
 

Ministry of Higher Education and Scientific Research 

Hassiba Benbouali University of Chlef 

Faculty of Exact Sciences and Informatics 

Department of Computer Science 

 

 

THESIS 
Presented for the graduation of  

DOCTORATE 

Field: Computer science 

Specialty: Computer Systems 

By 

ALI CHENAOUI 
 

 

Title: 

Graph Parameters for Social Network Analysis 

 
 

Defended on 15/10/2025, in front of the jury composed of: 

Tahar Abbes Mounir Professor H. B. U. of Chlef President 

Tahraoui Mohammed Amin MCA H. B. U. of Chlef Thesis Director 

Kheddouci Hamamache Professor University of Lyon 1 Co-Director 

Harbouche Ahmed MCA H. B. U. of Chlef Examiner 

Bouatouche Mourad MCA A. Z. U. of Relizane Examiner 

Bouadjemi Abdelkrim MCA A. Z. U. of Relizane Examiner 

 



Abstract

The exponential growth of complex networks has transformed social network analysis,
creating unprecedented challenges for community detection. As networks scale to
billions of nodes and connections, traditional approaches struggle to capture the true
nature of community structures. This thesis addresses three fundamental limita-
tions in current methodologies: inadequate integration of node importance, limited
similarity measures, and inflexible optimisation approaches. Through theoretical
development and experimental validation, this research presents three innovative
contributions that significantly advance community detection capabilities.

The first contribution is the Neighbourhood overlap and Density (NoD) similarity
measure, which combines information about shared connections with local structural
density. This novel measure overcomes limitations in traditional approaches by con-
sidering both how many neighbours two nodes share and how densely those shared
neighbours are connected. Experimental validation on real-world benchmark net-
works—including Zachary’s Karate Club, Dolphins, Football, and Polbooks—shows
that NoD increases modularity by up to 0.08 (from 0.38 to 0.46 on Dolphins) while
maintaining competitive accuracy with Normalised Mutual Information (NMI) values
ranging from 0.71 to 0.90 across the evaluated datasets.

Building upon NoD, two complementary algorithmic contributions address dis-
tinct community detection scenarios. The Heuristic Community detection algorithm
based on Centrality and Similarity measures (HCCS) introduces a deterministic
approach that recognises the varying importance of nodes in community formation.
By systematically integrating centrality-based leader selection with similarity-driven
community formation, HCCS overcomes the limitations of traditional approaches
that treat these aspects separately, resulting in more accurate and robust community
detection. Experimental evaluation across nine real networks—from small social
graphs to large infrastructure and communication networks—using modularity and
Normalised Mutual Information confirms its effectiveness, delivering the highest mod-
ularity on Karate (0.42), Football (0.60), and Uni_email (0.55) and competitive NMI
scores such as 0.89 on Dolphins and 0.90 on Football while preserving reproducible
results.
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Abstract

The Ant Colony Optimization Based on Centrality and NoD Similarity (ACO-
CNoD) algorithm extends detection capabilities to overlapping community structures,
where nodes can belong to multiple communities simultaneously—a common charac-
teristic in real-world social networks. ACO-CNoD incorporates adaptive mechanisms
that automatically adjust to different network characteristics without requiring
manual parameter tuning. Comprehensive evaluation on the same benchmark suite,
complemented by the overlapping-heavy Pretty Good Privacy (PGP) network, shows
that ACO-CNoD achieves the top overlapping modularity (Qov) on five of seven
datasets (e.g., 0.72 on Karate and Dolphins, 0.709 on Jazz_collab), trailing only on
PGP where COPRA reaches 0.783 compared with 0.68 for ACO-CNoD.

Together, these contributions establish a new methodological foundation for com-
munity detection, offering complementary approaches for different network types and
application requirements. The research balances theoretical advancement with prac-
tical applicability, bridging fundamental graph theory with real-world applications in
social media analysis, biological networks, organisational studies, and infrastructure
optimisation. The integrated framework significantly enhances our ability to extract
meaningful community structures from complex networks, with implications for
diverse domains including recommendation systems, influence maximisation, and
network resilience analysis.

Keywords: Social Networks, Graph Parameters, Centrality, Similarity Measures,
Community Detection, Overlapping Communities, Ant Colony Optimisation.
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Résumé

La croissance exponentielle des réseaux complexes a transformé l’analyse des réseaux
sociaux, créant des défis sans précédent pour la détection de communautés. Alors
que les réseaux s’étendent à des milliards de nœuds et de connexions, les approches
traditionnelles peinent à capturer la véritable nature des structures communautaires.
Cette thèse aborde trois limitations fondamentales des méthodologies actuelles :
l’intégration inadéquate de l’importance des nœuds, les mesures de similarité limitées,
et les approches d’optimisation inflexibles. À travers un développement théorique et
une validation expérimentale, cette recherche présente trois contributions innovantes
qui font progresser significativement les capacités de détection de communautés.

La première contribution est la mesure de similarité Chevauchement de Voisinage
et Densité (NoD), qui combine les informations sur les connexions partagées avec
la densité structurelle locale. Cette mesure novatrice surmonte les limitations des
approches traditionnelles en considérant à la fois le nombre de voisins que deux
nœuds partagent et la densité de connexion de ces voisins partagés. La validation
expérimentale menée sur des réseaux réels emblématiques – Zachary, Dolphins,
Football et Polbooks – montre que NoD accroît la modularité jusqu’à +0,08 (de 0,38
à 0,46 sur Dolphins) tout en maintenant une précision compétitive avec des valeurs
d’information mutuelle normalisée (NMI) comprises entre 0,71 et 0,90 selon les jeux
de données.

S’appuyant sur NoD, deux contributions algorithmiques complémentaires répond-
ent à des scénarios distincts de détection de communautés. L’algorithme Heuristique
de détection de communautés basé sur la Centralité et les mesures de Similarité
(HCCS) introduit une approche déterministe qui reconnaît l’importance variable
des nœuds dans la formation des communautés. En intégrant systématiquement la
sélection de leaders basée sur la centralité avec la formation de communautés guidée
par la similarité, HCCS surmonte les limitations des approches traditionnelles qui
traitent ces aspects séparément, aboutissant à une détection de communautés plus
précise et robuste. Cet algorithme fournit des résultats cohérents et reproductibles –
un avantage crucial pour les applications scientifiques. L’évaluation expérimentale
conduite sur neuf réseaux réels, allant de petits graphes sociaux à de vastes réseaux
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Résumé

d’infrastructure et de communication, à l’aide de la modularité et du NMI, confirme
son efficacité en atteignant les meilleures modularités sur Karate (0,42), Football
(0,60) et Uni_email (0,55) ainsi que des NMI compétitifs tels que 0,89 sur Dolphins
et 0,90 sur Football.

L’algorithme d’Optimisation par Colonie de Fourmis basé sur la Centralité et
la similarité NoD (ACO-CNoD) étend les capacités de détection aux structures
communautaires chevauchantes, où les nœuds peuvent appartenir à plusieurs com-
munautés simultanément – une caractéristique commune dans les réseaux sociaux
réels. ACO-CNoD intègre des mécanismes adaptatifs qui s’ajustent automatiquement
aux différentes caractéristiques des réseaux sans nécessiter de réglage manuel des
paramètres. Une évaluation complète sur le même ensemble de réseaux, complétée par
le réseau Pretty Good Privacy (PGP) à forte superposition, montre qu’ACO-CNoD
obtient la meilleure modularité chevauchante (Qov) sur cinq jeux de données sur
sept (par exemple 0,72 sur Karate et Dolphins, 0,709 sur Jazz_collab), ne cédant du
terrain que sur PGP où COPRA atteint 0,783 contre 0,68 pour ACO-CNoD.

Ensemble, ces contributions établissent une nouvelle base méthodologique pour
la détection de communautés, offrant des approches complémentaires pour différents
types de réseaux et exigences d’application. La recherche équilibre l’avancement
théorique avec l’applicabilité pratique, reliant la théorie fondamentale des graphes
aux applications réelles dans l’analyse des médias sociaux, les réseaux biologiques,
les études organisationnelles et l’optimisation des infrastructures. Le cadre intégré
améliore significativement notre capacité à extraire des structures communautaires
significatives des réseaux complexes, avec des implications pour divers domaines,
notamment les systèmes de recommandation, la maximisation de l’influence et
l’analyse de la résilience des réseaux.

Mots-clés : Réseaux Sociaux, Paramètres des Graphes, Centralité, Mesures de
Similarité, Détection de Communautés, Communautés Chevauchantes, Optimisation
par Colonie de Fourmis.
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 ص   ـملخ 

 الاجتماعية   الشبكات   لتحليل   البياني   الرسم   معلمات 

دة إلى إعادة تشكيل تحليل الشبكات الاجتماعية، مما خلق تحديات غير  ى النمو ُّ المتسارعُ للشبكات المعق َّ أد َّ
الأساليب   تعجز  والوصلات،  العقد  مليارات  إلى  الشبكات  امتداد  ومع  المجتمعات.  اكتشاف  أمام  مسبوقة 

ية في المنهجيات    التقليدية عن التقاط الطبيعة الحقيقية للهياكل المجتمعية. تتناول هذه الأطروحة ثلاثة قيود جوهر
الحالية: التكامل غير الكافي لأهمية العقد، وضآلة مقاييس التشابه، وجمود مقاربات التحسين. ومن خلال تطوير 
المجتمعات بصورة  نظري وتحقيق تجريبي، يقدم هذا البحث ثلاث مساهمات مبتكرة تعزز قدرات اكتشاف 

 .ملموسة

، الذي يجمع بين المعلومات المتعلقة (NoD)  تتمثل المساهمة الأولى في مقياس تشابه تداخل الجوار والكثافة
ية المحلية. يتجاوز هذا المقياس القيود التقليدية عبر موازنة كل من عدد الجيران   بالروابط المشتركة والكثافة البنيو
ية  الذين يتشاركهما عقدتان ومدى ترابط هؤلاء الجيران فيما بينهم. تثبت التقييمات التجريبية على شبكات معيار

م الكاراتيه  واقعية  نادي  وZakary  ،Dolphins  ،Footballثل   ،Polbooks   أن NoD   المعيار قيمة  يرفع 
ية( بما يصل إلى مع الحفاظ على   (Dolphins   على شبكة 0.46 إلى 0.38 من)   0.08+ التجميعي )الموديولار

 .عبر مجموعات البيانات المقيمة 0.90و 0.71 بين NMI دقة تنافسية تتراوح فيها قيم مؤشر

إلى من NoD   بالاستناد  مختلفة  يوهات  لسينار مكملتين  مساهمتين خوارزميتين  الأطروحة  هذه  تقدم   ،
التشابه ية ومقاييس  المركز المعتمدة على  المجتمعات. خوارزمية الاكتشاف الاستدلالي   (HCCS) اكتشاف 

تطرح مقاربة حتمية تعترف بتفاوت أهمية العقد في تشكيل المجتمعات. ومن خلال دمج اختيار القادة اعتماداً 
تتخطى  بالتشابه،  المدفوع  المجتمعات  تكوين  مع  ية  المركز هذين   HCCS على  بين  تفصل  التي  المقاربات  حدود 

الرسوم الاجتماعية الصغيرة إلى شبكات  تمتد من  التي تغطي تسعة شبكات واقعية  التقييمات  البعدين. تظهر 
أن  والاتصالات  التحتية  أعل HCCS البنية  علىتحقق  ية  للموديولار قيم     Karate   (0.42)  ،Football ى 

 على   0.90و Dolphins على 0.89 تنافسية مثل NMI ، إضافة إلى قيمUni_email   (0.55)، و(0.60)
Footballمع نتائج ثابتة وقابلة للتكرار ،. 



 ص ــملخ

فتمدد الإمكانات إلى الهياكل المجتمعية   (ACO-CNoD) أما خوارزمية تحسين مستعمرة النمل والتشابه
المتداخلة، حيث يمكن للعقد الانتماء إلى عدة مجتمعات في آن واحد؛ وهي سمة شائعة في الشبكات الاجتماعية  

آليات تكيفية تضبط نفسها تلقائياً وفق خصائص الشبكة دون الحاجة إلى معايرة  ACO-CNoD الواقعية. تدمج
يبرهن التقييم الشامل على نفس مجموعة المعايير، مع إضافة شبكة ية للمعلمات. و ذات التداخل العالي،   PGP يدو

ية متداخلة DoCN-ACO أن   مثل)  في خمسة من أصل سبعة مجموعات بيانات ov(Q (تحقق أفضل موديولار
  حيث تصل  PGP ، فيما تتراجع فقط على(Jazz_collab على  0.709و  Dolphinsو   Karate على 0.72

COPRA لـ 0.68 مقابل 0.783 إلىACO-CNoD. 

معاً، تؤسس هذه المساهمات أساساً منهجياً جديداً لاكتشاف المجتمعات، وتقدم مقاربات متكاملة لأنواع 
ية  الشبكات المختلفة ومتطلبات التطبيقات. يوازن البحث بين التقدم النظري والقابلية التطبيقية، رابطاً بين نظر

الواقعية في تحليل وس الأساسية والتطبيقات  البيانية  البيولوجية، الرسوم  الاجتماعي، والشبكات  التواصل  ائط 
والدراسات التنظيمية، وتحسين البنى التحتية. يرفع الإطار المتكامل قدرتنا على استخلاص هياكل مجتمعية ذات 
صمود   وتحليل  التأثير  وتعظيم  التوصية  أنظمة  مثل  مجالات  إلى  تمتد  تأثيرات  مع  المعقدة،  الشبكات  من  معنى 

 .الشبكات

المفتاحية  اكتشاف   :الكلمات  التشابه،  مقاييس  ية،  المركز البيانية،  الرسوم  معلمات  الاجتماعية،  الشبكات 
 .المجتمعات، المجتمعات المتداخلة، التحسين بمستعمرات النمل 
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Chapter 1

General Introduction

Research Context and Significance

Social network analysis has become a foundational area of computational science. It
supports inquiries that range from human behaviour on online platforms to biological
and infrastructure systems. The proliferation of large-scale digital platforms, such as
Facebook and X, produces relational data involving billions of interactions, thereby
creating networks whose complexity challenges conventional analytical pipelines.

Community detection is a fundamental component of this research area. It seeks
densely connected groups whose internal cohesion exceeds their external connectivity,
enabling researchers to interpret organisational structures, information diffusion
pathways, and functional relationships across domains that include social media,
biology, infrastructure, and information systems. When accurately resolved, com-
munities provide decision-makers with interpretable abstractions that support tasks
from targeted recommendation to resilience assessment.

The growing scale and heterogeneity of contemporary networks expose the limits
of established algorithms. Modern graphs exhibit pronounced differences in node
importance, allow for overlapping memberships, and display regions with starkly
contrasting densities. These characteristics motivate the search for approaches that
remain interpretable while accommodating structural diversity and operating at scale.
The remainder of this chapter articulates the specific shortcomings that motivate
the thesis and outlines the contributions devised to address them.

Problem Statement

Despite significant advances in community detection research, current algorithms face
three fundamental limitations that impact their effectiveness when applied to modern,
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large-scale networks. These limitations, identified through comprehensive analysis of
the literature and empirical evaluation, form the core research gaps addressed in this
thesis:

1. Inadequate Integration of Node Centrality Measures: Traditional al-
gorithms treat all nodes uniformly [1, 2], failing to recognise that different nodes
play fundamentally different roles in network structure and community formation.
For instance, nodes with high degree centrality (numerous direct connections)
drive local cohesion, whereas those with high betweenness centrality broker in-
formation across communities [3]. In the absence of a principled framework that
combines these complementary views, boundary detection and hierarchy inference
remain inconsistent.

2. Density-Blind Similarity Measures: Existing similarity measures (common
neighbours [4], Jaccard [5], cosine [6]) focus primarily on neighbourhood overlap
while neglecting the density of the subgraphs that surround candidate pairs.
Consequently, an edge embedded in a sparse periphery can receive the same score
as one in a tightly knit core, a phenomenon we term density blindness. Empirical
observations confirm that this oversight severely degrades discriminative power
in heterogeneous networks characterised by both sparse and dense regions.

3. Parameter-Sensitive Metaheuristic Approaches: Current metaheuristic
approaches suffer from acute parameter sensitivity, slow convergence, and limited
adaptability across different network types [7, 8]. Existing ant colony optimisation
algorithms rely on simplistic pheromone models and static parameter schedules
that must be tuned manually for each dataset. Without mechanisms for adaptive
control, these algorithms frequently converge prematurely to suboptimal solutions,
particularly when navigating overlapping community structures with competing
objectives.

Collectively, these limitations reveal a pronounced research gap: community
detection methods must (1) integrate complementary centrality indicators within a
coherent decision framework, (2) quantify similarity in a manner that remains sensitive
to local density, and (3) deploy adaptive metaheuristics capable of maintaining
performance across network regimes. Addressing this gap necessitates algorithmic
innovations that blend theoretical guarantees with practical engineering, thereby
expanding both the interpretability and the scalability of community detection
pipelines. The next section introduces the thesis contributions designed to close each
of these gaps in turn.
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Research Contributions Overview

Together, these gaps motivate a tripartite contribution strategy that mirrors the
structure of the problem statement. Each contribution forms a targeted response
to one of the limitations, while collectively establishing a coherent framework for
community detection in heterogeneous networks.

• Contribution 1: NoD (Neighbourhood-overlap-Density) Similarity
Measure
Objective: Develop a density-aware similarity measure that integrates neighbour-
hood overlap with local subgraph density, thereby mitigating density blindness.
Key features: Dual-component formulation that adapts to heterogeneous struc-
tures, formally proven mathematical properties, demonstrably higher discriminat-
ive power in mixed-density graphs, and computational efficiency compatible with
large networks.

• Contribution 2: HCCS Algorithm
Objective: Integrate complementary centrality indicators with the NoD similar-
ity measure to guide deterministic community construction.
Key features: Leader selection informed by multi-perspective centrality and
bounded neighbourhood radius (spatial constraint), NoD-driven aggregation of
followers, deterministic processing for reproducibility, and a unified treatment of
local cohesion and global structure tailored to non-overlapping scenarios.

• Contribution 3: ACO-CNoD Algorithm
Objective: Design an adaptive ant colony optimisation procedure that leverages
NoD-guided heuristics for overlapping community detection.
Key features: Density-aware heuristic information, adaptive parameter scheduling
that responds to network feedback, hybrid pheromone updates that couple
local exploration with global reinforcement, and explicit support for overlapping
membership structures.

Thesis Organisation

This thesis is organised into seven chapters that systematically present the theoretical
foundations, methodological developments, experimental validation, and conclusions
of this research:

Chapter 1: General Introduction presents the research context and problem
statement, identifying three fundamental limitations in existing community detection
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approaches. It then outlines the objectives and the corresponding contributions of
this thesis designed to address these gaps.

Chapter 2: Background sets out the theoretical concepts required to con-
textualise the contributions. It introduces core notions from graph theory and
social network analysis, revisits canonical centrality and similarity measures, and
summarises foundational work on community detection.

Chapter 3: Social Network Analysis and Community Detection Prob-
lem develops a comprehensive literature review that captures the evolution of
community detection. It analyses centrality-driven techniques, similarity-based
strategies, and metaheuristic approaches, thereby pinpointing the precise research
gaps that the thesis addresses.

Chapter 4: Centrality and Similarity-based Community Detection
introduces the first two major contributions: the NoD similarity measure and the
HCCS algorithm. This chapter explains how these innovations address the limitations
of traditional approaches by integrating density awareness into similarity calculations
and effectively utilising node centrality in community formation. The mathematical
foundations, algorithmic design, and implementation considerations are presented in
a structured manner.

Chapter 5: Community Detection Using Ant Colony Optimisation
Based on Centrality and NoD Similarity presents the ACO-CNoD algorithm,
the third major contribution. This chapter introduces an innovative approach
that combines ant colony optimisation techniques with the NoD similarity measure
to detect overlapping communities. It explains how ACO-CNoD overcomes the
parameter sensitivity issues of traditional metaheuristic methods through adaptive
mechanisms that automatically adjust to different network characteristics.

Chapter 6: Experimental Results and Discussion provides comprehensive
empirical validation of all three contributions. It includes performance comparisons
with state-of-the-art methods, scalability studies, and parameter sensitivity analyses.
The chapter systematically addresses four key research questions related to the
performance and characteristics of the proposed approaches.

Chapter 7: Conclusion summarises the contributions, discusses research impact
and significance, identifies limitations, and outlines future research directions. It
provides a holistic view of the thesis achievements and their implications for the field
of social network analysis and community detection.

In summary, this introductory chapter positions the thesis within the broader
context of both scientific theory and practical application. By clarifying the research
gaps, presenting targeted contributions, and mapping the document structure, it
underscores the potential for advancing community detection theory while delivering
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techniques capable of supporting real-world decision-making in complex networked
systems.
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Chapter 2

Background

Contents of this chapter

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . 7

2.3 Graph Operations . . . . . . . . . . . . . . . . . . . . . 9

2.4 Some graph families . . . . . . . . . . . . . . . . . . . . 11

2.5 Graph representation . . . . . . . . . . . . . . . . . . . . 13

2.6 Fundamental Graph Metrics and measures . . . . . . . . 14

2.6.1 Graph Metrics . . . . . . . . . . . . . . . . . . . . 14

2.6.2 Centrality Measures . . . . . . . . . . . . . . . . . 15

2.6.3 Similarity Measures . . . . . . . . . . . . . . . . . 17

2.6.4 Evaluation Metrics for Community Detection . . . 18

2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.1 Introduction

We assume that the reader has a basic knowledge of graph theory and theoretical
computer science. Therefore, we provide in this chapter only a brief overview of
the terminology used in this thesis. For more detailed background information, the
reader may refer to [9], and [10].

6



Chapter 2. Background

2.2 Basic Definitions

Graph: a graph G = (V,E) consists of two sets: a finite set V of elements called
vertices (or nodes) and a finite set E of elements called edges. Each edge is identified
with a pair of vertices. If the edges of a graph G are identified with ordered pairs
of vertices, then G is called a directed or an oriented graph. Otherwise G is called
an undirected or a nonoriented graph. Two vertices u and v in the graph G are
called adjacent (or neighbours) in G if u and v are endpoints of an edge e of G.
Such an edge e is called incident with the vertices u, v, and e is said to connect u
and v. A self-loop or loop is an edge between a vertex and itself, and an undirected
graph without loops or multiple edges is known as a simple graph. In this thesis we
will assume graphs to be simple unless otherwise stated. For example, Figure 2.1
represents the simple graph G whose vertex set V(G) is { v1, v2, v3, v4}, and whose
edge set E(G) consists of the edges v1v2, v1v3, v2v3, and v2v4. The adjacent vertices
in this example are {v1, v2}, {v1, v3}, {v2, v3}, and {v2, v4}.

v1 v2

v3 v4

Figure 2.1: Example of a simple graph.

Neighborhood: the set of all neighbours of a vertex v of G = (V, E), denoted by
N(v), is called the neighbourhood of v. For the simple graph G in Figure 2.1, the
neighbourhood of the vertex v1 is {v2, v3}.
Degree of a Vertex: the degree of a vertex v in a graph G is the number of edges
incident with it, except that a loop at a vertex contributes twice to the degree of
that vertex. The degree of the vertex v is denoted by deg(v) or d(v). A vertex of
degree zero is called isolated and a vertex is a pendant if and only if it has degree
one. In the graph G of Figure 2.1, we have:

d(v1) = 2,

d(v2) = 3,

d(v3) = 2,

d(v4) = 1.
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Independent Sets and Cliques: a set of vertices is called independent if no two
vertices in the set are adjacent, whereas a set of vertices is called a clique if every
two vertices in the set are adjacent. An independent set (respectively, a clique) is
maximal if it is not contained in any larger independent set (respectively, clique). It
is maximum if its cardinality is the largest among all independent sets (respectively,
cliques) in the graph. For example, in Figure 2.2, the set S1 = { v2,v4 } is an
independent set and is maximal since no other vertex can be added to S1 while
maintaining the independence property. The set S2 = { v1,v3, v5} is also independent,
and it is maximum because there is no larger independent set in this graph.

v4 v3

v5

v2

v1

Figure 2.2: Example of independent sets and cliques.

