HASSIBA BENBOUALI UNIVERSITY OF CHLEF
FACULTY OF EXACTE SCIENCES AND COMPUTER SCIENCE
COMMUN CORE DEPARTEMENT

Physics 1

Prepared by

Dr.HOURIA CHAACHOUA SAMEUT

Academic Year 2023-2024



Foreword

Kinematics is the subdivision of mechanics whose object is the quantitative
study of movement of material bodies, regardless of the causes that produce
this movement (position, speed, acceleration, etc.), whereas dynamics is the
study of the movement of bodies depending on the forces exerted on them.
This work is structured in two main parts. The first part will be devoted to
the kinematics, preceded by the definition of mathematical tools that make it
possible to understand this part as well as the rest. The second part will be the
subject of the study of the dynamics followed a chapter on work and energy,
which consists of shedding light on the relationships between movements
and their causes. This handout represents a course support of mechanics
of the material point. It is intended for students of the first semester of the
SM track. We want students to find in this support a good working tool that
will allow them to fill any gaps that may take place when taking notes while
explaining the course or assignments led by their teachers. This handout is
just an add-on to the course. He cannot, in any way, exempt the student from

his presence in class.



Contents

1 Mathematics reminder

1.1 Errorcalculations . . . ... ... ... .. ... .......

1.1.1

Definitions . . . . ... ... ... ... .......

1.1.1.1  Absoluteerror . . ... ..........

1.1.1.2  Absolute incertitude . . .. ........
1.1.1.2.1  Addition and subtraction

1.1.1.3 Relative uncertainty . . . . ... ......

1.1.1.4  Error calculations . . . ... ........

1.1.1.4.1  Case of a product or a quotient .

1.2 Vectors . . . . . . . . s
1.2.1 Definition . . . . . . . . . . . . ...
1.2.2  Orthonormal directbasis . . . . .. ... ... ....

1.2.3
1.2.4

1.2.5
1.2.6
1.2.7
1.2.8

1.2.2.0.2  Definition . . . .. ... ... ..
Coordinates of a point and components of a vector .
The Algebraof Vectors. . . . ... ... .......
1.2.4.1 Multiplying a Vector by a Scalar . . . . .
1.24.2  Adding Vectors . . ... .........
Multiplying Vectors . . . . ... ... ... .....
Scalar Product (Dot Product) . . . .. ... ... ..
Vector Product (Cross Product) . . . . .. ... ...
Mixed Product (Scalar triple product) . . . . . . ..

O O O 0 0 N N N 9N 9 &



2

3

1.2.9 Double cross product . . . . ... ... ... ...
1.2.10 Vectorderivation . . .. .. ... ..........
1.2.11 coordinates system . . . . ... ... .........
1.2.11.1 Mathematical operators . . .. ... ...

1.2.11.1.1 Gradient operator . . ... ...

1.2.11.1.2 Divergence operator . . . . . . .

1.2.11.1.3 Rotational operator. . . . . . . .

1.3 Corrected €Xercises . . . . . . . . . oo v v v

Kinematics of material point
2.1 Kinematics of material point . . . . ... ... .. ......
2.1.1 Definition . . . ... .. ... ... ... . . ..
2.1.2 Vectorvelocity . ... .. ... ... ... ...
2.1.3 Accelerationvector . . . . ... ... ... ... ...
2.1.4  Velocity vector in different coordinate systems
2.1.5 Acceleration vector in different coordinate systems .
2.1.6  Components of velocity and acceleration vectors in
curvilinear coordinates . . . . . ... ... ... ...
2.1.7 Examples of simple movements . . . . ... ... ..
2.1.7.1 Rectilinear motion . . ... ........
2.1.7.2  Rectilinear sinusoidal motion . . ... ..
2.1.7.3  Circular movement . ... ... ......
2.2 Change of reference frame . . ... ... ... ... .....

2.3 Corrected €XErCiSES . . . . v v v i e e

Point material dynamics
3.1 Point material dynamics . . . ... ... ... ... .....
3.1.1 Definition . . . . ... ... Lo
3.1.2 Newton’slaws . ... ... ... ...........
3.1.2.1  First Principle (Principle of inertia) . . . .
3.1.2.2  The second principle (Fundamental Prin-
ciple of Dynamics) . .. ... ... ....
3.1.2.3  Third principle (action and reaction)
3.1.3 Base Units and Physical Standards . . . . . ... ..

3

24
25
25
25
26
26
27

28
31
31
32
32
34
36

47
48
48
48
48

48
49



3.1.4 The Algebra of Dimensions . . . .. ...... ... 49

3.1.5 Forceclassification . . . . .. ... ... ....... 51
3.1.5.1 Real (or external) forces . ... ...... 51

3.1.5.2  Action-at-a-Distance Forces . . . ... .. 51

3.1.53 Contactforce . ............... 53

3.1.6  Quantity of movement and kinetic momentum . . . . 57
3.1.6.1 Definitions . . . . . .. ... ... ... .. 57

3.1.6.2  The angular momentum theorem . . . . . 57

3.2 Corrected €XErciSes . . . . . . o v v v v i e 57
4 Work and Energy 66
4.1 WorkandEnergy . ... ... ... .. ... ... .. ... 67
4.1.1 Work and powerofaforce. ... ........... 67
4.1.1.1 Powerofaforce............... 67

4.1.1.2 Elementary work of aforce ... .. ... 67

41.1.3 Workofaforce ... ............ 67

4.1.1.4 Relation between work and power . . . . . 68

4.1.2 Kineticenergy . .. ... ... ... .. ..., 68
4.1.2.1 Definition . . ... ... ... ... .... 68

4.1.2.2 Kinetic energy theorem . . . . . . ... .. 68

4.1.3 Conservative forces and potential energy . . . . . . . 70
4.1.3.1 Definition . .. ... ... .. ....... 70

4.1.4
4.1.5

4.1.3.2  Another definition of a conservative force ~ 70
4.1.3.2.1 Potential energy of a point M in
freefall . . ............ 70
4.1.3.2.2  Potential energy of a charge placed
in an electrostatic field . . . . . . 71

4.1.3.2.3  Potential energy derived by the

restoring force or spring force . . 72
Example of a non-conservative force . . . ... ... 72
Mechanical energy . . . ... ... ... ... ..., 73
4.1.5.1 Definition . .. ... ... ... ... 73
4.1.5.2 Mechanical energy theorem . .. ... .. 73



4.1.5.2.1 Non conservation of mechani-

calenergy . . . . ... ... ... 73
4.1.5.2.2  conservation of mechanical en-
EIZY .« v e e e e 73
4.1.6 Systemstability . . . .. ... ... ... ...... 74
4.1.6.1 Definition of stability . . . . ... ... .. 74
4.1.6.2 Stability condition . . ... ........ 74
4.177 Corrected €Xercises . . . . . . . . . ..o 75



y|

Mathematics reminder



1.1. ERROR CALCULATIONS CHAPTER |. MATHEMATICS REMINDER

1.1 Error calculations

1.1.1 Definitions

For any measurable quantity A, it is possible to define :

- its measured value a

- its exact value a¢ which cannot be reached

1.1.1.1 Absolute error

It is then defined by : da = a — ag This error is the result of several errors

(systematic, incidental...)

1.1.1.2 Absolute incertitude

Since the absolute error da is not known, we simply give an upper limit Aa
called the absolute uncertainty such that :

|da] < Aa = Aa > 0 (the absolute uncertainty is always > 0) This means
that the absolute uncertainty is the maximum value that the absolute error

can reach.

1.1.1.2.1 Addition and subtraction Let is suppose that the quantity we
are looking for R is the sum of two measurements A and B

R=A+B

In this case the uncertainty about the result is

AR=AA+ AB

It is the same for: R=A - B

The absolute uncertainty about a sum or a difference is the sum of ab-

solute uncertainties of each term.

Example
A container has mass m = (50 + 1)g.Filled with water, its mass is: M =
(200 £ 1)g.
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The mass of water it contains is therefore:

Mequ = M —m

By applying the rule above: Ameqy = AM + Am =1+ 1= 2g,
it follows that : M4, = (150 £ 2)g

1.1.1.3 Relative uncertainty

It is defined by the ratio %.

1.1.1.4 Error calculations

Let a quantity g = f(z,y, 2), sa différentielle totale s’écrit:

dg = gLdz + §Ldy + §Ld-

L ’incertitude absolue sur la variable g s’obtient en passant aux variations
des variables qui la compose soit:

Ag = |g)£|A$Jr ‘af‘Ay+ |52 ‘AZ

e Example
Either to determine the relative uncertainty 22 dden31ty of the substance
of a homogeneous cube from the measurement of its mass m and of its
edge a

Solution

If m and a are the approximate values for the mass and the edge of the

cube, we can write :

masse -3

volume = o8 = P = Ma
Deriving volume from mass and edge.This gives:

dp = a=3dm — 3a " *mda

By approximating small variations d with great variations A, it comes:
Ap =a3Am —3a"*mAa = Ap = a%Am — BG%mAa

Hence

% —|—3mAa
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e Remarks:
We find the same thing by taking Ln(p) and differentiating the new
equation.

Ln:is the natural function.

1.1.1.4.1 Case of a product or a quotient k%

We apply the logarithm function to this equation

a,b
LnF = Ln(k%)

LnF = Lnk + Lna®y® — Ln(z 4 t)°
ILnF = Lnk + aLnx + bLny — cLn()z +t

We move on to the derivative of this equation, with k£ constant,

dar _ _dz dy  _dz+dt
F_ax_'_by o

Finally, we replace the differential elements by the uncertainties on the asso-

ciated quantities and transform all the negative signs into positive signs. The

result is
AF _ Az Ay Az+dt
F T +0 Y +c z+t

The relative uncertainty on a product or a quotient is the sum of rel-

ative uncertainties of each term..

1.2 Vectors

1.2.1 Definition

A vector is directed line segment. M N , having an origin M and an extremity

N. It is completely defined if we specify:
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1. both its length ( Magnitude) and its di-

rection,

2. We can represent a vector graphically by
an arrow, showing both its scale length

and its direction.

3. A vector is represented graphically by an
arrow drawn on a scale as shown in the

Figure

4. A vector is denoted with a small arrow
over the symbol like M ?\7, A , @, etc.....

5. The magnitude of a vector quantity is re-
ferred by simple identifier like M N or as
the absolute value of the vector as | M N|
e Unit vector: Each vector can be associated with a unit vector which
has the same direction and a magnitute equal to one . The unit vector is

obtained by dividing the initial vector by its magnitude :

1% = T%

1.2.2 Orthonormal direct basis

1.2.2.0.2 Definition (B)= (7,7, %) is an orthonormal basis if and only
if:

o7 L 7 1 F (vectors orthogonal to each other)

o |7 =7l =%|=1 unitary vectors

In this course, we will always consider a direct orthonormal basis

1.2.3 Coordinates of a point and components of a vector

> = = . . . .
Let (B) = (?, ?, k) a direct orthonormal basis associated with a reference

frame in space (R)

10
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A
z
™
AL -
O J oy
: —p- 5 ‘” >
= R L ol

X0

e A point M is identified by its coordinates in the reference frame (R): M (z, y, z)
o A Vector 7 = OM is defined by its components in the base (B):
v = :1:? + y? + z?

