Eﬁ—gcw—@ v =0. (1.32)

Following the same procedure outline for dark solitons. Multiplying equation (1.20) by Z—E’:

and integrating over dx, we get:

d 2
(d—z’:) = —(gcw2+2uw2—c>, (1.33)

where C is the integration constant. Assumig that at certain point say x =0, dy/dx =0,

equation (1.33)) yields

dy 2 2 2 2 2
Te ) = |8V T2yt =gyt (0) = 2uyr(0)], (1.34)

Using the boundary conditions y(e) = 0 and integrating this equation, we arrive at the

solution

v = \/ngsech (%) (1.35)

where & = 1/4/gn(0) is the heanling length characterizes the soliton width with n(0) being
the central density. The profiles of such solitons are shown in figure
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Figure 1.3: Density profile for the bright soliton for different values of £. Black line :
& =0.5, blue line: & = 1 and for the Red line: § = 1.5.

B-1 Moving bright solitons

Analytical moving bright solitons can be found in more detail through the inverse scattering
transform [ 13, [14], by means of the Galilean invariance of the wave function to the GPE, or

by solving the Bogoliubov-de-Gennes equations. Let us employ the Galilean invariance,

thus

w(x,1) — w(x—ve,1)exp[i(ve —v?t/2)] (1.36)

In the frame of the hydrodynamic approach, where the fluid moves with velocity v, the

wavefunction turns out to be given as: y(x,t) = \/ngexp(i0), where the phase

0(x,1) = vx— (u+v?/2)r. (1.37)

The superfluid velocity is given by v = d0(x,t)/dx. Inserting these transformations into the

time-dependent GEP, we obtain

¥ = \/igsech (’2”) exp { —i[—vx+ (1 +v?/2)1]}. (1.38)
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We see that the velocity of bright soliton can exceed the sound velocity in contrast to the

dark soliton.

1.6 Dipole-dipole interactions

In this section we illustrate the relevant two-body interactions in a dipolar BEC. The dipolar
interactions can be found in a broad class of systems as they can be realized via electric or
magnetic forces and are extensively studied in the context of highly magnetic atoms [31-33],
polar molecules [115H123], and Rydberg gases [124-H129]]. More detailed can be found
in the review articles [31}, 35-37]. The DDI potential between two particles with dipole

moments oriented along the unit vectors e and e, reads

C .2)r? —3(er.r)(es.

7o

where Cy is the dipolar interaction strength which takes the form Cyy = g u? where g is
. . . . . 42
the vacuum permeability and t the magnetic dipole moment. For electric dipoles, Cyy; = o
where d is the electric dipole moment and &) the vacuum permitivity. When the dipoles are
polarized by an external electric or magnetic field in the same direction, where e.e; = 1 and

e;.r = e;.r = rcos 0, the expression for the dipolar potential (1.39) turns out to be given:

Gy (1 —3cos?0)

— 1.4
am B (1.40)

Vaa(r)

where 0 is the angle between the position of the particles and the polarization.

The DDI is anisotropic as it repulsive if they are side by side (see figure [I.4]a), and
attractive between two dipoles placed in a head-to tail configuration (see figure [I.4]lb), and
vanishing at the magic (6 = arccos(1/3) = 54,7) angle. The configuration depicted in figure
[I.4lc represents the polarization case while the fourth configuration show s non-polarized
case (see figure[I.4]d). Additionally, the DDI in contrast to short-range contact interaction
, is long-ranged as it decays with a power law of r% and anisotropic since the strength
and sign of the interaction depend on the angle 0 between the polarization direction and the

relative position of the particles. We refer the reader to the review articles [31,35-37] for
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(a) (b) ()

(d)

Figure 1.4: Two polarized dipoles interacting with each other via the DDI separated by
the distance r. The interaction strength depends on the angle 0, leading to an
attractive interaction for dipoles in a head-to tail configuration (8 = 0), whereas
dipoles sitting besides each other repel (6 = /2) [31]].

more details and references therein.

1.6.1 Fourier Transfrom

The Fourier transformed dipole-dipole potential is used in many calculations involving the

dipolar interaction. It is defined as:

Via(K) = / Vya(r)e ®rqdy. (1.41)

In 3D, Fourier integral (1.41)) can be evaluated by expanding the exponential factor ek~
in terms of spherical harmonics and using the identity —4+/7/5YY(6,¢) = 1 —3cos> 6,
where Y (6, ¢) is the spherical harmonic, we find [31}35]

C
Vaa(k) = %(3 cos? 6 — 1), (1.42)

where 6, is the angle between the vector k and the polarization direction. Unlike the DDI in

position space the Fourier transform V,,; (k) does not diverge or posses any singular points.
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1.7 Nonlocal Gross-Pitaevskii equation

If the interaction ((1.40)) in addition to the contact interaction (1.2) is taken into account, the
well known GPE gets the form

in

oy(r,t —hK?
wa(: >: 2mA+U(r)+g3D|l//(r,t>|2+/dl',Vdd(l’—l’,)|lll(r/’t)|2 ‘I/(I‘J)- (143)

The GPE for a dipolar BEC becomes an integro-differential equation for the condensate
wave function. In the absence of the nonlocal integral term, equation (1.43) simplifies to the
local GPE (I.6). The nonlocality of DDI implies that the wavefunction in r depends on the
wavefunction in #’ through a kernel V,;(r —1’).
In quasi-1D geometry, the dimensionless nonlocal GPE can be obtained by just adding
the new variable g; — Cy4/ VBho to the local GPE (1.43):
oy(xi) 1y

l ot :_Eﬁ—i_ U<x>+gwl(x7t)|2+gd/dxlvdd(x_xl>’ll/<xlvt)|2 W(xat)v (144)

For V5 =0, and U (x) = 0, equation (1.44) reduces to the well-known 1D NLSE. With the
nonlocal GPE (1.44) we will study in next chapters the interaction of solitons and soliton

molecules in a dipolar BEC for various configurations.

1.7.1 Phonon Instability

Let us try to understand the stability of 3D homogeneous dipolar BEC. After inserting the
transformation (I.12) into the nonlocal GPE (1.43), we obtain the generalized nonlocal BdG

equations

g (r) = Lug(v) + A vi(r) + /dr’Vdd(r— r)n(r,r)u(r') (1.45)
+ [ /(' Vaa e =) @oe)i(e),
—gi(r) = L () + Ay (r) + /dr’Vdd(r— r)n(r,r’ )y (') (1.46)

+/dr’d>o(r/)Vdd(l’—r/)q)O(r)”k(r/)?
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where .2 = 1P 4+-2gn(r) + [ dv'Vyg(r —v)n(v') — , A = g®F(r), n(r,v') = O (r ) Dy(r).

The solution of equations (1.45)) and (1.46) gives the eigenfunctions u(r),v(r) of the

excitations which obey the normalization condition: [ dr[u; (r)uy (r) — vi(r)ve (r)] = S

and the corresponding Bogoliubov eigenfrequencies &

£ = \/E,g 2B g3pn|l + ea0(3cos? 6 — 1)], (1.47)

where £;; = C44/3g3p is the dimensionless relative strength which describes the interplay
between the DDI and short-range interactions. Note that for €;; > 1 the DDIs are donimant.
Unlike the case of contact interactions, the dispersion relation of a dipolar BEC has
an anomalous momentum dependence due to the momentum dependence of the DDI. In the

low momenta limit £ — 0, the Bogoliubov spectrum reduces:

e = hegky/ 1+ €4q(3c0s? 0~ 1), (1.48)

where ¢; = \/M is the sound velocity for a nondipolar BEC. It is evident that for
O = /2, & = hcgky/1 — €44 indicating that for €44 > 1, some excitation modes are purely
imaginary. Therefore, the homogeneous 3D dipolar BEC is dynamically unstable against
long-wave length excitations. We call this instability “phonon instability” [31]. We shall see
in chapter 3 that this phonon instability plays a crucial role in the formation of bright polar

soliton molecules in a biwire system.
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Chapter 2
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Chapter 2

Equilibrium and scattering properties of
a nonlocal bright three-soliton molecule
in dipolar Bose-Einstein condensates
with competing nonlinearities
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2.1 Introduction

ecently, solitons in nonlocal media have attracted considerable interest both
theoretically and experimentally (see for review [130, [131]]) owing to their
potential applications to signal processing and communications.

The aim of this chapter is to study the equilibrium and scattering properties of 1D
nonlocal bright three-soliton molecules in dipolar BEC with competing local and nonlocal
nonlinearities. In dipolar condensates, competing nonlinearities appear naturally with the
simultaneous presence of contact (local) and dipolar (nonlocal) interaction potentials that
can be controlled with help of Feshbach resonance. We consider a suitable nonlocal response
function and employ the variational approach to derive useful analytical expression for the
energy of the three solitons. We show in particular that such an energy is finite and has a
local minimum depending on the medium parameters. An increasing energy corresponds to
attraction between the two solitons, while a decreasing potential corresponds to repulsion.
Our analysis reveals also that the degree of nonlocality and the relative phase of solitons may
drastically influence the binding energy and the soliton width. We then study the propagation
and interaction of the three solitons using numerical simulations of the full nonlocal (GPE).
We proceed to look at how the variation of the separation between adjacent solitons and the
relative phase can perturb the molecule.