Distance and Connectivity: a graph is connected if every pair of vertices can be
joined by a path. Otherwise, the graph G is disconnected. Each maximal connected
piece of a graph is called a connected component.
Distance in graphs is defined in a natural way: in a connected graph G, the distance
from vertex u to vertex v is the length (number of edges) of the shortest path.
We denote this distance by d(u, v), and in situations where clarity of context is
important, we may write dG(u, v). In the graph of the figure above, we obtain the
following distances:

d(v1, v3) = 2,

d(v1, v5) = 2,

d(v1, v4) = 3.

Isomorphism of graphs: We say that two graphs G and H are isomorphic, written
G ∼= H, there is a one-one correspondence between the vertices of G and those of H
such that the number of edges joining any two vertices of G is equal to the number
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of edges joining the corresponding vertices of H. We provide an example in Figure
2.3.

V1

V2

V3

V4

V5

V6

V5

V6

V3

V4

V1

V2

Figure 2.3: Example of isomorphic graphs.

Subgraphs. A subgraph of a graph G is a graph H whose vertices and edges are all
contained in G. In other words, H is a subgraph of G if VH ⊆ VG and EH ⊆ EG, as
illustrated in Figure 2.4. When H is a subgraph of G, we may also say that G is a
supergraph of H.

v1 v2

v3 v4

H G

v1 v2

v3 v4

v5

Figure 2.4: Example of subgraphs.

2.3 Graph Operations

Complement graph: the complement of a simple graph G is a graph H with
VH = VG and xy ∈ EH if and only if xy /∈ EG. So basically, we invert the role of
adjacency and non-adjacency. We write Ḡ for the complement of G. Figure 2.5 shows
an example of complement graphs.
Power of graph: given a connected graph G and a positive integer k, the k -th
power of G, denoted Gk, is the graph with V (Gk) = V (G) and where vertices u and
v are adjacent in V (Gk) if and only if dG(u, v) ≤ k. Meaning that the kth power Gk

9
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a

b

c

d

(a) (G)

a

b

c

d

(b) (Ḡ.)

Figure 2.5: (a) G, (b) Ḡ.

of an undirected graph G is another graph that has the same set of vertices, but in
which two vertices are adjacent when their distance in G is at most k. If we look
at Figure 2.6 below, we see that the graph to the left is the second power of G, G2,
where the distance between every two vertices is at most 2.

G G2

Figure 2.6: Power of a graph.

Vertex and edge deletion: a subgraph of G is a graph obtained by the removal of a
(non-zero) number of edges and/or vertices of G. The removal of a vertex necessarily
implies the removal of every edge incident with it, whereas the removal of an edge
does not necessarily implies the removal of a vertex although it may result in one (or
even two) isolated vertices. If we remove an edge e or a vertex v from G, then the
resulting graphs are respectively denoted by (G - e) and (G - v). In the figure of
the previous example, by applying some edges deletion on the graph G2 we get as a
result the graph G.
Graph disjoint union: G + H is the union of two disjoint graphs G and H. if V(G)
∩ V(H) = ∅ , then V (G + H) = V (G) ∪ V (H) and E(G + H) = E(G) ∪ E(H). An
example is provided in Figure 2.7.
Cartesian product of graphs: the Cartesian Product of G1 = (V1, E1) and
G2 = (V2, E2), denoted by G = G1×G2 is the graph whose vertex set is V = V1×V2

and for any two vertices w1 = (u1, v1) and w2 = (u2, v2) in V, u1, u2 ∈ V1 and
v1, v2 ∈ V2, there is an edge w1, w2 ∈ E(G) if and only if either (a) u1 = u2 and
v1, v2 ∈ E2, or (b) v1 = v2 and u1, u2 ∈ E1. We give an example in Figure 2.8.
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G H G ∪H

Figure 2.7: Graph disjoint union.

u1

v1

u2 v2 w2

(v1,u2)

(u1,u2)

(v1,v2)

(u1,v2)

(v1,w2)

(u1,w2)

G1 G2
G1XG2

Figure 2.8: Cartesian product of graphs.

2.4 Some graph families

Bipartite Graphs: a simple graph G is called bipartite if its vertex set V can
be partitioned into two disjoint sets V1 and V2 such that every edge in the graph
connects a vertex in V1 and a vertex in V2 (so that no edge in G connects either two
vertices in V1 or two vertices in V2). When this condition holds, we call the pair
V1, V2 a bipartition of the vertex set V of G, as shown in Figure 2.9. A complete
bipartite graph Km,n is a graph that has its vertex set partitioned into two subsets of
m and n vertices, respectively with an edge between every pair of vertices if and only
if one vertex in the pair is in the first subset and the other vertex is in the second
subset.
Complete graph: a complete graph is a simple undirected graph in which every
pair of distinct vertices is connected by a unique edge. If we look at Figure 2.10, we
see that every pair of vertices is connected by an edge.
Path graph: a path graph is a graph that can be drawn so that all of its vertices
and edges lie on a single straight line as shown in Figure 2.11. The length of a path
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v1

v2

v3

v4

u1

u2

u3

Figure 2.9: Bipartite graphs.

v1 v2

v3 v4

Figure 2.10: Example of a complete graph.

P is the number of edges in it.

v1 v2 v3 v4 v5 v6

Figure 2.11: Path P6.

Cycle graph: a cycle graph, or circular graph, is a graph that consists of a
single cycle (i.e., a set of vertices connected in a closed chain), as shown in Figure 2.12.

v1

v2
v3

v4

v5

v6

Figure 2.12: Cycle C6

Planar graph: a graph is said to be planar if it can be drawn in such a way that
no two edges intersect each other. Drawing a graph without edge crossing is called

12
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embedding the graph (or planar embedding or planar representation.

G H

embed

Figure 2.13: Planar graph.

Tree: a tree is a connected graph that has no cycles (also called an acyclic graph).
Equivalently, it is a connected graph with n − 1 edges (where n is the number of
vertices), or an acyclic graph with n− 1 edges. A forest is a graph with no cycles, or
equivalently, a graph all of whose components are trees. A vertex of degree 1 in a
tree is called a leaf. See an example in Figure 2.14 below.

v1

v2

v4

v7

v10

v5

v8

v11

v3

v6

v9

v12

Figure 2.14: Example of a tree graph

2.5 Graph representation

There are several standard ways to represent graphs, such as adjacency matrices,
adjacency lists, incidence matrices, and incidence lists, among others. Each repres-
entation offers specific advantages depending on the type of graph and the operations
to be performed. For example, an adjacency matrix provides constant-time access
to edge queries and is particularly suitable for dense graphs, although it requires
O(n2) space for a graph with n = |V | vertices, even when the graph is sparse. In
contrast, an adjacency list is more space-efficient for sparse graphs and facilitates
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traversal of neighbours, but edge existence queries may require linear time in the
degree of a vertex. Similarly, incidence matrices and lists are useful in contexts where
edge-oriented operations are predominant, such as network flows or hypergraphs.

In this thesis, we adopt the adjacency matrix as our primary representation.
This choice is motivated by its simplicity, its suitability for algorithmic analysis,
and its ability to facilitate direct manipulation of graph properties (e.g., degrees,
connectivity, or matrix-based computations such as eigenvalue analysis). Moreover,
the adjacency matrix provides a convenient framework for implementing and analyzing
the algorithms developed in the subsequent chapters.

2.6 Fundamental Graph Metrics and measures

To extract meaningful insights from networks, researchers rely on a variety of metrics
and measures that capture both global properties (e.g., connectivity, efficiency)
and local properties (e.g., influence of individual nodes, similarity between pairs
of vertices). These quantitative tools are crucial for analyzing processes such as
information diffusion, epidemic spreading, robustness against failures, and the
emergence of communities.

In this section, we present fundamental graph metrics and measures that will be
repeatedly used throughout our study. We begin with structural graph metrics, which
describe global connectivity and cohesion. We then introduce centrality measures,
which assess the relative importance of nodes within a network. Next, we discuss
similarity measures, with a focus on neighbourhood-based indices, which quantify
the strength of relationships between pairs of vertices. Finally, we present the pivotal
evaluation metrics used to assess the quality of community detection. Together,
these measures form the core toolkit for modern network analysis.

2.6.1 Graph Metrics

Graphs can be characterized by a variety of structural metrics that capture their
connectivity, cohesion, and overall efficiency. Such measures are central in the study
of complex networks, as they allow us to quantify how information propagates,
how communities emerge, and how a network resists failures or perturbations. In
particular, metrics such as the clustering coefficient, the average path length, and
the global efficiency are widely used in social network analysis, biology, computer
networks, and many other domains. Below, we recall the formal definitions of these
measures, which will be essential in the forthcoming analysis of our models.
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Definition 2.1 (Clustering Coefficient). The clustering coefficient of a vertex v

measures the degree to which its neighbours are connected to each other. The
coefficient is defined as 0 if the vertex has fewer than two neighbours. Otherwise, it
is given by:

C(v) = 2ev

deg(v)(deg(v)− 1) (2.1)

where ev is the number of edges between the neighbours of v.

Definition 2.2 (Average Path Length). The average path length of a graph is a
measure of the typical separation between two vertices in the network. It is defined
as the average of the shortest path distances over all pairs of distinct vertices. For a
connected graph with n vertices, the average path length L is given by:

L = 1
n(n− 1)

∑
u,v∈V,u̸=v

d(u, v) (2.2)

where d(u, v) is the shortest path distance between vertices u and v. A lower average
path length indicates a more closely connected network, often associated with the
“small-world” phenomenon.

Definition 2.3 (Graph Efficiency). The global efficiency of a graph is a measure
of how efficiently information can be exchanged over the network. It is defined as
the average of the inverse of the shortest path distances between all pairs of distinct
vertices. The efficiency E is given by:

E = 1
n(n− 1)

∑
u,v∈V,u̸=v

1
d(u, v) (2.3)

This measure has the advantage of being well-defined even for disconnected graphs,
where the distance between vertices in different components is considered infinite,
and their contribution to the sum is 0. Higher efficiency indicates a more robust and
well-connected network.

These metrics are particularly important in social network analysis as they
characterise the structural properties that influence information flow and community
formation. Figure 2.15 illustrates a simple undirected graph that demonstrates these
basic concepts.

2.6.2 Centrality Measures

Centrality measures quantify the importance or influence of vertices within a network,
providing fundamental tools for identifying key actors and understanding network
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1 2

3 4

5

Figure 2.15: Example of a simple undirected graph with 5 vertices and 6 edges. Vertex
degrees: d(1) = 2, d(2) = 3, d(3) = 2, d(4) = 3, d(5) = 2.

Table 2.1: Comparison of three fundamental graph metrics.

Metric Focus Interpretation in Networks
Clustering Coefficient Local connectivity among

neighbours
High values indicate strong com-
munity structure or tightly-knit
neighbourhoods.

Average Path Length Global shortest distances
between vertices

Reflects the overall communica-
tion distance across the network.
Low values indicate a “small-
world” effect.

Graph Efficiency Inverse of path lengths (in-
cluding disconnected pairs)

Captures how efficiently informa-
tion or resources can be exchanged
across the network, even in discon-
nected settings.

structure [1, 2]. This section presents the mathematical definitions of key centrality
measures used in network analysis.

2.6.2.1 Degree Centrality

Definition 2.4 (Degree Centrality). The degree centrality of vertex v is:

CD(v) = deg(v)
n− 1 (2.4)

where deg(v) is the degree of vertex v and n is the total number of vertices in the
network.

2.6.2.2 Betweenness Centrality

Definition 2.5 (Betweenness Centrality). The betweenness centrality of vertex v is:

CB(v) =
∑

s ̸=v ̸=t

σst(v)
σst

(2.5)

where σst is the total number of shortest paths from vertex s to vertex t, and σst(v)
is the number of those shortest paths that pass through vertex v.
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2.6.2.3 Closeness Centrality

Definition 2.6 (Closeness Centrality). The closeness centrality of vertex v is:

CC(v) = n− 1∑
u∈V d(v, u) (2.6)

where d(v, u) is the shortest path distance between vertices v and u, and n is the
total number of vertices.

2.6.2.4 Eigenvector Centrality

Definition 2.7 (Eigenvector Centrality). The eigenvector centrality satisfies the
eigenvalue equation:

CE(v) = 1
λ

∑
u∈N(v)

CE(u) (2.7)

where N(v) is the set of neighbours of vertex v, and λ is the largest eigenvalue of
the adjacency matrix A.

2.6.3 Similarity Measures

Similarity measures quantify the strength of relationships between vertices in a
network [6, 11]. This section presents mathematical definitions of key similarity
measures.

In the analysis of complex networks, measuring the similarity between pairs
of vertices is essential for tasks such as link prediction, community detection, and
recommendation systems. Neighbourhood-based similarity measures exploit the local
structure of the graph by comparing the sets of neighbours associated with each
vertex. The underlying assumption is that two vertices are more likely to be similar,
or even connected, if they share many neighbours or if their neighbours have particular
structural properties. We introduce now several widely used neighbourhood-based
similarity indices, ranging from simple counts of shared neighbours to more refined
metrics that consider the connectivity patterns of those neighbours.

2.6.3.1 Common Neighbours

Definition 2.8 (Common Neighbours). The common neighbours similarity between
vertices u and v is:

CN(u, v) = |N(u) ∩N(v)| (2.8)

where N(u) and N(v) are the neighbourhoods of vertices u and v, respectively.
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2.6.3.2 Jaccard Similarity

Definition 2.9 (Jaccard Similarity). The Jaccard similarity between vertices u and
v is:

J(u, v) = |N(u) ∩N(v)|
|N(u) ∪N(v)| (2.9)

2.6.3.3 Cosine Similarity

Definition 2.10 (Cosine Similarity). The cosine similarity between vertices u and v

is:
cos(u, v) = |N(u) ∩N(v)|√

|N(u)| · |N(v)|
= |N(u) ∩N(v)|√

deg(u) · deg(v)
(2.10)

2.6.3.4 Adamic-Adar Index

Definition 2.11 (Adamic-Adar Index). The Adamic-Adar similarity between vertices
u and v is:

AA(u, v) =
∑

w∈N(u)∩N(v)

1
log(max(deg(w), 2)) (2.11)

where the max function prevents division by zero when deg(w) = 1.

2.6.3.5 Resource Allocation Index

Definition 2.12 (Resource Allocation Index). The resource allocation similarity
between vertices u and v is:

RA(u, v) =
∑

w∈N(u)∩N(v)

1
deg(w) (2.12)

2.6.4 Evaluation Metrics for Community Detection

To assess the performance of the algorithms developed in this thesis, we rely on
standard evaluation metrics. These allow for the quantification of the quality of a
detected community structure, either by its internal properties or by comparison to
a known ground truth.

2.6.4.1 Modularity

When external information about the true community structure is not available, a
quality function is needed to assess a given partition. The most widely used metric
for this purpose is modularity [12].
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Definition 2.13 (Modularity). Modularity, denoted Q, measures the strength of
a network’s division into communities. It quantifies the fraction of edges that fall
within the given communities minus the expected fraction if edges were distributed
randomly while preserving the degree sequence of the network. The formula is:

Q = 1
2m

∑
i,j

[
Aij −

kikj

2m

]
δ(ci, cj) (2.13)

where:

• m is the total number of edges in the network.
• Aij is the entry in the adjacency matrix between vertices i and j.
• ki and kj are the degrees of vertices i and j.
• ci and cj are the communities to which vertices i and j belong.
• δ(ci, cj) is the Kronecker delta, which is 1 if ci = cj and 0 otherwise.

A higher value of Q (typically in the range of 0.3 to 0.7 for networks with strong
community structure) indicates a more significant community structure. Modularity
is not just an evaluation metric; it is also an objective function that our HCCS
algorithm seeks to maximise in its refinement stage.

2.6.4.2 Normalised Mutual Information (NMI)

When a network has a known, verified community structure (a "ground truth"), it is
possible to evaluate an algorithm’s accuracy by comparing its output partition to
this ground truth. The standard metric for this comparison is Normalised Mutual
Information (NMI).

Definition 2.14 (Normalised Mutual Information). Normalised Mutual Inform-
ation (NMI) is an information-theoretic score that measures the similarity between
two partitions of a set of nodes. Given a true partition A and a detected partition B,
NMI quantifies how much information A and B share, normalised by their individual
entropies. The formula is:

NMI(A, B) = 2 · I(A, B)
H(A) + H(B) (2.14)

where:

• I(A, B) is the mutual information between partitions A and B.
• H(A) and H(B) are the entropies of partitions A and B, respectively.
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NMI produces a score between 0 and 1, where 1 indicates a perfect match
between the detected and true communities, and 0 indicates that the two partitions
are completely independent.

2.7 Conclusion

This chapter consolidated the core terminology and structures of graph theory that
underpin the remainder of the manuscript. We formalised basic notions of graphs,
neighbourhoods, distances, and key structural patterns, and we catalogued funda-
mental graph operations together with canonical families such as complete graphs Kn,
paths Pn, and cycles Cn. We also introduced the principal metrics—centrality, simil-
arity, and community-quality measures—that provide the analytical lenses through
which subsequent chapters assess network behaviour.

By establishing this shared vocabulary and analytical toolkit, we prepare the
ground for the algorithms and theoretical contributions developed later in the thesis.
In particular, the forthcoming chapter draws directly on these definitions to survey
community detection methods, positioning our Heuristic algorithm for the Community
detection problem based on Centrality and Similarity (HCCS) framework within the
broader landscape of clustering techniques and motivating the refinements proposed
in the contribution chapters.

20



Chapter 3

Social Network Analysis and Com-
munity Detection Problem

Contents of this chapter

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2 Social Network Analysis . . . . . . . . . . . . . . . . . . 22

3.2.1 Social Networks as Graphs . . . . . . . . . . . . . 23

3.2.2 Social Network Properties . . . . . . . . . . . . . . 24

3.2.3 Practical Applications of Social Network Analysis 25

3.3 Community Detection: A Comprehensive Overview . . . 26

3.3.1 Historical Development . . . . . . . . . . . . . . . 27

3.3.2 Types of Community Structures . . . . . . . . . . 28

3.3.3 Community Detection Techniques . . . . . . . . . 32

3.3.4 Community Detection guided by Centrality . . . . 41

3.3.5 Similarity Measures in Community Detection . . . 43

3.3.6 Quality Measures and Evaluation Frameworks . . 44

3.3.7 Comparative Analysis and Performance Studies . . 47

3.4 Critical Analysis and Research Gaps . . . . . . . . . . . 48

3.4.1 Synthesis of Critical Limitations . . . . . . . . . . 48

3.4.2 From Limitations to Contributions . . . . . . . . . 49

21



Chapter 3. Social Network Analysis and Community Detection Problem

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.1 Introduction

The detection of communities in complex networks has emerged as one of the most
prominent topics in network science, with profound implications for understanding
social structures, biological systems, technological networks, and information diffusion
processes. Communities, broadly defined as groups of nodes that are more densely
connected internally than with the rest of the network, provide insights into the
mesoscopic structure of graphs and reveal functional units within complex systems.

Over the past two decades, numerous approaches have been developed to ad-
dress community detection, ranging from classical graph partitioning and clustering
methods to modern techniques based on statistical inference, optimization, and
spectral properties. Despite this diversity, three fundamental challenges persist:
(1) inadequate integration of node centrality measures, (2) density-blind similarity
assessment, and (3) parameter-sensitive metaheuristic approaches.

This chapter presents a focused literature review that establishes the theoretical
foundations and identifies the research gaps that motivate our contributions. We
begin by examining social network analysis as the primary application domain,
followed by a comprehensive overview of community detection approaches. We then
critically analyze existing methods, with particular attention to centrality-based
approaches and similarity measures. Finally, we identify specific limitations in current
approaches that our proposed algorithms—HCCS and ACO-CNoD—are designed to
address.

3.2 Social Network Analysis

Social Network Analysis (SNA) represents a multidisciplinary approach to under-
standing social structures through the application of graph theory and network
analysis techniques. SNA provides both theoretical frameworks for conceptualising
social relationships and practical methodologies for analysing complex social systems.
The field has evolved from early sociological studies of small groups to sophisticated
computational approaches capable of analysing massive digital networks with millions
of nodes and edges.

The fundamental premise of SNA is that social behaviour and outcomes are
significantly influenced by the patterns of relationships in which individuals are
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embedded [13]. This perspective shifts focus from individual attributes to relational
structures, emphasising how position within a network affects access to resources,
information flow, and social influence. SNA provides tools for identifying key actors,
understanding information diffusion processes, detecting community structures, and
predicting network evolution [3].

The integration of SNA with the theoretical foundations presented in
Chapter 2—graph theory, centrality measures, similarity measures, and com-
munity detection—creates a comprehensive framework for understanding complex
social phenomena. This integration is particularly relevant for the algorithmic contri-
butions of this thesis, which leverage multi-centrality approaches and density-aware
similarity measures to enhance community detection in social networks.

3.2.1 Social Networks as Graphs

Building upon the graph theory foundations presented in Chapter 2, social networks
represent a specialized application domain where mathematical graph representations
offer powerful analytical capabilities. In this context, social actors (individuals, organ-
isations, or other entities) are modelled as vertices, whilst relationships, interactions,
or connections between actors are represented as edges [2].

What distinguishes social network graphs from general graphs is their inherent
representation of human relationships and social dynamics. This representation
enables researchers to quantify structural properties that would be difficult to assess
through traditional social science methods. Properties such as network density,
clustering, centrality, and community structure can be precisely measured and
compared across different social contexts or time periods [3].

The challenge specific to social network analysis lies in capturing the multi-
dimensional nature of human relationships. Unlike many technical or physical
networks, social relationships are often complex, involving different types of connec-
tions (friendship, professional, family) with varying strengths, directionality, and
temporal dynamics [14]. This complexity has led to the development of specialized
graph representations including:

• Weighted social graphs that capture relationship strength or frequency
• Directed social graphs that represent asymmetric relationships (e.g., following

someone on social media)
• Multiplex social networks that model different relationship types simultan-

eously
• Temporal social networks that capture how relationships evolve over time
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The choice of representation significantly impacts the applicability and effective-
ness of analysis methods, including the centrality measures and similarity measures
discussed in previous sections. Figure 3.1 illustrates the graphical representation of
some types of social network, highlighting how different social structures manifest in
graph form.

12

3

4 5

6

(a) Friendship Network (High Clustering)

A

B C

D

E F

(b) Professional Network (Bridging Struc-
ture)

Figure 3.1: Graphical representation of selected social network types.

3.2.2 Social Network Properties

Social networks exhibit distinctive structural properties that distinguish them from
random networks and reflect underlying social processes. Understanding these
properties is essential for developing effective analysis methods and interpreting
results in social contexts.

3.2.2.1 Small-World Property

Many social networks exhibit the small-world property, characterised by short average
path lengths despite high clustering. This property, popularised by Milgram’s “six
degrees of separation” experiment, reflects the presence of long-range connections
that dramatically reduce distances in the network.

Definition 3.1 (Small-World Network). A small-world network is characterised by:

• High clustering coefficient: C ≫ Crandom

• Short average path length: L ≈ Lrandom

where Crandom and Lrandom are the clustering coefficient and average path length of
a random network with the same number of nodes and edges.
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3.2.2.2 Scale-Free Property

Many social networks exhibit scale-free degree distributions, where the probability
of a node having degree k follows a power law: P (k) ∼ k−γ, where γ is typically
between 2 and 3.

Definition 3.2 (Scale-Free Network). A scale-free network has a degree distribution
that follows a power law over a significant range of degrees, indicating the presence
of highly connected hubs alongside many nodes with few connections.

This property reflects preferential attachment processes in social network forma-
tion, where popular individuals tend to attract more connections.

3.2.2.3 Homophily and Assortative Mixing

Social networks often exhibit homophily, the tendency for similar individuals to be
connected. This can be measured through assortative mixing patterns.

Definition 3.3 (Assortativity). The assortativity coefficient measures the tendency
of nodes to connect to similar nodes:

r =
∑

ij ij(Aij − kikj/2m)∑
ij

1
2(k2

i + k2
j )(Aij − kikj/2m) (3.1)

where ki and kj are the degrees of connected nodes i and j.

Positive assortativity indicates that high-degree nodes tend to connect to other
high-degree nodes, while negative assortativity suggests connections between nodes
of different degrees.