1.2.4 The Algebra of Vectors

7 : .
(_> _> k) a direct orthonormal basis and two vectors:

Let (B)
V=1 +y1] +21k
To=w90 +12 7 + ok
Note § = (71, 7'2) the angle where 0 < 0 < 7

N
]

1.2.4.1 Multiplying a Vector by a Scalar

— - —
Y eRpuT =pxd +pyj +pzk

1.2.4.2 Adding Vectors

e graphical methods
Addition of two vectors has the simple geometrical interpretation shown
by the drawing. The rule is: to add @5 to @', place the tail of 7’5 at the
head of 7’1 by parallel translation of 5. The sum is a vector from the
tail of @ to the head of 5.

11
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e analytical methods
D1+ Vo= (1 +22) T + (i +1) T + (a1 +2) K

1.2.5 Multiplying Vectors

There are two types of vector multiplication are useful in physics.

1.2.6 Scalar Product (Dot Product)

The first type of multiplication is called the scalar product because the result

of the multiplication is a scalar.

e the Scalar Product of @71 and 7’5 is the Scalar noted by 7/1.75 defined
by:
V1. T = || 71| | 71] cos b

e Analytical expression of this product is done by:

71.72 =122 + Y1Y2 + 2122.

e Properties

1. Commutative law

The scalar product is commutative
V1. Ve = V.U

2. Distributive law

12
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=y

41

the scalar product is distributive
71.(72 =+ 72) = 71.?2 + 71.73
3. Consequence

If?l.ﬁg = ﬁ, with 71 # 0 and 72 # 0 So 71 1 72

1.2.7 Vector Product (Cross Product)

The second type of product useful in physics is the vector product, in which

two vectors 71 and 7'y are combined to form a third vector 7';.

e The symbol for vector product is a cross, so it is often called the cross

13
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product:
71 A 72 = 73 with:

1. Magnitude equal || 71 ||.| 72| sin 6

2. We define the direction of 7’3 to be perpendicular to the plane of
71 and ¥5. The three vectors @; , 7 , and @3 form what is called

a right-hand triple.

ry

e Properties

1. Commutative law
The vector product is not commutative
TIAT2= -V AT}

2. Distributive law
the vector product is distributive

71/\(724—72):71/\724-71/\73

3. Consequence

If 71 ATy =0, with 71 #£0and T2 # 0 So T || T2

4. The magnitude of the cross product gives us the area of the paral-

lelogram formed by the vectors 771 and 7o

e Analytical expression of this product is done by

14
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—
- J

—
TIANTe = | 21 1 =21 | = (y1z2 — y221) i (120 — wo21) +
T2 Y2 22

%
K (z1y2 — m2y1)

1.2.8 Mixed Product (Scalar triple product )

¢ the mixed product is the scalar product of the first vector with the vector
product of the two other vectors denoted as v71.(72 A 7'3)

e Geometrically, the mixed product is the volume of a parallelepiped
formed by the tree vectors 771,72 and 7's.

e properties
1. 71.(72/\73) = 72.(73/\71) = 73.(71/\72) = (72/\73).71 =
(773/\7?1)77222(7?1/\772)7?3
2. 71.(72/\73) = —71.(73/\72) = —72.(71 /\73) = —73.(72/\

1)
e The analytical expression is done by:
T oY1 o2
T1(TaAT3) = | 22 yo 20 | =z1(y2z3 —y32z2) +y1(2123 — w321) +
r3 Y3 23

21(1‘2y3 - $3y2)

1.2.9 Double cross product

1.2.10 Vector derivation

Let M (z(t),y(t), 2(t)) of the reference R(O, zyz) we have :
m—x i +y(t)7+z( )?

by definition :
dOM _ de—= | dy= | &=
G =@l tad + Gk

e Properties
L 43 +7) = % 4 4V

15
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2. %(7/\7):%A7+7A%
A@ V)Y AV
4 40O = 50T 205

1.2.11 coordinates system

Depending on the nature of a particle’s path, its position will be identified by

one of the following coordinate systems: Cartesian, cylindrical or spherical.

1. Cartesian coordinate system:
In the reference frame R((O, Xy, Yy, Zy) the particle’s position M is

given by its three Cartesian coordinates (z, y, z)

A
z
™
) WA
o) J iy
;
.i’// }70

X0
where —o0 < z,y,2z < + 00

e Vector position is written as :
. . —
OM=0Om+mM=27 +y7 +2k.

e The elementary displacement is written as :
—
Ad=MM =de 7 +dy ] +dz &.
e If there is movement, the coordinates x,y, z vary over time. The
functions x = f(t), y = g(t), z = h(t). Are called the time equa-
tions of motion. The motion of a point M is perfectly known if we

know these equations of time.

2 Cylindrical coordinate systems.

If the trajectory of the point M has axial symmetry of revolution it

16
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is interesting to use cylindrical coordinates (p, ¢, Z)

avec 0<p<oo, 0<p<2ret —o0 < 2z < +00.

2 4 i
? ey
- Nhe,
A i
‘ (0 J;p : A0 o

. - . . .
A new orthonormal direct base (¢ ,, €, k) is associated with this co-

[%28)
ordinate system such that :

?p = cosgp?—l—sz‘ngp?
?w = —s51np 7} + 6034,07>
o
0 ;
1@ —
] e
with €, = dzp et e, = —dz*" z '

e Vector position written: OM = p @, + 2 &

e The elementary displacement is written as :
—
MM =dpe,+ pdpe,+ 2

* Special case If the trajectory of M is plane, this point can be identified by
its polar coordinates p and .

17
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>
|

L

v
=1

e Vector position is written as :

OM = pcosgo?+psing07> = :1:7—|—y7>

3 Spherical coordinate system: When the problem has spherical symme-
try about a point O which is taken as the origin of the space frame, it
is convenient to use spherical coordinates (7,6, ¢) of the particle to be
studied such that : :

O0<r<oo, 0<ep<2m 0<fO<m

A new base is then introduced : (€, €y, €,) where
: : . : . —
€, =sinf congT> + sin 6 smgp7 +cosf k
: : . .
g = cosf cosgo_z> + cos @ Slncp? —sinf k

?¢: —singo?—l—cosgp?>

18
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e vector position is written:
OM =r@,

e Elementary deplacement is written :
MM =dr e, +1d§ @g +rsinfdp e,

1.2.11.1 Mathematical operators

1.2.11.1.1 Gradient operator The gradient of a scalar function f is a
vector function noted gradf whose expression depends on the coordinate

system in which the function f is expressed.

e In Cartesian coordinates:

—
flw,y,2) = gradf = %7 + 9

e In cylindrical coordinates:
—
flp,p,2) = gradf = gf;—)P"i‘ lﬂ?@ + ﬂ?z

e In spherical coordinates:

e
f(r,0,0) = gradf = 92, + 192, ¢

L2y

rsm@ 8(,0

e The gradient of f can be expressed as gradf = v f

Where V is the vector nabla whose components are defined by:

V=

o §ledle Slo
\ ~
—
-
=

o S
g N
N
®
Al
®
Al
N
SN—

<A
I
S = 33
— %‘Q =
o

(00,

Q)
@,
>

<
w0
=3
=}

(0) 9
1.2.11.1.2 Divergence operator

19
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e The divergence of a vector function ? is the scalar defined by :

divf =V.7

1.2.11.1.3 Rotational operator The rotationnel of a vector function ?

1s the product defined by :

rol f = VAT

e Remarks

- To calculate dz’v? and @7 it is necessary to express ? and V in
the same basis.

- For any scalar function f, we have r_oz>f(gmd f)= [

- Si 7?%? = ﬁ, there exists a scalar function g such as ? = grad g.We

say that ? derives from a potential g

1.3 Corrected exercises

e Task 01:
Let two vector A and B located in the ( Oxyz), defined as:

A=37 447 5KandB=-7+ 7 +27%
1. Calculate their magnitudes, then represent them.

2. Calculate: X + ? and X — §

3. Calculate the scalar products A. B and B+ A What do you notice
? .Calculate the angle 6 = (X, ?).

4. Calculate the vector products (Z A ?) and (? A Z) .What do you

notice?

5. Consider the mixed product ﬁ(ﬁ/\?) What does this scalar present,
with D= -27 -57 45K

e Solution:

e The magnitudes of A and B |Z\ = \/32 +42 4 (=5)2 = 5V/2
Bl=/(-12+12+22 =6

e A+ B=27+57 3%

20
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e A B =47+37-7F
02.32—9
BA=-9

A.B = B.A scalar product is commutative.

cosf = 7@7 = —0.5196 ,0 =121

|
e [ANB| =137 -7 +7%
BAA| =-137+ 7 -7k
| j

]7 A ﬁ\ = — ]§ A X\ the scalar product is not commutative.

e Task 02:
Consider the vector A =37 +2 7 + ¥

1. Calculate the angles «,3 ,v, formed respectively between the vector

A and the axes ot, 01, 0%.

2. Check that cos?(a) + cos?(3) + cos?(y) = 1

e Solution:
—
o« AT = ‘XH?|COSO& = |X\coso¢ = cosa = A

_ 3
COS ¥ = J1d

o X? = \X|.\7>|cosﬁ = ]X\cosﬁ = cosf = T

cos B = \/%
%
« AT = ‘XH?‘COS"V = ‘X‘COS")/ = cosy = %

1

COS 7y = ﬁ
o (cos)? + (cos f)* + (cos7)? = ()% + (A7)* + () =

e Task 03:
Consider the vector A defined by: A = (2zy + 23) i + (2% + 2y) 7 +
(3222 — 2)%>

1. Calculate div A.
2. Show that 7ol A = 0
3. Find a scalar function ¢(z,y, z), such as A= WZ(@)

21
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e Solution:

° de 2xy+z + 8(30(29;%) + 8(3:1;522—2) =2y + 2+ 6xy

divA = 2y—|— 2+ 6XZ

it 7 K
o il A = a% 8% % = ?(0 —-0)— 7(322 - 324 +
20y + 23 2% +2y 3wz —2
?(2x—2m)zﬁ>:>r_07>f =0

2 =3222 - 2...(3)
(1) = a% =20y + 23 = p(x,y,2) = [(2oy + 23)dw
o(z,y,2) = 2%y + 222+ f(y, 2).....(4)
(2)and(4) = 6% =22+ 78]”((92,@/) =22+ 2
0
22 — 9y = f(y,2) = [ 2y.dy = y? + g(2).....(5)
we replace (5) in (4) : ¢(x,y, 2) = 2%y + 232 + y? + g(2).....(6)
From (3) and (6) we get:
8@(8,y 2) 3.2 4 78%(;) =3zz2-2=> a%(zz) = —-2=g(2) = —2z+cst.....

So o(z,y,2) = 2%y + 230 +y? — 2z + cte

e Task 04:
7 is a vector defined as : 7 = cos(2 ) T+ sin(5 x) 7 yeorg (avisa

real constant ).

1. Calculate the derivative vectors d? d? . and evaluate their magni-
tude forz =0, a =1
. , , - .
2. Consider two vectors A = 3z 7 + 22 ? P FandB=-27 +

4x 7 + x?
3. Calculate the derlvatlves Z ? and d Z A ? ) using two dif-

ferent methods:

(a) By applying the vector derivation rules.