On the other hand, we investigate the scattering of the three-soliton molecules by
Gaussian barrier. The interaction of matter-wave solitons with a potential barrier is crucial for
soliton matter-wave interferometry [132]]. Recently, the scattering of dipolar and nondipolar
two-soliton molecules by Gaussian potential barriers and wells has been studied in Ref.[[133}
134]. We reveal the role of solitons velocity, barrier height and its width in the soliton width
and in the intersoliton separation. We also show that such molecular ensembles can be
reflected/transmitted through the barrier depending on the barrier height and soliton velocity.
The calculation is performed using a variational scheme and the findings are checked by

numerically solving the underlying nonlocal GPE.
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2.2 Nonlocal Gross-Pitaevskii equation

We recall that to construct soliton states, we consider the 1D nonlocal GPE (1.44)

dy  1d%y )
lw——EWJFU(X)W—chﬂ v 2.1)

~gay [ R(x =Xy,

where y/(x,7) accounts for the mean-field wavefunction, g. and g, represent, respectively
the strengths of the local contact and the dipole-dipole nonlocal interactions, and U (x) is
an external potential. The response function R(x) explains the nonlocal nonlinearity. In
the local response limit, R(x) = §(x), equation simplifies to the standard NLSE. For

analytical tractability, we will employ a Gaussian nonlocal response function

1 2
R(x) = exp (—;—0_2) : (2.2)

270

The function is sufficient for understanding the considered problem and it may capture
the main properties of soliton molecules in dipolar BEC [108, [135]. Very recently, it has
been checked that all the results obtained from Gaussian kernel (2.2) for three soliton
molecules [108, [135] can be qualitatively preserved when the calculations are performed
with physically more realistic dipole-dipole nonlocal interaction kernel function [40, |136].
Note that other types of localized response functions have been used to study of the effect of
nonlocality, such as Lorentzian, Gaussian, periodic, and rectangular functions [137]. In the
weakly nonlocal limit i.e. 0 < 1, equation can be solved exactly for both dark and
bright solitons [137].

2.3 Equilibrium solutions

Let us first consider stationary three-soliton molecules without defect potential (U (x) = 0).

Our analysis is based on variational and numerical methods.
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2.3.1 Variational method

The variational approach is proved to be efficient for the analysis of non-integrable systems.
To describe the interactions of a nonlocal three-soliton molecule, we need to develop the
variational method for three-soliton molecules. To this end, we utilize the generalized
variational ansatz, which was successful in capturing the main features of soliton molecules

in dispersion-managed optical fibers [138]],

> (x—m,)*
y=A) exp [——J
Bl

+ i(pj} , (2.3)
where A ensures the normalization condition, the variational parameters ¢(z), 1(¢), and ¢(¢)
stand, respectively for width, peak position, and phase of the soliton.
The Gaussian trial function (2.3 enables us to analyze both in-phase and out-of-phase
beams in contrast to the trial function used in Refs.[43| [108]], which has the center peak
out-of-phase with the two outlying peaks.

The energy functional corresponding to equation (2.1]) reads

[ 1]y
E—/_m{ila

2
U= St | [ROx- EDIwEnPag] lvi?

(2.4)

Equation gives us important insights into the binding mechanism. The binding energy
is the difference between the energy (2.4) and energy of well-separated three individual
solitons.

For the sake of analytical tractability we will assume from now on n; = [—(N —1)/2+
(j—1)]A, where A is the relative separation between adjacent solitons.

The normalization N = [*_dx|y|? to the number of solitons N = 3 in the molecule,

gives:
A2 —2A2

3 =282
N =V27mA%q 2 +e2” (cosPy+cospr) +e 7 cos(Pr+ )|, (2.5)

where ¢; = @1 — @; is the relative phase and the index j = 1,2. The norm N is proportional

to the number of atoms in the condensate.
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Using the energy formula presented by (2.4) with an integration over x, the energy of the

three solitons becomes

—2A2

2 —zn” 2
A0 YoenF (08w g

q e
— 8 —
7T 2vmqzE | s )

=| &

342 5A2

+de {COS ¢1 4 €08 @2 +cos (¢ — 2¢) + cos (29 — ‘PZ)} +8et (0054’1 +cos ¢2)

3a2 A2

+2e {Cos (201) +cos (2¢») +4} +3e ¥ +2 {COS S 2}

A2

+des [2cos(q>z— ¢1) +cos (¢ +¢2)H (2.6)

N, 3

_ 8d : { [cos@ + cos ¢ + cos(¢; +¢2)—|—§}
2qVEFL/ 261% +1

A2 (5q2+1202 12 82(P1402)

(COS ¢1 +cos ¢2)€4"2(‘12+2"2) +2cos(¢1 +¢p) +e +2e‘12(‘12+2"2)}7

where
—2p2 -2

F1 = 3 +e @ cos (@) +¢) +e2* (cosdy +cose).

In the case of out-of-phase solitons (relative phase ¢; = ), the energy takes the form:

2 N ,
g 3er +2(1—3—2) et (4—3—2)

N 382 A2
24> (—4e 8¢° 4 32 +2)

A2 562 A2 382 1342 A%
gcN (864‘12 —24e16¢° 4+ 12¢2> + 12¢%° — 16¢16¢° + 3e +6)
- w2 = 5 2.7
2\/Tq <—4e 8¢° +3e2” + 2>
A2 (5q2+1262) 2 A2 (42+462)
—4e 1642 (42 +202) —}—e? + 264(447”42"2) 12

2
A 2

242 q
9ng€2q 2— 71202

WA 2
2\/7qC (—4e 87 4 3¢24 +2) ;—2 +24

Equilibrium solution requires that the energy must have a minimum with respect to the
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Figure 2.1: (Color online) Phase diagram of the bound state solutions as a function of g,
and g. obtained from the variational method. The colors represent the energy
of the solutions. The thick black line corresponds to E/Es; = 0. Here Ej is the
energy of a single soliton. Parameters are: N =3, A= 1.5, g. =2, g4 = —10,
c=2,¢0=m.

intersoliton separation characterized by a binding energy E; < 0 [61}[106]].

Figure |2.1|illustrates the nontrivial solutions (i.e. bound states) of the energy E in terms
of the local and nonlocal nonlocalities strengths (g., g4) as a ’phase diagram”. The boundary
line (E = 0) is marked with a thick black line, below which these solutions are the stable
molecule. The maximum value of E at which the bound state becomes unstable, depends on
the degree of nonlocality. The results presented here belong to a family of models featuring
the formation of a stable bound state tri-solitons, namely: |g.| < |g4| (e.g. g4 =~ 15,8, ~ —2),
and |gc| > |gal (e-g. g4~ —1,8. = 6).

In Figure 2.2 we illustrate some examples of the energy E from equation for two

values of the relative phase.
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Figure 2.2: (Color online) Energy of solitons from equation (2.7) as a function of the width
q for different values of the nonlocality degree o and the relative phase ¢. Solid

lines: o = 2. Blue dashed lines: o = 5. Red dotted lines: o = 10. Parameters
are: N=3,A=1.5,g.=6,g,=—1.

Figure [2.2](a) shows that the energy of out-of-phase interacting solitons has a local
minimum at g =~ 1.1 results in the three solitons supports three-soliton bound states corre-
sponding to the force between the solitons is zero. Remarkably, the local minimum becomes
narrower as O increases signaling that the solitons are compressed, and thus, the action of
the nonlocality is less effective. Whereas it becomes shallow for large o, a fact that reduces
localization and rises nonlocality.

In the case of in-phase (¢ = 0) solitons, the situation is quite different. We see from
figure 2.2](b) that a stable bound state occurs only for large degree of nonlocality (¢ =5, 10)
where the energy has a local minimum at g ~ 0.75. For a weakly nonlocal medium (o = 2),
the energy is positive. One can infer then, if the medium of in-phase solitons becomes more
local, the three peaks of the solution become unstable. This can be interpreted as being due

to the interplay of local repulsive and attractive nonlocal nonlinearities.
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2.3.2 Numerical results

In order to test the accuracy of the developed variational method and to explore the the
propagation of the stationary solution of bright three-soliton molecule, we numerically
solve the nonlocal GPE (2.1)) with the Gaussian nonlocal response function. Our numerical
solution was performed by the split-step fast Fourier transform method which was proved to
be quite powerful numerical tool in solving similar problems. We have used 2048 Fourier
modes and the time step was 8¢ = 0.001 [138]. The variational predicted wavefunction

given by equation (2.3) is introduced into equation (2.1]) as an initial condition.

4 ]

1.0

| |

0.0 : : g
=10 -5 0 - 10
X

Figure 2.3: Density profiles of out-of-phase soliton molecule. Solid lines: numerical simula-
tions. Dotted lines: variational analysis. Parameters are: N =3,g=1.1, 0 =2,

gC:6, 84 = —1.
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Figure 2.4: Dynamics of a three-soliton molecule placed at their equilibrium positions
A=1.5. Parametersare: N=3,g=1.1,0=2,8.=6,g;=—1.

Figure 2.5: (Dynamics of a three-soliton molecule perturbed by changing the intersoliton
separation (15% larger than the equilibrium separation). Parameters are: N = 3,
g=11,0=2,8.=6,8,=—1.

In figure [2.3] we compare the out-of-phase three-soliton molecule profile obtained by
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the variational scheme with our simulation results and good agreement is found between the
two approaches. The central soliton has a smaller amplitude indicating that solitons interfere
destructively which is natural for out-of-phase solitons.

Let us turn to investigate the dynamics of the above stationary solution by varying the
separation between adjacent solitons. Figure [2.4| shows that when solitons are placed at
their equilibrium positions, a highly stable propagation of the three-soliton molecule (where
intersoliton separation is maintained) is formed.

According to figure [2.5| when the separation between the constituent solitons is suddenly
increased by 15% from the equilibrium separation, the lateral solitons experience periodic

oscillations in the trajectory during propagation, while the central soliton remains robust.

100

80

40

0

Figure 2.6: Dynamics of a three-soliton molecule for ¢ = 0.87 as value of the relative phase.
Parameters are the same as in figure
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Figure 2.7: Dynamics of a three-soliton molecule for two ¢ = 0 as value of the relative
phase. Parameters are the same as in ﬁgure@

We now briefly examine the effect of changing the initial phase difference in the molecule
dynamics and in the soliton width.