3.2.3 Practical Applications of Social Network Analysis

The theoretical foundations and methodological approaches discussed in previous
sections find practical application across numerous domains, demonstrating the
versatility and importance of social network analysis [15].

• Organisational Analysis: SNA is extensively used in organisational contexts to
understand informal communication patterns, identify key knowledge brokers, and
optimise team structures [16]. The centrality measures and community detection
methods discussed earlier enable identification of key actors and informal groups
that may not be apparent from formal organisational charts.

• Public Health and Epidemiology: Network analysis helps track disease
transmission patterns and design intervention strategies [17]. The similarity
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measures and community detection algorithms are particularly valuable for
identifying high-risk groups and understanding how diseases spread through
social contacts.

• Marketing and Viral Campaigns: Applications include viral marketing,
influence maximisation, and customer segmentation based on social connections
[18]. The multi-centrality approaches developed in this thesis have particular
relevance for identifying influential spreaders in marketing networks.

• Digital Humanities and Online Communities: SNA enables analysis of
online social networks, digital communities, and information diffusion in digital
environments [19]. The density-aware similarity measures introduced in this
thesis are particularly relevant for understanding relationship quality in online
social networks.

These applications demonstrate the practical importance of the theoretical
foundations established in this chapter and motivate the algorithmic contributions
presented in subsequent chapters.

Having explored the foundational principles and applications of Social Network
Analysis (SNA), we now turn our attention to one of its most critical and extensively
studied subfields: community detection. While SNA provides the tools to model,
visualize, and interpret social structures, community detection focuses on uncovering
the latent modular organization within these networks. By identifying groups of
nodes that are more closely connected to each other than to the rest of the network,
community detection enables deeper insights into the functional and structural com-
position of complex systems. The following section presents a comprehensive overview
of community detection, highlighting its theoretical underpinnings, methodological
advancements, and practical relevance across various domains.

3.3 Community Detection: A Comprehensive
Overview

Community detection represents one of the most active and important research areas
in network analysis, with applications spanning social sciences, biology, computer
science, and physics. The fundamental challenge of community detection lies in
identifying groups of nodes that are more densely connected internally than to the rest
of the network, without prior knowledge of the number or structure of communities.
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3.3.1 Historical Development

The origins of community detection can be traced back to early sociological studies in
the 1930s, with Jacob Moreno’s pioneering work on sociometry and the development of
sociograms for visualising social relationships [3, 20]. These early studies established
the conceptual foundation for understanding social groups and the importance of
structural analysis in social research [2, 15].

The mathematical formalisation of social networks emerged through the work
of graph theorists and sociologists who recognised the power of representing social
relationships as mathematical structures [21, 22]. Early network analysis focused on
small groups and local communities, with researchers like Elizabeth Bott [23] and
John Barnes [22] developing fundamental concepts of network density, clustering,
and social cohesion that remain relevant today.

The transition from descriptive sociological analysis to computational methods
occurred gradually through the 1960s and 1970s, as researchers began to apply
mathematical techniques to larger and more complex social networks [2]. This period
saw the development of fundamental graph-theoretic concepts and the first attempts
to formalise community detection as a computational problem.

The modern era of community detection began with the seminal work of Girvan
and Newman [24], who introduced the concept of modularity as a quality measure
for community structure and developed the first systematic algorithm for community
detection in networks. Their approach, based on the iterative removal of edges with
high betweenness centrality, established many of the key principles that continue to
influence community detection research today [12, 25].

The modularity measure introduced by Newman and Girvan [26] became the
gold standard for evaluating community structure quality, despite later discoveries of
its limitations including the resolution limit problem [27] and degeneracy issues [28].
This foundational work sparked an explosion of research in community detection,
with hundreds of algorithms proposed in the following two decades [29, 30].

The period from 2004 to 2010 witnessed rapid algorithmic development, with
major contributions including the Louvain algorithm [31], spectral methods [32], and
the first comprehensive reviews of the field [29]. This era established community
detection as a central problem in network science and laid the groundwork for
contemporary research directions.

3.3.1.1 Recent Developments (2010-Present)

The last decade has witnessed significant advancements in community detection,
driven by the increasing scale of real-world networks and the need for more sophist-
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icated analysis. Machine learning approaches have gained prominence, with deep
learning methods showing promise in capturing complex community patterns [33].
Graph neural networks and embedding techniques have been adapted for community
detection, offering improved performance on large-scale networks [34].

Optimization-based methods have also advanced, with exact algorithms for
modularity maximization becoming feasible for larger networks through sophisticated
branch-and-cut techniques [35]. Concurrently, metaheuristic approaches continue to
evolve, with adaptive parameter control and hybrid optimization strategies addressing
the parameter sensitivity issues of earlier methods [36, 37].

Recent work has emphasized scalability, with algorithms capable of handling
trillion-edge graphs emerging [38]. Additionally, influence-based approaches have
integrated centrality measures more effectively, using label propagation and ranking
methods to identify community leaders and structure [39].

These recent developments reflect the field’s maturation, moving from basic
community identification to nuanced analysis of complex, large-scale, and dynamic
network structures. However, challenges remain in balancing computational efficiency
with detection accuracy, particularly for overlapping and hierarchical communities.

3.3.2 Types of Community Structures

Community structures in complex networks can manifest in various forms, depending
on the nature of the system and the relationships it models. This section describes
five key types of community structures: disjoint, overlapping, hierarchical, fuzzy, and
dynamic.

3.3.2.1 Disjoint Communities

Disjoint community structures assume that each node in the network belongs to
exactly one community [26]. This is the traditional and most straightforward view of
communities, where the network is partitioned into non-overlapping groups of nodes
that are densely connected internally but sparsely connected to other groups [29].
Such a structure simplifies the computational problem of community detection and
has been widely used in early methods, such as modularity maximization, spectral
clustering, and graph partitioning. While this model is useful in domains where roles
or affiliations are exclusive (e.g., students enrolled in distinct academic programs), it
fails to capture the overlapping and multi-faceted nature of entities in many real-
world networks. Nevertheless, disjoint community detection remains a foundational
starting point for understanding the basic modular structure of complex networks
(see Figure 3.2).
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Figure 3.2: Illustration of disjoint community structure where each node belongs to
exactly one community.

3.3.2.2 Overlapping Communities

Overlapping community structures acknowledge that nodes can simultaneously belong
to multiple communities [40, 41]. This reflects the reality of many social, biological,
and technological systems where entities play multiple roles. For example, in social
networks, a person may be part of several friend groups, professional circles, or interest-
based communities at the same time. Detecting overlapping communities requires
different algorithmic strategies than those used for disjoint detection. Methods
such as the Clique Percolation Method (CPM) [40], link clustering [42], and label
propagation variants like the Speaker-listener Label Propagation Algorithm (SLPA)
[43] are designed to handle such overlap by either assigning nodes to multiple groups
or clustering edges instead of nodes. Overlapping communities offer a more realistic
and flexible representation of real-world network organization but come with increased
computational complexity and challenges in validation [41] (see Figure 3.3).

3.3.2.3 Hierarchical Communities

Hierarchical community structures arise when communities are nested within larger
communities, forming multiple levels of organization [44, 45]. This structure is
common in systems where relationships and functions exist at different scales. For
instance, in corporate structures, individuals belong to teams, which in turn belong
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Figure 3.3: Illustration of overlapping community structure where nodes can belong to
multiple communities simultaneously.

to departments and divisions. In biological networks, small functional modules may
combine to form larger subsystems [44]. Hierarchical clustering methods—such as
agglomerative and divisive algorithms—are commonly used to detect such structures.
The resulting hierarchy is often represented as a dendrogram, which can be cut at
different levels to obtain communities of varying granularity. Hierarchical models
are particularly valuable in exploratory analyses where multiscale insights into the
network structure are needed [45] (see Figure 3.4).

3.3.2.4 Fuzzy Communities

Fuzzy community detection generalizes the concept of overlapping communities by
allowing nodes to have partial membership in multiple groups, typically expressed
as probabilities or membership weights [29]. Rather than assigning a node entirely
to one or more communities, fuzzy approaches quantify the degree to which a node
belongs to each community. This is particularly useful in contexts where roles or
affiliations are inherently ambiguous or continuous. For example, a researcher might
be 70% involved in physics and 30% in computer science. Algorithms such as fuzzy
c-means clustering and fuzzy extensions of modularity-based methods are designed to
uncover such nuanced structures. Fuzzy models provide a richer and more expressive
framework but require careful interpretation and can be sensitive to parameter
choices.
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Figure 3.4: Illustration of hierarchical community structure where communities are nested
within larger communities at multiple levels of organization.

3.3.2.5 Dynamic Communities

Dynamic community structures reflect the temporal evolution of communities in
networks that change over time [29]. In many real-world systems, such as social
media platforms, communication networks, or transportation systems, nodes and
edges are not static; they appear, disappear, or evolve, causing communities to
form, grow, merge, split, or dissolve. Capturing these temporal dynamics requires
specialized methods that incorporate time as a core component of the detection
process. Techniques such as evolutionary clustering, temporal label propagation, and
dynamic stochastic block models are used to detect and track communities across
time steps. Dynamic community detection is particularly challenging due to issues
of temporal alignment, memory effects, and noise, but it is crucial for understanding
how complex systems evolve and adapt over time (see Figure 3.5).

3.3.2.6 Discussion

To better highlight the main differences between these types of community structures,
Table 3.1 provides a comparative summary. It contrasts their definitions, typical
real-world examples, and the main advantages and limitations associated with each
approach. This synthesis not only clarifies the conceptual distinctions but also
underlines why different classes of community structures may be more suitable
depending on the application domain.
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Figure 3.5: Illustration of dynamic community structure showing the temporal evolution
of communities as nodes and edges change over time [29].

The diversity of community structures reflects the complexity of real-world
networks and the multiple ways in which entities can be organized. While over-
lapping, hierarchical, fuzzy, and dynamic communities provide more nuanced and
realistic representations, they often come with higher computational complexity and
additional modeling challenges.

In this thesis, we focus on the case of disjoint communities and overlapping
communities, which, despite their simplifying assumptions, remain the most widely
studied and provide a solid foundation for designing and evaluating new community
detection algorithms. This choice allows us to concentrate on developing scalable
and efficient methods, while leaving the exploration of more complex community
structures as potential future extensions.

3.3.3 Community Detection Techniques

3.3.3.1 Hierarchical Methods

Hierarchical methods construct a hierarchy of communities through either agglom-
erative (bottom-up) or divisive (top-down) approaches [46, 47]. These methods
provide valuable insights into the multi-scale structure of networks and have been
fundamental to the development of community detection as a field.

• Agglomerative Approaches: Agglomerative methods start with individual
nodes as separate communities and iteratively merge the most similar communities
until a stopping criterion is met [25, 48]. The classic example is the algorithm by
Newman [25], which greedily optimises modularity by merging communities that
result in the largest increase in modularity. This approach has computational
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Table 3.1: Comparative summary of different types of community structures in complex
networks.

Type of Com-
munity

Definition Typical Examples Advantages Limitations

Disjoint Com-
munities

Each node belongs
to exactly one com-
munity [26]

Academic programs
where students are
assigned to a single
track

Simple to com-
pute; widely
used; clear in-
terpretation

Unrealistic for
multi-role en-
tities; ignores
node versatil-
ity

Overlapping Com-
munities

Nodes can belong to
multiple communit-
ies [40]

A person in several
social or professional
groups [41]

More realistic
representation
[42]; captures
multi-role
nodes

Algorithms
are more
complex [41];
validation is
harder; higher
computational
cost

Hierarchical Com-
munities

Communities nested
at multiple scales [44]

Corporate structures
(teams, departments,
divisions) [45]

Captures
multi-scale
organization;
dendrograms
provide flexib-
ility; reveals
structural
hierarchy

Choosing the
right level is
non-trivial;
interpretation
complexity;
may obscure
flat structures

Fuzzy Communit-
ies

Nodes have par-
tial/probabilistic
membership in sev-
eral groups [29]

A researcher 70% in
physics, 30% in com-
puter science

Expressive and
nuanced; cap-
tures gradual
transitions;
probabilistic
interpretation

Interpretation
challenges;
parameter
sensitivity;
membership
threshold selec-
tion

Dynamic Com-
munities

Communities
evolve over time
as nodes/edges
change [29]

Social media groups,
evolving biological or
transport networks

Captures
temporal evol-
ution; realistic
for time-
varying net-
works; tracks
community
lifecycle

Computationally
intensive; sens-
itive to noise;
requires tem-
poral data;
snapshot selec-
tion critical

complexity of O(m2n) in the worst case, though efficient implementations can
achieve better performance. Variations of this approach include the algorithm by
Clauset et al. [48], which uses sophisticated data structures to achieve O(m log2 n)
complexity, and the work by Wakita and Tsurumi [49] that incorporates local
optimisation techniques. More recent agglomerative approaches have explored
multi-resolution methods [50, 51] and consensus clustering techniques [52, 53].

• Divisive Approaches: Divisive methods, exemplified by the Girvan-Newman
algorithm [24], start with the entire network as a single community and recursively
split communities by removing edges that are most likely to connect different
communities. The algorithm identifies such edges using betweenness centrality,
removing the edge with the highest betweenness at each iteration [1, 54]. This

33



Chapter 3. Social Network Analysis and Community Detection Problem

approach has computational complexity of O(m2n) due to the repeated calculation
of betweenness centrality. Figure 3.6 illustrates this divisive process, showing how
the removal of high-betweenness edges leads to community separation. Alternative
divisive approaches have been developed using different centrality measures,
including edge clustering coefficients [55], random walks [56], and information-
theoretic measures [57, 58]. The computational complexity of divisive methods
has been addressed through approximation algorithms [59] and parallel processing
techniques [60].

The choice between agglomerative and divisive approaches often depends on the
network characteristics and computational constraints. Agglomerative methods tend
to be more efficient for sparse networks, whilst divisive methods may provide better
theoretical guarantees about the quality of intermediate solutions. Table 3.2 provides
an overview of the main hierarchical method variants for community detection.
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Original Network
High betweenness edge
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1
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Figure 3.6: Illustration of the divisive approach in the Girvan-Newman algorithm. The
edge with highest betweenness centrality (shown in red) is removed to separate communities.

3.3.3.2 Optimisation-Based Methods

Optimisation-based methods formulate community detection as an optimisation
problem, typically seeking to maximise a quality function such as modularity [12, 29].
These methods have become dominant in the field due to their ability to handle large
networks efficiently whilst providing theoretically grounded solutions.

• The Louvain Algorithm: The Louvain algorithm [31] is one of the most
successful examples, using a two-phase approach that alternates between local
optimisation and network aggregation to efficiently optimise modularity in large
networks. With computational complexity of O(m log n), it can handle networks
with millions of nodes. The algorithm’s success has led to numerous extensions
and improvements, including multi-level refinements [61], parallel implementations
[62], and adaptations for weighted networks [63].
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Table 3.2: Overview of Hierarchical Method Variants for Community Detection

Algorithm Type Key Features Advantages Limitations Reference
Agglomerative Approaches

Newman’s
Fast Al-
gorithm

Agglom. Greedy modularity
optimization; iterat-
ive merging

Fast for mod-
erate networks;
modularity-based
quality

Greedy approach
may miss optimal
solutions; resolution
limit issues

Newman
(2004) [25]

Clauset-
Newman-
Moore
(CNM)

Agglom. Efficient data struc-
tures (max-heap);
modularity maximiz-
ation

Complexity
O(m log2 n); scalable
to large networks

Still suffers from res-
olution limit; quality
depends on merge or-
der

Clauset et al.
(2004) [48]

Wakita-
Tsurumi

Agglom. Local optimization
techniques; modular-
ity refinement

Improved modularity
scores; escapes local
optima

Higher computa-
tional cost; para-
meter tuning re-
quired

Wakita &
Tsurumi
(2007) [49]

Multi-
resolution
Methods

Agglom. Resolution para-
meter; detects
communities at
different scales

Flexible granularity;
addresses resolution
limit

Requires parameter
selection; multiple
runs needed

Reichardt &
Bornholdt
(2006) [50]

Consensus
Clustering

Agglom. Aggregates multiple
partitions; ensemble
approach

Robust to noise; im-
proved stability

Computationally ex-
pensive; requires mul-
tiple base partitions

Lancichinetti
& Fortunato
(2012) [52]

Divisive Approaches
Girvan-
Newman

Divisive Edge betweenness
centrality; iterative
edge removal

Theoretically groun-
ded; identifies bridge
edges

High complexity
O(m2n); slow for
large networks

Girvan &
Newman
(2002) [24]

Edge Clus-
tering Coeffi-
cient

Divisive Removes edges with
low clustering coeffi-
cient

Faster than between-
ness; local computa-
tion

May miss global
structure; sensitive
to local density
variations

Radicchi
et al.
(2004) [55]

Random
Walk-based

Divisive Edge betweenness via
random walks; prob-
abilistic approach

Captures flow dy-
namics; robust to
noise

Requires parameter
tuning; convergence
issues in some net-
works

Zhou
(2003) [56]

Information-
theoretic
(Infomap)

Divisive Minimizes descrip-
tion length; random
walk compression

Detects flow-based
communities; high
accuracy

Assumes flow-based
structure; may not
suit all network types

Rosvall &
Bergstrom
(2008) [57]

• Alternative Optimisation Approaches: Alternative optimisation approaches
include simulated annealing methods [64, 65], genetic algorithms [8, 66], and
extremal optimisation techniques [63, 67]. These methods often provide better
exploration of the solution space but may require higher computational resources.

• Recent Advances: Recent developments include the Leiden algorithm [68],
which addresses some limitations of the Louvain method by ensuring that com-
munities are well-connected and providing better guarantees on solution quality.
The Leiden algorithm incorporates a refinement phase that prevents the formation
of poorly connected communities, a common problem in the original Louvain
method [68, 69].

These methods have proven highly effective for large-scale networks but may be
sensitive to resolution limits and parameter choices [27, 70]. Multi-objective optimisa-
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tion approaches have emerged to address these limitations, simultaneously optimising
multiple quality measures [71, 72] and incorporating user preferences through in-
teractive optimisation [53, 73]. Table 3.3 summarizes the main optimization-based
method variants.

Table 3.3: Overview of Optimization-Based Method Variants for Community Detection

Algorithm Key Features Advantages Limitations Reference
Modularity-Based Methods

Louvain Al-
gorithm

Two-phase approach;
local optimization +
aggregation; greedy
modularity

Complexity
O(m log n); handles
millions of nodes;
widely used

May produce poorly
connected communit-
ies; resolution limit;
non-deterministic

Blondel et al.
(2008) [31]

Leiden Al-
gorithm

Refinement phase;
ensures well-
connected com-
munities; addresses
Louvain limitations

Better quality guar-
antees; prevents
poorly connected
communities

Slightly higher com-
putational cost than
Louvain; still has res-
olution limit

Traag et al.
(2019) [68]

Multi-level
Refinements

Iterative refinement
at multiple scales;
hierarchical optimiz-
ation

Improved modular-
ity; multi-scale detec-
tion

Increased complexity;
requires multiple
passes; parameter
sensitivity

Noack
& Rotta
(2009) [61]

Metaheuristic Approaches
Simulated
Annealing

Probabilistic accept-
ance; temperature-
based exploration

Escapes local optima;
flexible objective
functions

Slow convergence; re-
quires careful para-
meter tuning; non-
deterministic

Guimerà
& Amaral
(2005) [64]

Genetic Al-
gorithms

Population-based;
crossover and muta-
tion operators

Explores diverse solu-
tions; multi-objective
optimization

High computational
cost; many paramet-
ers to tune; slow for
large networks

Pizzuti
(2008) [8]

Extremal Op-
timization

Iterative improve-
ment; focuses on
worst-performing
components

Effective for modular-
ity; computationally
efficient

May get stuck in
local optima; sensit-
ive to initial condi-
tions

Duch &
Arenas
(2005) [63]

Multi-Objective Methods
Multi-
objective
Optimiza-
tion

Simultaneously
optimizes multiple
quality measures;
Pareto front

Balances multiple cri-
teria; user preference
integration

Computationally ex-
pensive; requires mul-
tiple objectives; com-
plex result interpret-
ation

Pizzuti
(2012) [72]

3.3.3.3 Spectral Methods

Spectral methods utilise the eigenvalue decomposition of matrices associated with
the network, such as the adjacency matrix or the graph Laplacian [32, 74]. These
methods are based on the principle that the eigenvectors of these matrices contain
information about the community structure of the network, with the Fiedler vector
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(second smallest eigenvector of the Laplacian) being particularly important for graph
partitioning.

The spectral approach to community detection has strong theoretical foundations
and connections to graph partitioning problems in computer science [75]. Classical
spectral clustering algorithms include normalised cuts [32] and ratio cuts, which
optimise different objective functions related to community quality. However, spectral
methods may struggle with networks that have unclear community boundaries or
when the number of communities is not known in advance.

Spectral methods provide theoretical guarantees and are particularly effective for
networks with clear community structure. However, they typically require knowledge
of the number of communities and may be sensitive to noise in the network structure.
Recent advances have addressed some of these limitations through adaptive spectral
methods and multi-resolution approaches [29]. Table 3.4 provides an overview of
spectral method variants.

Table 3.4: Overview of Spectral Method Variants for Community Detection

Algorithm Key Features Advantages Limitations Reference
Normalized
Cuts

Minimizes nor-
malized cut; uses
Laplacian eigen-
vectors; k-means
clustering

Theoretically groun-
ded; balanced parti-
tions; widely used

Requires number of
communities k; sens-
itive to noise; high
complexity O(n3)

Shi & Malik
(2000) [32]

Spectral
Clustering
(Ng-Jordan-
Weiss)

Normalized Lapla-
cian; k-means on
eigenvectors; similar-
ity matrix

Handles non-convex
clusters; robust to ini-
tialization

Requires k as input;
computationally ex-
pensive for large net-
works

Ng et al.
(2002) [74]

Ratio Cuts Minimizes ratio cut;
unnormalized Lapla-
cian; balanced parti-
tions

Simple formulation;
efficient computation

Biased toward equal-
sized communities;
requires k; may not
suit real networks

Hagen &
Kahng
(1992) [76]

Fiedler Vec-
tor Partition-
ing

Uses second eigen-
vector of Laplacian;
bisection approach

Strong theoretical
foundation; identifies
natural cuts

Limited to bisection;
requires recursive ap-
plication; sensitive to
network structure

Pothen et al.
(1990) [75]

Adaptive
Spectral
Methods

Automatically de-
termines number
of communities;
eigengap heuristic

No prior knowledge
of k required; adapt-
ive granularity

Eigengap heuristic
may fail; still compu-
tationally expensive;
parameter sensitivity

Fortunato
(2010) [29]

Multi-
resolution
Spectral

Multiple eigen-
vectors; hierarchical
partitioning; scale
parameter

Detects communities
at multiple scales;
flexible resolution

Requires scale
parameter selec-
tion; increased
computational cost;
interpretation com-
plexity

Fortunato
(2010) [29]
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3.3.3.4 Label Propagation

Label Propagation Algorithms (LPAs) have emerged as a class of efficient and
scalable techniques for community detection in large-scale networks. Originally
introduced by Raghavan et al. (2007) [77], the LPA operates on a simple yet powerful
principle: each node adopts the label that is most common among its neighbors,
propagating labels iteratively until convergence. This local, iterative approach allows
LPAs to detect communities in near-linear time without requiring prior knowledge
of the number of communities or detailed node attributes.

Despite their efficiency, classical LPAs suffer from instability due to random label
update orders, sensitivity to initial conditions, and convergence to trivial solutions
(e.g., assigning the same label to all nodes). Consequently, a range of enhanced
LPA variants has been proposed to improve stability, accuracy, and adaptability to
complex network structures.

One notable enhancement is the LPA-MNI algorithm proposed by Li et al.
(2021) [78], which integrates modularity optimization and node importance into the
propagation process. By initializing communities using modularity maximization
and updating node labels based on degree centrality, LPA-MNI reduces randomness
and improves consistency across multiple runs. The method demonstrates superior
accuracy and robustness across diverse datasets.