22
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(b) By calculating the scalar product or the vector product. Then

deriving the result.

e Solution:

o 7 =cos(21) T+ sin(b x) 7 teaTy

% — _2sin2z7 +sinbrj — e R
’%| = \/(—2 sin Qx) + (sin 5z)2 + (—ae—a)2
r=0a=1 = || = v

o d;T? —4 COS(QQ:) i" — 25sin 595? + oﬂg*‘“‘?
’d2?| = \/(_4 cos(2z))? +( 25 sin 52)2 + (a2e—aw)2
if a=0,a=1 > |5F| = VT

. deﬁ -4 dE + dg ?
d(zdg};ﬁ) = —6z + 1222 — 42°....(2)

e 4.5 = (3:1: i+ —:173?)( x 1 +4x7+x?)
AB = 28 + 4a3 — 2t

@ = —6z + 1222 — 423....(2)

dx

d(ZAﬁ)_dXA§>+ZAd§

dz
- = = e
= 3 T k T k
%: 3 2r —3x|+|3x 2?2 —a2?
—x 4 3 -1 4 1

= (322 +162%) 7 — (62 — 42%) 7 + (24z + 322K ....(3)

AN = (x +4:1:4)7> — (322 —x4)7+(12x2+3173)§>
Z/\ﬁ (322 + 162 )_> (6 — 4x3)7> + (1222 + :173)?>

23
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2.1 Kinematics of material point

2.1.1 Definition

¢ Kinematics is the study of the movement of bodies independently of the
causes that produce this movement.

e We will only consider bodies of small dimensions so that they can al-
ways be assimilated to a point called "the mobile"..

e The physical quantities of kinematics are time, position, speed and ac-

celeration.

2.1.2 Vector velocity

1. Average velocity
Let a material point describe a trajectory (C') in a reference frame .The
material point occupies the position M at time and the position M’ at
time ¢’ =¢+ At
the average velocity of material point between ¢ and ¢ is given by:

— A
V oM/ ) = MAL _ OM'-OM

e The speed vector is therefore a vector which has the same direction

—
and the same sense as MM’ (t' > t)

2. Instantaneous velocity

The instantaneous velocity vector of M with respect to the reference
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frame R at an instant ¢ is obtained by taking the limit A¢ — 0 in the

definition of average velocity
OM;’W _ dgﬁ
¢ ¢

v = lima¢ o

2.1.3 Acceleration vector

Let V the velocity of the material point at time ¢, and V' its velocity at time
.

so we define :

1. Average acceleration

The averzge acceleration between the instances ¢ and ¢’ is defined as :

S V-V _ 7'&7

@ moy = ~p—¢

2. Instantaneous acceleration
The instantaneous acceleration vector of M with respect to the refer-
ence frame R at time ¢ is obtained by taking the limit At — 0 in the
definition of average acceleration

%?:7§7:faﬁ

dt?

@ =limpsy 0=

2.1.4 Velocity vector in different coordinate systems

Note that the Cartesian coordinate basis vectors are fixed,

e Cartesian coordinates:
The velocity vector of point M is obtained by deriving its position vector
with respect to time : :
Vodg g dey
The following notation is also used
Ve=iT+y7 +:k

where the dot on the variable denote the derivative with respect to time.

e Cylindrical coordinates:
To obtain the expression for the velocity vector in cylindrical coordi-

nates, we derive the vector position :

V= OM _ dp Pt k)
=@ = dt
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_>

_ dp— de dz 77

V_d—’gep+p TGk

Knowing that £ a fixed vector, its derivative is zero - = 0

The vector being mobile &, its derivative is generally not zero. In fact

irrglicitll> on ¢ through its dependence on angle ¢ .So

dep _ depdigp
dt dp dt
—

. . . > > .
Using the expression for the vector &; in the base (7', 7, k) we obtain:
@ i d(cosga?—l—singo?)

L —
i = @y =—sny 1 +Ccosy J :@
The derivative with respect to time is then given by:
4€p _ dp»

dt dt ©¢

For the velocity vector, we obtain :
. . =
V= pep + ppes+ i K

e Spherical coordinates :

The velocity vector is obtained by deriving the position vector :
v _dOM _arm, , dt

="a —a¢ T a
dey _ oder db 0€; dp Ainas
AV_>ec T ot dt o, d Ainsi que
Jd ey :@
ag .
oer _

=
gy = Sin 0 e}
le vecteur vitesse s’écrit:
7 = 7e; + rleg + rc,bsin@@

2.1.5 Acceleration vector in different coordinate systems

e Cartesian coordinates:

Using the velocity vector expression in cartesian coordinates, we have :

s dE i 4y g2 k)
a = dt

Since the Cartesian coordinate basis vectors are fixed, we only need to

derive the components of the velocity vector, which gives donne:
T =ii +ij] +Ek
where the two points on a variable mean the second derivative of the

variable with respect to to time.

e Cylindrical coordinates:

We use the expression for the velocity vector in cylindrical coordinates
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P T
€p+pgoe<p+zk:)

dt

— =
— dp—> .de dp - —> . de ds 37
@(=Fep+pgb + Foes+ppgt + Gk

&3
7:@

de .
Avec —£ = ¢e; et
dt @
ey deg o7 7
o _ %y d :d(fsmgolJrcosnpj):_-e—)
dt dp - dt dp ¥ep
Substituting the above expression for the acceleration we obtain : @ =

(P — pp?)Ep + (pf + 2p9)E5 + £ K

¢ Spherical coordinates:

We use the velocity vector’s expression in spherical coordinates :
7 = d(?'"e_z—l—r@'ail;—rgb sin 0@)
@ = (7" — ro? — rp? sin 62)e; + (27’9 +r0 — r¢?sin 6 cos 6)eg + (27psin 6+
s
@

2r0¢ cos 0 + 1@ sin 0)

2.1.6 Components of velocity and acceleration vectors in
curvilinear coordinates

Let (C) a trajectory described by a material point M relative to the frame

RO, 7,7, F)

length of the arc (PM) is called the curvilinear abscissa s (PM = s).

and P an arbitrary point considered as an origin on(C'). The

Y
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Let M’ the position of M at time (¢ + At)
—
OM (t + At) — OM(t) = OM' — OM = MM’

The speed vector is :
V= dOM _ aOM ds

e~ ds dt
Y.
!

limaso Y5 7
If At — 0, As — 0 et M’ very close to M(t+dy M(t)

— —
M. So |[MM'| = As et MM’ is tangent R

. . Y N
to the trajectory at point M and therefore
~ MM’ _ T (7 Ol
limas—g “As = limas—0 HMM'H ( : ¥l

is therefore a unit vector tangent to the
trajectory at the point M).So,
The instantaneous velocity vector can there-

fore be written as

Va7
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e Acceleration vector: The derivative
with respect to time of the velocity vec-
tor gives the acceleration vector, which

: : L= ds dsd
18 written as follows : @ = dt27+ T

Or@_d?d@

= ‘ar a4 and
- = N is the normal vector directed
towards the centre of curvature of the
trajectory of point M.

also we have, As = R,0 ou ds = R.df.

dd _ 1.ds _ v
So % = ra~ & M(t+dt)
dT _
Therefore, *7- = RLN}
The instantaneous acceleration vector of

M(t)

point M is written as :

ﬁ:%?—i—%ﬁ:aqﬂ?—l—m\;ﬁ

- The direction defined by the vector N
is the principal normal at M to the

trajectory..

- The unit vector ? = 7 A ﬁ is called

the binormal vector.

- The reference frame (M,?,ﬁ,?) 18
the reference of Frenet-Serret.
e C(alculation of the curvature’s radius
VAT =3T AT + 5N =3T AT +3T AN =5 B
= [V A2l = 18l = & = 15"

So the radius of curvature is calculated by:

_ P
%
VAR

o Remarks

-2V > 0= at and 7 have the same direction. The motion is there-

fore accelerated
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- @V < 0= aet V have two opposite directions. The movement is

decelerated.

-2V = 0= 5= 0, so the movement is uniform.

2.1.7 Examples of simple movements

2.1.7.1 Rectilinear motion

This is a movement where the trajectory is a straight line

e Example

Let a point M move along the Ox axis of a direct orthonormal reference

frame R(O, _z'),?, ?)

such as OM = 2(t) 7.

—
d(x 1 . .
-V}:d%ﬂ\: 1) — 7 — ||V = i
—
d(z 1 s ..
Lo dV e P i

+ Remarks

I |V| = Vo = cte = @ = 0 = the motion is uniformly
rectilinear.
T =Vy = z(t) = Vot + zp with z(t = 0) = z9

- If|| @ || = ap = cte the motion is uniformly rectilinear accel-
erated if (@ V) > 0 or decelerated (@ V < 0).
F=ayg= x(t) = %aot2 + Vot + o
v(M) = apt + Vp avec (z(t = 0) = xzp) et (V(t =0) = V).
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2.1.7.2 Rectilinear sinusoidal motion

Rectilinear sinusoidal motion if the position vector in the reference frame
R(O, 7), 7, ?) can be written as:

OM = 313(25)7> = X, cos(wt + qb)?

With

X, : the amplitude of movement (m)

w : pulse (rad.s1)

¢ : phase at origin(rad).
So

70 R) dOT\J aOM(u/m) _

— X pw sin(wt + (b)?

ety = M/R) = — X,w? cos(wt + qb)?

We can see that . 7 (M/R) = —w?0M

and as 7 (M/R) = (LOM M/,

Rectilinear sinusoidal motion is governed by the differential equation dgdojj +
wQW =0

Projected according to 7, this differential equation is written as:

F+wir=0

2.1.7.3 Circular movement

This is a movement such that the trajectory is a circle of constant radius.
polar coordinates are well adapted to the study of the motion of a point de-
scribing a circular trajectory.

In the case of circular motion, the constant radius (p = R)
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In this case the position vector can be written as :
OM = Rej.
The velocity vector: . IR

(dRE))  Rd(€}) . :
V() = 26 ) - 200 — Real = |V (M)]| = R
The acceleration vector :

d(RgE . (e . ,
F() = 4 = D _ gy 4 gpICT) _ Rz - REE = |7 (R))| =

R\ + ¢t

. (d'V;EM)')? _ AT _ g
o« % = T (M) - 7 = —~R*%) = RP*N
with N =B AT =el nep = —e)

¢ Remarques

- ¢ : Angular velocity

- W= gb?: Angular velocity vector.

- V(M) = Rpe} = R K Aej =@ AOM.

- (: angular acceleration.

- Si ¢ = wp = cte = the movement is uniformly circular (p(t) = wot + o)

- Si ¢ = 79 = cte = the motion is circular and uniformly varied.
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2.2 Change of reference frame

Let’s study the motion of a particle M relative to a fixed reference frame R,
called absolute reference.

It is sometimes useful to introduce a second reference frame R’, known as
the relative frame, compared with in which the movement of M is simple to

study .

e R(0,X,Y,Z) an absolute reference (fixed reference point).

e RI(O', X' Y' Z') arelative reference (a reference that moves relative to
R).
R'can be animated by a movement of translation or rotation relative to
R.
The rotation of R’ with respect to R occurs with an angular velocity
w(R'/R) such that :

Inﬁthe R reference ,

iy = B(RYR) AT
d? / =
Slr=W(R/R) A j
k| — D(RJR) A K

In the R’ reference ,
%

Ulp =Y p= =7
Derivation in a moving reference :

Lets A an unusual vector. In the R frame, this vector is written as :
A=2T +y7 +:%.