Figures [2.6] and show that the initial relative phase plays a crucial role in the
dynamics of a three-soliton molecule. For instance, if the relative phase is slightly reduced,
the attractive force causes strong oscillations of the solitons’s trajectories inside the molecule
and hence they collide and repel each other periodically as is seen in figure [2.6]

Figure depicts that the three in-phase solitons always merge into a single soliton
owing to the attraction interaction induced by the nonlocality and hence, the three solitons

bound state will eventually disintegrate. They are stable only at a shorter times ( < 5).
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Figure 2.8: Soliton width as a function of the degree of nonlocality. Parameters are: N = 3,
A=1.5,g.=6,and g = —1.

Figure shows that when ¢ < 1 the soliton width sharply decreases (increases) with
the degree of nonlocality for out-of-phase (in-phase) soliton molecule. For o > 1, the soliton
width decreases (increases) slowly with the degree of nonlocality. Numerically, the width is

determined from the NLSE 1) according to the relation: \/ [F2 dxx®|y(x, 1)

2.4 Scattering of a three-soliton molecule by Gaussian po-
tential barriers

In this section we investigate the scattering of a three-soliton molecule by Gaussian potential
barrier using variational approximation and numerical simulations. Let us consider a moving

three-soliton molecule with velocity v collides with a potential barrier:
U(x) = Upe ™12, (2.8)

where Uy > 0 is potential barrier height and a stands for its width.

Variationally, the dynamics of three solitons can be examined using the ansatz for three
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solitons

: (x—my)?* . :
=AY exp | =t ivi(x— 1) Figj (29)
j=1
Again the expression of the energy functional is too lengthy (see equation (2.10). Within the
trial function (2.9), the energy functional (2.4) of three solitons in the presence of a potential

barrier turns out to be given as:

E 1 e 4A% 412 g? 382
N qufz{?) (\12c12+1)eq2 —8vAsin® +2 (—%—kl) cos ¥ +4e 24 cos <¢1

—A2 124 o) o)
X [ (% + 1) cos <5> — 2vAsin (5) }

w1 16a2a? 202
V2alUy |2e 82a+d" <cos (VA+ @) +2cos (VA+ ¢n) ) +2e8?*+4* +2cos D +e &

_|_

Ng, A2 562 — 0 39
— \/Ejffz {4qu cos ¥ +4e4’ cos (@) {cos (5) + cos (7) ] (2.10)
2

1342 442

28 - 3 2
- COSMOS(% %)Heq {Cos(Zﬁ)cos(q)z—qﬁl)—i—Z} 3¢+ +cos(20)

242

—‘Pz)
2

+242e {cosﬁ +cos (¢, — q)l)} } — Nga {2e2<1A2 {2003 ¢1+2cos(d; + )

\/Eqﬁzz. / @ +1
A2 (5q2+1262)

¢2 _¢ A2 q2+4a2
+2005¢2+3]e 4% (4% +207) cosﬂcos( 5 1) —|—eq +2e d*2Po% —1—200519}

where ¥ = 2vA+ @1 + ¢, and

3A2
Fr =2cos ¥ +4e2* cos ¥ cos ((Pz 5 ¢1) +3e 7.

It is worth stressing that the external potential energy is vanishing in the limit @ — 0 and it

is a constant for a — oo.
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Figure 2.9: Width of out-of-phase solitons as a function of (a) soliton velocity and (b) the
barrier height. Parameters are: N =3, 0 =2,g.=6,g,=—1,and a =0.5.

We now delve into the relationship between the soliton width and its velocity, and the
barrier height. In what follows we consider only the case of out-of-phase solitons. Figure
[2.9](a) shows that for fixed barrier height, the soliton width increases monotonically with

the soliton velocity, causing the constituent solitons to transmit the barrier (see below). The
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variation of the width as a function of the barrier height is displayed in figure (b). We
see that ¢ is lowering with Uy which means that the incoming solitons can be reflected.
For larger barrier height, the reflected fragment becomes unstable and the molecule will

eventually disintegrate (see also figure [2.12]).

Figures [2.10] [2.11] [2.12] and [2.13] displays the main scattering properties of a three-

soliton molecule by Gaussian barrier, different scattering regimes are obtained. We see that
the molecule is reflected when the potential soliton velocity is low, v = 0.3 as is depicted
in figure The reason for this effect is that the kinetic energy of the molecule is much
smaller than the potential energy.

Whereas, for large soliton velocity, v = 0.4, the molecule can transmit through the
potential barrier (see figure [2.11)). The same scenario holds true for two-soliton molecules
[133].

Moreover, we see from figures [2.12] and [2.13] that as the height of the potential increases
(i.e. strong potential barrier), the transmitted/reflected molecule exhibits a strong pertur-
bation leading to unstable transmission/reflection results in a destruction of the molecule
during its time evolution. Therefore, the molecule cannot preserve its integrity after the

reflection from the potential.
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Figure 2.10: Scattering of a three-soliton molecule by a potential barrier for different values
of v and Uy = 1. Parameters are the same as in ﬁgure@}
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Figure 2.11: Scattering of a three-soliton molecule by a potential barrier for different values
of v and Uy = 1. Parameters are the same as in figure @
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Figure 2.12: Scattering of a three-soliton molecule by a potential barrier for different values
of v and Uy = 2. Parameters are the same as in figure @}
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Figure 2.13: Scattering of a three-soliton molecule by a potential barrier for different values
of v and Uy = 2. Parameters are the same as in figure

For the sake of completeness, we look here at how the soliton separation, A which
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characterizes the kinetic energy of the incident solitons depends on the the barrier height,
Uy and its width, a. Figure reveals that A increases with increasing Uy regardless of the
value of a. However, A decreases with augmenting a. For a narrow barrier, the dependence

on Uy 1s more pronounced.

Figure 2.14: Separation between adjacent solitons as a function of the barrier height for
various values of the barrier width. The parameters are the same as figure [22}

One can expect that the soliton width exhibits asymmetric oscillations during its time

evolution due to the interaction with the potential barrier.
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Chapter 3

Interwires polar soliton molecules in a
biwire system
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3.1 Introduction

ecently, quantum degenerate dipolar gases placed in equidistant layers/wires

have recieved a great deal of interest. These layered/wired structures which

are connected with each other due to the long-range character of the DDI,
exhibit remarkable interlayer effects such as interlayer bound states and superfluids of polar
molecules [[139-146]. In the nonlinear physics, the interlayer/interwire interaction leads to
an effective potential between separated solitons, result in the formation of soliton molecules
[75,1147]. Such molecules vitally depend on the interplay between contact and dipolar
interactions [60, (75} [147]].

In this chapter we consider dipolar BECs loaded in a biwire (tubes) system of a quasi-1D
trap, where the two wires are separated by a distance A much larger than the confinement
length of the molecules within each wire ensuring vanishing hopping between wires. The
dipole moments are assumed to be aligned perpendicularly to the tubes by an external field
and in opposite directions in different wires (see figure[3.1). The long-range nature of the
DDI affords an interaction in one BEC inside each wire. The most important feature of
this setup is that the anisotropy of the DDI connects particles from each wires in a very
specific form (different from the intrawire interaction) leading to a two-component BEC
[141]. Experimentally, this biwire geometry can be created by optical lattices or atomic chip
traps [148, 149]].

In contrast to the arrangement used in [[139-1435]], our biwire configuration makes the
interwire interaction to be repulsive at short distance regime and attractive in the long-

ranged regime. For repulsive contact interactions, it may open a new route to explore dark
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soliton molecules due to the special interwire effects not considered in the configuration of
[139-145]]. This biwire pattern can also lead to the formation of matter-wave bright soliton
molecules for both short- and long-range attractive interactions. In quasi-2D geometry,
this type of system supports the formation of unconventional interlayer superfluids such as
extended s-, p-, d-, and f-wave superfluids [[138, 150, [151]].

The numerical simulation of the underlying nonlocal GPE, reveals that the stability and
properties of individual solitons, and soliton molecules in such a geometry crucially depend
on the interwire distance and on the interplay between contact and dipolar interactions.
We show that in such a biwire system, the excitation spectrum can acquire a roton-maxon
structure. A detailed analysis of the nonlinear dynamics of these exotic soliton molecules is
also carried out. It is found that near the roton instability, the solitons complexes exhibit

oscillatory behavior with increasing the interaction stength and the interwire distance.

3.2 Model of the two biwire

Let us consider the quasi-1D biwire configuration of figure[3.1] where at each wire a dipolar
BEC of N atoms with dipoles are head-to-tail across the wires. At zero temperature, the

system is governed by the following dimensionless nonlocal two-coupled GP equations

RATS %y,
=S ldwiPyi+ [ dVaalle =) (W )P+ v )P) v,

where j = +1 is the wire index, y; is the wavefunction at each wire which is normalized to

the number of atoms in the condensate [ |y;|?dx = N, and g = 2a/l is the strength of the
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Figure 3.1: Biwire system of cold polar molecules with dipoles oriented in opposite direc-
tions in different wires.

local nonlinearity with [y = \/W being the harmonic oscillator length, @, corresponds
to the frequency of radial confinement, and m is the particle mass. In system (3.1, lengths,
time, density and energies are expressed in units of [y, a)ll, Ly Uand hw, , respectively.
We note here that the DDI potential V,;(x) appearing in equation 1s composed of
two parts: the interwire interaction potential which responsible for the interactions between

the two wires

x2—2)2

(x2+7LZ)5/2’ G.1)

Vinter (x) = —&d

where g4 = 2r./ly with r, = md? /li* being the characteristic of the distance between the
two dipoles , and d is the scalar product of the average dipole moments of the molecules.
The potential Vi, (x) is repulsive for x < /24, while it is attractive at x > /24 which may
open up the possibility of forming interwire soliton molecules.

The soliton-soliton potential (]3;1'[), in contrast to that used in Refs [75, [147], is attractive
at large distance x which may lead to the formation of an interwire bound state of two

solitons in different wires (soliton dimer). When the interwire distance is increased, the
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Figure 3.2: The interwire interaction potential versus sevral value of A. ( Red, Blue and
Black forA =0.5,4 =1.0and A =2.) and g; = 10. The figure show that this
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Figure 3.3: The interwire interaction potential versus x for A = 1.
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local minimum is shifted and thus, the molecular structure is modified. On the other hand,
the intrawire interaction has a complicated form [47, [152].