The CLPA (Constrained Label Propagation Algorithm) introduced by Barber
and Clark (2009) [79] reformulates label propagation as an optimization problem. By
introducing constraints into the objective function—such as penalties for trivial solu-
tions—CLPA avoids degenerate results and provides greater flexibility, particularly
in adapting to bipartite and modularity-focused community detection scenarios.

Further modularity-focused improvements are presented in LPAm+ (Liu and
Murata, 2010) [80], which combines LPAm with a Multi-step Greedy Agglomerative
strategy. This combination enables the algorithm to escape local modularity maxima
and refine community assignments, leading to higher-quality partitions.

To address the randomness and instability of standard LPAs, several methods
integrate node influence or neighborhood strength. For instance, LPA-HM (Wu et al.,
2021) [81] employs a preprocessing phase based on common neighbors and introduces
a label assignment mechanism weighted by node influence, significantly improving
performance in highly mixed networks. Similarly, NSLPA (Xie and Szymanski,
2011) [82] introduces a neighborhood-strength-driven propagation rule that reduces
unnecessary iterations and improves the cohesion of detected communities.

Scalability and computational efficiency are further emphasized in FLPA (Yan et
al., 2023) [83], which uses a dynamic queue to update only the most affected nodes
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during propagation. This approach results in label propagation that is orders of
magnitude faster while preserving detection quality.

Several LPAs introduce semantic or structural enhancements. For example, TNS-
LPA (Xu et al., 2020) [84] incorporates a two-level similarity measure combining
resource allocation and local path similarity, guiding label updates based on centrality
and distance. LDA-LPA (Wang et al., 2021) [85] integrates Latent Dirichlet Allocation
(LDA) with label propagation by treating nodes as documents and communities as
topics, enhancing detection accuracy via a dual-phase approach.

In the context of directed signed networks, DLPA (Hosseini-Pozveh et al., 2022)[86]
introduces a propagation mechanism based on edge direction and sign, converting
directed signed graphs into weighted undirected forms for stable community detection.

Addressing overlapping community structures, NI-LPA (El Kouni et al., 2020)[87]
incorporates node importance—measured via degree and clustering coefficient—to
guide label filtering and assignment, yielding more precise detection of overlapping
groups. Similarly, COPRA (Community Overlap PRopagation Algorithm) proposed
by Gregory (2010)[88] extends the standard label propagation framework to detect
overlapping communities by allowing nodes to belong to multiple communities simul-
taneously. Unlike traditional LPA where each node maintains a single label, COPRA
enables nodes to maintain multiple labels with associated membership coefficients.
During each iteration, nodes update their label sets based on the frequency of labels
in their neighborhood, with a parameter v controlling the maximum number of labels
per node. This approach naturally captures the overlapping nature of real-world
networks where nodes often participate in multiple communities, making COPRA
particularly effective for social networks and biological systems where overlap is
prevalent.

Finally, in multilayer networks, MSH-LPA (Chen et al., 2020)[89] integrates the
SH-index to determine node centrality and adjusts edge weights based on node
similarity across layers. This technique preserves computational efficiency while
significantly improving detection accuracy in multilayer settings. Table 3.5 gives an
overview of LPA Variants for Community Detection

3.3.3.5 Discussion

While the methods presented above offer diverse strategies for uncovering community
structures—ranging from hierarchical clustering to spectral analysis and propagation
dynamics—many of them do not explicitly leverage the structural importance of
individual nodes within the network. In response to this limitation, recent research
has explored the integration of centrality measures into the community detection
process, enabling more informed partitioning based on node influence and connectiv-
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Table 3.5: Overview of Label Propagation Algorithm Variants for Community Detection

Algorithm Key Features Advantages Limitations Reference
Original & Modularity-Based Variants

LPA (ori-
ginal)

Iterative label up-
dates based on ma-
jority label in neigh-
bors

Simple and fast;
scalable to large
networks; near-
linear complexity

Unstable results;
sensitive to update
order; may converge
to trivial solutions

Raghavan
et al.
(2007) [77]

LPA-MNI Modularity-based
initialization; node
importance via
degree centrality

Improved sta-
bility; reduces
randomness; higher
modularity

Additional initial-
ization cost; still
some randomness
remains

Li et al.
(2021) [78]

CLPA Reformulated as a
constrained optimiz-
ation problem

Avoids trivial solu-
tions; flexible con-
straint integration

More complex for-
mulation; requires
constraint specifica-
tion

Barber
& Clark
(2009) [79]

LPAm+ Combines LPAm
with multi-step
greedy agglomera-
tion

Escapes local mod-
ularity maxima;
improved partition
quality

Higher computa-
tional cost; multiple
phases required

Liu &
Murata
(2010) [80]

Neighborhood-Based Variants
NSLPA Uses neighborhood

strength as label
propagation cri-
terion

Efficient; improved
accuracy on bench-
mark networks

Requires neighbor-
hood strength com-
putation; parameter
sensitivity

Xie &
Szy-
manski
(2011) [82]

LPA-HM Label influence +
common neighbor
preprocessing

Effective in highly
mixed networks; ro-
bust to noise

Preprocessing over-
head; additional
parameters

Wu et al.
(2021) [81]

TNS-LPA Two-level neigh-
borhood similarity
with asynchronous
updates

High accuracy;
leverages local
structure effectively

More complex simil-
arity computation;
parameter tuning
needed

Xu et al.
(2020) [84]

Efficiency-Focused & Specialized Variants
FLPA Dynamic queue-

based fast update
strategy

Extremely fast;
near-linear complex-
ity; scalable

Requires soph-
isticated data
structures; im-
plementation
complexity

Yan et al.
(2023) [83]

LDA-LPA Integrates Latent
Dirichlet Allocation
with LPA

Detects semantic
communities; topic-
aware initialization

Requires text/at-
tribute data; higher
computational cost

Wang
et al.
(2021) [85]

DLPA Supports directed
signed graphs;
weight propagation

Handles signed net-
works; captures dir-
ection effects

Limited to specific
network types; in-
creased complexity

Hosseini-
Pozveh
et al.
(2022) [86]

NI-LPA Node importance
via degree and clus-
tering coefficient

Handles overlap-
ping communit-
ies; importance-
weighted propaga-
tion

Overlapping detec-
tion increases com-
plexity; parameter
sensitivity

El Kouni
et al.
(2020) [87]

COPRA Multiple labels per
node; membership
coefficients; para-
meter v for max la-
bels

Detects overlap-
ping communities
naturally; efficient;
captures real-world
overlap

Parameter v re-
quires tuning; may
produce excessive
overlap if not con-
trolled

Gregory
(2010) [88]

MSH-LPA SH-index centrality
+ multilayer aggreg-
ation

Effective in mul-
tilayer networks;
preserves efficiency

Requires multilayer
structure; centrality
computation over-
head

Chen
et al.
(2020) [89]
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ity. Furthermore, have emerged as fundamental tools in community detection, as
they provide a principled way of quantifying the closeness of nodes and guiding
the identification of cohesive groups. The following sections delve into these two
complementary directions: community detection guided by centrality, and similarity
measures impact in community detection.

3.3.4 Community Detection guided by Centrality

While the centrality measures detailed in Chapter 2 provide powerful tools for
identifying important nodes, their application to community detection represents a
distinct research direction with unique challenges and opportunities. Centrality-based
approaches to community detection leverage the insight that structurally important
nodes play crucial roles in community formation and maintenance [1, 2].

The fundamental premise of these approaches is that communities are often
organised around central nodes that serve as leaders, bridges, or focal points for
community activities. Different centrality measures capture different aspects of
this structural importance, providing complementary information about potential
community boundaries and membership.

The Girvan-Newman algorithm [24] represents the classic example of centrality-
guided community detection. By iteratively removing edges with high betweenness
centrality, the algorithm identifies and eliminates connections that are most likely
to bridge different communities. This approach is based on the insight that edges
connecting different communities will have high betweenness centrality as they lie on
many shortest paths between nodes in different communities [29, 90].

Extensions of this approach have explored alternative centrality measures, in-
cluding current-flow betweenness [90], random-walk betweenness [90], and com-
municability betweenness [91]. These variants address different aspects of node
and edge importance, providing more nuanced approaches to community boundary
identification.

Degree-based methods represent another important category, utilising the obser-
vation that high-degree nodes often serve as community hubs or leaders [92]. These
methods typically follow a two-phase approach: (1) identification of high-degree
nodes as community centres, and (2) assignment of remaining nodes to communities
based on their connectivity to these centres. This approach is particularly effective
in scale-free networks where hubs naturally emerge as community organisers.

However, our critical analysis reveals a fundamental limitation: single-centrality
approaches fail to capture the multifaceted nature of node importance in complex
networks. A node may be central according to one measure but peripheral according to
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another, leading to suboptimal community detection. Empirical studies demonstrate
that multi-centrality integration can improve community detection accuracy by
15-25% compared to single-centrality methods [93, 94].

This identified limitation directly motivates the HCCS algorithm developed in this
thesis, which systematically integrates multiple centrality measures to achieve superior
community detection performance. By combining the complementary strengths of
different centrality measures, HCCS provides a more comprehensive assessment
of node importance and community structure than approaches relying on single
centrality metrics. Table 3.6 provides a comparative overview of centrality-based
community detection methods.

Table 3.6: Comparison of Centrality-Based Community Detection Methods

Method Centrality
Used

Key Features Advantages Limitations Ref.

Girvan-
Newman

Edge
Between.

Iteratively removes
edges with highest
betweenness; divis-
ive approach

Identifies bridge
edges; theoretically
grounded; reveals
hierarchical struc-
ture

Very high complex-
ity O(m2n); slow for
large networks; re-
quires full recalc.

Girvan &
Newman
(2002) [24]

Current-
Flow
Between.

Current-
Flow
Between.

Uses electrical cur-
rent analogy; con-
siders all paths not
just shortest

Robust to noise; cap-
tures flow dynam-
ics; less sensitive to
single paths

Computationally
expensive; requires
matrix inversion;
not scalable

Newman
(2005) [90]

Random-
Walk
Between.

Random-
Walk
Between.

Based on random
walk probabilities;
probabilistic edge
importance

Captures stochastic
dynamics; computa-
tionally efficient

Requires param.
tuning; convergence
issues; may miss
structural patterns

Newman
(2005) [90]

Communicability
Between.

CommunicabilityUses matrix expo-
nential; considers all
path lengths with
weights

Captures global net-
work structure; ro-
bust to perturba-
tions

Matrix exponential
computation expens-
ive; param. sensit-
ivity; interpretation
complexity

Estrada
& Hatano
(2009) [91]

Degree-
Based Hub
Detection

Degree
Centrality

Identifies high-
degree nodes as
hubs; assigns nodes
to nearest hub

Simple and fast; ef-
fective in scale-free
networks; intuitive
interpretation

Oversimplifies struc-
ture; ignores global
patterns; biased
toward high-degree
nodes

Barabási
(2016) [92]

Closeness-
Based
Partitioning

Closeness
Centrality

Groups nodes with
similar closeness val-
ues; distance-based
clustering

Captures global pos-
ition; identifies cent-
ral communities

Requires all-pairs
shortest paths;
expensive for large
networks; sensitive
to disconnected
comp.

Freeman
(1978) [93]

Eigenvector-
Based
Methods

Eigenvector
Centrality

Uses eigenvector
centrality for seed
selection; iterative
expansion

Identifies influential
nodes; considers
neighbor import-
ance

Requires eigenvalue
computation; may
converge slowly;
sensitive to network
structure

Borgatti
(2006) [94]

Multi-
Centrality
Integration

Multiple
Measures

Combines multiple
centrality measures;
weighted aggrega-
tion

Comprehensive
node assessment;
captures multifa-
ceted importance;
improved accuracy

Requires multiple
centrality compu-
tations; weight
selection challen-
ging; increased
complexity

Freeman
(1978) [93]
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3.3.5 Similarity Measures in Community Detection

While Chapter 2 introduced similarity measures from a theoretical perspective, their
application in community detection deserves special attention. Similarity measures
play a fundamental role in community detection algorithms, providing the basis for
quantifying the strength of relationships between nodes and determining community
membership [95, 96]. The choice of similarity measure significantly impacts the
quality of detected communities, yet this critical component has received insufficient
attention in the literature compared to algorithmic frameworks.

In the context of community detection, traditional neighbourhood-based similarity
measures such as Common Neighbours, Jaccard Similarity, and Adamic-Adar Index
are frequently employed to assess node relationships. These measures focus primarily
on neighbourhood overlap, quantifying the extent to which two nodes share common
neighbours. While computationally efficient, they often fail to capture the varying
significance of different neighbours and struggle in heterogeneous networks where
nodes have vastly different degrees.

More sophisticated structural and context-aware similarity measures—including
Resource Allocation Index, Preferential Attachment, and Katz Index—consider
broader structural context and network topology. These measures provide better per-
formance in certain network types but introduce additional computational complexity
and may still miss important structural information.

Our critical analysis of these measures in the community detection context reveals
three fundamental limitations:

• Density Blindness: Existing measures focus on neighbourhood overlap whilst
ignoring local density patterns, leading to poor performance in heterogeneous
networks [6, 96]. This limitation becomes particularly pronounced when net-
works contain regions of varying density, where traditional measures may fail to
distinguish between strong and weak relationships.

• Context Insensitivity: Current measures treat all shared neighbours equally,
regardless of their structural importance or the density of connections within
the shared neighbourhood. This uniform treatment fails to capture the varying
significance of connections in different network regions.

• Limited Theoretical Foundation: Many similarity measures lack rigorous the-
oretical analysis of their properties, making it difficult to predict their behaviour
in different network contexts or to provide performance guarantees.

Empirical studies demonstrate that traditional similarity measures show reduced
accuracy in heterogeneous networks with varying density patterns compared to
homogeneous networks. This performance gap directly impacts community detec-
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tion quality, particularly in real-world social networks where local density varies
significantly across different communities and regions.

This identified research gap provides strong motivation for the NoD (Neighbour-
hood overlap and Density) similarity measure developed in this thesis. NoD addresses
these limitations by systematically incorporating both neighbourhood overlap and
local density patterns, providing a more nuanced and accurate assessment of node
relationships in complex networks. By accounting for local density variations, NoD
enables more effective community detection in heterogeneous networks that bet-
ter reflects the true structural relationships between nodes. Table 3.7 provides a
comparative overview of similarity measures used in community detection.

3.3.6 Quality Measures and Evaluation Frameworks

The evaluation of community detection algorithms requires robust quality measures
and comprehensive evaluation frameworks that can assess performance across diverse
network types and application domains [29, 100].

3.3.6.1 Modularity and Its Variants

Modularity remains the most widely used quality measure in community detection,
despite well-documented limitations [12, 27].

• Classical Modularity: The original modularity measure compares the density
of connections within communities to the expected density in a random network
with the same degree sequence [26]. Whilst providing a principled approach
to community quality assessment, modularity suffers from the resolution limit
problem that prevents detection of small communities.

• Resolution Limit Problem: Modularity optimisation cannot detect communit-
ies smaller than a scale determined by

√
2m, where m is the number of edges [27].

This fundamental limitation affects meaningful community structure detection in
networks with hierarchical organisation.

• Modularity Variants: Several variants have been proposed to address modular-
ity limitations, including resolution parameter methods [50] and multi-resolution
approaches [51]. However, these modifications introduce additional parameters
that require careful tuning.

3.3.6.2 Information-Theoretic Quality Measures

Information-theoretic measures provide alternative approaches to community quality
assessment based on information compression and coding theory [57, 101].
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Table 3.7: Comparison of Similarity Measures for Community Detection

Measure CategoryKey Features Advantages Limitations Reference
Neighbourhood-Based Measures

Common
Neighbours
(CN)

Local Counts shared
neighbours; simple
overlap measure

Computationally
efficient; intuitive
interpretation;
widely used

Ignores degree
heterogeneity;
biased toward
high-degree nodes;
no normalization

Newman
(2001) [4]

Jaccard
Similarity

Local Normalizes by
union of neigh-
bourhoods; ratio-
based

Handles degree
heterogeneity;
bounded between
0 and 1

Still sensitive
to degree distri-
bution; ignores
local density; may
underestimate
similarity

Jaccard
(1901) [5]

Adamic-
Adar Index

Local Weights shared
neighbours by
inverse log degree;
penalizes high-
degree nodes

Reduces hub bias;
effective in social
networks

Logarithmic
weighting may
be insufficient;
ignores local struc-
ture; parameter-
free limits flexibil-
ity

Adamic
& Adar
(2003) [6]

Structural Measures
Resource
Allocation
(RA)

Local Simulates resource
transfer through
common neigh-
bours; inverse
degree weighting

Captures resource
flow; effective for
link prediction

Strong degree pen-
alty may be excess-
ive; ignores global
structure; limited
to local context

Zhou
et al.
(2009) [96]

Preferential
Attach-
ment

Global Product of node
degrees; scale-free
network model

Simple compu-
tation; models
growth dynamics

Oversimplifies
relationships;
ignores neighbour-
hood overlap; poor
for dense networks

Barabási
& Albert
(1999) [97]

Katz Index Global Sums over all
paths with expo-
nential damping;
matrix-based

Considers all path
lengths; captures
global structure

Computationally
expensive; re-
quires parameter
tuning; matrix
operations not
scalable

Katz
(1953) [98]

Path-Based Measures
SimRank Global Recursive similar-

ity based on neigh-
bour similarity; it-
erative computa-
tion

Captures struc-
tural equivalence;
symmetric meas-
ure

Very high compu-
tational cost; re-
quires many itera-
tions; convergence
issues

Jeh &
Widom
(2002) [99]

Rooted
PageRank

Global Random walk with
restart; personal-
ized PageRank

Captures proxim-
ity; robust to noise

Requires para-
meter tuning;
computationally
expensive; may
miss local patterns

Liben-
Nowell
& Klein-
berg
(2007) [95]

Density-Aware Measures
NoD (Pro-
posed)

Hybrid Combines neigh-
bourhood overlap
with local density;
context-aware
weighting

Addresses density
blindness; effective
in heterogeneous
networks; theoret-
ically grounded

Requires density
computation; addi-
tional parameter;
more complex
than basic meas-
ures

This
thesis
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• Map Equation: This approach measures the efficiency of describing random
walks on the network using a hierarchical coding scheme [57]. Communities are
identified as regions that trap random walks, providing an intuitive interpretation
of community structure.

• Minimum Description Length: This principle seeks the community partition
that provides the most compressed description of the network structure [101]. The
approach provides theoretical guarantees but may be computationally intensive
for large networks.

3.3.6.3 Ground Truth-Based Evaluation Metrics

When ground truth community structure is available, several metrics can assess the
accuracy of detected communities [100, 102].

• Normalised Mutual Information (NMI): This measure quantifies the in-
formation shared between detected and ground truth partitions, normalised to
account for different numbers of communities [102]. NMI values range from 0 (no
similarity) to 1 (perfect match).

• Adjusted Rand Index (ARI): This measure corrects the Rand index for
chance agreement, providing a more robust assessment of partition similarity
[103]. ARI is particularly useful when comparing partitions with different numbers
of communities.

• F1-Score and Precision-Recall: These measures, adapted from classification
tasks, assess the accuracy of community membership predictions at the node
level [104]. They provide detailed insights into algorithm performance but may
be sensitive to community size distributions.

3.3.6.4 Statistical Significance and Validation

Robust evaluation requires statistical significance testing and validation procedures
to ensure reliable performance assessment [100, 105].

• Significance Testing: Statistical tests such as the Wilcoxon signed-rank test
and Mann-Whitney U test can assess whether performance differences between
algorithms are statistically significant [106].

• Cross-Validation: Techniques such as k-fold cross-validation and bootstrap
sampling can assess algorithm robustness and generalisation capability across
different network samples.

• Benchmark Datasets: Standardised benchmark datasets, including both syn-
thetic networks (LFR benchmarks) and real-world networks with known com-
munity structure, provide consistent evaluation platforms [100, 107].
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3.3.7 Comparative Analysis and Performance Studies

Building upon the evaluation frameworks discussed in the previous section, this
section synthesizes key comparative findings from the literature that directly motivate
our research contributions [100, 108].

3.3.7.1 Algorithm Performance Patterns

Systematic comparative studies reveal that no single detection method consistently
outperforms others across all network types [29, 108]. Instead, different approaches
excel in specific contexts:

• Modularity-Based Methods struggle with the resolution limit problem in
networks with small communities, despite achieving high modularity scores [68].

• Spectral Methods perform well on networks with clear community structure
but degrade significantly when communities overlap [32, 74].

• Centrality-Based Approaches show moderate but inconsistent performance,
with recent multi-centrality approaches demonstrating 15-25% performance gains
over single-centrality methods [1]—a finding that directly motivates our HCCS
algorithm.

3.3.7.2 Network-Specific Performance Variations

Algorithm effectiveness varies significantly with network characteristics, highlighting
the need for adaptive approaches:

• Heterogeneous Networks with varying local density pose significant challenges
for traditional similarity measures, with performance drops of 10-30% compared
to homogeneous networks [6, 96]—a limitation directly addressed by our NoD
similarity measure.

• Networks with Overlapping Communities challenge most traditional al-
gorithms, which assume exclusive community membership. This limitation
motivates our ACO-CNoD algorithm’s design for overlapping community detec-
tion.

3.3.7.3 Efficiency-Quality Trade-offs

The literature reveals critical trade-offs between computational efficiency and solution
quality:

• Fast algorithms (O(m + n) or O(m log n) complexity) often sacrifice detection
quality, particularly in complex network structures [31].
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• High-quality detection approaches frequently require prohibitive computational
resources (O(n3) or higher), limiting their applicability to large-scale networks
[32].

These comparative findings highlight three critical research needs that our con-
tributions address: (1) effective integration of multiple centrality measures, (2)
density-aware similarity measures for heterogeneous networks, and (3) algorithms
that can identify overlapping communities while maintaining reasonable computa-
tional efficiency.

3.4 Critical Analysis and Research Gaps

This section synthesizes the critical limitations identified throughout our literature
review and establishes clear connections between these limitations and our proposed
solutions. Rather than repeating the detailed critiques already presented in previous
sections, we focus on consolidating these insights into a coherent framework that
motivates our research contributions.

3.4.1 Synthesis of Critical Limitations

Our comprehensive review has revealed three fundamental categories of limitations
in existing community detection approaches:

1. Limitations in Node Importance Integration
As discussed in Section 3.3.4, current centrality-based approaches typically rely
on single centrality measures, failing to capture the multifaceted nature of node
importance. This single-measure focus creates an incomplete characterization
of nodes’ structural roles, with empirical evidence showing that multi-centrality
integration can improve detection accuracy by 15-25% [93, 94].
Additionally, many centrality measures exhibit scale dependency and computa-
tional complexity challenges that limit their practical application to large-scale
networks without compromising accuracy.

2. Deficiencies in Similarity Measurement
Section 3.3.5 highlighted how existing similarity measures suffer from density
blindness, context insensitivity, and limited theoretical foundations. These limita-
tions are particularly problematic in heterogeneous networks with varying density
patterns, where traditional measures fail to distinguish between strong and weak
relationships.
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The comparative analysis in Section 3.3.7 further confirmed that these deficiencies
lead to significant performance drops (10-30%) in networks with heterogeneous
structures compared to homogeneous networks [6, 96].

3. Structural Assumptions and Parameter Sensitivity
Many algorithms assume non-overlapping communities, contradicting the nat-
ural overlapping structure observed in real-world social networks. Furthermore,
metaheuristic approaches for overlapping community detection often require
extensive parameter tuning and lack adaptability to different network structures,
as evidenced by the performance variations across network types discussed in
Section 3.3.7.

3.4.2 From Limitations to Contributions

These identified limitations directly motivate the three main contributions of this
thesis:

1. The NoD Similarity Measure addresses the deficiencies in similarity meas-
urement by incorporating both neighborhood overlap and local density patterns,
providing a more nuanced assessment of node relationships in heterogeneous
networks.

2. The HCCS Algorithm (Heuristic Community detection based on Central-
ity and Similarity) tackles the limitations in node importance integration by
systematically combining multiple centrality measures with the NoD similarity
measure, enabling more comprehensive assessment of node structural roles while
maintaining computational efficiency.

3. The ACO-CNoD Algorithm (Ant Colony Optimization Based on Centrality
and NoD Similarity) addresses the structural assumptions and parameter sensit-
ivity issues by implementing adaptive mechanisms for overlapping community
detection that automatically adjust to different network characteristics.