In the frame R’ the vector A is written as,

v SN )

s /_? 1 dk

ﬁ 7 dﬁ
I+’ L\ pty Y S R K 2| R

dX\R—xz +yj +zk =a
which can also be written as,

A\~ T ey T SR dBRIR AT + yBRIR) AT +
JTRIR)AK.

I QY R
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— Velocity composition

Let R(O, XY Z) an absolute reference and R'(O’,2',Y’, Z') relative

reference.

Y

the position vectors of the particle M in the reference frames R and
R’ are, respectively :
OM =7 etOM = 7.
We can write,
OM = 00 +O'M.
So the absolute velocity of point M is,
OM, _ a00 , aO'M, _ 400
VaM) = V(M/R) = G| = 2G| 1 1M | = G| +

dt dt
dO;tM|R/ + T(R/R)ANO'M...
\ o'M
ou V(M/R) = V(M) = 12
point M. And,
00’ oY
V(M) = 490" .+ (R /R) A O'M.

is the training velocity of M. Training speed of M is the absolute

d

|r denotes the relative velocity

speed of the (imaginary) point which coincides with M at time ¢
and assumed to be fixed in t R'.

We can also note the training speed of M as follows,

V(M) = 9OM | (M fized inR").

So we have,

Vo(M) = Vo(M) + Vo (M).

* Acceleration composition

The absolute acceleration of point M is,
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55
_ d<W<M>+7e<M>>|R _ dVégM) 42004 o (R R AT )
Vol — Vo0 4 DR AT = 7, (0) + DO R) A

$(@ (R R AT = PR \TTE 4 3 (R ) 7O |
The absolute acceleration can therefore be w ﬂten as:
M)_M )+2ﬁR//RA7T—> dg20|R+mR/R
O'M+ W(R'/R)A(W(R'/R)NO'M).

Of which

200" dGWRIR) \ GNP | 5 (RR) A (B (R//R) A O'M) =
Ve(M)

denotes the training acceleration, and

2T (R'/R) A Vi (M) = 7(M

is the Coriolis or complementary acceleration. We then write.
T (M) = T2 (M) + 7 (M) + 72 (M).

- Special cases
When the reference R’ is in translation with respect to R,
W(R/R) =70 =7 (M)=0

Therefore :

Ta (M) = 77(M) + 72 (M)

IS
3

2.3 Corrected exercises

e Task 01:
Let R(0, ¢ il ? k) be a direct orthonormal reference. Consider a ma-
terial point M which describes an orthonormal motion in the plane
(0, 7, ?) along the path shown in Figure 1. The equation of this tra-

jectory is given in polar coordinates by:

o= Lpoll+cos ).
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Where py 1s a given length, 0 < ¢ <7 and ¢ > 0.

AR

j F 3
Eq, gp
M
P
@
rOlo Po T
Ficure 1

. Show that the velocity of M in R can be written in the basis (€, )

in the form: :
V' (M/R) = pogp cos(£)[— sin(£) @, + cos(£) €]
Determine ||V (M/R)| the magnitude of the velocity. V (M/R).

Deduce 7 the unit vector tangent to the trajectory.

—

Show that the angle (¢, T) = £.

Represent graphically the vector T.

Determine v and 7y the tangential and normal acceleration vectors
respectively..

Deduce p. the radius of curvature of the trajectory and the unit vec-
tor N.

Solution:

Let R(0, 7, 7), ?) be a direct orthonormal reference. Consider a
material point M which describes an orthonormal motion in the
plane (O, 7), 7)) along the path shown in Figure 1. The equation of
this trajectory is given in polar coordinates by:

p= %po(l%—cos ¢). 1- We have: OM = pe,=p= %po(l—l—cos ©)€),
V(M/R) = —Lpopsing @, + Spop(1 + cos9) 2

Similarly, we have
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sinp = sin(¥ + 7) = 2sin(%) cos(%).

cosp = cos(§ + £) = 2cos?(§) — 1 = 1+ cosp = 2cos’(§) =
V(M/R) = —popsin($) cos(§) + po cos($) P

Hence: ‘7 (M/R) = po¢ cos(5)[—sin(£) €, + cos(£) €]

2-([V (M/R)]| = llpo cos($)[—sin(§) 2 + cos(§) Pl

=llpop cos(§)| l|[—sin(§) @ + cos(§) € ]l = poip cos(§)

3-We know that T = ‘_} (M/R)
|V (M/R)]|

So: T = —sin($)€, + cos(5) €,

4-We lla\ve:??@ = cos(§).

So (¢, T) = £.

5-See figurel.

6 Fr = w7 = ALQURIT _ i T _ |y c0g) -

Lpop?sin($)]T

v = = [P /R)IZL = popcos(£) - sin(5)P pcos(£) ] =
oo cos(£)[ & cos(2) 2y~ psin(£) P o — £5in(2) P — peos(£) )
= popcos(£)[—3pcos(£)€, — Spsin(£¢,

— 3p0% cos(£)[— cos(§) 2 — sin(£) 2]
(M/R)|® _ p3¢* cos’(%)

]

)

7- We know that vy = I

pe pe

and like: vy = [lyn || = 3p0@? cos(%)

So:

) _ 32 o)

> o= 20500)

And as vy = ’yNN> then N = [—cos(£)€p — sin(%) e ,).
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e Task 02:

The velocity diagram for a moving body A animated by rectilinear mo-
tion on an axis Oz 1s given Figure 2, knowing that at time ¢ = Os, x = Om
,v=0m/s

1. Plot the acceleration versus time diagram.

2. Plot the space diagram for the time interval [0, 7s].

3. Determine the position of the mobile at time ¢t = 10s .

4. What 1s the distance travelled between the two instants ¢ = 0 and

t = 10s
5. Specify the nature of the movement in each phase
6. Determine the equations of velocity v(¢) and motion z(t) for each

phase

Ecele ; pestion : 1om 1o, watesze  Jom ~ (U, soctlenation - Lam - Qlimle
Araia)y
1
1r

Feml

7. Plot the vectors: position, velocity and acceleration at time ¢ = 8s

on the trajectory.

Solution:

1. The acceleration versus time diagram. Acceleration is measured by

the slope of the curve (tan)

V2 —V1

4= %"%

—t€[0,3]s;a1 = =0 = 1m/s>
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—t€[3,6]sas = —1m/s>
— t€[6,7]s ag = Om/s>
- t€[7,10]s ay = —1m/s?

)
A -L'_'_‘—'—-.___‘
ik 5 <3
--_-_'_-"—-—-

2. The space diagram for the time interval [0, 7s].

H”““i]qf‘ﬁg N

% | o [af] 2 T B! 75 9 q

3. Position of the mobile at time ¢ = 10s X (10) = [z(10) — z(0)] +

[2(7) = 2(0)]
z(10) = —4.54+9 = 4.5m

4. Distance travelled between the two instants t = 0 and ¢t = 10s d =
X(10) = |[x(10) — z(0)]] + |[z(7) — =(0)]|

5. The nature of the movement in each phase

- [0,3s] : v.a > 0 uniform movement

- [3,6s] : a.v < 0 decelerate movement
— [6,7s] : a.v = 0 at rest
- [

7,10s] : a.v > 0 accelerate movement

6. the equations of velocity v(¢) and motion x(t) for each phase
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- [0, 35]
ay = 1m/s?
a; = dvét(t) = dvy = a1dt = f(}jl(t) du(t) = fttozo dt
vi(t) =t
or(t) = 4 =
JEO () = [0 0 (t)dt

z(0)=0
= 21(t) = 32
— [3,65] ag = —1m/s>

ag = 220 — Gy — qodt = f;jé(;) do(t) = Ji_g axdt

vo(t) —3 = —1(t —3)
= v3(t) = —t+6

va(t) = da;l(tt) =

fjé()t):zm d(t) = J{_g va(t)dt
xo(t) — 4.5 = [l g(—t +6)dt = 29(t) =
— [6,7s] a3 = 0m/s?, v=0, x3(t)=9m

— [7,108] ay = —1m/s?

—L+6t-9
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= dv4() = dvy = aydt = f dv( ) = [~ aqdt
U4(t> = —Zf + 7

va(t) = ddt) =

S dao(t) = fiq(—t + T)dt

wa(t) = =& +7t—155

7. Piloting of vectors: position, velocity and acceleration

{‘ml_’ﬁ‘r:— oM = 5 am

"H._f'r“ ~ A 3 1|._|J_‘i]
a(4)= -dne g
" 34 )

.
: O —t T}
it

e Task 03:
The coordinates of a material point A in a direct orthonormal reference
frame R(O, _7;), 7, ?) are given as a function of time by :
v(t)=t—1,yt)=—t2+1et Z(t) = 0.

1. Determine the equation of the trajectory of M.
2. Determine the velocity and acceleration vectors of M.
3. Calculate the tangential and normal accelerations of M.
4. Deduce the radius of curvature R, of the trajectory as a function of
time
Solution:
LLz(t)+1=t=y= —5(:2 — 2:70 = the trajectory is a parabola.
2. V(M/R) = OM _ dz7? 4 dy j +ﬁfl—f?:?—2t7
7 (M/R) = (d]\f/R) = diogﬁ b d2 |G- =27
3.Tangential acceleration: v = m]‘w?

V (/R) I - S -
1V /gy VIHAE Vigar
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d||7 M/R d(V/1¥42) g
o dt %_ V14-4¢2

Fr= 1+4t2 7 1—%&2 J -
Normal acceleration: 7y = 7 (M/R) — Fp = Fy = 1+4t27 —
w7
4 Radius of curvature: R. = Hv(M/ ik = L+t k
3 IV /By A (/B ?
= R, = (1+42t2)§
or else 7y = WAIBEF o =, = W GURE R 7] = 1 =
R, — VR _ (144%) (144 )%
T I = e ?
e Task 04 :

Consider a moving point M whose cylindrical coordinates at each in-
stant are p(t) = aot? + po, @(t) = wt — g and Z(t) = —Vt, with py = 1m,

-2

ap = 1m.s2, w=3rad.s™!, oo =2rad and V = 2m.s~!

1. Give in the cylindrical base (¢ ,, €, € z), the velocity and accel-

eration vectors of M.
2. Calculate the magnitude of the velocity vector of M at time ¢ = 1s.

3. Calculate the magnitude of the acceleration vector of M at the initial
instant (¢ = 0s).

Solution:

1.V (M/R) - 900 _ 0’7’)*” _dop 4 i€z

:>7M/R :2aat —l—(aotz—l—po)we@ V?

= PO = et + (P + po)aP 5 V2

¥ (M/R) = dT/)(dJy/R) = 2a0 €, + 2apwt €, — (apt? + po)w? € .

= v(M/R) = [2a0 — (aot?® + pow?)]? + (dagwt)?

2. The magnitude of the velocity vector of M at time ¢ = 1s.

IV (M/R)|| = \/(2a0)2 + ((ao + po)w)? + V2 = 6.63m/s.