However the most convenient form for analytical calculation is that proposed in Ref [40]]

63

(x2 + 82)3/2 (3-2)

Vintra (x> = 8d

where § = 1 1/2

is a cutoff parameter, which regularizes the singularity problem. For
A > lp, both Vipga(x) and Viper (x) depend only on the interparticle distance along the wire
direction x. In the absence of intertube interactions, the dynamics of solitons and soliton
molecules in each 1D tube have been extensively investigated using the standard nonlocal

GPE (see e.g. [40,43, 46, 152]).

The soliton’s energy functional corresponding to equation (3.1]) reads

1 . oo
E= Y {590 (vl +eaalwil x| Vale) [aOF +y- a0 v ) |
J

The first term represents the kinetic energy, the second term stands for the contact interactions

energy, and the third term accounts for interaction energy due to DDI.

3.3 Stability of the uniform system

Here we analyze the stability of the interwires nonlinear modes associated with equation
(3.1) which is affected by the excitations of the condensate. The elementary excitation
energies &, can be obtained by considering small perturbations of the order parameter around

the equilibrium solution yy; namely: y; = yy; + 0y, where dy; < ;. This is the well
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known Bogoliubov theory [31} 135,109, 153} 154]]. In the homogeneous case, the Fourier

transform of the potential (3.1)) reads
Vinter (k) = gak” [Ko (kL) + K2 (kA )], (3.3)

where Ky(y) and K»(y) are the modified Bessel functions. The small amplitude fluctuations

are given via the Bogoliubov transformation (1.12):
6‘/’] — (ukefikx+l'€kl‘ + VkeikxfiEkl‘) e*iul‘, (34)

where u is the chemical potential and uy, v are the quasi-particle amplitudes. The Bogoli-

ubov dispersion relation turns out to be given as

2
& Zk\/%-l-uo[l‘f'gddkz (Ko(kA) + K> (kA))], (3.5)

where [y = gl[/(%. Based on the sign of g. and the strength of the DDI, the system sustains
two types of instabilities namely, phonon instability (PI) and roton instability (RI). In the
limit of low momenta (k — 0), the PI occurs for ¢ < 0 whatever the value of A as is shown in
figure[3.4] In nondipolar homogeneous BECs, the PI arises only for g. < 0 (see e.g. [155]),
while for BEC-impurity mixtures it originates even for repulsive short-range interaction
[156]. In the case of 3D dipolar BECs, the PI comes from the anisotropy of DDI, resulting
in a local collapse, see for review [31]].

For g, > 0 and under certain critical value of the interwire distance, the dipoles can

modify the form of the dispersion relation exhibiting first a maximum and then a minimum
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in spectrum as the momentum increases results in roton-maxon structure as is seen in figure
[3.5]1f the roton minimum touches the zero-energy axis, the Bose condensate suffers a RI. In
this case, the energy and the position of the roton can be modified by changing &;,. The
same behavior holds in quasi-2D dipolar BECs [60, 157]]. The height of the roton is sensitive
to A; for sufficiently large intrawire space, the roton approaches zero which destroys the

dimerization of solitons modeled initially by two dipolar BECs placed in a biwire system.

Figure 3.4: The Bogoliubov spectrum from equation (3.5) for £, = 1.5. (a) up = —1 (solid
lines are the real part and dotdashed lines represent the imaginary part).
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Figure 3.5: The Bogoliubov spectrum from equation 1} for ;4 =1.5. (a) up = 1 (solid
lines are the real part and dotdashed lines represent the imaginary part).

3.4 Dimer soliton molecules

3.4.1 Variation of the distance A between the two wires

In this section we analyze the rudiments of dimer soliton molecules in biwire systems when
with the variation of the distanse between the two wires A where the interaction parameter
stay constant the value of g; = 0.4 correspond to the case figure [3.6| where the two solitons
formed the molecule.

The results presented here rely on numerical simulation of the nonlocal GP equation (3.1,
using a suitable initial condition envisaging solitonic solutions.

Here the potential interaction is calculated numericaly from the force of the interaction

between the solitons, where we used the trajectories of the the solitons to found the force
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Figure 3.6: Soliton-soliton potential as a function of sepration A from numerical simulation
of the nonlocal GP equation (3.1) for several values of A. Parameters are:
g=79,gs=0.4.Redline: A =0.5. Green line: A = 1. Blue line: A = 2.

between them. The separation is calculated then differentiated numerically twice. finaly, the
numerical integral of the force gives the potential interaction.

Figure 3.6/ shows that the soliton-soliton potential " predicted by our numerical simula-
tion has a local minimum at A = 2 indicating the formation of a molecule of dimer solitons.
The depth of the effective potential minimum is decreasing with increasing the interwire
distance A between the two wires i.e the two solitons become less bounded and hence, the
molecule loss thir instability.

The numerical shape of the two-solitons molecule presented in the figure is obtained
by the numerical soliving of the nonlocal Gross-Pitaevskii (GP) equation (3.1)) in the static

case.
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Figure 3.7: Stationary localized solutions of the nonlocal GP equation (3.1)). Parameters are
g=79,gs=04and A = 1.
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Figure 3.8: Spatiotemporal evolution of the interwire dimer soliton molecule. For A = 1 the
molecule is stable. Parameters are the same as in figure @
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Figure 3.9: Spatiotemporal evolution of the interwire dimer soliton molecule. For A = 2 the
solitons repel. Parameters are the same as in figure
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Figure 3.10: Spatiotemporal evolution of the interwire dimer soliton molecule. For A = 0.5
molecule vibrations are clear. Parameters are the same as in figure

Figures[3.8] and depicts the density profiles which were calculated using
the equilibrium conditions found by minimizing the energy functional (3.3)). For small
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Figure 3.11: Time evolution of the width of the soliton along x direction, forming the
molecule placed in opposite directions. Red line: A = 0.5. Green line: A = 1.
Blue line: A = 2. Parameters are the same as in figure

separation, the solitons attract each other undergoing fusion and eventually becoming a
single big soliton (see the[3.10).

If solitons are well separated (A > 1), they can be approximated as point-like solitons
[158]. In this case, the solitons repel and acquire sufficient kinetic energy to diverge to
infinity at larger time as is shown in the middle pannel. When A = 1, the molecule exhibits
periodic oscillations around the equilibrium during its propagation analogous to vibrational
modes of a diatomic molecule (see the figure [3.8)).

Figure that the width of the soliton exhibit breathing (contraction and expansion)
oscillations. For large interwire speration (A > 2), process of oscillation of the solitons goes
on for some time (¢ < 30) due to the roton instability where the molecule disintegrates into

individual freely solitons. The width of soliton can be extracted from the GP equation (3. I}

using q;(r) = /[ v i (x, 1)
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Figure 3.12: Time evolution of the centers of masses of the soliton along x direction of
two solitons, forming the molecule placed in opposite directions . Red line:
A =0.5. Green line: A = 1. Blue line: A = 2. Parameters are the same as in

figure

o F

Figures [3.12|reveals te same edea as the figure the center-of-mass of the soliton.

The center-of-mass of soliton can be extracted from the GP equation (3.1) using n;(r) =

J2Z dxx|wi(x,0)

3.4.2 Variation of the constant g,

We now examine the role of the interaction strength in the behavior dimer soliton molecules
exactly the cases of his width and his center-of-mass.

The figures (3.13), (3.14)and translate the influence of the strength interaction on
the dimer soliton molecules g,. the first figure show the two solitons in the absence of
the strength interaction g; = 0, the second figure wherre g; = 1.4 present thecase when
there a strength interaction on the dimer soliton molecules,so the the two solitons will be

merged, and the last figure show the that the two solitons formed a molecule from (¢ = 0 to
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Figure 3.13: Spatiotemporal evolution of the interwire dimer soliton molecule. For A =1,
g=79and g; =0.

t = 30) and from the ¢ = 30 the two solitons will be separated. By increasing the interaction
strength (g; ~ 1.4), the two solitons become very close to each other and the modulation of
oscillations of width and the center-of-mass of the solitons becomes stronger as is seen in
figure[3.16]and figure . The oscillations decay at larger time. This can be understood
from the fact that for strong interaction, the atoms scattered with high energy leave the
condensate due to the absence of an external trap. For g; = 0.4, the solitons continue to
oscillate periodically forever. For g; = 0, the two solitons undergo very slow oscillations
and the molecule cannot be formed in such a situation.

With a comparison the figure with the two figures and we see that
the constant of the interaction between the two wires g; plays an important role where if
this constant takes a values higher than g; = 0.4, the two-solitons will be merged so it’s

mean the interaction between the two solitons are stronger. Also, if this constant g, takes
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Figure 3.14: Spatiotemporal evolution of the interwire dimer soliton molecule. For A =1,
g=79andg;=14.
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Figure 3.15: Spatiotemporal evolution of the interwire dimer soliton molecule. For A = 1,
g=79and g; =0.05.
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Figure 3.16: Time evolution of the width of the soliton along x direction of two solitons for
different values of g;. Brown line: g; = 0. Red line: g; = 0.05. Green line:
ga = 0.4. Blue line: g; = 1.4. Parameters are g =7.9,and A = 1.
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Figure 3.17: (Color online) Time evolution of the centers of masses of the soliton along x
direction of two solitons for different values of g;. Brown line: g; = 0. Red
line: g; = 0.05. Green line: g; = 0.4. Blue line: g; = 1.4. Parameters are
g=79,and A = 1.
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a lawer values than g; = 0.4 the solitons will separated, this second case mean that the
interaction between the solitons which formed the molecule become very weak figure (3.15)
after (¢ > 30), if g4 goes to zero, the two solitons will be really separated.