Together, these contributions form a coherent response to the critical limita-
tions identified in the current state of the art. The following chapters will present
each contribution in detail, demonstrating how they advance community detection
capabilities in complex networks.

3.5 Conclusion

This chapter has provided a comprehensive review of community detection in complex
networks, with particular focus on social network analysis applications. We have
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examined the theoretical foundations, algorithmic approaches, and evaluation frame-
works that underpin this field, while identifying critical limitations that constrain
current methods.

Our analysis reveals three fundamental research gaps that directly motivate the
contributions of this thesis:

1. Inadequate Integration of Node Centrality: Current approaches typically
rely on single centrality measures that fail to capture the multifaceted nature of
node importance, limiting their effectiveness in identifying community structures.

2. Density-Blind Similarity Measures: Existing similarity measures focus on
neighborhood overlap while ignoring local density patterns, leading to poor
performance in heterogeneous networks with varying density characteristics.

3. Parameter-Sensitive Metaheuristic Approaches: Current methods for
overlapping community detection require extensive parameter tuning and often
lack adaptability to different network structures.

These identified gaps provide the foundation for the novel algorithms presented
in the following chapters. Chapter 4 introduces the HCCS algorithm (Heuristic Com-
munity detection based on Centrality and Similarity measures), which systematically
integrates multiple centrality measures with a density-aware similarity approach to
improve non-overlapping community detection. Chapter 5 presents the ACO-CNoD
algorithm, which addresses overlapping community detection through adaptive para-
meter control and density-aware optimization. Together, these contributions advance
the state of the art in community detection by directly addressing the limitations
identified in this review.
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4.1 Introduction

The analysis in Chapters 2 and 3 identified critical limitations in existing community
detection approaches: reliance on single centrality measures that provide incomplete
node characterisation, and similarity measures that exhibit "density blindness" by
focusing exclusively on neighbourhood overlap while ignoring local structural cohesion.
These limitations result in existing similarity measures achieving lower accuracy in
heterogeneous networks compared to homogeneous networks.

This chapter addresses these fundamental limitations through two interconnected
contributions:

The NoD Similarity Measure: A novel density-aware similarity metric that
systematically integrates neighbourhood overlap with local density characteristics,
addressing the "density blindness" limitation in traditional measures such as Jaccard
similarity and common neighbours.

The HCCS Algorithm: A systematic four-stage framework that integrates
centrality-based leader selection with similarity-driven community formation. The
algorithm employs degree centrality with spatial constraints for leader identification
while leveraging the NoD similarity measure for accurate community membership
assignment.

These contributions provide a principled approach to community detection that
synthesises insights from centrality theory with advanced similarity computation,
addressing the specific research gaps identified in the literature analysis. The
HCCS approach introduces methodological innovations by systematically integrating
centrality and similarity information rather than treating them as independent
components.

The methodological innovations presented establish new performance benchmarks
across multiple network types, with comprehensive empirical validation detailed in
the experimental analysis chapter.

4.2 A New Similarity Measure: NoD

The Neighbourhood overlap and Density (NoD) similarity measure represents a
fundamental contribution to similarity-based network analysis, addressing critical
limitations in existing approaches through the systematic integration of neighbour-
hood overlap and local density characteristics.

Existing measures, such as common neighbours, Jaccard similarity, and cosine
similarity, focus exclusively on neighbourhood overlap while ignoring the density of
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connections within shared neighbourhoods. This becomes a critical limitation in
heterogeneous networks, where local density can vary significantly.

Current measures treat all shared neighbours equally, regardless of their structural
importance or local neighbourhood density. This uniform treatment fails to capture
the varying significance of connections in different regions of the network.

The development of the NoD similarity measure addresses a fundamental research
gap: the absence of similarity measures that systematically incorporate local density
patterns alongside neighbourhood overlap.

This section presents the theoretical foundations, mathematical formulation, and
analytical properties of the NoD measure.

4.2.1 Theoretical foundation for density-aware similarity

The NoD measure is grounded in the theoretical principle that the strength of a
relationship between two nodes should depend not only on shared neighbours but
also on the structural cohesion within the shared neighbourhood. This principle is
supported by several theoretical considerations:

• Community Cohesion Theory: Strong communities are characterised by both
high internal connectivity and clear boundaries with other communities. The
density of connections within shared neighbourhoods provides a direct measure
of local cohesion that complements neighbourhood overlap information.

• Structural Equivalence: Nodes that are structurally equivalent should exhibit
similar patterns of connectivity. The density component of NoD captures struc-
tural patterns that pure overlap measures miss, providing a more comprehensive
assessment of structural equivalence [109].

• Information Flow Dynamics: In social networks, information flow is influenced
by both the number of shared connections and the density of the local network
structure. Dense local regions facilitate more efficient information transmission
and stronger social bonds.

4.2.2 Mathematical formulation and properties

This section presents the formal mathematical definition of the NoD similarity
measure, along with its theoretical properties and analytical characteristics.
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4.2.2.1 Formal definition

Definition 4.1 (Neighbourhood overlap and Density (NoD) Similarity). For two
nodes u and v in an undirected graph G = (V, E), the NoD similarity is defined as:

NoD(u, v) =


0 if |N(u) ∪N(v)| = 0

θ · |CN(u,v)|
|N(u)∪N(v)| if |CN(u, v)| < 2

θ · |CN(u,v)|
|N(u)∪N(v)| + (1− θ) · 2|E[CN(u,v)]|

|CN(u,v)|·(|CN(u,v)|−1) if |CN(u, v)| ≥ 2
(4.1)

where:

• CN(u, v) = N(u) ∩N(v) is the set of common neighbours
• E[CN(u, v)] = {(wi, wj) ∈ E : wi, wj ∈ CN(u, v)} is the set of edges connecting

common neighbours
• N(u) = {w ∈ V : (u, w) ∈ E} is the neighbourhood of node u

• θ ∈ [0, 1] is a weighting parameter balancing overlap and density components

A B
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4

5

6

7 8

9
N(A) = {1, 2, 3, 7, 8, 9} N(B) = {4, 5, 6, 7, 8, 9}

Common neighbors: {7, 8, 9}, Edges between {7, 8, 9}: 2

NoD(A, B) = θ · |CN(A,B)|
|N(A)∪N(B)| + (1 − θ) · 2|E[CN(A,B)]|

|CN(A,B)|(|CN(A,B)|−1)

NoD(A, B) = 0.5 · 3
9 + 0.5 · 2×2

3×2 = 0.167 + 0.333 = 0.50

Red: Node A neighbors

Blue: Node B neighbors

Orange: Common neighbors

Green: Edges between c. n.

Purple: Direct connection

Figure 4.1: NoD Similarity Measure Visualisation Showing Neighbourhood Overlap and
Density Calculation Between Nodes A and B (θ = 0.5)

4.2.2.2 Component analysis

The NoD similarity measure consists of two complementary components that capture
different aspects of node relationships:

Neighbourhood Overlap Component: The first component |CN(u,v)|
|N(u)∪N(v)| quan-

tifies the Jaccard similarity of node neighbourhoods, measuring the proportion of
shared neighbours relative to all neighbours of the two nodes. This component:

• Ranges from 0 (no shared neighbours) to 1 (identical neighbourhoods)
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• Captures the extent of neighbourhood overlap
• Reflects the likelihood of nodes belonging to the same community
• Provides normalisation that accounts for varying node degrees

Local Density Component: The second component 2|E[CN(u,v)]|
|CN(u,v)|·(|CN(u,v)|−1) meas-

ures the density of connections within the shared neighbourhood, where the factor
of 2 accounts for undirected edges. This component:

• Ranges from 0 (no connections among shared neighbours) to 1 (complete sub-
graph)

• Captures the structural cohesion of the shared neighbourhood
• Emphasises the quality rather than just quantity of shared connections
• Provides discrimination between sparse and dense local regions

4.2.2.3 Theoretical properties

The NoD similarity measure exhibits several important theoretical properties that
ensure its reliability and interpretability:

Theorem 4.2 (Boundedness). For any two nodes u, v ∈ V , the NoD similarity
satisfies 0 ≤ NoD(u, v) ≤ 1.

Proof. Both components are bounded between 0 and 1 by construction. The neigh-
bourhood overlap component is a Jaccard coefficient, and the density component is a
ratio of actual to maximum possible edges. Since θ ∈ [0, 1], the weighted combination
is also bounded between 0 and 1.

Theorem 4.3 (Symmetry). The NoD similarity is symmetric: NoD(u, v) =
NoD(v, u) for all u, v ∈ V .

Proof. Both CN(u, v) and E[CN(u, v)] are symmetric with respect to u and v, and
the union N(u) ∪N(v) is commutative.

Theorem 4.4 (Monotonicity). For fixed neighbourhood overlap |CN(u, v)|, NoD

similarity increases monotonically with the density of connections among shared
neighbours.

Theorem 4.5 (HCCS Convergence). The HCCS algorithm converges to a stable
community partition in finite time.

Proof. The HCCS algorithm operates through four deterministic stages:
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Stage 1 (Parameter Initialisation): The similarity matrix computation and
parameter setting are deterministic operations that terminate in finite time O(n2)
for similarity computation.

Stage 2 (Leader Selection): The centrality-based leader selection with spatial
constraints produces a finite, deterministic set of leaders L ⊆ V . Since centrality
values are computed deterministically from the graph structure, this stage terminates
in O(n log n) time.

Stage 3 (Community Formation): Each remaining node v ∈ V \ L is
assigned to the community with maximum NoD similarity. Since similarity values are
deterministic and finite, each assignment decision has a unique outcome (ties broken
consistently). The assignment process terminates after exactly |V \ L| decisions.

Stage 4 (Post-Processing): The modularity-based merging process evaluates
a finite number of community pairs. Each merge decision either increases modularity
(accepted) or maintains it (rejected). Since modularity is bounded above by 1, the
process converges to a local optimum in finite iterations.

The overall algorithm terminates because each stage is finite and deterministic,
guaranteeing convergence to a stable partition.

4.2.2.4 Parameter Selection and Sensitivity Analysis

The weighting parameter θ controls the relative importance of neighbourhood overlap
versus local density. Theoretical analysis and empirical validation suggest that
θ = 0.5 provides optimal balance for most network types, ensuring equal emphasis
on both components. However, the parameter can be adapted based on network
characteristics:

• θ > 0.5: Emphasises neighbourhood overlap, suitable for sparse networks
• θ < 0.5: Emphasises local density, suitable for dense networks with clear com-

munity structure
• θ = 0.5: Balanced approach, suitable for general-purpose applications

4.2.2.5 Additional Properties

The NoD similarity measure possesses several desirable properties:

• Density sensitivity: The measure increases when common neighbours have
higher interconnectivity

• Overlap sensitivity: The measure reflects the proportion of shared neighbour-
hood

• Extremal behaviour: NoD(u, v) = 0 when N(u) ∩N(v) = ∅
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These formal properties ensure that the NoD measure provides a mathematic-
ally sound foundation for quantifying node relationships in community detection
applications.

4.2.3 Comparison with traditional measures

To illustrate the distinctive characteristics of the NoD measure, we will compare it
with the traditional, currently used Jaccard and cosine similarity measures, using
the example presented in Figure 4.2.

u vw

1

2

34

5

6

(u, v) : Overlap = 3, Density = 1.00(u, w) : Overlap = 3, Density = 0.33

Figure 4.2: Diagram Comparing Node Pairs (u, v) and (u, w) with Common Neighbours.
(u, v)’s Common Neighbours Are Fully Connected, While (u, w)’s Are Sparsely Connected

Table 4.1: Comparison of Similarity Measures for Example Nodes

Pair Density Overlap Jaccard Cosine NoD (θ = 0.5)

(u, v) 3/3 = 1.00 3/6 = 0.50 0.50 0.67 0.75
(u, w) 1/3 ≈ 0.33 3/6 = 0.50 0.50 0.67 0.42

Both node pairs (u, v) and (u, w) share three common neighbors out of six total
nodes, yielding identical overlap and equivalent values for traditional measures such
as Jaccard (0.50) and Cosine (0.67). However, only NoD captures the internal
structure of common neighbors:

- The common neighbors of (u, v) form a complete triangle, resulting in a high
density (1.00) and NoD = 0.75.

- The common neighbors of (u, w) include only a single internal edge, giving a
lower density (0.33) and NoD = 0.42.
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As shown in Table 4.1, while Jaccard and Cosine give identical values for both
pairs, NoD distinguishes them by incorporating internal connectivity. This highlights
the advantage of NoD for applications like community detection, where structural
cohesion matters—not just overlap.

Briefly, the NoD similarity measure provides a richer and more nuanced approach
to assessing node similarity, blending neighbourhood overlap with local density. By
considering both the quantity and cohesion of shared neighbours, NoD surpasses
the limitations of traditional measures, providing a more accurate reflection of
community structure. This density-aware approach improves the identification of
core community members and leads to more robust and meaningful community
detection. The advantages offered by NoD provide a solid basis for the next stage:
the HCCS algorithm, which uses this advanced similarity measure alongside centrality
to form and refine communities more effectively.

4.3 Proposed Approach: HCCS Algorithm

This section describes the proposed Heuristic algorithm for the Community detection
problem based on Centrality and Similarity (HCCS).

4.3.1 Algorithm framework

As shown in Figure 4.3, the algorithm consists of four steps: parameter initialisation,
leader node selection, community formation, and post-processing, as outlined in
Algorithm 1. First, it initialises parameters and computes the similarity matrix,
noted SM , based on the NoD similarity measure. After that, a new vertex ranking
mechanism is proposed to select a set of nodes as the initial core of the communities.
Progressively, the remaining suitable nodes are incorporated during the community
formation phase to expand the initial communities. Finally, these communities
gradually merge until the modularity Q does not increase. The last three modules
are repeated until a stopping criterion is met, and the solution with the highest
modularity is returned.

The reliance on network structural cues for the similarity module follows classic
social network analysis principles [2], whereas the emphasis on structural equivalence
within the NoD measure echoes the foundational blockmodel formulation of Lorrain
and White [109]. Together, these references ground HCCS in established network
science theory while motivating the density-aware similarity design.

To illustrate the algorithm’s operation, we present a comprehensive worked
example using a 14-vertex network that demonstrates each stage of the HCCS process.
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Input Graph
G(V, E)

Step 1: Parameter
Initialization

Parameters:
k, d, θ, MaxIter

Similarity Matrix
SM

Step 2: Leader
Node Selection

Leader Nodes
X = {x1, x2, ..., xk}

Step 3: Community
Formation

Initial Communities
C ′

Step 4:
Post-processing

Final Communities
CMaxIter

MaxIter?
Modularity
Improved?

Final Communities
C

Yes

No

Figure 4.3: HCCS Algorithm Workflow Showing the Four-Stage Process

This pedagogical example provides concrete insight into how the algorithm identifies
leader nodes, forms communities, and optimizes the final community structure.

4.3.2 Illustrative example: 14-vertex network

To explain the proposed algorithm step-by-step, a small network with 14 vertices is
presented in Figure 4.4. This example demonstrates the complete HCCS algorithm
workflow, from parameter initialization through final community detection.

The example network structure exhibits clear community patterns:

• Central bridge: Nodes 5 and 6 serve as connecting elements between clusters
• Left cluster: Nodes 1, 2, 3, 4 form a densely connected subgraph
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Algorithm 1 Framework of HCCS

Input: an undirected graph G = (V, E)
Output: C∗: Final assignment of nodes to communities

1: k, d, MaxIter : Integer
2: θ : Float
3: Parameter-Initialisation(G, k, d, MaxIter, θ)
4: C∗ ← ∅
5: for j = 1 to MaxIter do
6: LNi ← Leader-Nodes-Selection(G, k, d)
7: PreCi ← Communities-Formation(G, LNi)
8: Ci ← Post-Processing(G, PreCi)
9: if Q(Ci) > Q(C∗) then

10: C∗ ← Ci

11: end if
12: end for
13: return C∗

Figure 4.4: Fourteen-Vertex Example Network Used to Demonstrate the HCCS Algorithm

• Right cluster: Nodes 5, 8, 9, 10, 12, 13, 14 form another connected component
• Bottom cluster: Nodes 6, 7, 11 form additional community structures

This topology illustrates the algorithm’s ability to identify natural community
boundaries.

4.3.3 Parameter initialisation

Algorithm 2 outlines the parameter initialisation process. Key parameters include
the degree threshold k and the distance threshold d, which are employed during the
leader node selection phase. The threshold k is typically assigned a value close to
the network’s average degree to ensure leader nodes exhibit sufficient connectivity.
At the same time, d is set to approximately one-fourth of the network diameter.
This spatial constraint maintains separation between leaders, mitigating overlap and
fostering diverse community seed placement across the network.
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Subsequently, the similarity matrix, designated SM , is calculated. This matrix
functions as a fundamental input during the community formation phase. In this con-
text, the innovative similarity metric NoD is introduced to evaluate the resemblance
between two nodes, u and v, as follows:

SM(u, v) = NoD(u, v) (4.2)

where CN(u, v) represents the set of common neighbors of vertices u and v, and
E[CN(u, v)] represents the set of edges connecting common neighbors of u and v.

This formulation adapts dynamically depending on the number of common
neighbors shared by nodes u and v. When no common neighbors exist, the similarity
is naturally zero. If only one common neighbor is found, the similarity relies solely
on the normalized neighborhood overlap. However, when two or more common
neighbors are present, the measure enriches the similarity score by incorporating
both the extent of neighborhood overlap and the internal connectivity among these
common neighbors.

Algorithm 2 Parameter initialisation
Require: Graph G = (V, E) with |V | = n vertices and |E| = m edges
Ensure: Similarity matrix SM and algorithm parameters

1: Set degree threshold k ← ⌊avg_degree(G)⌋
2: Set distance threshold d← ⌊diameter(G)/4⌋
3: Set maximum iterations MaxIter← 100
4: Set weighting parameter θ ← 0.5
5: for each pair of vertices u, v ∈ V do
6: Calculate SM[u, v] according to Equation 4.1
7: end for
8: return (SM, k, d, MaxIter, θ)

Parameter selection rationale. Our HCCS implementation uses θ = 0.5 to
balance the contribution of neighbourhood overlap and internal density in the NoD
similarity, thereby preventing bias toward either sparse or dense regions. The
degree threshold k = ⌊avg_degree(G)⌋ keeps leader candidates well connected
without eliminating moderately central vertices in heterogeneous graphs, while
d = ⌊diameter(G)/4⌋ enforces spatial dispersion and reduces seed overlap. We set
MaxIter = 100 to cap the refinement loop yet comfortably exceed the iterations
observed during convergence on benchmarks. Chapter 6, will detail in Section 6.6.1.1
how sensitivity analysis confirms that these defaults deliver reproducible modularity
outcomes under moderate perturbations.
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The first step computes the SM similarity matrix for all pairs of vertices in
the network. Table 4.2 shows the complete similarity matrix SM for the 14-vertex
example network with θ = 0.5.

Table 4.2: Similarity Matrix SM of the 14-Vertex Example Network with θ = 0.5

Nodes 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1 - 1.00 0.83 0.83 - - - - - - - - - -
2 1.00 - 0.83 0.83 - - - - - - - - - -
3 0.83 0.83 - 0.75 - 0.33 - - - - - - - -
4 0.83 0.83 0.75 - 0.33 0.33 - - - - - - - -
5 - - - - - - - 0.17 0.25 0.08 - - - -
6 - - - - - - 0.17 - - - 0.17 - - -
7 - - - - - 0.17 - - - - 0.50 - - -
8 - - - - 0.17 - - - 0.17 - - - - -
9 - - - - 0.25 - - 0.17 - 0.20 - - 0.10 -
10 - - - - 0.08 - - - 0.20 - - 0.10 0.20 -
11 - - - - - 0.17 0.50 - - - - - - -
12 - - - - - - - - 0.10 0.10 - - 0.33 0.25
13 - - - - - - - - - 0.20 - 0.33 - 0.17
14 - - - - - - - - - - - 0.25 0.17 -

4.3.4 Leader nodes selection

This phase identifies leader nodes that act as initial seeds for communities, guided
by two principles observed in real-world networks:

Centrality-Driven Community Anchors: Communities often form around
highly connected nodes (degree ≥ k), as these hubs naturally attract and bind
members (e.g., influencers in social networks).

Spatial Dispersion of Leaders: Central nodes of distinct communities tend
to be non-adjacent. Enforcing a minimum distance d between leaders prevents
overlapping communities and ensures diverse seed placement.

The algorithm 3 begins by identifying candidate leaders with degrees ≥ k. These
candidates are iteratively pruned to ensure mutual distances ≥ d. This process
ensures leaders are both central and spatially distinct, forming diverse community
seeds.

where dist(uj, ul) represents the shortest path distance between vertices uj and
ul.

Based on the network structure shown in Figure 4.4, the initial candidate leader
nodes set with k = 3 is determined by identifying nodes with degree ≥ 3:

Degree Analysis:

• Node 2: degree = 4 (connected to 1, 3, 4, and indirectly influences the left cluster)
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Algorithm 3 Leader Nodes Selection
Require: Graph G = (V, E), degree threshold k, distance threshold d
Ensure: Set of leader nodes LN ⊆ V

1: LN ← ∅, S ← ∅ {Identify high-degree candidate nodes}
2: for each vertex ui ∈ V do
3: if deg(ui) ≥ k then
4: S ← S ∪ {ui}
5: end if
6: end for{Select spatially dispersed leaders}
7: while S ̸= ∅ do
8: uj ← vertex with maximum degree in S
9: LN ← LN ∪ {uj}

10: S ← S \ {uj}
11: for each vertex ul ∈ S do
12: if dist(uj, ul) < d then
13: S ← S \ {ul}
14: end if
15: end for
16: end while
17: return LN

• Node 5: degree = 3 (connected to 4, 8, 10, serving as bridge between clusters)
• Node 6: degree = 4 (connected to 3, 4, 7, 11, central to bottom cluster)
• Node 9: degree = 3 (connected to 8, 10, 13, part of right cluster)
• Node 10: degree = 4 (connected to 5, 9, 12, 13, central to right-bottom area)
• Node 13: degree = 3 (connected to 9, 10, 12, 14, anchor for bottom-right cluster)

Therefore, the initial candidate set is S = {2, 5, 6, 9, 10, 13}.
When applying the distance constraint d = 2, certain nodes are removed from

S to ensure spatial separation between leaders. The algorithm iteratively selects
the highest-degree node from S and removes all nodes within distance d from the
selected leader.

After applying spatial constraints, the final detected leader nodes set is X =
{2, 5, 6, 13} with d = 2. These four nodes serve as the initial seeds for community
formation, representing spatially dispersed high-centrality nodes that can effectively
anchor distinct communities:

• Node 2: Anchors the left cluster (nodes 1, 3, 4)
• Node 5: Serves as bridge leader connecting different regions
• Node 6: Anchors the bottom-left cluster (nodes 7, 11)
• Node 13: Anchors the bottom-right cluster (nodes 12, 14)
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Figure 4.5: Fourteen-Vertex Network After Leader Node Selection. The Selected Leader
Nodes (2, 5, 6, 13) Are Highlighted, Showing Their Spatial Distribution and Role as
Community Anchors. These Leaders Satisfy the Distance Constraint d = 2 and Represent
High-Centrality Nodes That Serve as Seeds for Community Formation

4.3.5 Community formation

This phase starts from the leader nodes LN = {x1, x2, . . . , xk} returned by Al-
gorithm 3 to create a set of intermediate communities C ′. First, C ′ is initialised as
follows:

C ′ = {{x1}, {x2}, . . . , {xk}}

Subsequently, the remaining vertices are assigned to communities based on their
similarity to existing community members. For each unassigned vertex v, the
algorithm computes its average similarity to all members of each community and
assigns v to the community with the highest average similarity.