3.The magnitude of the acceleration vector of M at the initial instant
(t = 0s)

17 (M/R)|| = /(2a0 — pw?)? = Tms~2
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o Task 05:
A ball & 1s dropped from a building of height M with no initial veloc-
ity.In a reference frame R(O, _>, _> ) linked to this building it falls

vertically according to a uniformly accelerated movement of accelera-
tion 7 = — g? (See the figure below).

1. Determine the position vector O’—Z\>/[ of the ball in a reference frame
ntiel R'(O', i ﬁ ﬁ _}) related to a car moving in a uniform rectilin-
ear motion w1th speed ¥ = w7 and passing through the vertical
fall at the moment of release.Derive the equation of the trajectory

of the ball in R'(0', 7,7, k.)

2. Determine the posmon vector O'M of the ball in the same frame

of reference R/( if we assume that, at the moment of
release and startmg from the vertical of the fall a umformly accel-

erated rectilinear movement of acceleration v = a 7. Deduce the

equation for the trajectory of the ball in R'(O’, 7, 7, f?).
z z
-z=M
R 1
ke > s > > X
7 0 X

Solution:
7.7

The position vector of the ball in the reference frame R(O, i, ®

) is

Y

OM =% (r =y =0).
L . L o — = .
The ball is in free fall with no initial velocity in R(O, ", j, k) with

acceleration 7 = —g &

=7, = EZQ ——g:>z——%gt2—|—V0t+zo

At:O,V0:0,zozh:>z:—%gt2+h:>_0—]q: (—3gt2 + h)
7 7F

The position vector of the ball in the reference frame R'(O’, i, j', k')

7
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s
O'M:x/7+y/7+z/?

——
T = 7,? = ? et ¥/ = 0 ( M moves in the plane (xoz))= O'M =
1= g
i +2k

O3 = 00" + O'M = O'M = OM — OO

1. 1% case: R/ (O, 7, ?, l?) is in uniform rectilinear motion of speed

7 = u7 and passing through the vertical fall at the moment of

release: N
The point O’ is fixed in R'(O', i 7 7 k) = 7(M/R) = dOdtO/ =
i dflf' 1 =>xo =ut+c

—

At=0=0=0=220=0=c=0= 20 =ut = 00 =

—— —
uti = O'M = x’?%—z’ﬁ = O0M-00 = (—%gt2+h)ﬁ—ut7 =
o' =—utets = —Sgt? +h= 2 = —%gug—fh = la the trajectory of
the ball in R/(0/, 7, 7, ).

2. 2¢d case: R'(O, ﬁ _’> _’>)

eration 7y = a7 and passing through the vertical fall at the moment

is in uniformly rectilinear motion accel-

of release:

—
The point O’ is fixed in R’(O’,?,?,ﬁ) = F(O'/R) = dzgg =
a? = di;g?? = Tg = %atQ + c1t + co.

Att=0=0=0" =120 =000 =0=c1=c2=0= 20 =
—
%at2:>OO/: %at27
=’ =—Jat’ et = —1gt’ + h = Zﬁ_ﬁgm,—;_ h.
i k)

= the trajectory of the ball in R'(O’, i, is a straight line with

?

3 ! _ g,/
equation z' = J1° +h

e Task 06:
In the 2Oy a straight line Oz’ rotates about Oz with a constant angular
velocity A moving body M moves along the straight line Oz’ according

to the law : » = asin @ avec 0 = wt et a = cte.

1. Determine at time ¢ as a function of « and w the relative speed and

the driving speed of M by their projections in the moving reference
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frame 'Oy’ .Deduce the absolute velocity expressed in this same

projection basis, and show that the modulus of is constant.

2. Determine at time ¢ as a function of ¢ and w the relative accelera-
tion, training acceleration of M by their projections in the moving
reference frame 'Oy’ and complementary acceleration. Deduce the
absolute acceleration expressed in this same projection basis, and

show that the modulus of is constant.

Solution:

T\ B=wt

_ aOM

1. ?T_ % |R/:awcoswt7
?e :wﬁ/\mzawsinwt?.
?a = 7»,« + 76 = aw cos wt7 + aw sin wt

-
J
The unit vectors are written as follows
i = coswt + sin wt? et
? = —sin wt? + cos wt?
If we replace these expressions in the absolute speed:
4 - .= : . —

o = aw coswt(coswt i +sinwt j ) +wsinwt(—sinwt ¢ +coswt j')
?a = aww(cos wt cos wt—sin wt sin wt)?—F(COS wt sin wt+sin wt cos wt)?>

27 :dQW 7

i | = —aw?sinwt i’ .

7, = —aw?sinwt i
7 . = 2aw? cos wt?

o+ Vet ¥ e = —2aw?sin wt7 + 2aw? cos wtﬁ

J
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3.1 Point material dynamics

3.1.1 Definition

e Dynamics is the study of the movement of bodies as a function of the
forces exerted on them.

e All the knowledge of so-called classical mechanics: dynamics, statics,
hydrodynamics, resistance of materials, etc... are based on three princi-

ples (or laws) set out and published by Isaac Newton in 1687.

e A principle is a statement that is accepted without demonstration.

3.1.2 Newton’s laws

3.1.2.1 First Principle (Principle of inertia)

¢ Definition of inertia: is the tendency of an object to resist changes in

its state of motion, i.e. to resist a change in speed or orientation.

¢ Galilean reference frame: A galilean or inertial frame of reference is
a frame of reference in which the trajectory of a particle undergoing no

external action is straight.

e Principle statement : In a Galilean reference frame, an isolated mate-
rial point (which is not subject to any force) is either at rest or in uniform

rectilinear motion.

3.1.2.2 The second principle (Fundamental Principle of Dynamics)

e Principle statement: In a Galilean reference frame (R), the resultant
of the external forces applied to a material point is proportional to its
acceleration vector, the proportionality coefficient being its mass m.
% Fept = m¥ (M)

e The acceleration of a particle is directly proportional to the force applied
to it and inversely proportional to its mass.

gm

e Force units in the system IS: N(Newton) = KS—Q
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3.1.2.3 Third principle (action and reaction)

e Third principle (action and reaction) When a body A acts on a body
B with a force ¥ A p then body B acts on body A in a reciprocal way.
,with a force F B A , Which has the same direction and the same mag-

nitude,but in the opposite sense:? AsB = —? B A

e For every action there is an equal and opposite reaction.

3.1.3 Base Units and Physical Standards

The concepts of length, time, and mass are fundamental to every branch of
physics. The units of length, time, and mass are known as the base units of
physics, and are defined by a set of physical standards that are augmented
by descriptions of the procedures for employing them. Base units are not
mere matters of practical convenience: because they embody the underlying
concepts, they are foundations of physical science. This section presents a
brief description of the base units and the systems of units derived from them
that are universally used in physics. The SI base units of length, mass, and
time are the meter, kilogram, and second. A related system, the CGS system
(for centimeter, gram, second), differs from SI only in scaling factors.CGS
units appear in older databases and are sometimes used in chemical and bio-
logical research.Yet another system of units, the English system, is used for
non-scientific measurements in Britain and North America, although Britain
also uses the SI system. English units are related to ST units by legally agreed
scaling factors; for example, the inch is legally defined as 2.54c¢m. The table
lists some principal units in the SI, CGS, and English systems.

3.1.4 The Algebra of Dimensions

Equations in physics are not meaningful unless they are dimensionally con-
sistent. In this context, the term dimension refers to the type of physical
quantity (ultimately expressed in units of mass, length, and time), in contrast

to usage in mathematics, where dimension refers to the number of coordi-
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SI CGS English
Length | meter (m) I centimeter (cm) 1 inch (in)
Mass I kilogram (kg) 1 gram (g) [ slug
Time 1 second (s) 1 second (s) | second (s)
Acceleration 1 m/s? 1 cm/s? | ft/s2
Force 1 newton (N) I dyne | pound (Ib)
= 1 kg-m/s? =1 g-cmys? = 1 slug-ft/s?

Here are some useful relations between these units systems.

I m= 100cm Il m=~394in
1ft=121n I mile = 5280 ft
l kg =1000¢g I slug ~ 14.6 kg

I N =10° dyne IN ~0.2241b

nates needed to specify a point. A useful check on a calculation is to see
whether the units agree on both sides of the final result. If they don’t, there
1s evidently an error somewhere.in mechanics the physical quantities such as
velocity and force are measured in units constructed from the base units of
mass, length, and time.Regardless of the system of units we use, in Newto-
nian mechanics every quantity depends on mass, length, and time in a unique
way. For example, the units of velocity are m/s in the SI system and cm/s
in the CGS system, but both have dimensions length/time. In analyzing the
consistency of units in an equation, the dimension of mass is abbreviated M,
the dimension of length is L, and the dimension of time is 7. James Clerk
Maxwell, who developed the theory of electromagnetism, was the first to use
the convenient notation of square brackets to stand for the dimensions of a
quantity.

[mass] = M ,[length]=L [time]="T.

The dimensions of quantities in mechanics can always be expressed in
terms of powers of M, L, and T. For instance, [velocity] = LT, [force]
= MLT~2. Units must agree on both sides of an equation and this is only
possible if the underlying dimensions also agree.Note that M, L, and T are

independent quantities; we cannot express mass in terms of time, or length
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in terms of mass. Consequently, for an equation to be valid, the powers of

M, L, and T must separately agree no matter what system of units we choose

to employ.

Physical Quantity

Relation with other physical quantities

Dimensional formula

Sl-Unit

12

13
14

15

16

17
18
19

Area
Volume

Density

Speed or velocity
Acceleration

Momentum
Force
Pressure

Work
Energy
Power

Gravitational constant (G)

Impulse
Surface tension

Coefficient of viscosity

Angle

Moment of inertia
Angular momentum
Torgue or couple

Length x breadth

Length x breadth x height
mass

volume
distance

time
velocity
time
Mass x velocity
Mass x acceleration
force

area
Force x distance

Work
work

time
force x distance®
mass’
Force x time
force

length
force

area x velocity gradient

arc

radius
Mass x distance®

Moment of inertia x angular velocity
Force x perpendicular distance

3.1.5 Force classification

3.1.5.1 Real (or external) forces

There are two types of real force:

3.1.5.2 Action-at-a-Distance Forces

(L] [L] = [me 12T
[L] % [L] x [L] = [MP L= T7]
LIV

=N
[Lr—:h MeLT3]

Ml [LTH=[MLTY
MIx[LT2]=[M LT3

MLTT M LT3
[

MLTX[L=[ML2TY
(M L:T2]

MLt
—_—s M LT
L 1

]M-: E T-z]

MLTZ]x [T)=[MLT4]

MLT
= =M LOT
7] MLt

ML:TY

Dimensionless
MLt
ML x[TY=[ML T
[MLTZ x L] =[ML2T?]

It is a force exerted without the help of a material support.

Exemples

e Electrostatic force :

T — kqgdm

r2

constant

force exerted by one charge on another

51

kg m?

ms?
ms?

Kg m st
N (Newten)
Nm2or Pa

(Pascal)

I {Joule)

J
W (Watt)

N m? kg2

Ns
N m

daP
(decapoise)
rad

Kg m?
Kg m? st
Nm

F :electrostatic force exerted on ¢’ by ¢, with K = 9.10(SI) Coulomb’s
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Masse M oy . .
f:i‘":.”——;w‘: __________ { f‘ 1(1’;5& m
O °

r: Distance between ¢’ and q.

u.:Unit vector.