The realization of such polar soliton molecules in a quasi-1D biwire system is less
challenging and can be probed in current Cr, Dy and Er experiments. For instance, for !%4Dy
atoms which are characterized by r. = 131ag, where ag is the Bohr radii and @, = 60 x 27
Hz placed in a biwire system, a stable soliton molecule can be nucleated for interwire

separation A ~ 400 nm.
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Singular Soliton Molecules of the
Nonlinear Schrodinger Equation

78



Contents

4.1 Introductionl . . . . . . . .. L 80
4.2  [ax Pair and Darboux transformation method| . . . . . . .. .. ... ... 81
M21 Basicideasl . . ... ... ... ... 81
4.2.2 Compatibility condition| . . . . . ... .. ... ... .. ..., 82
423  Darboux Transformation] . . . . . .. .. ... ... ... ..... 84
4.2.4  Symmetry Reduction| . . . . ... ... ... ... 0 L. 86
4.2.5  Solution of the linear system for the fundamental NLSE for zero |
seed| . .o 87

4.2.6  Representation of the new exact solution to the local NLSE}. . . . . 90

4.3 New exactsolutiontothe local NLSE| . . . . .. ... ... .. ...... 92
I Determination of the for n th litons] . . ... ... 98

#.3.2  Interaction of singular solitons| . . . . . . ... ... .. 0oL 102

4.4 New exact solution to the nonlocal NLSE| . . . . ... ... ... ... .. 103
4.4.1 Variationoftheconstant A,/ . . . . . . .. . ... ... ... ... 106

4.5 New Exact Solution to the Reverse-Time NISE|. . . . .. ... ... ... 107

79



SOLITON INTERACTION IN NON-LOCAL MEDIA Chapter 4

4.1 Introduction

he fundamental NLSE or GPE is one of the most investigated equations in describ-

ing the dynamics of multiple physical phenomena, in both discrete and continuous

systems. One important admitted solution to this equation is soliton. Many success-
ful techniques have been developed to solve the NLSE. Among them are Painlevé analysis
[134., 159} 160], Hirota method [[161], similarity transformation method [[162], Lax Pair
(LP) and Darboux transformation (DT) method [163-165]], Miura transformation [166, [167]],
inverse scattering transform and Hamiltonian approach [[168]], homotopy analysis method
[169], Exp-function method [[170], the tanh-function method [171} [172]], the homogeneous
balance method [173]], and the F-expansion method [174].

Currently, there is a considerable interest in finding exact solutions to the non-local
NLSE [175-178]. This non-Hermitian and PT-symmetric equation with the potential
V(x,t) = u(x,t)u*(—x,t), where u(x,t) is the mean-field wave-function, satisfies the PT-
symmetric condition, V (x,¢) = V*(—x,t). Several efforts were devoted in showing that this
equation admits a soliton solution as well [[175-178]].

Prominent among the solutions of the NLSE is the two-soliton solution which can
be obtained using the LP and DT method [78, [79]. Employing the trivial seed solution,
up(x,1) = 0, the DT generates a single soliton solution. Using the latter as seed, generates
the two-soliton solution [[179]. The binding energy, the force, and potential of interaction
between solitons have been calculated and studied extensively [[78-80, [180-184].

In this chapter, we use the LP and DT method with a seed solution of the form ug(x,z) =
1/x to generate a new two-soliton solution that is characterized by two diverging peaks.
Dispite this divergence, the new solution describe a soliton molecule with a binding energy.
We calculate the potential of the interaction between the two solitons to show that it is of
molecular type. Furthermore, we have considered the nonlocal NLSE and used the same
procedure to generate a new solution out of the ug(x,#) = 1/x seed. It turned out that the
new solution is much richer than the local case. Here, the new solution corresponds to the
scattering of stationary soliton and two breathers on a finite background at half of space and

inclined backgruond at the other half.
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4.2 Lax Pair and Darboux transformation method

The LP and DT method is an exercisable way to generate soliton solutions of NLSE and GPE.
Briefly, the LP and DT method is based on searching for an appropriate pair of matrices
that associates the nonlinear system to a linear system. The LP should be associated with
the nonlinear model through what is called a compatibility condition. The obtained linear
system is solved using a seed solution, yy(x,?), which is a known exact solution of the

nonlinear system. Each seed solution generates a family of exact solutions.

4.2.1 Basic ideas

In this section we give a review of the basic concepts regarding the LP and DT method. Let

us recall the dimensionless 1D NLSE:

. 1
Y+ 5 Yo — WPy =0, (4.1)

where c is a complex constant parameter .
We associate to the equation (4.I) with an auxiliary field ® which is a linear system as

follow:

P GO .

$1(x,1)  Pa(x,1)
All the components of this matrice are being complex function of x and 7.

The well known Lax Pair of (4.1)) is defined as

O, =J-D-A+Up- P, 4.3)

O, =i DA +ilUy-P-A+Vy- . (4.4)

Where &, and ®; are the derivative of @ with respect to x and with respect to ¢ respectively.

We note here that
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0 ¥
Up = /2 y(x.1) , (4.5)

_W*(x7t) 0

. D2 icl2 y(xt
oo i [ DR ey ) we

iy —clynP

1 0

J= , 4.7)
0 -1
A0

A= , (4.8)
0 A

where y*(x,t) is the complex conjugate of y(x,7), J and A are constant matrices, and A,
and A, are complex constants called the spectral parameters, Ay 2 = A(1 2), +iA(1 2)i A1)
and A(; »); are real constants. We note here also that |y(x,1) 1> = w(x,t)y*(x,1) .

We refer to the equations (4.3] et [4.4)) as the LP. It refers also sometimes to the two

marices U and V.

4.2.2 Compatibility condition

The link between the NLSE and the LP is called the compatibility condition which is given
by
Dy — D, =0, (4.9)

where @, and ®; are the derivative of ® with respect to x and with respect to ¢, respectively.
Also, @, is the derivative of &, with respect to ¢, and Py, is the derivative of ®; with respect
to x.

The last equation (4.9)) requires the equation
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where the [U, V] is the commutator of Uand V where [U,V] = UV —VU. Using the expres-

sions of Uy from equation {.3)), we get

i Py(nn)on () + i (xt) i Py n)da(x 1) + Ay (x,1)

D, (x,1) =
_A‘lqjl (X,[) —1 CI/ZIIIS(x?t)Wl (X,t) —AQ(PZ(XJ) —1 Cl/z‘l’s(xaf)%(xvf)
(4.11)
and the two expressions of Uy and Vj from equation (4.4) give
A B
D (x,1) = : (4.12)
C D

where A = —/c Ly (x,1)1 (x,1) +i AFWi (x,1) — 51 cW(x,0) Y1 — 5 /€ 01 (x, 1) Wiy (%),
B= _\/EAZW(XJ)(DZ"‘Z'AZZWZ(XJ) - %ic‘lfs(XJW/ _% \/E(pz(xvt)ll/lf(x’t)?

C=—i A+ 5 ic W(x,1) us(x, 1) 91+ /e My (x,0) Y1 — 3/ Wi Yar(x,1)

and

D=—i 222 + % ic W(xvt) Ills(xvt)q)Z + \/EA‘ZWX(XJ)WZ - % \/EWZ WSx(x7t)'
To use the compatibility condition (4.9), we derive the formula (4.11]) with respect to ¢
and we derive the formula (4.12)) with respect to x, the result become

a a
o= """ . (4.13)

azp az

a = 53/ 1 (1) (~2 e Y20 1) Y(x,0) + 20 i (1) + i (x,1))
ap = %\/E ¢2(x,t)(—2c Wz(x7t) IVS(x7t) +2i ll/t(xJ) +V[xx(x’t))’

a1 = $y/e i (er) (2 ¢ e W2 () — 20y, (6.0) + i (x.0)

and

an = 5 /e v (x,0) (=2 c wix,r) W2(x,1) — 2wy, + Wy, (x,1)).

The compatibility condition is nothing but the NLSE and its complex conjugate, i.e. we see
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that the four terms of this matrice present the equation (4.1]) also its conjugate. It requires
that w(x,¢) is a solution to the NLSE and y*(x,¢) is the solution of its the complex conjugate.

This matrice gives the link between the NLSE equation and the linear system of the LP.

4.2.3 Darboux Transformation

We use as seed zero solution yy(x,), so the linear system will take as a solutions ®.

The Darboux Transformation is defined as :

P[] =D -A— 0D, (4.14)
where

o= A, (4.15)

We note that ®g is a seed solution of the linear system for a given seed solution of the
NLSE, ® denotes any solution of the linear system, and ®[1] is the new solution of the
linear system.

The equations (#.5) and (4.6) under the DT

®[1], =J-®[1]-A+U[1]-D[1], (4.16)

and

®[1), =iJ - P[1]- A’ +iU[1]-®[1]-A+V -P[1]. (4.17)
By substituting in this system for & from equation (4.14) and using the LP, equations (4.5))

and (4.6), the transformed LP matrices U[1] and V(1] must satisfy the two following formula

Ul =U+ {1,6} =0, (4.18)

V(1] :V0+i[Uo,G] =0, (4.19)

where Uy and Vj are the Lax Pair in terms of the seed solution zero.