Let the initial set of communities in the illustrative example be C ′ =
{C ′

1, C ′
2, C ′

3, C ′
4}, where:

C ′
1 = {5}, C ′

2 = {13}, C ′
3 = {2}, C ′

4 = {6}
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Algorithm 4 Community formation
Require: Graph G = (V, E), leader nodes LN , SM similarity matrix, similarity

threshold τ
Ensure: Initial community partition C ′ = {C1, C2, . . . , Ck}

1: Initialise C ′ = {{x1}, {x2}, . . . , {xk}} where LN = {x1, x2, . . . , xk}
2: U ← V \ LN {Unassigned vertices}
3: while U ̸= ∅ do
4: for each vertex v ∈ U do
5: maxSim← −1, bestCommunity← −1
6: for each community Ci ∈ C ′ do
7: avgSim← 1

|Ci|
∑

u∈Ci
SM(v, u)

8: if avgSim > maxSim then
9: maxSim← avgSim

10: bestCommunity← i
11: end if
12: end for
13: if maxSim > τ then
14: C ′

bestCommunity ← C ′
bestCommunity ∪ {v}

15: U ← U \ {v}
16: end if
17: end for
18: end while
19: return C ′

The set of remaining nodes, denoted RN , is {1, 3, 4, 7, 8, 9, 10, 11, 12, 14}.
The community formation process assigns each remaining node to the community

with which it has the highest similarity. As shown in Figure 4.5, the selected leaders
(nodes 2, 5, 6, 13) serve as initial community seeds. Using the similarity matrix in
Table 4.2, the algorithm identifies the maximum similarity values for each unassigned
node:

Community Assignment Process:

• Node 1: Directly connected to Node 2, highest similarity with C ′
3 (Node 2’s

community) → C ′
3 = {2, 1}

• Node 3: Connected to both Node 2 and Node 6, but stronger similarity with
Node 2 → C ′

3 = {2, 1, 3}
• Node 4: Connected to Nodes 2, 5, and 6, highest similarity with Node 2 →

C ′
3 = {2, 1, 3, 4}

• Node 8: Connected to Nodes 5 and 9, highest similarity with Node 5 →
C ′

1 = {5, 8}
• Node 9: Connected to Nodes 8, 10, and 13, but through Node 8’s assignment to

C ′
1, joins C ′

1 → C ′
1 = {5, 8, 9}
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• Node 10: Connected to Nodes 5, 9, 12, and 13, highest average similarity with
C ′

1 through Nodes 5 and 9 → C ′
1 = {5, 8, 9, 10}

• Node 7: Connected only to Node 6, joins C ′
4 → C ′

4 = {6, 7}
• Node 11: Connected only to Node 6, joins C ′

4 → C ′
4 = {6, 7, 11}

• Node 12: Connected to Nodes 10 and 13, higher similarity with Node 13 →
C ′

2 = {13, 12}
• Node 14: Connected only to Node 13, joins C ′

2 → C ′
2 = {13, 12, 14}

It is important to note that this step may reveal situations where two pairs have
the same highest similarity. For example, as shown in Figure 4.6b, Node 10 exhibits
the greatest similarity with Nodes 9 and 13, which are part of different communities.
As a result, Node 10 is arbitrarily assigned to Node 9’s community, as shown in
Figure 4.6c.

Tie-breaking policy. When multiple communities yield the same maximum
similarity for v, the algorithm performs a uniform random choice over the tied
options. Each tied community therefore has probability 1/|T | of receiving v, where
T is the set of communities attaining the shared maximum. Because the similarity
matrix and leader set remain fixed during a run, this stochastic tie-breaking does
not affect stage-wise convergence: every node is assigned exactly once and the
deterministic post-processing continues unaffected. Empirically we observe that
repeated runs exhibit negligible variance in modularity, indicating that the uniform
tie resolution preserves the algorithm’s reproducibility whilst avoiding bias toward
any particular seed.

Thus, the final pre-communities set after the formation phase is:

C ′ = {C ′
1 = {5, 9, 10, 8}, C ′

2 = {13, 12, 14},
C ′

3 = {2, 1, 3, 4}, C ′
4 = {6, 7, 11}}

as shown in Figure 4.6d.
Figure 4.6 illustrates the result of the community formation phase.

4.3.6 Post-Processing

As explained in the background section, community detection quality is commonly
measured by modularity. Higher modularity Q values indicate higher-quality com-
munity structures. In the post-processing phase, the aim is to enhance the inter-
mediate communities C ′ generated by Algorithm 4 by utilizing modularity as an
evaluation index for gauging network community structure quality.
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(a) Node 1 Is Assigned to the Same Com-
munity as Node 2

(b) SM [9,10] = SM [10,13] = 0.20 Represents
the Highest Similarity

(c) Node 10 Is Randomly Assigned to the
Community of Node 9 (d) The Final Pre-Communities Set C ′

Figure 4.6: Detailed Community Formation Process Showing the Step-by-Step Assignment
of Nodes to Communities Based on Similarity Measures

The post-processing phase iteratively merges communities that improve the
overall modularity score. This process continues until no further improvements can
be achieved.

For the 14-vertex network, four initial communities C ′ = {C ′
1, C ′

2, C ′
3, C ′

4} are
evaluated for possible merging.

The algorithm computes the modularity change for each possible pair merger:

• Merging C ′
1 and C ′

2: Results in the maximum increase in modularity
• Other potential mergers either decrease modularity or provide smaller improve-

ments

Therefore, C ′
1 and C ′

2 are merged to create a single community C ′
1 ∪ C ′

2. In the
next iteration, no further mergers increase modularity, and the algorithm terminates
with the final community set:

C∗ = {C1 = {5, 8, 9, 10, 12, 13, 14},
C2 = {1, 2, 3, 4}, C3 = {6, 7, 11}}

Figure 4.7 shows the final community structure detected by the HCCS algorithm.
This example demonstrates the algorithm’s systematic approach, successfully

identifying three distinct communities that reflect the natural clustering patterns.
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Algorithm 5 Post-Processing: Modularity-Based Community Merging
Require: Initial community partition C ′, graph G = (V, E)
Ensure: Final community partition C∗ with optimised modularity

1: improved← true
2: while improved do
3: improved← false
4: Qbest ← Q(C ′) {Current modularity}
5: bestMerge← null
6: for each pair of communities (Ci, Cj) ∈ C ′, i ̸= j do
7: C ′′

temp ← C ′ \ {Ci, Cj} ∪ {Ci ∪ Cj}
8: Qtemp ← Q(C ′′

temp) {Modularity after merge}
9: if Qtemp > Qbest then

10: Qbest ← Qtemp
11: bestMerge← (Ci, Cj)
12: improved← true
13: end if
14: end for
15: if improved then
16: (Ci, Cj)← bestMerge
17: C ′ ← C ′ \ {Ci, Cj} ∪ {Ci ∪ Cj}
18: end if
19: end while
20: return C ′ as C∗

Figure 4.7: Final Community Set Detected by the HCCS Algorithm

4.3.7 Computational Complexity Analysis

The HCCS algorithm exhibits favourable computational complexity characteristics
that make it suitable for moderately large networks. The overall time complexity is
dominated by the similarity matrix computation and community formation phases.

Similarity Matrix Computation: Computing the SM similarity matrix
requires O(n2 · d̄2) time, where n is the number of nodes and d̄ is the average degree.
This accounts for examining all node pairs and computing common neighbour density
for each pair.
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Leader Selection: The leader node selection phase operates in O(n log n + n ·
dmax) time, where dmax is the maximum degree. The algorithm sorts nodes by degree
and applies distance constraints.

Community Formation: The community formation phase requires O(n · k · c̄)
time, where k is the number of leaders and c̄ is the average community size during
formation.

Post-Processing: The modularity-based merging operates in O(k2 ·m) time
per iteration, where m is the number of edges, with typically few iterations required.

The overall complexity is O(n2 · d̄2 + n log n + k2 · m), making the algorithm
practical for networks with thousands of nodes while providing superior community
detection quality compared to faster but less accurate heuristic methods.

4.4 Conclusion

This chapter has presented two fundamental contributions to community detection
research: the Neighbourhood overlap and Density (NoD) similarity measure and
the Heuristic Community detection algorithm based on Centrality and Similarity
measures (HCCS).

The NoD similarity measure represents a significant advancement over tradi-
tional similarity metrics by systematically integrating neighbourhood overlap with
local density characteristics. Unlike conventional measures such as Jaccard and
cosine similarity, NoD captures the structural cohesion within shared neighbour-
hoods, providing more comprehensive node relationship assessment with proven
mathematical properties including boundedness, symmetry, and monotonicity.

The HCCS algorithm follows a systematic four-stage approach: parameter
initialisation with SM similarity computation, centrality-based leader node selection
with spatial constraints, similarity-driven community formation, and modularity-
based post-processing optimisation. This framework addresses fundamental lim-
itations in existing approaches by providing principled integration of centrality
information with advanced similarity measures.

The chapter demonstrates key methodological innovations: density-aware similar-
ity computation that addresses gaps in similarity-based network analysis, centrality-
similarity integration ensuring communities are anchored by influential nodes while
maintaining structural coherence, and spatial leader distribution preventing overlap-
ping community formation.

The HCCS algorithm provides systematic and reproducible community detec-
tion with clear parameter guidance and modularity optimisation. The contribu-
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tions offer enhanced community detection capabilities, broad applicability across
diverse domains, and a solid foundation for future extensions to specific network
types. Experimental validation and performance analysis are presented in Chapter 6,
demonstrating effectiveness across multiple benchmark networks.

The next chapter presents the ACO-CNoD algorithm, which builds upon the
NoD similarity foundation established in this chapter by incorporating metaheuristic
optimisation principles for overlapping community detection. While HCCS provides
deterministic, non-overlapping community identification with guaranteed convergence,
ACO-CNoD extends these capabilities to handle complex networks where nodes may
belong to multiple communities simultaneously. This progression from deterministic
to metaheuristic approaches, unified by the shared NoD similarity measure, provides
a comprehensive framework for addressing diverse community detection challenges
across different network types and application domains.
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5.1 Introduction

Community detection in complex networks often requires identifying overlapping
communities, where nodes can belong to multiple groups simultaneously. Traditional
deterministic approaches face limitations when handling such overlapping struc-
tures. This chapter addresses this challenge by employing ant colony optimization
(ACO) principles to explore the solution space more comprehensively, guided by
node centrality and node similarity measures. The proposed approach, called Ant
Colony Optimization Based on Centrality and NoD Similarity (ACO-CNoD), aims
to enhance the detection accuracy and robustness of overlapping communities in
complex networks.

Building upon the NoD similarity measure established in Chapter 4, this chapter
focuses on its innovative application within ant colony optimisation principles.
Rather than re-defining the NoD foundations (Section 4.2), ACO-CNoD adapts this
similarity measure to guide the movement of artificial ants through the network
structure, enabling the detection of overlapping communities. The NoD similarity
measure (Equation 4.1) provides the foundation for the heuristic information used in
the ant colony optimisation process. Centrality measures are employed during the
ant initialization phase to strategically position ants on nodes with high structural
importance, thereby enhancing the coverage and diversity of the search process.

The remainder of this chapter is organized as follows: Section 5.2 introduces the
principles of Ant Colony Optimization (ACO). Section 5.4 describes the position and
components of the proposed ACO-CNoD framework. Finally, Section 5.5 presents an
illustrative example using a 7-node network to demonstrate the proposed approach.

5.2 Ant Colony Optimisation

ACO is a metaheuristic inspired by the foraging behaviour of real ants, originally
introduced by Dorigo et al. [110, 111]. In natural environments, ants are able to
discover the shortest path between their nest and a food source through indirect
communication mediated by pheromone trails. Each ant deposits pheromones on
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the path it follows, and subsequent ants are more likely to select paths with higher
pheromone concentrations. This positive feedback mechanism enables the colony
to collectively converge towards high-quality solutions. As illustrated in Figure 5.1,
ants initially explore several paths between the nest and the food source. Through
the reinforcement of pheromone trails, the shorter path gradually attracts more ants,
leading the colony to converge towards an optimal solution.

In computational terms, ACO represents a population-based search technique
where a set of artificial ants construct candidate solutions by traversing a graph
representing the problem space. At each step, the movement of an ant is guided by
a stochastic decision rule that combines two components:

• Heuristic information: problem-specific knowledge (e.g., distance in the Trav-
eling Salesman Problem).

• Pheromone trails: accumulated search experience that biases ants towards
previously successful solution components.

The balance between exploration and exploitation is regulated through pheromone
update mechanisms, where trails on good solutions are reinforced while those on
poor solutions evaporate over time. This mechanism prevents premature convergence
and enables the system to explore diverse regions of the search space.

Since its introduction, ACO has been successfully applied to a wide range of com-
binatorial optimisation problems such as the Traveling Salesman Problem (TSP) [111],
Vehicle Routing Problem (VRP) [112], scheduling [113], and network routing [114].
Over time, several variants of ACO have been proposed, each introducing specific
modifications in the pheromone update rules, heuristic integration, or decision-making
strategies to better adapt to different problem domains.

Figure 5.1: Illustration of the Ant Colony Optimisation (ACO) principle: ants explore
multiple paths, pheromones accumulate on shorter ones, and the colony converges towards
the best route [115].
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5.3 ACO Systems Classification and ACO-CNoD
Position

To contextualise the ACO-CNoD algorithm within the broader landscape of ant
colony optimisation systems, this section briefly presents the key ACO variants and
positions ACO-CNoD within this framework.

Ant colony optimisation systems can be classified according to their pheromone
update strategies, which determine their exploration-exploitation balance and con-
vergence characteristics. Three primary categories exist:

• Global Update Systems: Updates occur exclusively at the end of each iteration
(e.g., Ant System [111])

• Selective Global Update Systems: Only high-quality solutions contribute to
pheromone deposits (e.g., MAX-MIN Ant System [113])

• Hybrid Update Systems: Combine local updates during solution construction
with global updates at iteration completion (e.g., Ant Colony System [116])

The ACO-CNoD algorithm belongs to the hybrid update category, specifically
extending the ACS framework with domain-specific adaptations for overlapping
community detection. Figure 5.2 illustrates this classification and highlights ACO-
CNoD’s position within this taxonomy.

ACO-CNoD distinguishes itself within the hybrid category through several meth-
odological innovations:

NoD-Enhanced Heuristic Integration: Unlike traditional ACO systems
that rely on distance-based or cost-based heuristics, ACO-CNoD integrates the
NoD similarity measure as heuristic information, providing density-aware guidance
specifically tailored for community detection tasks.

Community-Aware Pheromone Reinforcement: The global pheromone
update mechanism in ACO-CNoD is adapted to reinforce edges that contribute to
high-quality community structures, measured through modularity and overlapping
community metrics rather than traditional path optimisation criteria.

Overlapping Detection Specialisation: ACO-CNoD incorporates specialised
mechanisms for detecting overlapping community memberships through label accu-
mulation and threshold-based post-processing, distinguishing it from classical ACO
applications focused on routing and scheduling problems.
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5.4 Method

Consider a network defined as an undirected graph G = (V, E), where V is the vertex
set and E is the edge set. Each node v has a unique identifier lv, and N(v) denotes
the set of neighbours of node v.

Definition 5.1 (Overlapping Community Structure). An overlapping community
structure is a collection of communities C = {C1, C2, . . . , Cm} where:

1. Each community Ci ⊆ V is a non-empty subset of vertices
2. Every vertex belongs to at least one community: ⋃m

i=1 Ci = V

3. At least one pair of communities shares common vertices: ∃i, j ∈ {1, 2, . . . , m}, i ̸=
j : Ci ∩ Cj ̸= ∅

4. Each community induces a connected subgraph in G

Note that unlike non-overlapping (disjoint) community detection, overlapping
community detection does not produce a partition of the vertex set, as vertices
may belong to multiple communities simultaneously. The objective is to identify a
community structure C that maximises some quality function whilst allowing for
meaningful vertex overlap.

5.4.1 Framework of ACO-CNoD

Complementing the deterministic four-stage HCCS approach, ACO-CNoD employs a
specialized metaheuristic architecture with four distinct phases: parameter initialisa-
tion, strategic ant placement, probabilistic movement with pheromone communication,
and threshold-based post-processing, as illustrated in Figure 5.3. This framework
leverages ant colony optimisation principles where artificial ants traverse the net-
work, depositing and following pheromone trails to identify overlapping community
structures.

Parameter selection rationale. We instantiate ACO-CNoD with m = ⌊0.1 · |V |⌋
ants so that exploration scales with network size without saturating the pheromone
matrix. A budget of tmax = 200 iterations balances convergence and runtime,
while (α, β) = (1, 2) privileges structural guidance from NoD yet retains pheromone
reinforcement. The evaporation rate ρ = 0.1 preserves exploratory diversity, and
the initial pheromone level τ0 = 1/|E| normalises deposition across varying densities.
During post-processing we retain overlapping labels whose frequency exceeds foverlap =
0.3 of the primary membership, ensuring overlaps reflect substantive reinforcement
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rather than noise. Chapter 6, Section 6.6, will detail in Section 6.6.2.1 how the
sensitivity study confirms that these defaults yield statistically stable Qov and F1
scores across benchmarks.

Algorithm 6 ACO-CNoD Framework
Require: Graph G = (V, E), number of ants m, maximum iterations tmax, ACO

parameters (α, β, ρ)
Ensure: Overlapping community structure C = {C1, C2, . . . , Ck}

1:
2: Phase 1: Parameter Initialisation
3: Compute NoD similarity matrix using Equation 4.1
4: Initialise pheromone matrix τij = τ0 for all edges (i, j) ∈ E
5: Set ACO parameters: influence of pheromone α, heuristic β, evaporation rate ρ
6:
7: Phase 2: Ants’ Location Initialisation
8: Identify initial ant locations based on node degrees (Algorithm 7)
9: Initialise label lists L(v) = ∅ for each node v ∈ V

10:
11: Phase 3: Ants’ Movement
12: for each iteration t = 1 to tmax do
13: for each ant k = 1 to m do
14: Move ant according to transition probability (Equation 5.1)
15: Transfer labels between nodes
16: Update local pheromone trails
17: end for
18: Update global pheromone trails with evaporation
19: end for
20:
21: Phase 4: Post-Processing
22: Analyse label lists to identify community memberships
23: Determine overlapping nodes based on multiple label assignments
24: return Final overlapping community structure C

5.4.2 Computing Transition Probability Matrix

Ant colony optimisation is a popular technique for clustering. The ACO framework
used in this algorithm is associated with the ant foraging model, and it is necessary
to compute the transition probability matrix by considering heuristic information
and pheromone values. Pheromone deposited on the edge serves as information for
ants to communicate with each other. The transition probability for ant k to move
from node i to node j is defined as:

pk
ij = [τij]α · [ηij]β∑

l∈N(i)[τil]α · [ηil]β
(5.1)
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Input Graph
G(V, E)

Phase 1: Parameter
Initialisation

NoD Similarity
Matrix

ACO Parameters:
α, β, ρ, m, tmax

Phase 2: Ants’ Location
Initialisation

Initial Ant Positions
Label Lists L(v)

Phase 3: Iterative Process
(t = 1 to tmax)

Ant Movement
(Transition Probability)

Label Transfer
(Community Formation)

Pheromone Update
(Local & Global)

Phase 4:
Post-processing

Final Overlapping
Communities C

t < tmax?
Convergence?

Yes

No

Figure 5.3: ACO-CNoD algorithm workflow showing the four-phase process with iterative
ant colony optimisation

where:

• τij is the pheromone value on edge (i, j)
• ηij is the heuristic information based on NoD similarity
• α and β are parameters controlling the relative importance of pheromone and

heuristic information
• N(i) is the neighbourhood of node i
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The heuristic information is computed using the corrected NoD similarity measure:

ηij = NoD(i, j) =


0 if |N(i) ∪N(j)| = 0

θ · |CN(i,j)|
|N(i)∪N(j)| if |CN(i, j)| ≤ 1

θ · |CN(i,j)|
|N(i)∪N(j)| + (1− θ) · 2|ECN (i,j)|

|CN(i,j)|·(|CN(i,j)|−1) if |CN(i, j)| ≥ 2
(5.2)

where CN(i, j) = N(i)∩N(j) represents the common neighbours of vertices i and j,
and ECN (i, j) denotes the edges amongst vertices in CN(i, j). This robust formulation
of NoD similarity as heuristic information provides superior discriminative capabilities
compared to traditional measures, whilst avoiding mathematical undefined operations
that could compromise algorithm stability.

5.4.3 Ants’ Location Initialisation

In this phase, we initialise the locations of ants and the label list stored in every
node. Some small groups are identified, and the ants are initially placed on the
nodes in these small groups. The initialisation strategy ensures that ants begin

Algorithm 7 Location Initialisation
Require: Graph G = (V, E), number of ants m
Ensure: Initial ant positions and label lists

1: Sort nodes by degree in descending order
2: Select top m nodes as initial ant locations: {v1, v2, . . . , vm}
3: for each node v ∈ V do
4: Initialise empty label list L(v) = ∅
5: end for
6: for each ant k = 1 to m do
7: Place ant k on node vk

8: Add label k to L(vk)
9: end for

10: return Initial ant positions and node label lists

their exploration from highly connected nodes, which are likely to be important
community centres. Each node maintains a label list that will accumulate labels
from visiting ants during the movement phase.

5.4.4 Ants’ Movement

Every ant transfers a label (ID) from one node to another based on the transition
probability following standard ACO principles. If a random number r is greater
than 0.1, the ant selects the next node using roulette wheel selection based on the
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calculated transition probabilities; when several neighbours share the same cumulative
probability mass, a secondary uniform draw across the tied options removes bias.
Otherwise, with probability 0.1, the ant performs random exploration by selecting
a neighbour uniformly at random to maintain exploration capability and avoid
premature convergence. This strategy ensures that 90% of movements are guided
by the pheromone-heuristic combination while preserving necessary exploration
diversity and maintaining stochastic reproducibility. The movement strategy balances

Algorithm 8 Ants’ Movement
1. For each iteration t = 1 to tmax:

(a) For each ant k = 1 to m:
• current_node← current position of ant k

• Compute transition probabilities to all neighbours
• r ← random number [0, 1]
• If r > 0.1:

– next_node← roulette wheel selection based on transition probabilities
• Else:

– next_node← random neighbour (exploration)
• Move ant k to next_node

• Add ant’s label to L(next_node)
• Update local pheromone on traversed edge

(b) Update global pheromone matrix

exploitation of promising paths with exploration of alternative routes, ensuring
comprehensive coverage of the network structure.

5.4.5 Post-Processing

When the termination condition is satisfied, each node maintains a list of its received
labels (through ant movement). If the frequency of a label is maximum in the list
of one node, the node has a higher chance of belonging to that label and can be
considered to choose a group it belongs to. Every node’s belonging label is determined
first. To improve the accuracy of finding the overlapping community structure, the
algorithm scans all the nodes again to identify the final partition.

Tie-breaking policy. Secondary label frequencies are evaluated after the initial
assignment. If several labels share the maximum frequency in L(v), the node is
attached to all tied labels rather than selecting a single winner, resulting in a
stable overlapping membership set that does not depend on processing order. This
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all-ties-retained rule ensures that label lists with symmetric reinforcement remain
reproducible across repeated runs and prevents arbitrary exclusion of equivalent
communities. The overlapping threshold foverlap = 0.3 only filters labels whose
support falls significantly below the primary membership, preserving statistical
stability whilst discarding noise. The post-processing phase employs a two-step

Algorithm 9 Post-Processing
1. Phase 1: Initial Community Assignment

(a) For each node v ∈ V :
• primary_label← most frequent label in L(v)
• Assign v to community primary_label

2. Phase 2: Overlapping Node Identification
(a) For each node v ∈ V :

• threshold← 0.3× frequency of primary label
• For each label l in L(v) where frequency of l > threshold and l ̸=

primary_label:
• Add v to community l (overlapping assignment)

3. Return Final overlapping community partition

approach: first determining primary community memberships based on the most
frequent labels, then identifying overlapping memberships for nodes with significant
secondary label frequencies. The choice of threshold value 0.3 for overlapping node
identification is based on empirical analysis and theoretical considerations from
overlapping community detection literature. Experimental analysis on benchmark
networks shows that secondary labels with frequency ≥ 30% of the primary label
frequency correspond to genuine community memberships rather than noise from
random ant movements. Similar threshold values (0.2-0.4) have been successfully
employed in overlapping detection algorithms such as COPRA [88] and SLPA [43],
where secondary memberships below 30% are typically considered insignificant.
This threshold ensures that overlapping nodes have substantial connection strength
to secondary communities, as nodes with weaker secondary affiliations represent
transitional effects rather than true overlapping memberships.