¢ Electromagnetic force :

¢ Electromagnetic force :

is a force exerted on a point of charge ¢, of velocity v placed in an
electrostatic field E and a magnetic field B:F = q(ﬁ +V A ?)

e Gravitational force
It is an interaction force at a distance. It is exerted between two masses.
It was formulated by Newton in 1650.
A mass M at point O is interacting with another mass m at point P ,
such that the distance between O and P is equal to r, is written as :
F =gz,
G = 6.6710~11(ST) gravitational constant.

This force can be written as

F=-mg(P)
? = GTMZ op

This last expression is called the gravitational field created by m at any
point P in space. It has the same size as a acceleration.
The Earth’s gravitational field at a point P in space outside the Earth.

this field has the expression:
M
7 =Gy Top

— M M Earth’s mass: M = 5.9810%*kg
— Ry radius of the Earth = 6.3710%m

— r Represents the altitude of point P relative to the earth’s surface.

This field at the earth’s surface will have a value of gy = 9.83
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e

Ry
| R
G
| ‘illppnln solide ‘ Supporl
P ;
(Figure 1) (Figure 2)

3.1.5.3 Contact force

Are types of forces in which the two interacting objects are physically con-
tacting each other.

Exemple

1. Normal Force:

A body of mass m is placed on a solid horizontal support, for example,
a table (Figure 1).Its weight P = m g is applied to its centre of gravity
G and normal to the surface of the table . By virtue of the principle of
action and reaction, the table exerts an equal and opposite force to 7'
Hy=-7

its magnitude | R x| = || F|| = myg

For a perfectly smooth curvilinear support, its reaction on the object is

normal to the tangent to the support at the point of contact I (figure 2).

2. Friction force
These forces occur between material bodies in motion relative to each
other. There are two types of friction : solid friction and viscous friction.
a-Solid friction:
Two solid bodies A and B with a certain roughness are in contact. Body
B (the support) exerts a force on body A B (called reaction)composed
of a normal reaction & n(at the contact surface) and a tangential reaction

called ﬁT friction force that opposes movement.

53



3.1. POINT MATERIAL DYNAMICS CHAPTER 3. POINT MATERIAL DYNAMICS

“—“\} >
Fappli.

Experience shows that the magnitude of the normal reaction force is
proportional to the magnitude of the normal reaction force B N
(Coulomb’s Law) : |!1_?>NH x |IﬁT||

The coefﬁci%t of friction is defined as follows :

pw=tgp = L2l wyith w= (ﬁN,ﬁ)

Remarks: ,u?;no dimension (without unit).

The total reaction of the solid support on the object is R = ﬁT + R N

N.B. : In the following, we will refer to the friction force as ? and the

normal reaction as N. There are two types of solid friction :

e Static solid friction: To make A slide over B, the force applied
to A must have a certain value below which it remains stationary.
The limiting friction force which balances the driving force and
prevents A from moving is then at its maximum. This is called the
static friction force to which corresponds the coefficient of static

friction noted ;.; and we have :

1Tl = 17l = pell N with s = tgpmas = “f“]w.

e Solid kinetic friction :
As soon as body A begins to slide on support B, the frictional force

decreases until it reaches a value of H?CH = ,uc||ﬁ|| called the ki-
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‘P'\- |:‘l::ll TS —

I‘:.I._|'l:

i N

1 | o II::_l

netic friction force.
1. being the coefficient of kinetic friction, which is therefore less
than s 1pe < ps

The kinetic friction force is opposite to the direction of motion and

is tangent to the trajectory:

7= —ucllﬁll%-

b-Viscous friction : When the movement of a solid body occurs in
a liquid (e.g. water) or a gas (e.g. air), the friction is called viscous
friction.In the case where the velocity ¥ of the object is relatively low,
the expression for the viscous friction force opposing the motion of the
solid is :

7 = —knv.Where

k: 1s a constant that depends on the shape of the object (Unit : m)

n :1s the coefficient of viscosity of the medium (unit : N.m — 2.s or
Pa.s)

Example: for a spherical object in a medium of viscosity, the friction
force experienced by the object in contact with the medium is given by
is given by Stockes’ law :

? = —6m Rn ?

Note: The viscous friction force is often denoted ? = —u 7, avec i
coefficient of viscous friction (Unit S.I. : kg.s™1).

. La force de rappel (ou élastique) d’un ressort (loi de Hooke)

A spring is characterised by its initial length [y and its stiffness constant

k & (unit : N/m) which depends on the nature of the material. When sub-
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jected to elongation, it tends to return to its initial length provided that
this elongation is not too great (to avoid irreversible deformation).The
spring is placed on a horizontal plane without friction, with one end
fixed,,and at the other is attached an object M of mass m .It is stretched
by an elongation a, its length is [ = [y + a , then release the M. It begins
to oscillate about point O, the position of the mass at the initial instant
(immobility).The force exerted by the spring on the mass is proportional
to the instantaneous elongation

X =1—1ly,with: |F| = k|l — |

Figure (a) :Initial state. The spring has a length /,,.

Figure (b) : The spring has a length [ > [,.1t is stretched and acts on the
mass so as to regain its equilibrium length by exerting a restoring force
F from right to left, opposite to the vector il

F = —kOM = —kX7 with X >0

Figure (c) :The spring has a length [ < lo.It is compressed and acts on
the mass so as to regain its length at equilibrium by exerting a restoring
force F from left to right, in the same direction as the vector T owe
also have ? = —k:O*M> — —kX 7 but with X <0 (z, the abscissa of M,
1s an algebraic quantity ).

Therefore, in all configurations, the spring tension, or return force is
written as : F = —kOM = kX7

F = -kOM = -kxi

! =1, m - [ x

ARMAAAAAAAA AU
(<) J0000000000CENNGIANGN)
|

I<ls Mo 1
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3.1.6 Quantity of movement and kinetic momentum

3.1.6.1 Definitions

e Assume a material point M/ with mass m and velocity vector 7(]\/[ ) in

a reference frame R(O, zyz) .
e The momentum of M in frame R is : ﬁ(M) = mv(M)

e The angular momentum of M relative to the fixed point O is:

Fo(M) = OM A B(M) = OM AmV (M)

e The angular momentum of point M with respect to a straight line (D),

passing through O and having unit vector % , is given by the scalar,

Mp(P) = 5o(M). 7

e The dynamic moment of a particle M at a fixed point O , in a reference

frame R, is by definition:

3 o(M) =OMAmT

3.1.6.2 The angular momentum theorem

d?c?t(M) g = d(WA$7(M)) w = T (M) AmTV (M) + O A S
S0: 8 o(M)| = %m — OM AT Fey

3.2 Corrected exercises

e Exercice 01
Consider a simple pendulum consisting of a point object M M of mass
m attached to an inextensible wire of length 1 [ and negligible mass.It
moves in the vertical plane (xOy) of the fixed reference frame R(o, zyz).
The pendulum is moved away from its equilibrium position by an angle
6 (0 = 0) and release without initial speed.Frictional forces are assumed
to be non-existent.

The assembly is located in the gravity field g considered uniform.
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—

1. Express the forces applied to point M in the base (€, €9, k ).

2. Calculate 7(M /R) and 7 (M/R) respectively the vectors velocity

and acceleration of M on R.

3. Applying the PFD in the Galilean reference frame R: a-Establish
the differential equation of motion in the case of small oscillations.

b- Solve this differential equation.
4. Establish the expression for the wire voltage 7" .
5. Find the differential equation of motion by applying the kinetic en-

ergy theorem..

Solution:

1- The forces applied at point M are :

- Its weight P with P = mq =mgcosf e, —mgsinfey

- Wire tension T with : T = -T7%,

2- The PDF in this Galilean reference frame is as follows:
> Fewt =m7 (M/R) = m% (M/R) =P + T

= —mlf%>2, + mli ey = (mgcosh —T) €, —mgsine,.
3- a-The projection of PFD onto & gives:

mlf = —mgsin 6

= mlf + mgsinh =0
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6+ 9sinf =0

For small oscillations, sinf = 6. 6 very small
Finally, we find :

0+90=0

b-wo = /9.

4-The PFD projection on ¢, gives:

—mlf? = mgcosd — T

= mgcos 0 + milh2.

5-The angular momentum theorem can be written as follows:

ﬁ>WR —OMAP+OMAT

W1th

- 7 o(M/R) m/\m‘_f) (M/R) = 1@, Amlfey = mi20% =
TTAMIR)) o i R

~OMAP = I, A (mgcos@, —mgsinfey) = —mglsin 0F

~OMAT =

This means that: mi26 & = —mglsin0 &
= ml20 = —mglsiné.

We finally obtain:

0 + %Sin 6 =0.

e Task 02
Two masses m1 and m2 are linked by an inextensible wire which passes
through a pulley of negligible mass and fixed axis.The mass m1 slides
on a non-smooth inclined plane which makes an angle o« = 30° to the
horizontal ( see figure).knowing that the coefficients of friction are re-

spectively ps = 0.7 pug On prendra g = 9.8m/s%,m1 = 1kg.
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1. calculate the minimum mass of momin

that maintains the system in equilibrium..

2. OWe now take the mass mas = 1.5kg. It
is released, without initial velocity, from
a height A for a time of 2 seconds.. ﬁ
a- a- Calculate the accelerations of the
two masses.
b- Calculate the height h. Deduce the

speeds of the two masses when the m2

mass hits the ground.
Solution:

We apply the fundamental principle of dynamics to the mass m;
BT +Rut [,=0 =

T —migsina— f; =0

R, —migcosa =0

On the mass M, : ]_3>2+7}:ﬁ

mog — 1T = mog =T

With P cosa = R, et mgog =T

and f1 = usRy = psmicosag

= Mamin = M1(ls cosa + sina) = 1.1kg

2.

a- Since may > mapni, the movement is in the direction of ms we apply the
fundamental principle of dynamics

Forces acting on the mass ms : Po+ T = ma7

mag — T = may

On the mass m;

BP+T+Hot fr=m7 =
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T —migsina — f = myy

R, —migcosa =0

Picosa =R,

ft = psRyp = psmy cos ag

So y = M= S;f;ﬁ;é‘ldml Sy — 2.91m/s?
b-h = $4%* = 5.83m

V =~t=291m/s

e Exercice 03
During a braking test, a car, assimilated to a material point G of mass
m = 1300kg, is runs on a horizontal road and brakes while its speed
v1 = 100km.h~L
The time required for the vehicle to come to a complete stop is 7" = 7s.1t
is assumed that the deceleration is constant and that the reference frame

R(O, €, ¢y, ¢) is Galilean

v, = 100 km'h v, = 0

1. 1.Determine the braking force Fj and the stopping distance d

2. 2. It is assumed that the braking force remains the same F{ but several
starting speeds are tested:
0 < v < 130km.h~!.Draw the curve d = f(v;). What can we conclude

about compliance with speed limits on the road?

Solution

1) To find the braking force, we will apply the PFD System studied: the car
of mass m assimilated to point G

Galilean study reference system: R(O, €, €y, ).