We no that the DT applies only for the linear system ( equations) and that the two matrices
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(4.7) and (4.8]) are constant under the DT and are and do not change. So the new seed
solution becomes U[1] where its obtained from the last equation (4.18)) and its takes the

following form:

0 1] (x, 2
o witlos)
=y 1] (x,1) 0
o) (4.20)
_ 0 Yo (X’ t) 0 ¢111I/2 = ¢2w1;f:lj2
- " 24— A
—Y (x:1) 0 g’l ilfzfzqul;/(lpz 0

For the Vp[1] its will takes

p i [ IO wiiken ) )

2\ wyliin [y
in this situation the compatibility condition takes form

ol -vit= Vo). @)
This means that y[1] is a solution of the NLSE

1]+ 3wl (Wl Py{i] =0 4.23)

Thus, we see that from the solution zero yy(x,7) to NLSE we obtained a new solution y/[1]

to the same equation NLSE whre this new solution takes the following expression

2(M =) vy

1] = 4.24
vl M1 v2— dy (249
and for the complex conjugate of y[1]:
. . 24— A
Wil = vt — (M1 —22) 9102 4.25)

oy — oy

Here, the second term on the right side of the to equations {.24] and #.25]is called the

Darboux Dressing.
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4.2.4 Symmetry Reduction

In this section we will obtain eight equations by equating the two matrices (4.3]) and
(4.4), the derivatives of the auxiliary field with respect to x and ¢ gives

For the x-equations

—ivey(x,t) ¢ — A Y1+ i =0, (4.26)
—iew(x,t) gr— A Yo+ Yo, =0, (4.27)
A 01 (x,1) +i Ve ws(x, 1)y 4+ Y1, =0, (4.28)
A2 92 (x,1) +i+/c Wi (x, 1) ya + Yo, = 0. (4.29)

And for the 7-equations

1 1
_1%12 Vi <x7t)+W(xat)(\/E;Ll¢1 (x7t)+§ iC‘l/s(xJ)‘l/l (x,t))+1//1,+§\/2¢1 (xvt)wx(x?t) =0,
(4.30)

_1122 WZ(X7I)+W(X7I)(\/E)L'2 ¢2(X7t)+%ic IVS(x7t)lV2(x7t))+W2t+%\/z¢2(x7t)wx(xvt) :07
(4.31)

1 1
5 1(2112—0 W(xat»(z)l(xat) - \/Elﬂ[[;(X,l)l[fl +¢1l(x7t)+ 5 \/E Wl(xat)lllst(xvt) =0,
(4.32)

1. 1
31 (223 = e w6 )a(x,1) = Ve Ao W (6,1) Y2 + G () + 5 VE Y ()W (1) = 0.
(4.33)
The solution of the eight equations (4.2614.33), r-equations and 7-equations gives the

86



SOLITON INTERACTION IN NON-LOCAL MEDIA Chapter 4

expressions of the four functions y1, ¢, y» and ¢,.
We note also that we the eight equations can be reduced to four equations by using the

following conditions:

At ==, 0" =y, v =—0¢, (4.34)

where after applying the symmetry conditions we can solve only the four equations [4.26|

,[4.28], 4.30and .32] to get the solution of NLSE equation 4.23] The solution of equation

(4.23)) will be given by the following formula :

_ X . L 2(2'1 _AZ)WI(xvt)WZ(xvt)
VD) = Yolet) = e v (o) + 1 (1) ya(e)

(4.35)

We can do the reduction of the eight equations to four equations according to the constant c,

so two cases will be presented for the u(x,7):

(i) positive constant, ¢ > 0

the symmetry condition here are: ¢p(x,1) = yi,025(x,7) = @1 and Ay = —A,.

vl — 2(A1+ Ars) W (x, 1) g (x, 1)
Vo) = ol1) Ve =y (x,1) sy (x,1) 4+ 01 (x,1) yis(x,1) (4.36)

(ii) negative constant, c <0

for this case , we use the symmetry: @os(x,7) = Wi,02,(x,7) = —¢; and Ay, = —A.

i) 2t A () s ()
Vot = volno) + Ve w(x,t) 15y (x,t) + 01 (x, 1) yis(x,1)

. (4.37)

4.2.5 Solution of the linear system for the fundamental NLSE for zero

seed

In this section, we solve the NLSE for the constant c = —1, so the equation (4.1)) reads

. 1
z%*g%ﬁlw!zwﬂ, (4.38)
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where we take as seed solution zero the function y/(x,7) = 0.

The correponding Lax pair terms of this solution read

0 0

Yo = . (4.39)
0 0
if00

Vo=~ . (4.40)
2\ 00

Because A; and A, are complex constant, we can write equation (4.8)) for the constant A as

A +i Ay 0
A— . (4.41)

0 Aor+i Ay

From equations (4.3) and (4.4), we have

i+ A Doy + Aoy
Dy(x,1) = (it i)y (iRt Aar) v , (4.42)

—((Mi+ )01 —(id2i + A2r) P2

and
(i 2 iAo+ Do)
@, (x,1) = (bt Ay v didaitder)ve (4.43)
—i(illi + Alr)2¢1 —l.<l7LZi + }L«Zr)2¢2

Equating these two matrices with the derivatives of the auxiliary field with respect to x and

t, respectively to applying the compatibility condition ®;, = ®,;, we get the following eight

equations
Vix = (iMi+ Ay, (4.44)
Vo = (idgi + A2r) 2, (4.45)
O = — (i1 + A1) 91, (4.46)
Pox = —(idi + A2r) 2, (4.47)
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v = i(id + A1r) 2y, (4.48)
o = i(idai + A2y, (4.49)
d1r = —i(idi; + A1) 01, (4.50)
0o = —i(idai + M) 2, (4.51)

Solving the above eight equations for the two variables x and ¢, we find

v (x,1) = Cle(),“fil],)xefi(),ﬁ.fZillil],.fllzr)t7 (4.52)
v (x,1) = Cze()mfmz,)xefi()ugﬁzi)tzl-zz,7222,):, (4.53)
o1 (x,1) = C3e—i(xl,»—ml,)xe(ikﬁ.+2i/11i11,—ikfr)z7 (4.54)
02(x,1) = C4 o i(Rai—iday)x e(1'7L22,.+2i/12,-/12,—i)LzZ,)z7 (4.55)

where C;, Cy, C3 and C4 are real constants.

From equations (.52)), @.53)), (4.54) and (4.55]), we construct the seed of the aixiliary field

as

CpelMimit)x g=i3 =2k, =A2) 0 o=ty 5 p=i(A3=2idaido, =3 )t

Po = 2 G o~ i Mi=iM)x p(IAf 4200 A0, —iAT )t Cy o~ i(hai—ida,)x e(iﬁ%+2i/12i12,fixzzr)t
(4.56)
Using the definition of the DT (4.14) and equation (4.18)). After inserting the expression of
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o in equation (4.15) we get

0 Uyl
Uol1] = olthe ). (4.57)
U0[1]21 0
where
2C1C> (—ikii — Ay 4 ido;i 4 Ao, )2t A +idait-Aor)x
Vo112 = 1Co(=ihi — Aty + ko + Apr) 4.58)

C1Cae2 it Mp)xt2i(Aaoi—idar 2t _ o Cqe2(idaitAor)xt2i(Aij—iday)t’

| 2C3C4(i)uli + )Vlr _ iA‘Zi _ Azr)621.(;{1214721'),1,11,'*11%4’(lzl'filzr)t 45
Uolt]z1 = —C Cye2 it 2ar)x+2i(hai=idar)*t 4 Cy Cre2(ihaitAar)x+2i(hi—idar)*t’ (4.59)

where here, the element Up|[1];, represents y|[1] and the Uy[1],; represents —y/[1]*. Also,

y[1] is the new solution that we search of the NLSE for zero seed, yp = 0.

4.2.6 Representation of the new exact solution to the local NLSE

To simplify the solution represented in the equation {.58)), we take:

—C3Cy
C = 4.60
1 o (4.60)
and
Mr=—A, 4.61)

if we put that a = C4/C3, so equation (4.58)) becomes

[1]()6 l) . 2(—1%1,' + iﬂQ,’ +27l,2r)
II/ ) - eleﬂl,‘x+2i112il+212rX74l],‘lzrl‘fzi)tzzrflna +e*Zilzix+2iﬂ.22il‘7212,)6*4&2,‘12,[72i122r+lna :
(4.62)

Note that the solitonic solution is achieved when the following condition is satisfied

Mi = A2, (4.63)
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thus, the solution in equation (#.62) becomes

40, p21hix—2il31+2il3 1
-

ll/[l] (x7t) - 6212,x—4/12,~/12,t—lna + e—ZQLer+4/12i/12,t+lna ’ (464)
we can write also the last equation (4.64)) in the following form:
; ; ; Ino
W[1](x,1) = 22, 22005112050 s ch D2, (x — 2Anit — 2‘; ). (4.65)
2r

We clearly see that in}4.65| the factor 24,, plays the role of the pulse speed of the soliton.
In general, we can put A, — A, Inot /2245, — xo and 2A,i — —v. The solution (4.65) can be

written as:

L w2, A2
W[1)(x,1) = Ae ™ T sech[A (x — xo — +v1)]. (4.66)

Finaly, the solution becomes
w[1](x,1) = Ae"®™) sech[A (x — xo + 1)), (4.67)

where ®(x,t) = —vx — (A?/2 —v?/2)t. The solution (4.67) is similar to the exact solution

(1.38) found in Chapter 1 using the hydrodynamic approach.

a4t J
2t ]
—-— ot i
2.0
15 -2y 1
1.0y4(x, t) —al i
0.5
-4 -2 (0} 2 4
pe

5

0.0

-2 0 2
X

Figure 4.1: Soitonic solution of the fundamental NLSE with a zero velocity v =0, A = 2,
and xo = 0.
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2.0
15 -2

1.0¢4(x, 1)

—al
05

0.0

2

Figure 4.2: Movable solitonic solution of the fundamental NLSE with a velocity v = 0.2,

A =2 and x¢p = 0. Evolution of the movable soliton (left). Contour plot of the
solution (right).

If we take a negative velocity, the soliton moves in the opposite direction of the case

when the velocity is positive as shown in figure [4.3]

5

af
t o
2 L
-5 —— 0 i
2.0
15 -2r
1.0¢4(x, t)

—al
05

0.0

Figure 4.3: Movable solitonic solution of the fundamental NLSE with a velocity v = —0.2,
A =2 and x¢p = 0. Evolution of the movable soliton (left). Contour plot of the
solution (right).