5.4.6 Pheromone Update Mechanisms

The ACO-CNoD algorithm employs sophisticated pheromone update mechanisms to
balance exploration and exploitation during the search process.
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5.4.6.1 Local Pheromone Update

During ant movement, local pheromone update is performed on each traversed edge:

τij ← (1− ρ) · τij + ρ · τ0 (5.3)

where ρ is the local evaporation rate and τ0 is the initial pheromone value.

5.4.6.2 Global Pheromone Update

At the end of each iteration, global pheromone update is performed based on solution
quality:

τij ← (1− α) · τij + α ·∆τij (5.4)

where α is the global evaporation rate and ∆τij is the pheromone deposit based on
the quality of communities formed.

5.5 Illustrative Example: 7-Node Network

To demonstrate the complete ACO-CNoD algorithm workflow, we present a step-by-
step example using a simple 7-node network. This example illustrates all phases of the
algorithm, providing clear insight into its operational mechanics and demonstrating
the integration of NoD similarity with ant colony optimisation for overlapping
community detection.

5.5.1 Network Analysis and NoD Computation

The example network consists of 7 nodes and 11 edges, as shown in Figure 5.4. This
network exhibits clear community structure with potential overlapping nodes, making
it ideal for demonstrating the ACO-CNoD algorithm’s capabilities. The network

1

2 3

4

5

6

7

Figure 5.4: Initial 7-node example network structure

adjacency relationships are: node 1 connects to {2, 3, 4}, node 2 connects to {1, 3,
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4}, node 3 connects to {1, 2, 5, 6, 7}, node 4 connects to {1, 2}, node 5 connects to
{3, 6, 7}, node 6 connects to {3, 5, 7}, and node 7 connects to {3, 5, 6}.

5.5.1.1 Topological Analysis

The network exhibits the following topological characteristics:

• Node degrees: d(1) = 3, d(2) = 3, d(3) = 5, d(4) = 2, d(5) = 3, d(6) = 3,
d(7) = 3

• Average degree: d̄ = 2|E|
|V | = 22

7 ≈ 3.14
• Bridge node: Node 3 serves as the central bridge with highest degree (5)
• Community structure: Two dense subgraphs connected through node 3

5.5.1.2 NoD Similarity Matrix Computation

The complete similarity matrix is computed using the NoD similarity measure with
θ = 0.5, as defined in Equation 5.2.

Key NoD calculations:

• NoD(1,2): CN(1, 2) = {3, 4}, |CN(1, 2)| = 2, |N(1)∪N(2)| = 4, ECN (1, 2) = 0

NoD(1, 2) = 0.5 · 24 + 0.5 · 2 · 02 · 1 = 0.25 + 0 = 0.25 (5.5)

• NoD(1,3): CN(1, 3) = {2}, |CN(1, 3)| = 1, |N(1) ∪N(3)| = 6

NoD(1, 3) = 0.5 · 16 = 0.083 (5.6)

• NoD(3,5): CN(3, 5) = {6, 7}, |CN(3, 5)| = 2, |N(3) ∪N(5)| = 6, ECN (3, 5) = 1

NoD(3, 5) = 0.5 · 26 + 0.5 · 2 · 12 · 1 = 0.167 + 0.5 = 0.667 (5.7)

• NoD(5,6): CN(5, 6) = {3, 7}, |CN(5, 6)| = 2, |N(5) ∪N(6)| = 4, ECN (5, 6) = 1

NoD(5, 6) = 0.5 · 24 + 0.5 · 2 · 12 · 1 = 0.25 + 0.5 = 0.75 (5.8)

The complete NoD similarity matrix is presented in Table 5.1.

5.5.1.3 Algorithm Parameters

For this illustrative example, we set the following ACO-CNoD parameters:

• Number of ants: m = 6
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Table 5.1: NoD Similarity Matrix for 7-Node Example Network

Node 1 2 3 4 5 6 7
1 1.000 0.250 0.083 0.000 0.000 0.000 0.000
2 0.250 1.000 0.083 0.000 0.000 0.000 0.000
3 0.083 0.083 1.000 0.000 0.667 0.667 0.667
4 0.000 0.000 0.000 1.000 0.000 0.000 0.000
5 0.000 0.000 0.667 0.000 1.000 0.750 0.750
6 0.000 0.000 0.667 0.000 0.750 1.000 0.750
7 0.000 0.000 0.667 0.000 0.750 0.750 1.000

• Pheromone influence: α = 1.0
• Heuristic influence: β = 2.0
• Evaporation rate: ρ = 0.1
• Initial pheromone: τ0 = 1.0
• NoD parameter: θ = 0.5

5.5.2 Step-by-Step Algorithm Execution

5.5.2.1 Phase 1: Parameter Initialisation and Ant Placement

According to the ACO-CNoD algorithm’s initialisation procedure, two small groups
are generated based on network topology: one group contains nodes 1, 2, and 3, and
the other group contains nodes 3, 5, 6, and 7.

Initial Ant Placement Strategy Following the location initialisation algorithm,
six ants are strategically placed on nodes 1, 2, 3, 5, 6, and 7. The placement strategy
is based on:

• Degree centrality: Prioritise high-degree nodes (node 3 with degree 5)
• Community coverage: Ensure both potential communities are covered
• Bridge recognition: Node 3 identified as critical bridge
• Peripheral exclusion: Node 4 excluded due to low degree (2) and peripheral

position

This initial ant placement is illustrated in Figure 5.5.
Initial Label Assignment The initial label list of each node is set as follows

based on the community groupings:

• Node 1: L(1) = {1} (Community 1 seed)
• Node 2: L(2) = {1} (Community 1 member)
• Node 3: L(3) = {1, 5} (Bridge node with dual membership)
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1
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6

7

Figure 5.5: Ant initialization phase showing six ants placed on nodes 1, 2, 3, 5, 6, and 7

• Node 4: L(4) = {4} (Isolated initial label)
• Node 5: L(5) = {5} (Community 2 seed)
• Node 6: L(6) = {5} (Community 2 member)
• Node 7: L(7) = {5} (Community 2 member)

This initial labelling reflects the natural community structure where nodes 1, 2,
and 3 form one potential community (label 1), nodes 3, 5, 6, and 7 form another
potential community (label 5), and node 3 serves as the overlapping bridge with
both labels.

5.5.2.2 Phase 2: Transition Probability Calculation and Ant Movement

Before ant movement, we calculate transition probabilities using the formula:

pk
ij = [τij]α · [ηij]β∑

l∈N(i)[τil]α · [ηil]β
(5.9)

where ηij = NoD(i, j) from our computed similarity matrix.
Example calculation for ant on node 1:
With initial pheromone τij = 1.0 for all edges, and using α = 1.0, β = 2.0:

p1
1,2 = [1.0]1 · [0.250]2

[1.0]1 · [0.250]2 + [1.0]1 · [0.083]2 + [1.0]1 · [0.000]2 (5.10)

= 1.0 · 0.0625
0.0625 + 0.0069 + 0.0000 = 0.0625

0.0694 = 0.901 (5.11)

p1
1,3 = [1.0]1 · [0.083]2

0.0694 = 0.0069
0.0694 = 0.099 (5.12)

p1
1,4 = [1.0]1 · [0.000]2

0.0694 = 0.0000
0.0694 = 0.000 (5.13)
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The transition probabilities show that the ant on node 1 has a 90.1% probability
to move to node 2 (high NoD similarity) and 9.9% to move to node 3 (lower NoD
similarity).

Ant Movement Decisions
Based on the calculated transition probabilities and the corrected stochastic

selection mechanism (90% exploitation, 10% exploration), the following movements
occur in this iteration:

• Ant on node 1: Moves to node 2 via roulette wheel selection (r=0.15 > 0.1,
probability 0.901)

• Ant on node 2: Moves to node 4 via random exploration (r=0.04 ≤ 0.1,
exploring based on probabilities)

• Ant on node 3: Moves to node 2 via roulette wheel selection (r=0.22 > 0.1,
strengthening community 1)

• Ant on node 5: Moves to node 7 via roulette wheel selection (r=0.67 > 0.1,
high NoD similarity 0.750)

• Ant on node 6: Moves to node 7 via roulette wheel selection (r=0.33 > 0.1,
high NoD similarity 0.750)

• Ant on node 7: Moves to node 6 via random exploration (r=0.05 ≤ 0.1, random
selection for diversity)

These movements demonstrate how the corrected strategy primarily uses NoD-
guided probabilistic selection (90%) while maintaining necessary exploration diversity
(10%).

Detailed Movement Analysis
The movement decisions are justified by the transition probabilities:

Table 5.2: Transition Probabilities and Movement Decisions

Ant Location Possible Moves Transition Prob. Selected Move
Node 1 2, 3, 4 0.901, 0.099, 0.000 Node 2
Node 2 1, 3, 4 0.901, 0.099, 0.000 Node 4
Node 3 1, 2, 5, 6, 7 0.048, 0.048, 0.301, 0.301, 0.301 Node 2
Node 5 3, 6, 7 0.400, 0.300, 0.300 Node 7
Node 6 3, 5, 7 0.400, 0.300, 0.300 Node 7
Node 7 3, 5, 6 0.400, 0.300, 0.300 Node 6

5.5.2.3 Label Transfer Mechanism

Once an ant moves to a destination node, it takes the label most frequently appearing
in the current node’s label list to the label list of the destination node. For example,
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when the ant on node 1 moves to node 2, it also takes label 1 to the label list of node
2, and the label list of node 2 becomes {1, 1}. The detailed label transfer process is
as follows:

1. Ant 1→2: When the ant on node 1 moves to node 2, it takes label 1 to the label
list of node 2

• Node 2: L(2) = {1} ∪ {1} = {1, 1}

2. Ant 2→4: When the ant on node 2 moves to node 4, it takes label 1 to the label
list of node 4

• Node 4: L(4) = {4} ∪ {1} = {4, 1}

3. Ant 3→2: When the ant on node 3 moves to node 2, it takes label 1 from node
3 to node 2 (most frequent in {1, 5})

• Node 2: L(2) = {1, 1} ∪ {1} = {1, 1, 1}

4. Ant 5→7: When the ant on node 5 moves to node 7, it takes label 5 to the label
list of node 7

• Node 7: L(7) = {5} ∪ {5} = {5, 5}

5. Ant 6→7: When the ant on node 6 moves to node 7, it takes label 5 to the label
list of node 7

• Node 7: L(7) = {5, 5} ∪ {5} = {5, 5, 5}

6. Ant 7→6: When the ant on node 7 moves to node 6, it takes label 5 to the label
list of node 6

• Node 6: L(6) = {5} ∪ {5} = {5, 5}

5.5.2.4 Updated Label Lists

After all the ants finish their movement, the label lists of the nodes are as follows:

• Node 1: L(1) = {1}
• Node 2: L(2) = {1, 1, 1}
• Node 3: L(3) = {1, 5} (unchanged)
• Node 4: L(4) = {4, 1}
• Node 5: L(5) = {5}
• Node 6: L(6) = {5, 5}
• Node 7: L(7) = {5, 5, 5}

This label distribution shows the emergence of community structure, with nodes
accumulating labels that reflect their community membership preferences through
the ant movement and label propagation process. The emerging community structure
is visualised in Figure 5.6.
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Figure 5.6: Community formation process showing emerging community structure

5.5.2.5 Phase 3: Pheromone Update and Evolution

Following the ant movements, pheromone levels are updated on the traversed edges
according to the local and global update rules.

Local Pheromone Update
For each edge traversed during ant movement, local pheromone update is applied

using the formula: τij ← (1− ρ) · τij + ρ · τ0 With ρ = 0.1 and τ0 = 1.0:

• Edge (1,2): τ1,2 = (1− 0.1) · 1.0 + 0.1 · 1.0 = 1.0 (reinforced)
• Edge (2,4): τ2,4 = (1− 0.1) · 1.0 + 0.1 · 1.0 = 1.0 (reinforced)
• Edge (3,2): τ3,2 = (1− 0.1) · 1.0 + 0.1 · 1.0 = 1.0 (reinforced)
• Edge (5,7): τ5,7 = (1− 0.1) · 1.0 + 0.1 · 1.0 = 1.0 (reinforced)
• Edge (6,7): τ6,7 = (1− 0.1) · 1.0 + 0.1 · 1.0 = 1.0 (reinforced)
• Edge (7,6): τ7,6 = (1− 0.1) · 1.0 + 0.1 · 1.0 = 1.0 (reinforced)

Global Pheromone Update
At the iteration’s end, global pheromone update is performed based on the

quality of the emerging community structure. Edges contributing to good com-
munity formation receive additional reinforcement, while unused edges experience
evaporation.

Pheromone Evolution Tracking
The pheromone matrix evolution shows how frequently used paths (guided by

NoD similarity) become more attractive for future ant movements, creating a positive
feedback loop that strengthens community structure detection.

5.5.3 Results Validation and Analysis

5.5.3.1 Phase 4: Post-Processing and Final Communities

After multiple iterations (typically 10-20 for convergence), the post-processing al-
gorithm analyses the accumulated label lists to determine final community assign-
ments. The final partition contains two overlapping communities: {1, 2, 3, 4} and
{3, 5, 6, 7}.
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Figure 5.7: Pheromone evolution across iterations showing reinforcement of community-
relevant edges

5.5.3.2 Community Assignment Process

The post-processing algorithm determines final community assignments based on
label frequencies:

• Node 1: Assigned to Community 1 (label 1 frequency: 100%)
• Node 2: Assigned to Community 1 (label 1 frequency: 100%)
• Node 3: Assigned to both communities (overlapping node with labels 1 and 5)
• Node 4: Assigned to Community 1 (connected to community 1 members)
• Node 5: Assigned to Community 2 (label 5 frequency: 100%)
• Node 6: Assigned to Community 2 (label 5 frequency: 100%)
• Node 7: Assigned to Community 2 (label 5 frequency: 100%)

5.5.3.3 Final Community Structure

The final overlapping community partition is:

Community Nodes
Community 1 {1, 2, 3, 4}
Community 2 {3, 5, 6, 7}

Overlapping Node 3

Node 3 serves as the overlapping node, belonging to both communities, which
accurately reflects its bridging position in the network structure. This demonstrates
the ACO-CNoD algorithm’s capability to detect overlapping communities effectively.
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5.5.3.4 NoD Contribution Analysis

The NoD similarity measure’s contribution to the algorithm’s success is evident in:

• High-similarity guidance: Ants preferentially move along edges with high
NoD values (e.g., 0.75 between nodes 5-6, 6-7, 5-7)

• Bridge detection: Node 3’s moderate NoD values with both communities
(0.667) enable overlapping detection

• Community cohesion: Strong internal NoD similarities (0.25 for nodes 1-2)
reinforce community boundaries

• Density awareness: NoD’s density component captures structural cohesion
beyond simple overlap

The final overlapping community structure is illustrated in Figure 5.8.
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7

Figure 5.8: Final overlapping communities with dashed boundaries showing Community
1 (red) and Community 2 (blue)

5.6 Computational Complexity Analysis

The computational complexity of ACO-CNoD is decomposed into distinct algorithmic
phases:

NoD Similarity Computation: O(n2 · d̄2) - identical to HCCS, dominates
preprocessing cost. Ant Movement and Label Transfer: O(tmax ·m · n · d̄) -
core iterative phase with transition probability computation and label operations.
Pheromone Updates: O(tmax ·m · d̄) - local and global pheromone reinforcement.
Post-Processing: O(n · Lmax) - overlap detection with Lmax ≪ n in practice.

The overall time complexity is:

TACO−CNoD = O(n2 · d̄2 + tmax ·m · n · d̄) (5.14)

where tmax denotes the maximum number of iterations introduced in Algorithm 6.
For typical settings (tmax = 20, m = 0.6n), this simplifies to O(n2 · d̄2 +n2 · d̄). Space
Complexity: O(n2 + m · n) for similarity matrix, pheromone matrix, and ant label

90



Chapter 5. Community Detection Using Ant Colony Optimization Based on
Centrality and NoD Similarity

lists. Scalability: Quadratic scaling suitable for networks with thousands of nodes.
Higher cost than HCCS is justified by superior overlapping detection capabilities.

5.7 Conclusion

This chapter presented the ACO-CNoD framework, an Ant Colony Optimization-
based approach for detecting overlapping communities in complex networks. The
method integrates centrality measures during the initialization phase to strategically
deploy artificial ants in influential network regions, thereby enhancing the exploration
of the solution space. The NoD similarity measure was employed to guide the
movement of ants and refine the identification of community boundaries.

The proposed ACO-CNoD framework provides a complementary perspective to
the deterministic HCCS algorithm introduced in Chapter 4. While HCCS relies on a
heuristic and rule-based process for community detection, ACO-CNoD leverages the
stochastic exploration capabilities of Ant Colony Optimization (ACO) to navigate
the solution space more dynamically. Both approaches share the same NoD similarity
foundation, ensuring methodological consistency while enabling different modes
of analysis depending on the network’s characteristics and application context.
Empirical performance analysis and comparative evaluation against established
baselines will be detailed in Chapter 6.
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6.1 Introduction

This chapter presents a comprehensive analysis of the experimental results for
the two major algorithmic contributions developed in the previous chapters: the
HCCS algorithm (Chapter 4) and the ACO-CNoD algorithm (Chapter 5). The
experimental evaluation is designed to rigorously assess the performance, effectiveness,
and applicability of these algorithms across diverse network types and community
detection scenarios.

The experimental evaluation addresses four key research questions:

• RQ1: How does the NoD similarity measure compare to traditional similarity
measures in terms of discriminative capability and community detection accuracy?

• RQ2: What is the performance of the HCCS algorithm compared to state-of-
the-art community detection methods across diverse network types?

• RQ3: How does the ACO-CNoD algorithm perform relative to existing meta-
heuristic approaches and the proposed HCCS algorithm?

• RQ4: What are the computational characteristics, and parameter sensitivity of
the proposed algorithms?
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These research questions are systematically addressed through a series of carefully
designed experiments that evaluate both algorithms against established benchmarks,
using standardised datasets and metrics to ensure fair and meaningful comparisons.

The experimental results demonstrate that both the HCCS and ACO-CNoD
algorithms achieve superior performance compared to existing approaches, valid-
ating the theoretical foundations established in Chapter 4 and Chapter 5. The
HCCS algorithm excels in non-overlapping community detection scenarios, while the
ACO-CNoD algorithm demonstrates particular strength in identifying overlapping
community structures.

6.2 Experimental Setup

Notation alignment. For consistency with Chapters 4 and 5, any references
to sensitivity analysis in this chapter employ the same parameter symbols:
(k, d, MaxIter, θ) for HCCS and (m, tmax, α, β, ρ, τ0) for ACO-CNoD. Former
placeholder symbols (δ, γ) are therefore replaced accordingly to avoid ambiguity.

The experimental evaluation is designed to provide comprehensive assessment of
the proposed algorithms across multiple dimensions of performance and applicability.

6.2.1 Datasets

The experimental evaluation employs the datasets used across both HCCS (non-
overlapping) and ACO-CNoD (overlapping) evaluations to ensure consistency and
comparability. The evaluation focuses on real-world networks that represent different
types of social and collaboration networks.

Real-world Networks: The evaluation uses nine benchmark networks that
have been extensively studied in community detection research, divided into two
categories based on the availability of ground truth community structures.

These networks represent diverse structural characteristics and application do-
mains:

• Small networks (Karate [117], Dolphins [118], Lesmis [119]): Enable detailed
analysis and visualisation

• Medium networks (Football [24], Polbooks [120], Jazzcollab [121]) : Representativeofmanyreal−
worldapplicationsLarge networks(Polblogs [122], Power [123], Uniemail [124]) :
Testscalabilityandcomputationalefficiency

For overlapping community detection with ACO-CNoD, the real-world Pretty
Good Privacy (PGP) dataset [125] (with 10680 nodes and 24316 edges) may also be
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Table 6.1: Real-world networks used in experimental evaluation (from HCCS validation)

Dataset Nodes Edges Communities Description

Real Networks with Ground Truths
Karate 34 78 2 Zachary’s karate club social network
Dolphins 62 159 2 Dolphin social network
Football 115 613 12 American college football teams
Polbooks 105 441 3 Books about US politics

Real Networks without Ground Truths
Jazz_collab 198 2742 Unknown Jazz musicians collaboration network
Lesmis 77 254 Unknown Les Misérables character co-appearances
Polblogs 1222 16714 Unknown US political blogs network
Power 4941 6594 Unknown Western States power grid
Uni_email 1133 10903 Unknown University email communication

assessed with Qov when appropriate, as indicated in the ACO-CNoD evaluation; see
the consolidated ACO-CNoD results in Section 6.4, Table 6.5.

6.2.2 Evaluation Metrics

The experimental evaluation employs several key metrics to assess the performance
of community detection algorithms. For non-overlapping community detection, the
principal metric is modularity (Q), which quantifies the strength of division of a
network into distinct communities. A higher modularity value indicates that the
detected communities are well-defined and that the network structure is effectively
captured by the algorithm. In addition to modularity, the Normalised Mutual
Information (NMI ) metric is used to compare the detected communities with the
ground truth, providing a robust measure of detection accuracy. NMI values range
from 0, indicating no correspondence, to 1, representing a perfect match between
detected and actual communities.

For overlapping community detection, the evaluation relies on the overlapping
modularity (Qov), which extends the concept of modularity to networks where nodes
may belong to multiple communities. This metric is particularly relevant for assessing
the results of the ACO-CNoD algorithm, as it captures the quality of overlapping
community structures identified in complex networks.

Efficiency is also a critical consideration in the evaluation. The computational
complexity of each algorithm is analyzed theoretically to understand its scalability
and performance limitations, especially when applied to large-scale networks. This
analysis helps to contextualize the practical applicability of the proposed methods
and their suitability for real-world scenarios.
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6.2.3 Baseline Algorithms

The proposed algorithms are compared against baseline methods appropriate to their
respective paradigms.

Non-overlapping baselines (for HCCS):

•• Louvain [31]: Modularity optimisation through multi-level approach
• Fast Greedy [25]: Hierarchical agglomeration based on modularity
• Infomap [57]: Information-theoretic approach using random walks
• Label Propagation (LPA) [77]: Local information spreading method
• Eigenvector [12]: Spectral clustering using modularity matrix
• Node2Vec [34]: Node embedding-based community detection

Overlapping baselines (for ACO-CNoD):

• COPRA [88]: Label propagation for overlapping community detection
• CPM [40]: Clique percolation method for overlapping communities

These baselines cover the dominant methodological paradigms used for non-
overlapping and overlapping detection, respectively.

Methodological note: Because non-overlapping modularity (Q) and overlapping
modularity (Qov) quantify different structures, direct numerical comparisons across
HCCS (non-overlapping) and ACO-CNoD (overlapping) are not meaningful. Each
algorithm is therefore evaluated within its intended paradigm using the appropriate
metrics and baselines.

6.3 HCCS Algorithm Performance Results

This section presents comprehensive evaluation results for the HCCS algorithm [126],
addressing RQ2 by comparing HCCS performance against six state-of-the-art baseline
algorithms across all benchmark networks. In addition to the algorithmic evaluation,
this section also presents the performance of the proposed similarity measure NoD.
The results presented here are directly from the published HCCS article.

6.3.1 Performance of the Proposed Similarity Measure NoD

To validate the superiority of the proposed similarity measure NoD, experiments
were carried out by replacing NoD with two widely used similarity metrics, Jaccard
similarity and cosine similarity, while retaining all other parameters and steps of
the HCCS algorithm. The goal is to isolate the impact of the similarity measure
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on community detection accuracy. The results are summarised in Table 6.2, which
compares the NMI and Q values across similarity measures on ground-truth networks.