Forces applied to the system:
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e weight P= —mge,
e Soil reaction N = N&,
e braking force ¥ = —F &,

The PFD gives :m@(G)= P+ N + F

Position vector:OM — 1@ ;;velocity vector: 7 (M/R) = 7€ ,; acceleration
vector: @ (M/R) = i€ ;.

The vector equation from the PFD is therefore written:

mie, = —mg?y + N?y —F7,.
e Since we want to calculate F' and we do not know N, we will project
this relationship on ¢ :
mx = —F

e As 7 is a constant, so is F' ; we can therefore integrate the previous

differential equation once: & = —Z then & = — Lt + cte.
o t =0,2(t =0) = vy, SO cte = vy, therefore & = —%t + v1.

o t=T,i(t=T)=0,800=—LT+ vy, hence: Fy = 2.

100
NAF = 2258 5150N,

To determine the stopping distance, the differential equation of motion

must be integrated a second time with respect to time:

xr = —%% + v1it + cte.

- t:O,:z:(t:O):Osocte:O,hence:v:—%%Jrvlt.

—t:T,x:dsodz—&T;—H}lT

m

_omu _ Ry limeiy2 _ moi _ 1mwf
d—/UlFO m2(F0) - K 2 Fp
_lmv%
d= 2 Iy

2) Curve d = f(vy)
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d(m)
160
140

120
100

e vy (km - b}
0 20 40 60 80100120

The distance varies with the square of the speed, hence the impor-

tance of speed limits (both in town and on the motorway).

e Task 04
A man rotates a ball (assimilated to a ma-
terial point M of mass m=100g), attached
to a wire of length R = oM = 1m and
of negligible mass. The trajectory of the
ball is a circle with center O and radius R
which is in the vertical plane (€,.¢,). e,
is vertical upwards.We neglect the possible
small movements of the man’s hand,
thus:R(€,, @y, €,) ) is assumed to be

Galilean. We neglect all friction

1. Determine the differential equation of

the movement of the ball.

2. Determine the expression of the wire

tension.

3. Determine the minimum velocity vm

that the ball must have in position (1).

4. It is assumed that the ball passes into
the position (1) with speed vyy,. Indi-
cate in which position the wire tension

1S maximum.
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Solution

1- We try to write the differential equation of motion; we will therefore
apply PFD. System studied: the ball M of mass m.. System studied:
the ball M of mass m:

Force applied to the system:

P=mg=-mg?,

wire tension 7' = —T@,. The PFD gives:m@ (M) = P+ T

OM = R?,; ; velocity vector : T (M/R) = Ri €,

2- acceleration vector: @ (M/R) = —R0%>¥, + RO€,. The vector equa-
tion from the PFD is :m(—R0%?€, + ROEy) = —mg e, —T¢,. As T is
unknown and we looks for the diffirential equation of motion, we will
project the previous vector relationship on ¢ :

@ o[—-mRO*E,+mROTy) = Tyg[-mge.—T¢,],d ot mRI = —mg()—
cos 6+0

0 = & cos .

3- To determine the expression of the tension of the wire, we use the
vector equation of the PFD that we project on €,: @,[-mR0>¥, +
mROE ) = @g[-mge. — TE,],50it —mROI> = mgsinf — T

T = mgsin 6 + mR6?

e In order for the ball to pass into position (1) while remaining on the
circle of radius R, the wire must not relax, that is to say that 7" > 0
soitmg sin 6 + mRO? > 0, with § = —grad. Or v(m/R) = RO@y=vey

Aussi:
mg(—1) + m% >0, s0v> > Rgdoluv>+/Rg
Umin = V Rg

4- Using the differential equation of motion: § = & cos b,

we see that as —5 < 6 < frad, 0 < cosf < 1,50 6> 0.

In addition, the ball has the speed v;,;, in the position (1), so the ball
accelerates when 6 changes from —5 a § ((1) — (2)).

Conversely, it decelerates when 6 goes from T a 3T ((2) — (1)).

Also 0 is maximum when 6 = srad (position (2)).
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In addition sin@® = 1 when 6 = g rad.

And since T' = mgsin 6 + mR6?, And since T T is maximum in position

(2).

i
® 4 ,
Y £,
! )
| 21 ™
EI".__':rif" -
. S
i
M/ T
ﬁ" a
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4.1 Work and Energy

4.1.1 Work and power of a force

4.1.1.1 Power of a force

Let a point M move along its trajectory at
a velocity 7(M ) relative to the study frame
of reference, It is subjected to a force F as
shown in the diagram opposite. The power of M
the force. /\/

? 18 written as: .’I

P(F)=F % = ||F||| 7] cosb |

4.1.1.2 Elementary work of a force

We calculate the elementary work of force F as follows:

SW = FdOM

The elementary displacement vector dOM will be expressed as a function of
the chosen coordinate system.

Remarks

The concept 6 means that it is the calculation of a variation in the course
of a displacement. most of the time, the work of a force between two points
depends on the path followed between these two points.Nous We would have

noted a d if it was a difference in size between the two points.

4.1.1.3 Work of a force

Generally speaking, the work done by a force depends on the path it follows,
which is why this elementary work is necessary. To obtain the work on a
displacement AB , this elementary work will be integrated:

Wi = [ap0W = [4p FdOM

e Case of constant forces
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Wassp = F.AB = ||| AB| cos(F, AB)

4.1.1.4 Relation between work and power

From the relation between the elementary displacement vector and the veloc-

FJaOM W
. T di

ity, we can relate power and work: P = Fv = ?,dodt —
so P = (Sd—vf.

4.1.2 Kinetic energy

4.1.2.1 Definition

Kinetic energy is the energy, in Joules, that a body possesses as a result of
its speed:

E. = %va

4.1.2.2 Kinetic energy theorem

We place ourselves in a galilean frame of reference, which allows us to use
the Newton’s second law:

> ?emt =m7 = m%

=>> ?ext.d(m = m%

& S oW (Fe) = mil 7t

& S 0W(F ) = d(mT?) = dE,
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This gives us the differential form of the kinetic energy theorem:
sW(F) = dE,
Or by integrating it between two positions (two instants) A and B:
> WAﬁB(?ext) AE, = va% — %mvi
Finally, we can express this theorem by considering the power of the forces :
P(F car) = 4E=,
Example

A toboggan run is made on a slope L = 100m between A and B.The slope is
characterised by an angle «. The initial speed is zero, what is the velocity at
B? All friction will be neglected. We study the sledge system in the galilean
frame of reference linked to the slope. system in the galilean reference frame
linked to the slope. subject only to its point.

We apply the kinetic energy theorem:

WA%B(?) %mvB va(:)?@ szB

& mgLlsina = %mUB & vg =+2¢Lsina = 31,3m.s !

i

- |7
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4.1.3 Conservative forces and potential energy

4.1.3.1 Definition

a force is conservative when its work between two points A and B does not
depend on the path followed but only on the position of these two points.

It is then derived from a potential energy, a quantity that energetically char-
acterises point M in each position. We write:

Wasp = Ey(A) — Ep(B) = —AE,

Or differentially:

oW = —dE,

4.1.3.2 Another definition of a conservative force

A conservative force can be defined as follows:

F = —gradE,

where the gradient is a mathematical operator that depends on the system of
coordinate.

If we Work in Cartesian coordinates, f being a scalar function :

gmdf— Ty —i—af?—l—af?.

Let’s write the differential of the potential energy in two different ways :
from its relation to elementary work:

dE, = —0W = —F.OM = —F,dz — F,dy — F.dz (1)

from the deﬁnition of a differential :

dE, = ”daH— 8 apdz (2)

By identifying the relation (1) and (2) we obtain:

Fpy =
; —
dE,

Fy —_W (:)?:—gradEp
Z

4.1.3.2.1 Potential energy of a point )/ in free fall Fall Free fall: is
movement under the sole effect of gravity. An object in Free fall is therefore
subject to a single force, its own weight. Other forces acting are either non-

existent or neglected, be neglected. Among the forces frequently neglected,
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we count the resistance of the air in the environment.

the point M subject only to its ownp’ , so the potential energy of M in
the reference frame R(O, _>,7, _>): is derived by its weight (7 est tou-
jours une force conservative).We calculate the potential energy of 77 on

RO, 7. 7.%):

1. 1%" method
dE,(M) = —dW(F) = —B.dOM = mg & (de 7 +dy +dz k) = mgdz
— Ep(M) = mgz + cte = Ey(2)
SiEy(2=0)=0—cte=0= E,(M) =mgz

2. 2" method

P = —grad(B,) > —mg R = -7 - BT 0BT
o2 =mg (1)

e =0 (2)

=0 (3)

1) = E, = mgz + cte(z,y)

(1)
(2) = 88% = &t%i(;’y) = 0= cte(z,y) = cte(y) = E, = mgz + cte(y)
(3)

OE, _ dct
= o = Caey(y) =0 = cte(y) = cte

= b, = mgz + cte

4.1.3.2.2 Potential energy of a charge placed in an electrostatic field
Consider a charge ¢ placed in an electrostatic field. ﬁ SO ¢ so q is subjected
to the electrostatic force F = qf

As E = —gr—ad>(v) where V is the electrostatic potential, we have F =
- g?“—agl(qV),SO F so derives from potential energy £, such that E,, = ¢V +cte.
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P

e

O -
T
Sol

4.1.3.2.3 Potential energy derived by the restor-
ing force or spring force Consider a spring at rest
(non-tensioned) arranged horizontally along the axis
(Ox). Let M be a mass attached to its free end (the
other end is fixed). Let’s move the mass M away from 4j

its equilibrium position by a distance x. The spring

will therefore exert a restoring force on the operator’ =°

:? = —kAl7 = —kx? @? — 0 = is a conserva- 0 -

tive force.

dE, = —dW(F) = —~FdOM = kadx

= E), = $ka? + cte

In general, we take this constant to be zero so as to
make £, = 0 for x = 0, which gives :

1
Ep = gk’l'z

4.1.4 Example of a non-conservative force

Friction forces are not conservative.Indeed, for a fluid friction force, for ex-
ample:
SW = F.dOM = —avgdr = —av2dt (one dimensional example)

This relation cannot be written as a differential, so potential energy cannot
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be defined.

e A force is conservative if its work on a displacement AB, depends only

on the position of points A and B, not on the path between A and B.

e Any constant force is conservative (e.g. weight, electric force, etc.), but

not all conservative forces are constant (eg: spring or restoring force).

e Among other things, friction forces are non-conservative

4.1.5 Mechanical energy

4.1.5.1 Definition

The mechanical energy of a system is defined as the sum of its kinetic and
potential energy
Ey = E.+E,

4.1.5.2 Mechanical energy theorem

4.1.5.2.1 Non conservation of mechanical energy If there is a variation

in mechanical energy, this is due to non-conservative forces. We can there-

fore write:
dE
dgu = Pron cons

We can call this expression the mechanical energy theorem..

e Demonstration
dEe = dWiotale
dEc = 0Weos + 0Whon cos
dE. = —dE, 4+ 6Whon cos

= d(Ec + Ep) = 0Whon con

dEm _ 5Wnon cons — P
at dt — f'non cons

4.1.5.2.2 conservation of mechanical energy A system subjected to con-

servative forces or who don’t work has a constant mechanical energy..

dE7YL —_—
dt 0
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4.1.6 System stability

4.1.6.1 Definition of stability

For a system subject only to a conservative force ?C, it is important to know
whether or not equilibrium states exist.The local form of potential energy is
as follows :

Feo=—gradE,

In the case where energy depends on only one variable z, that means that:

Foo 157

the equilibrium condition, for any system subjected to a set of forces, is that
the sum or resultant of all the forces is zero (3 F = 6)). In the case of a
system subject only to a conservative force ?c,it should be zero, it comes:
Fo=0= % -,

An equilibrium position therefore translates into an extremum of the poten-
tial energy function.In other words, the potential energy should be maximum

or minimum for the system to be in equilibrium.