4.3 New exact solution to the local NLSE

In this section, we apply the LP and DT method with the rational seed solution, yp = 1/x,

to get a new solution to the local NLSE equation 4.1| when the constant ¢ = +1. We get

o1
zqf[+§wxx—|w12w:0, (4.68)

92



SOLITON INTERACTION IN NON-LOCAL MEDIA Chapter 4

The LP in the case of equation (4.68)) is the same used in equation (4.3)) and equation (4.4)
[165].

The auxiliary field @(x,7) is given by (the same 4.2). The field ®(x, ) represents any
solution of the linear system and ®|1] is the new solution of this system which obeys the

two equations (4.16) and (4.17).
Using the three equations (4.5)), (#.6) and (#.14), the solution of the NLSE (#.68)becomes

vl =vw+0(v1,01), (4.69)

where the Darboux dressing is given by the expression (.25)). The use the compatibility
condition referenced with (4.9) in our case gives

o [ PEINED TR e Hvsten ) o

_A‘l(pl (X,l) - illjs(x7t)llfl (x7t) _2'2¢2(x7t) - iWS(xvt)WZ(x7t)

and
() t) P t
D, (x,1) = m(t) P (xt) ) 4.71)
qDIZI(x?t) q)fzz(xvt)
Dy, (x,1 :_%Wx(x>t>¢l(xat)_%iW(x>t>WS(x>t)w1(x7t)_;LlW(xat)(pl(xat)"i_i)tlzwl(xat)’

(%,7)
Py, (x,1) = —3vilo, 1) P2 (x0,1) — i (0, 1) Y (0, 1) W2 (1) — AW (6, 1) 9 (x,1) +iA5 Yo (x, 1),
(1) = Sy )W (.0) 01 (.0) — S, (et W (.0) -+ A i () Wi (1) — 12291 ().
Dy, (x,1) = Siy(x, ) W (x, 1) 92 (x,1) — 3y, (x, 1) W (x,1) + Ao W (x, 1) o (x, 1) — iAF 9o (x, 1),
Equating the two matrices with the derivatives of the auxiliary field with respect to x and ¢,

resperctively, we get eight equations in the folowing form:

—il//(x,t) O (x,t) — A Y (X,t) + W]x(x,l‘) =0, “4.72)

—il[/(x,t) ¢2(x,t) — A l[/z(x,l‘)—l—l[/zx(x,t) 0, 4.73)

P (x, 1)y (x,1) + Ay @1 (x,1) + @1, (x,1) =0, (4.74)
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i‘Vs(xJ) WQ(xat) +A'2 ¢2(x7t) + ¢2x(x7t) = 05 (475)

SO0 (00) W) (A o) 4 S0V Cr) ) =7 i )+, () =,
(4.76)

%Wx(xat)¢2(xat)+l/j(xat) (;LZ¢2<X,t)+%iWS(X7I)W2(xat)> _i;l/lz WZ(x7t)+W21<x>t)a
4.77)

01 (1) (27 =) (1)) + 5, (6 Y 1) — M)W )+ 1,0,
(4.78)

%M’Z(xat) (2122 - W(xvt) ‘Vs(x,f)) + %%x(x»t)%(xaf) — A2 l[{;(x,l‘)l//z(x,l‘) +¢2z(x7t>‘

(4.79)
Using the following symmetry reductions:

==k, H=vi, Y=4¢, (4.80)

The eights equations from equations (4.72)-(@.79) become
—My1 =y +y1, =0, (4.81)
Mo+ v i+ 61, =0, (4.82)

2

w1, + v (llz + %) + 01 (M v+ %) =0, (4.83)
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* 2
91, +y1 (% —M II/*) — ¢ (Mz + %) =0, (4.84)

where |y|> = v. y;.
Substituting the seed zero Wy = 1/x in (4.81)-(4.84) and solving for y; and ¢; we find the

solutions

—xAy _ 2/11)6—0—!%2[
e _iz o c20(2Ax—1)e i
v (x,1) = (4crpe M+ ), (4.85)
4x A}
ie—l] (x+iAgt) ) 1 1
1 (x,1) = VR (4c10A2 (2 Ax + 1) — cpg @M (D) (4.86)
£x

where cp and cpg are arbitrary complex constants.

Substituting (4.83) and (@.86)) into (4.69)), we obtain a new exact solution to the local NLSE,
equation (4.68) namely:

Uln

, 4.87)
Uia

yl](x,1) =
where
Ui = 16 Ay X3 +2A1 241 x0(A1 — Af +2x x1) — Ag A} 2 midin)]e2hi(xtitat)

Uig =440 A xo €1 07AD LA 2 A xo+Ag(2 xx1 —x0)?M A1 2Ma+it) _ga 1 22(2 x x1+x0)

, and X0 = /11 —f—ll*, X1 = )Ll)L{k, A() = ()0 030/211*261() CTO, and A1 = 020/010-
According to the previous parameters, we can separate three cases, where will change
the value of constants ¢; and A; to obtain the physical discipline of the function u(x,1),

distinguish three different regimes of the molecule of the two solitons molecule, namely:
(i) Symmetric coalescing solitons:

For A1 = A1, = 1/2, ¢jo = 10+ 10i and ¢p9 = 10 — 104, the solution (4.87)) reduces to

e’ (2xex+i7t — e + i)
yl1](x,1) = i , i ; (4.88)
i(x—2)e™ 2 £ 2e5ti —je2 (x+2) —2e*

which is displayed in figure 4.4] Here, we observe that the two solitons collide periodically.
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Figure 4.4: Singular solitons molecules with zero relative velocity. Symmetric coalescing
solitons from (4.88)) for 4; = A1, = 1/2, c1o = 10+ 10i and c29 = 10 — 10i.

(ii) Asymmetric noncoalescing solitons:
For A = 1/4, cjp = 2i and ¢p9 = —4i, we get

¥ (Sxe%+% 4 646" — 1)
(4.89)

l//[l](x,t) = it X0 i .
—64(x—4)e" s +322T9 + o5 (x+4) + 3252

Here the two solitons still form a molecule but they do not coalesce, stay separated as shown

in figure [4.5].
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Figure 4.5: Singular solitons molecules with zero relative velocity. Asymmetric non coa-
lescing solitons from (4.89) forA = 1/4, c1p = 2i and cz9 = —4i.

(iii) Asymmetric coalescing solitons:

For small intersoliton distance, i.e, A = 1, ¢jo = 1+ 1i and ¢3¢ = 1 + 14, equation (4.85))

simplifies to

eZit (16xe2x+2it o e4x 4 16)

w[i](x1) = (x— )M T2 1 42700 _ 16620 (x 1+ 1) 1 4o (4.90)

In this case the solitons coalesce, as in the first case, but the inter-soliton oscillation in

performed mainly by one soliton, as in the second case. This is shown in figure (.6 .
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Figure 4.6: Singular solitons molecules with zero relative velocity. Asymmetric coalescing
solitons from (4.90)) forA = 1, cjo = c20 = 1+ 1i.

The blue line in the three figures {#.4)), (4.5)) and (4.6) present the trajectory of solitons.

4.3.1 Determination of the force between the two solitons

To determine the forces of interaction between the two solitons , we calculate first
the acceleration , a, of the right soliton and a; od the left soliton, this performed by extracting
the center of mass of each soliton. x, for the right soliton and x; for the left soliton, and
taking the second derivative , a, = X, and a; = X;. The forces of interaction between the two
solitons is proportional to the second derivative of their separation F = m(a, — a;), where
m= [*_|uj(x,t)|*dx. Then, the integration of the force gives the potential V = — [ Fdx.

When the two solitons are well-separated from each over, analytic expression for their
positions can be extracted from the exact solutions, equation (#.87), which lead to the

following expression for their accelerations

B —x3 +4x? — 13x + 64e" (4 —x) — 4
8 (13 —6x2 4+ 12x — 8) + 1536 (x3 —2x2 —4x +8)’

ar

(4.91)
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and
_ 64 (x* —4x? + 13x+4) + " (x—4)
5127 (63 —6x2 +12x —8) + 48 (x3 —2x2 —4x +8)’

a (4.92)

0.000

—0.005

—0.010

—0.015

(a) :
é 8 1.0 1.2 14
X

Figure 4.7: Presentation of the force from equations (4.91) and (4.92) when the solitons are
well-separated. The acceleration of the solitons separation, a, — a; as given by
the equations (4.91)) and (#.92), which is proportional to the mutuel force of
interaction, F. Parameters are: A} = 1/4, ¢jo = 2i and ¢y9 = —4i.
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X

Figure 4.8: The interaction potential energy when the solitons are well-separated for A =
1/4, c10 = 2iand Co0 = —41.

Similarty, when the solitons are close to each other, the acceleration read

64 (—16x° — 16x* — 13x+ 1) +4e *(—x—1)

= 4.93
—384x3 — 192x2 + e~ (—8x3 — 12x2 — 6x — 1) +96x + 48’ (4.93)

ar

and
4(—16x> —16x* — 13x+ 1) + 6de *(—x—1)

T 16 H (=83 — 1222 —6x— 1)+ 3(—8x° —4x2 +2x+ 1)

ap (4.94)
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0.0

—-0.5

—1.5} (a) |
1 2 3 4 5 6
X

Figure 4.9: Presentation of the force , from equations and when the solitons
are coalescing case. The acceleration of the solitons in fusion, a, — a; as given
by the equations and (4.93), which is proportional to the mutuel force of
interaction, F. Parametersare : Ay =1,cjp=1+iand coo =1+ i.

0.0
—0.51

—1.0f

— 1.5}

1 2 3 4 5 6
X

Figure 4.10: The interaction potential energy for A; = 1,cjp=14+iand cyo =1+ i.

IIt is clearly apparent from figure (4.8) that for large separation, the interaction potential
is nefative showing the instability and the robustness of the bond between the solitons. It is

noticed that while each of the two solitons experiences the same force of interaction, they
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have different acceleraction due their different masses, as is shown of figure (4.7 and figure
(.5). The situation is quite different when the two solitons are placed close to each other,
the acceleration and the interaction potential well become narrower and deeper a fact that

influences the formation of the bound state as is seen in figures (4.9) and (4.10). respectively.
Figures (4.7)), (4.8)(4.9) and (4.10) clearly show molecular type of potential between the

two singular solitons.