4.1.6.2 Stability condition

Consider the case shown in the figure below, where potential energy does not

depend on only one variable x z. Assuming that the derivative of potential

1 1

1 1

1 ' I‘310=0
1

|

Position d'équilibre xq=0

energy at x( 1S zero % |lz=z,= 0.For a disturbance causing the system to
x < zo.the algebraic value of the force must be positive to bring the system

back to zy F. > 0 so:
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dE, _ dE,
7> < 0 because F. = — 2.

Otherwise = > z.The force must be negative and therefore % > 0.
Potential energy E, decreases before o and increases after x(.It presents a
minimum for x = zg.

In this case, the function dfpis an increasing function that cancels for z =

x0.The stability condition, i.e,E, minimum, can be translated as 4 P > 0.in
the vicinity of zy and therefore for + = xy.Otherwise, the posmon will be
one of unstable equilibrium..
Stable equilibrium for = = 2y & E,(z¢) minimum
U

]x zo="0 et de lz=20>0

Unstable equilibrium for » = z¢ & E,(ro) maximum

4
Do | py=0et T2 |, <0

A system, left to itself, spontaneously evaluates towards a state of equilib-
rium which corresponds to a position for which the potential energy is mini-

mal..

4.1.7 Corrected exercises

e Exercice 01:
Let a material point M be subjected to a force field F such that
F = (x — ay)? + (3y — 2x)7

1. Calculate the work of force F for the displacement of M from point
0(0,0) to point A(2,4) envia point C(0,4).

2. Find the value of a for 7 to be conservative, deduce the potential

energy Fp resulting from this force field.

3. Determine the work done by F to move M along a circular trajec-

tory of radius R and centre O(0, 0).
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e Solution:
1-F = x—ayz+(3y—2:c)j
AW = F.d5 = Fpdx + Fydy = (z — ay)dz + (3y — 2x)dy
Woca =Woc +Wea
The path from O to C' (x=0, dx=0, y varies from 0 to 4
Woc = [ 3ydy = 2[4 = 24;
The path from O to C' (x varies from 0 to 2, y=4, dy=0)
Woca = J§(x — da)dz = & — dazl} = (2 — 8a);
so Woca = 26 — 8a.
2-For the force to be conservative it must verify ol F =T
where 7ol F = (—2+ a)?.
1.e.a=2.
3.F = (x — ay) rig (3y — 2:70) j which is a conservative force.So it’s a
function derived from a potential E),
F = —gradEy(z,y) = ~ 227 - 882’7
G = —(x—2y) (1)

T =3y —20) (2)

(1) = By = — [(x — 2y)dz = —% + 2ya + C(y)

(2) = 8£f :2x+8%7(y):—(3y—2x):>0(y) :—%—FC

Y
So Ey(z,y) = —ﬁ—f+2yx+0
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e Exercice 02
The force F = 2027 +yz ] + (aa? + by? + c22) K.

1. Find the constants a, b et ¢ pour que F so that F is conservative
(1,1, 1) the force F =27 + 7 _3%

2. Reduce the potential E,(z,y, z).

e Solution

1-70l F = (2by — )7 — (2az — 22) ] = 0 (1)
and?(l,l,l):2?+7+(a+b+c)?: ?+7—3? (2)

Of(l)wegethy—y:[):H):% 200 —2r =0=a=1

from equation (2) we geta+b+c=—-3=c=—3
So ? So F can be written in this form

. . —
F = 2932?—1—3;274— (22 + %y2 — %22 k

2-F = —gr—czglEp(a:,y,z) = —852”? — aaip? — 882”?
% — _(222) (1)

T = —(yz) (2)

02— (2 + 32— 52%) (3)

From equation (1)E, = — [(2z2)dx = —2z22 + C(y, 2)

From equation (1)(2)88%’ = %Z’Z) =—(yz) = C(y,2) = —% + Ci(2)

By replacing the expression for C'(y, z) dans E), and using the equation
(3). We will have
O = 2224+ 9G0) — (@24 12927 = Cu(2) = J(a2—§)dz =

xlz — %,23 +C

o Exercice 03
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A point solid of mass m is thrown at A on a
horizontal track extended by a semicircle
AB = 1m,R = 1m, m = 0.5kg and g = 9.81ms>

vertical with radius R R.

1. Since friction is negligible,calculate at A the

minimum speed vy i, that the mass must

have for it to reach the point C i

2. Same question when friction between the ob-
ject and the track are comparable a constant

force of norm f = 1N
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Solution

— If we arrive at C' , there must be contact be-
tween M and the support, i.e. :N(0 =7) >0

— N must therefore be expressed as a function
of 0.

— To do this, let’s apply the PDF to M in R
assumed to be Galilean.
m@(M/R) =P+ R
when M is on the BC

0,
P { mg cos

—mgsiné,

hence, projected according to @, : —mR§% =
mgcosf — N or N = mgcosf +mR6% (1).
This relation (1) is valid even if there is

friction or not Or, on the portion BC, the

movement is circular,so @ = RO, and
. 2

thus R6? = % (2)

To make v?, appear, we need only to apply

the energy theorem between point M and
another point. //As we load v4 ,we will apply
the energy theorem between A and M:

%mv2 — %mvi = W(?)A%B + W(?)B%M +
W(ﬁ) = mg(zp — zpr) = —mgz taking B as
the origin of the space frame (Bzyz)

Like W(F)a_p = 0

W(ﬁ) =0 and

z = R(1 — cosf) so 79

m% = m”—R% —2mg(1 —cos@) (3)

En remplacgons (1) et (2) dans (3)

N = m(% +g(—2+43cosf)) (4)

Pour que M = C(6 = ) il faut % + g(—2 +
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This time B = Ry + By = —N@, — @ with N = |Ry| and
_)

f =Rl

We still have to find vy/ N(# = 7) > 0 et avec N = mgcos 6 + mR6?
. 2

SOItN = mgcost +my.

Let’s apply the kinetic energy theorem between A and M:

smv? — Imo? = NA—>M(T’> + WA—>M(§N) + WA%M(ﬁT) = —mgz +

IM B dBM = —mgz+ [§ —f@,.dy. @, + (M —f€y.RdOEy.

hence %mv2 — %mvi = —mg(l — cosf) — f(AB + R6) hence m% =

mi — 2mg (1~ cos ) - 24 (AB + RO) (5)

So N =m(% +g(—2+ 3cosf) — %(AB + RO)).

For M to reach the point C, it must Ny—_, > 0 or:

"3 4 g(—2 4 3cosw) — 2L(AB + Rr) > 0.

hence v4 > \/BgR + %(AB + Rm).

N.A vy >8,2ms™!

e Exercice 04:
A punctual mass m = 200¢ is launched upwards from point A with an
initial speed v4 = 10m.s~ 1.
Assuming the friction force is vertical, of constant intensity f = 0.50V,

calculate

1. The height h = AB at which it is mounted

2. Its speed v/, when it passes back through the launch point.

Data: The vertical Oz is oriented upwards. g = 10m.s~2

Solution:

Let A be the starting point and B any point on the trajectory.

In the presence of friction, the mechanical energy theorem written as:
Ei(B) = Ear(4) = Wasss(F).

So Ec(B) + Ey(B) — (Be(A) + By A) =W, =

let (%mv% +mgzp) — (%mvi +mgza) = Wasp(f)

and finally:10% + gzp— 103 — gz4) = LWa_,5(7F).
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a.If B is the point of maximum altitude, then v = 0

and WA%B(?) = ?ﬁ cos(?.ﬁ) = f.AB.cosm = —f.AB = —f(zp—

Z4)
(Car f = cléde AaB).
hence:g(zp — z4) — % = —%(ZB —24)

2
SO: 2B — 24 = 2(gvfi) (1).
N.Azg—2z4=4,0m

b.Let’s apply the same formula between B And A:

We obtain (with vg = 0 also):

g(zp —z4) + % = %WB%A(?) = —%.BA’ = —%(zB —24)
ety

(1) + (2) with z4 = z4 becomes:

2
0= o YAy 4 o
2

Or z4q —zp =

(g+L) ' 2(-g+L)
. _ m.g—f
hence: vq = vy Mgt

ANy =7,Tm.s™ !

e Exercice 05
A car is travelling on a motorway at a speed of v, = 130km.h~ LIt is
assumed that there is solid friction between the car and the road..
Remember that the reaction of the road is divided into a normal compo-
nent B ~ and a tangential component. ﬁT in the opposite direction to
the speed and whose norm verifies R = f Ry we note f the coefficient
of friction.

It must D’ = 500m to stop the vehicle when no braking force is applied.

1. Calculate the braking distance D if the initial speed was vg = 110km.h ™1,

2. Does the result change if the road makes an angle « with the hori-

zontal? (the car going up or down the slope)?

81



4.1. WORK AND ENERGY CHAPTER 4. WORK AND ENERGY

Solution

Car system considered as a material point M of
mass m studied in the reference frame assumed to
be Galilean.

Balance of forces: the point P = m§

the reaction of the road on the car: & = R N +72>T
with R = fRy.

According to kinetic energy theory between
O(To) and A(T 4 = 0).

04 — g = W(? + ﬁN) + W(ﬁT)

W(? + R ~) = 0 car Pet® ~ are perpendicular

to the movement (and thus to d OM). T"ﬂ e i . -_L;_
Moreover, the PFD : °Ie :‘; ; )
mda(M/R) = P+ ﬁN + ﬁT projected along oz 3 % o
S0 : € u moba bt =0, | adta)
0=-mg+ Ry

hence Ry = mg etdonc Ry = fRy = fmg.
hence W(ﬁT) = fOA ﬁT.dO—]\/} =
f64 —fm.g€p.de. €, = —fmgD.

sov3 = 2fgD soit D = % but we don’t know f f,
so we can’t calculate D directly.

On the other hand, the statement tells us that for
a speed v}, = 130km.h~! the frienage distance is
D' = 500m

Let D' = i d’obt D = (%)2D' = 360m
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When the road makes an angle « to the horizontal
The projection of the PFD along Oz gives:

Ry =mgcosa and then Ry = fRy = fmgcosa
the theory of energy between O and A :

0—Lm2 = W(Hy)+W(P)+W(Er) A A we
Let :—%mv% = —mgDsina — fmgcosaD. &"' P ﬂ
\ "W ¥ - _
W(Hx) =0 V Dad
Hence p =
i - | 'J
v3 = (2gsina + 2fgcosa)D P '

also vfZ = (2gsina + 2fgcosa)D’
_ 2
hence D = (%2) D'
= the result is identical whether the road is hori-

zontal or not.
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