4.3.2 Interaction of singular solitons

Let us now discuss the interaction of the two local solitons given by (4.87). Figures (4.11)
and (4.12)) show the scattering of the two solitons where they preserve their integrity after

collision.

40

30

~ 20

10

oL .
-10 -5 0 5 10
X

Figure 4.11: Transmission of one solitons with known speed A;, through a stationary soliton.
Parameters used A1 = —0.15—0.3i, ¢c; = —10—10i and ¢, = 10+ 50i.
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Figure 4.12: Transmission of one solitons with known speed A;, through a stationary soliton.
Parameters used A1 = —0.154+0.7i , ¢; = —10+10i and ¢, = —1.

4.4 New exact solution to the nonlocal NLSE

In this section, we apply the LP and DT method with the same rational seed solution,

Wo(x,t) = 1/x, to the nonlocal NLSE can be written as:

1 _
Wi+ 2 Yoot vy =0, (4.95)

where ¥ = y*(—x,7). The Lax pair of (4.95) can found to be (4.3) and (4.4) with the

following operators

0o -
U= v , (4.96)
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V:é v v (4.97)
v —yy

The system of the two equations (4.16) and (4.17) translate into eight equations:

v(x, 1)1 (x,t) — Ay (x,1) + g (x,1) =0, (4.98)
Y(x,1)Pa(x,t) — Aayn(x,1) + yo, (x,1) =0, (4.99)
—Ws(—x, )y (x, 1) + A1 91 (x,7) + @1 (x,2) =0, (4.100)
— s (—x, 1)y (x,1) + o (x,1) + 92, (x,1) = 0, (4.101)

1 1
Eiwx(xat)(m (x7t>+lll(x7t) (l)tl(])l (X,t) - Eiws(_xJ)wl (X,[)) —’)lellfl (xvt)_l_wll(x?t) :0,
(4.102)

02 50) ) (= 200(0) = SV ) A3 () v () =0,
(4.103)

1 1
Eiqjl (xvt) (‘lf(xvf)‘l’s(—%f) +22'12) - Eiwsx(_xﬁ)l/ﬁ (x>t) —ily WS(_x7t)l//1 (x7t)+¢1t(x7t) =0,
(4.104)

%i¢2(x7t) (‘I/(Xaf)‘lfs(—%l) +22’22) - %iwsx(_xJ)l//Z(xvt) _i)VZW_S(_xvt)WZ(xJ)+¢2t(x7t) =0,
(4.105)

Using the symmetry reductions in (4.80), the eight equations reduced to four equations in
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the following
Vo -y +y, =0, (4.106)
Yy — A1 91— ¢1, =0, (4.107)
—illzll/1+éllf(2ll¢1—1171111)+W1t+é¢1 v =0, (4.108)
5(2)“124'1//‘17)‘151—i7Llll71l/1+¢1,—éll/1 Ve =0. (4.109)

Applying the seed yp = 1/x in (4.106)-(4.109) and solving for y; and ¢y, so

v (x,1) = i [cl — 20 x—1) M (x+i’llt)] e~ M brtidin) (4.110)

1 . )
O1(x,1) = — [cl 1y @M tidit) 4o 0 llx} e Mtk (4.111)
X

and hence, the new exact solution to the nonlocal NLSE, (4.93)) is obtained by substituting
(4.110) and @.1T1) into (4.69)

4.112)

where

21(x,1) = 3 (=2 Max+ 22 (HRN) L e o) (447 2% — 1) 2R (xHiR2D)

(1= 22y W) R 22 292) 232 4 24 x( Ay — Ag)) 2R (iR

£ 20wt B (2o (1 =2 1R (24 x— 1) (442 (A — Ao)
—2x(A1— Ap) + 1)),

and

2(x,1) =x (=23 x (A — cp dg e 2xtitat) o 2] +2xAp) XX (Mt )20t (A +43)
—c1ep (2x A M OHIM) Lo x s (1 +2x7Ll)e2x(ll+12)+”(2%2+322)

— (142xA)) (=1 +42xAp) e2Palxtitha) )y
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where c; and c; are arbitrary real constants. For simplicity, we take ¢y = ¢y = 1, so the

solution u (x,) takes the following form

—didix |l — )R e) — AZen () 4 aper ()

2i {M,-cos[q;;(x,t)] + Aricosh[2 A1, x — 2 (A2 — A1, 2) 8] + | A [ xsin[ga (x,1)] } et ()’
(4.113)

y(1(x,1) =

where

qi(x,1) =2A{ (x+iit),

qa(x,1) =221 (x+ilft),

g3(x,1) = 2x A1, —2i (A2 — M),

and

qa(x,t) =241 (x+2iAy,).

The solution (.113)) corresponds to the scattering of a stationary soliton and two breathers;

one on a flat background and the other is on a inclined backgroud as in shown in figure 4.13]

20 —5

Figure 4.13: Solution (4.113) of the nonlocal NLSE (4.95)) . It shows the interaction between
a stationary solitons and two breathers, the breather soliton on the right side is in

an inclined background and the left breather is in flat background. Parameters
used: A;; =0.08 and A, = 1.

4.4.1 Variation of the constant A,

Here, we show the effect of A;, on the middle soliton and the two breathers.
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20 20

Figure 4.14: Temporal Spatial representation of the soliton breather envelope w[1](x,?),
parameters A;; = 0.08 and A;, = 0.7.

100

ly[1]]50
10

20 5

Figure 4.15: Temporal Spatial representation of the soliton breather envelope u, parameters
),1,' =0.08 and llr =1.3.

Figures (4.14) and (&.15) show the role of A;, in our nonlocal solution of the NLSE

(4.95). We see that the constant A, tends to increase/decrease the trains waves of the two

solitons breather.

4.5 New Exact Solution to the Reverse-Time NLSE

Another interesting possibility is a NLSE which is nonlocal in time rather than space, as for

example,

1 N
Wi+ S Yo — WP =0, (4.114)
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where ¥ = y*(x, —t). It was found that this equation admits a LP only when the coefficient
of the time derivative is real [175) [185]. Nevertheless, in the following discussion, we

present three exact solutions to (4.114) using the traditional separation-of-variables method.

(i) t—independent solution:

Let us write

y(x,t) = F(x), (4.115)
and substitute into (4.114) to get
F"(x) —2F3(x) =0, (4.116)
with the solution
c
F(x)= 4.117
W=—" @.117)
where c is an arbitrary real constant.
(ii) x—independent solution:
We express the solution as
y(x,t)=Z(T), (4.118)

where T = it. Substituting in (4.114) leads to
Z/(T)+2Z3(T) =0, (4.119)

with the solution

(4.120)

where c is an arbitrary real constant.

(iii) r— and x—dependent solution:
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Finally, we express the solution as
v(x,t) =Z(T)e™.
Substituting this in leads to
Z(T)+2Z3(T)+2Z(T) =0,

which yields to the following exact solution to (4.114)

celx

1) = f—F——m,
Vi = e

where c is an arbitrary real constant.

(4.121)

(4.122)

(4.123)
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Chapter 5

Conclusions and Outlook

In this thesis we investigated the static and the dynamics of 1D nonlocal soliton and soliton
molecules in the framework of the nonlocal GPE.

We first considered the static and the scattering properties of a three-soliton molecule in
1D dipolar BEC with competing nonlinearities. We demonstrated that the interplay of repul-
sive local and attractive nonlocal nonlinearities leads to remarkable features. The binding
mechanism in the molecule has been examined by means of a variational approach where a
suitable trial function and a Gaussian nonlocal response function have been introduced. We
showed that the stability and the dynamics of the three solitons bound state strongly depend
on the degree of nonlocality, the relative phase, and the separation between adjacent solitons.
In addition, we studied the interaction of a three-soliton molecule with a potential barrier.
We explored in particular effects produced by variations of the soliton velocity, barrier
height and its width. The mechanism of molecule reflection and transmission through the
barrier has been also addressed. Our variational results have checked by a direct numerica
simulation of the nonlocal GPE.

Furthermore, we numerically studied interwire effects on the formation of polar soliton
molecules in a biwire system where dipole moments are aligned head-to-tail across the wires
by solving the coupled 1D nonlocal GPE. We showed that the intertube interactions play
a key role in the formation of a stable bound state of unconnected solitons. The stability
and the interaction of such dimer molecules depends also on the interwire distance and

also depends with the interaction dipolar constant. The breathing oscillations of the width
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and the center-of-mass of the soliton have been deeply analyzed in terms of the interaction
strength, rotonization effects and the interwire separation.

Moreover, we derived a new two-soliton solution of the 1D local NLSE using the LP
and DT method with an algebraically-decaying seed solution. Within this seed, the DT
method leads to the so-called singular molecule soliton which is a higher-order solution
composed of two diverging peaks. The constructed solution allowed us to control practically
all the characteristics of the molecule such as the binding energy, the force, and potential
of interaction between the two solitons. We discussed in addition the scattering properties
of such solitons. The time evolution of the soliton width has been addressed to reveal the
survival of these new structures. Employing this LP in DT with the same algebraically-
decaying solution, we obtained a new exact solution for the nonlocal NLSE presented
an elastic interaction between one soliton and two breather solitons, on a flat and ramp
backgrounds. The case with reverse-time nonlocal NLSE has been also highlighted.

Let us now outline some possible directions for future works. A compelling topics is to
investigate the properties of dark three-soliton molecules with nonlocal response function.
The study the interaction of nonlocal three-soliton molecules with potential wells rather than
barriers is also of a particular interest. Interwire effects on the generation and the stability of
dark solitons in biwire systems could be also addressed using the same technique used in
Chapter 3. A systematic analysis on the modulation instability of the singular solitons is

still to be performed to identify the stability criterion.
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