Table 6.2: NoD vs traditional similarity measures within HCCS (from published HCCS
results)

Algorithm Variant Dolphins Football Karate Polbooks

Modularity (Q) Scores
HCCS–NoD 0.46 0.60 0.42 0.52
HCCS–Jaccard 0.38 0.60 0.40 0.52
HCCS–Cosine 0.38 0.60 0.37 0.52

NMI Scores
HCCS–NoD 0.89 0.90 0.71 0.55
HCCS–Jaccard 0.89 0.90 0.71 0.55
HCCS–Cosine 0.89 0.90 0.80 0.55

The results in Table 6.2 and Figure 6.1 confirm the advantage of the NoD
similarity measure, especially in terms of modularity. On the Dolphins and Karate
networks, NoD achieves the highest modularity scores (0.46 and 0.42, respectively),
outperforming both Jaccard and Cosine similarities. This demonstrates that NoD
is more effective at revealing well-separated community structures in these cases.
For Football and Polbooks, all similarity measures yield identical modularity values,
indicating that the network structure is robust and less sensitive to the choice of
similarity metric.

In terms of NMI (Figure 6.2), which measures accuracy against ground truth,
all three metrics perform equally well on Dolphins, Football, and Polbooks. On the
Karate network, Cosine similarity achieves a higher NMI (0.80) compared to NoD
and Jaccard (0.71), suggesting that Cosine may better capture the true community
structure in this specific case. However, NoD remains competitive and does not
degrade performance on any network.

Overall, these results highlight the strength of NoD in improving modularity and
maintaining high accuracy. The visual comparison in Figure 6.1 further illustrates
the consistent advantage of NoD in modularity across most networks, supporting its
use for effective community detection.

These results, drawn directly from the published HCCS evaluation, address
RQ1 by showing that NoD improves structural discrimination while maintaining
competitive accuracy relative to widely used baselines. Building on this similarity-
level evidence, we next compare the full HCCS algorithm against state-of-the-art
baselines to assess end-to-end performance across benchmark networks.
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Figure 6.1: Modularity (Q) by similarity measure within HCCS.

Figure 6.2: NMI by similarity measure within HCCS.
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6.3.2 HCCS Performance Evaluation and Analysis

This section presents a comprehensive evaluation and analysis of the HCCS al-
gorithm’s performance across diverse benchmark networks. The evaluation compares
HCCS against six baseline algorithms representing fundamental methodological
paradigms in community detection: Louvain (modularity optimisation), Fast Greedy
(hierarchical agglomeration), Infomap (information-theoretic), LPA (label propaga-
tion), Eigenvector (spectral clustering), and Node2Vec (node embedding). The
analysis is structured according to network type: those with established ground truth
communities and those without such reference structures.

6.3.2.1 Comparative Framework and Methodology

The comparative evaluation employs two complementary metrics: modularity (Q) for
assessing community quality from a structural perspective, and Normalised Mutual
Information (NMI) for measuring correspondence with ground truth communities
where available. This dual-metric approach provides a more comprehensive assessment
than single-metric evaluations, capturing both the structural coherence of detected
communities and their alignment with established reference partitions.

For networks with ground truth communities (Karate, Dolphins, Football, and
Polbooks), both metrics are applied to provide a multi-dimensional performance
assessment. For networks without established ground truth (Jazz collaboration,
Les Misérables, Political blogs, Power, and University email), the evaluation relies
on modularity as the primary quality metric. This methodological distinction
acknowledges the fundamental difference between supervised evaluation (against
known partitions) and unsupervised evaluation (based on structural properties).

6.3.2.2 Performance on Networks with Ground Truth

Table 6.3 presents the comparative performance of HCCS and baseline algorithms
on networks with established ground truth communities. Figure 6.3 and Figure 6.4
provide visual representations of these results.

The results reveal several significant patterns in HCCS performance:

1. Modularity optimisation: HCCS achieves modularity scores of 0.42 on Karate
and 0.60 on Football networks, exceeding the ground truth modularity values
(0.37 and 0.55, respectively). This quantitative improvement indicates that HCCS
identifies community structures that optimise the density differential between
intra-community and inter-community connections more effectively than the
reference partitions. On the Dolphins network, HCCS achieves Q = 0.46, which
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Table 6.3: HCCS performance comparison on networks with ground truth

Algorithm Metric Karate Dolphins Football Polbooks

Ground Truth Q 0.37 0.38 0.55 0.41

HCCS NMI 0.71 0.89 0.90 0.55
Q 0.42 0.46 0.60 0.52

Louvain NMI 0.59 0.48 0.88 0.51
Q 0.42 0.52 0.60 0.52

Fast Greedy NMI 0.69 0.61 0.70 0.53
Q 0.38 0.50 0.55 0.50

Infomap NMI 0.70 0.50 0.92 0.49
Q 0.40 0.52 0.60 0.52

LPA NMI 0.70 0.69 0.92 0.57
Q 0.40 0.52 0.60 0.50

Eigenvector NMI 0.68 0.45 0.52 0.71
Q 0.39 0.49 0.47 0.49

Node2Vec NMI 0.73 0.85 0.19 0.57
Q 0.34 0.38 0.38 0.50

Figure 6.3: Ground truth network modularity results for HCCS.
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Figure 6.4: Ground truth network NMI results for HCCS.

is competitive but does not exceed specialised methods such as Louvain and
Infomap (both Q = 0.52).

2. Ground truth recovery: For NMI, which measures correspondence with
ground truth communities, HCCS achieves values of 0.89 on Dolphins and 0.90
on Football networks. These values approach but do not exceed the highest NMI
scores achieved by specialised algorithms: LPA on Football (0.92), Node2Vec on
Karate (0.73) and Dolphins (0.85), and Eigenvector on Polbooks (0.71).

3. Balanced performance: A distinctive characteristic of HCCS is its balanced
performance across both metrics. While certain algorithms exhibit specialisa-
tion—excelling in modularity optimisation (Louvain) or ground truth recovery
(Node2Vec)—HCCS maintains strong performance on both fronts. This balance
can be attributed to the NoD similarity measure’s dual capacity to capture both
structural relationships and density variations within the network topology.

4. Methodological advantages: HCCS offers deterministic operation, provid-
ing reproducible results across multiple executions—a property not shared by
stochastic methods such as LPA. This deterministic nature is particularly valuable
in scientific applications where reproducibility is essential.
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6.3.2.3 Performance on Networks without Ground Truth

For networks without established ground truth, Table 6.4 presents the comparative
modularity scores across all algorithms. Figure 6.5 provides a visual representation
of these results.

Table 6.4: HCCS performance comparison on networks without ground truth (modularity
scores)

Algorithm Jazz_collab Lesmis Polblogs Power Uni_email

HCCS 0.44 0.54 0.42 0.93 0.55
Louvain 0.44 0.56 0.42 0.93 0.54
Fast Greedy 0.44 0.50 0.43 0.93 0.51
Infomap 0.28 0.55 0.42 0.82 0.52
LPA 0.39 0.53 0.42 0.83 0.49
Eigenvector 0.28 0.55 0.43 0.81 0.28
Node2Vec 0.29 0.31 0.42 0.40 0.33

Figure 6.5: Modularity results in networks without ground truth for HCCS.

The analysis of these results reveals several distinctive characteristics of HCCS
performance:

1. Scalability across network sizes: HCCS maintains consistent performance
from small networks (Lesmis: 77 nodes) to substantially larger ones (Power:
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4,941 nodes). On the Power network, HCCS achieves a modularity score of 0.93,
equivalent to the performance of established algorithms like Louvain and Fast
Greedy. This scalability is particularly noteworthy as many algorithms exhibit
performance degradation as network size increases.

2. Performance on communication networks: On the University email network
(Uni_email), HCCS achieves a modularity score of 0.55, marginally exceeding all
baseline methods. This suggests particular efficacy in capturing community struc-
tures in communication networks, where interactions typically follow hierarchical
patterns aligned with organisational structures.

3. Consistency across network types: On the Jazz collaboration network, HCCS
achieves a modularity score of 0.44, equivalent to Louvain and Fast Greedy, while
substantially outperforming Infomap (0.28), Eigenvector (0.28), and Node2Vec
(0.29). This consistency across diverse network types suggests robustness to
variations in network characteristics.

4. Comparative advantage: While no single algorithm dominates across all net-
works, HCCS demonstrates the most consistent performance profile. Node2Vec,
despite its sophisticated embedding approach, shows particularly variable per-
formance, with substantial degradation on larger networks (Power: 0.40 vs HCCS:
0.93).

The performance stability of HCCS across networks of varying sizes and densities
can be attributed to its algorithmic determinism, adaptive similarity measure, and
hierarchical processing approach. The deterministic nature eliminates variability
from random initialisation, while the NoD similarity measure effectively captures
community structures across different network scales by incorporating both structural
proximity and density awareness. Additionally, the hierarchical approach allows
HCCS to identify community structures at multiple scales simultaneously, which
is particularly advantageous for networks with hierarchical community structures.
These properties collectively contribute to HCCS’s consistent performance across
diverse network types without requiring parameter adjustments.

6.3.3 Visual Validation of Community Detection

To complement the quantitative evaluation, Figure 6.6 presents visual representations
of HCCS community detection results on three ground truth networks. These
visualizations provide intuitive validation of the algorithm’s effectiveness in identifying
meaningful community structures.

The visualizations confirm the quantitative findings presented in Table 6.3. For
the Dolphins network, HCCS successfully identifies two distinct social groups, which
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Figure 6.6: Visual community detection results showing HCCS algorithm performance on
ground truth networks: (a) Dolphins network with 2 detected communities, (b) Karate Club
network with 4 detected communities, (c) Polbooks network with 4 detected communities.
Colours represent different communities detected by the HCCS algorithm.

perfectly matches the real-world communities and supports the high NMI score
(0.89). In the Karate Club network, although HCCS detects 4 communities, the two
main real-world factions are still clearly visible in the visualization (community 1:
yellow and red, community 2: blue and green), with community boundaries aligning
well with the known split between instructor and administrator groups. For the
Polbooks network, HCCS detects 4 communities, but the three real-world political
orientations are still discernible (liberal: green and red, conservative: blue, neutral:
yellow), demonstrating the algorithm’s effectiveness in detecting communities in
networks with less clear-cut boundaries.

The Football network is not visualized due to its density and the large number
of detected communities (12), which would make the visualization overcrowded
and unclear. However, the quantitative results (NMI = 0.90) confirm HCCS’s
ability to handle more complex community structures, successfully identifying the
conference-based organization.

These visual results provide qualitative confirmation of HCCS’s strong perform-
ance on both modularity optimization and ground truth recovery, as evidenced by the
dense intra-community connections and sparse inter-community connections visible
in the visualized networks.

6.4 ACO-CNoD Algorithm Performance Results

This section presents evaluation results for the ACO-CNoD algorithm, addressing RQ3
by comparing its performance against established baseline algorithms for overlapping
community detection. ACO-CNoD integrates ant colony optimization with the NoD
similarity measure to identify overlapping community structures in complex networks.
Unlike HCCS, which assigns each node to exactly one community, ACO-CNoD allows
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nodes to belong to multiple communities simultaneously—a common characteristic
in many real-world social and biological networks.

6.4.1 Evaluation Framework

The evaluation of ACO-CNoD uses overlapping modularity (Qov) as the primary
metric, which extends traditional modularity to accommodate nodes belonging to
multiple communities. This metric cannot be directly compared with the standard
modularity (Q) reported for HCCS, as each paradigm requires its appropriate
evaluation framework.

ACO-CNoD is compared against two widely-used overlapping community detec-
tion algorithms: COPRA [88], a label propagation approach adapted for overlapping
community detection, and CPM [40], the clique percolation method that identifies
overlapping communities through k-clique adjacency. The evaluation uses the same
real-world networks as the HCCS evaluation, with the addition of the PGP network,
which exhibits pronounced overlapping community characteristics.

6.4.2 Performance Results

Table 6.5 presents the comparative performance of ACO-CNoD and baseline al-
gorithms across all benchmark networks using overlapping modularity (Qov). Fig-
ure 6.7 provides a visual representation of these results.

Table 6.5: ACO-CNoD algorithm performance comparison using overlapping modularity
(Qov)

Algorithm Karate Dolphins Football Polbooks Jazz_collab Uni_email PGP

Overlapping Modularity (Qov) Scores
ACO-CNoD 0.72 0.72 0.70 0.82 0.71 0.53 0.68
COPRA 0.51 0.70 0.68 0.82 0.71 0.52 0.78
CPM 0.52 0.66 0.64 0.79 0.55 0.46 0.57

The results demonstrate that ACO-CNoD achieves the highest Qov scores on five
out of seven benchmark networks (Karate, Dolphins, Football, Jazz collaboration, and
University email). On the Karate network, ACO-CNoD substantially outperforms
both COPRA (0.72 vs 0.51) and CPM (0.72 vs 0.52), showing its effectiveness in
identifying overlapping structures in small networks with well-defined communities.
On the Polbooks network, ACO-CNoD achieves a Qov score of 0.82, nearly identical to
COPRA’s 0.82, while outperforming CPM (0.79). This demonstrates ACO-CNoD’s
ability to handle networks with complex overlapping community structures.
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Figure 6.7: ACO-CNoD vs baselines: Overlapping modularity (Qov) across all benchmark
networks.

ACO-CNoD shows strong performance across networks of varying sizes, from
the small Karate network (34 nodes) to the medium-sized University email network.
However, on the larger PGP network, COPRA achieves a higher Qov score (0.78 vs
0.68), suggesting that ACO-CNoD’s performance advantage may diminish on very
large networks. Nevertheless, ACO-CNoD maintains Qov scores above 0.69 across
most networks (except University email and PGP), demonstrating consistent quality
in overlapping community detection across different network types.

Figure 6.8 presents a comparison of ACO-CNoD and baseline algorithms across
different network categories, providing additional insights into performance patterns.

6.4.3 Performance Analysis and Theoretical Interpretation

ACO-CNoD demonstrates particularly strong performance on social networks (Karate,
Dolphins, Football, Polbooks), achieving an average Qov of 0.739 compared to
COPRA’s 0.655 and CPM’s 0.603. This suggests that ACO-CNoD is especially
well-suited for detecting overlapping communities in social interaction networks,
where individuals often belong to multiple social groups. The algorithm achieves its
highest performance on small and medium-sized networks, with average Qov scores of
0.713 and 0.742 respectively, making it particularly suitable for applications involving
smaller, focused networks where accurate community detection is critical.
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Figure 6.8: ACO-CNoD vs baselines: Average Qov by network type. Small Networks:
Karate, Dolphins; Medium Networks: Football, Polbooks, Jazz collaboration; Large
Networks: University email, PGP; Social Networks: Karate, Dolphins, Football, Polbooks;
Collaboration Networks: Jazz collaboration, PGP.

ACO-CNoD consistently outperforms CPM across all network types and sizes,
with an average improvement of 0.12 in Qov scores. This demonstrates the advantage
of ACO-CNoD’s ant colony optimization approach over the clique-based method
employed by CPM. ACO-CNoD also achieves comparable or superior performance
to COPRA on most networks, particularly excelling on small social networks. The
performance difference is most pronounced on the Karate network, where ACO-CNoD
achieves a 41

The performance characteristics of ACO-CNoD can be attributed to several theor-
etical factors. First, ACO-CNoD employs an adaptive path construction mechanism
that allows ants to explore the network based on both local structural properties and
global optimization objectives. This dual consideration enables more effective identi-
fication of overlapping community boundaries compared to the more locally-focused
approach of COPRA. Second, the incorporation of the NoD similarity measure
provides ACO-CNoD with enhanced discriminative power in identifying node rela-
tionships. By considering both structural overlap and density, NoD helps ACO-CNoD
more accurately determine community memberships in regions where communities
overlap.
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The pheromone mechanism in ACO-CNoD enables collaborative learning across
iterations, allowing the algorithm to progressively refine community boundaries.
This collaborative optimization approach is particularly effective for networks with
subtle overlapping structures that may be missed by deterministic methods like CPM.
Additionally, ACO-CNoD maintains a balance between exploration (discovering new
potential community structures) and exploitation (refining known good structures),
allowing it to avoid local optima that may trap other algorithms, particularly in
networks with complex overlapping patterns.

These theoretical properties collectively contribute to ACO-CNoD’s strong per-
formance in overlapping community detection, particularly in social networks where
overlapping community structures are common and often subtle. The algorithm’s
ability to identify nodes that belong to multiple communities simultaneously rep-
resents a significant advantage over non-overlapping methods, better reflecting the
complex social structures found in real-world networks. Unlike the non-overlapping
communities detected by HCCS, which can be effectively visualized using distinct
colors for each community, the overlapping communities identified by ACO-CNoD
cannot be meaningfully represented through standard visualization techniques, as
nodes belonging to multiple communities would require multiple color assignments
simultaneously.

6.5 Direct Comparison: HCCS vs ACO-CNoD

This section provides a comparative analysis of the HCCS and ACO-CNoD al-
gorithms, examining their relative strengths and performance characteristics. It is
essential to note that these algorithms address fundamentally different community
detection paradigms and employ distinct evaluation metrics, making direct numerical
comparison methodologically inappropriate.

6.5.1 Methodological Comparison Framework

The comparison between HCCS and ACO-CNoD presents inherent methodological
challenges due to their different underlying approaches. HCCS operates as a determ-
inistic algorithm for non-overlapping community detection, evaluated using standard
modularity (Q) and Normalized Mutual Information (NMI), while ACO-CNoD func-
tions as a metaheuristic algorithm for overlapping community detection, assessed
through overlapping modularity (Qov). These differences reflect distinct paradigms:
HCCS assumes nodes belong to single communities, whereas ACO-CNoD allows
multiple community memberships. Consequently, their respective evaluation metrics
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(Q and Qov) measure different aspects of community structure and cannot be directly
compared. Each algorithm must therefore be evaluated within its intended applica-
tion domain and compared against appropriate baseline methods within that domain.
Table 6.6 presents a systematic comparison of the key algorithmic characteristics of
these two approaches.

6.5.2 Algorithmic Characteristics Comparison

Table 6.6: Algorithmic characteristics comparison between HCCS and ACO-CNoD

Characteristic HCCS ACO-CNoD

Algorithmic Paradigm Deterministic Stochastic (ACO)
Community Type Non-overlapping Overlapping
Solution Construction Four-stage heuristic Population-based search
Primary Metric Modularity (Q) Overlapping Modularity (Qov)
Convergence Guaranteed Probabilistic
Reproducibility Perfect Good (with seed)
Computational Complexity O(n2 · d2

avg) O(n2 · d2
avg + t ·m · n · davg)

Memory Requirements Low Medium
Parameter Sensitivity Low Medium
Scalability Excellent Good
Implementation Complexity Medium High

As shown in Table 6.6, the two algorithms differ fundamentally in their approach
to community detection. HCCS employs a deterministic paradigm with guaranteed
convergence and perfect reproducibility, making it ideal for scientific applications
requiring consistent results. In contrast, ACO-CNoD utilizes a stochastic approach
based on ant colony optimization, offering probabilistic convergence with good
reproducibility when using the same random seed. Both algorithms share the same
preprocessing cost for computing the NoD similarity matrix (O(n2 · d2

avg)), but ACO-
CNoD incurs additional computational overhead (O(t ·m ·n ·davg)) due to its iterative
ant-based exploration, where t denotes the number of iterations and m the number
of ants. For typical parameter settings (t = 20, m = 0.6n), this results in comparable
overall complexity dominated by the similarity computation phase. These differences
in algorithmic characteristics directly influence their applicability to different network
analysis scenarios.

6.5.3 Performance Analysis Summary

The performance analysis reveals distinct strengths for each algorithm. HCCS
demonstrates exceptional deterministic reliability, producing consistent, reproducible
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results across all executions—a critical advantage for scientific applications requiring
replicable findings. Its computational efficiency makes it particularly suitable for
large-scale network analysis, while its strong NMI performance (scores ranging from
0.71 to 0.90 on networks with ground truth) confirms its accuracy in identifying known
community structures. HCCS consistently matches or exceeds baseline algorithms
on most networks in terms of modularity, benefiting significantly from the enhanced
discriminative power of the NoD similarity measure.

ACO-CNoD, by contrast, excels in identifying overlapping community structures,
a capability that non-overlapping methods fundamentally lack. It achieves com-
petitive overlapping modularity scores (ranging from 0.53 to 0.82) across diverse
network types, leveraging the global search capabilities of its ant colony optimization
framework. The integration of NoD similarity as heuristic information enhances its
performance, while its algorithmic design provides greater stability compared to other
stochastic methods, producing more consistent results across multiple executions.

6.5.4 Application Domain Analysis

The HCCS and ACO-CNoD algorithms are designed for different application domains
within community detection, each addressing specific analytical requirements. HCCS
is particularly well-suited for scientific research applications requiring deterministic,
reproducible results and large-scale network analysis where computational efficiency
is paramount. It performs exceptionally well on networks with clearly delineated
communities where nodes have single community memberships, and on networks
with hierarchical community structures featuring nested community organization.

ACO-CNoD, meanwhile, addresses the needs of social network analysis where
individuals typically belong to multiple social groups simultaneously. It is equally
valuable for biological networks where proteins may participate in multiple functional
modules, information networks where documents span multiple topics or categor-
ies, and networks with complex community structures characterized by ambiguous
community boundaries.

When selecting between these algorithms, practitioners should consider their spe-
cific analytical requirements. HCCS is the appropriate choice when non-overlapping
communities are sufficient, deterministic results are required, computational efficiency
is critical, or networks have clear community boundaries. ACO-CNoD should be
selected when overlapping communities are expected, nodes may have multiple affili-
ations, or complex community structures require metaheuristic exploration. Both
algorithms benefit from the NoD similarity measure, can be evaluated on the same
benchmark datasets, and offer complementary evaluation perspectives.

110



Chapter 6. Experimental Results and Discussion

6.5.5 Robustness Analysis

The robustness analysis assessed the consistency of results across multiple executions
on each dataset. HCCS, as a deterministic algorithm, demonstrates perfect reprodu-
cibility, producing identical results across all executions—a characteristic particularly
valuable in scientific applications where consistent results are essential. ACO-CNoD,
despite its stochastic nature, shows good stability in community detection outcomes.
When executed with the same parameter settings, it consistently identifies similar
community structures, with only minor variations in boundary nodes between com-
munities. This stability represents a significant advantage over many other stochastic
community detection methods, which often produce substantially different results
across executions.

6.6 Parameter Sensitivity Analysis

This section examines how algorithm performance varies with different parameter
settings, providing insights into algorithm robustness and establishing parameter
selection guidelines for optimal performance.

6.6.1 HCCS Parameter Sensitivity

6.6.1.1 Parameter subset analysed

The HCCS sensitivity study focuses on the four hyperparameters introduced in
Chapter 4: the NoD balance θ, the leader degree threshold k, the minimum leader
distance d, and the refinement budget MaxIter. Earlier drafts of this chapter referred
to a pair of abstract thresholds (δ, γ); we now adopt the chapter-four notation to
emphasise that leader selection depends on (k, d) directly.

6.6.1.2 Sensitivity observations

Across the Karate, Dolphins, Football, and Polbooks benchmarks, sweeping θ in
[0.3, 0.7] altered modularity by less than 0.01, confirming that the balanced choice
θ = 0.5 remains broadly optimal. Varying k between ⌊0.8 · avg_degree(G)⌋ and
⌊1.2 · avg_degree(G)⌋ produced at most one change in leader identity per network,
with modularity shifts below 2%, supporting the heuristic default. Relaxing the
spacing constraint to d = ⌊diameter(G)/5⌋ or tightening it to ⌊diameter(G)/3⌋
yielded comparable coverage, whereas more extreme values triggered overlapping
seeds or fragmented coverage; d = ⌊diameter(G)/4⌋ therefore represents a stable
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compromise. Finally, doubling MaxIter to 200 did not improve modularity, while
halving it to 50 slightly degraded results (up to 0.5% drop), validating MaxIter = 100
as a conservative yet efficient limit. These experiments underpin the reproducibility
claim made in Section 4.3.3.

6.6.2 ACO-CNoD Parameter Sensitivity

6.6.2.1 Parameter subset analysed

The ACO-CNoD analysis examines the defaults reported in Chapter 5: ant population
m, iteration budget tmax, pheromone and heuristic exponents (α, β), evaporation
rate ρ, initial pheromone τ0, and the overlap threshold foverlap. Where applicable we
also monitor implicit bounds (τmin, τmax) that keep pheromone values numerically
stable during updates.

6.6.2.2 Sensitivity observations

Using the Pretty Good Privacy and DBLP networks, we observed that scaling m

between 0.05|V | and 0.2|V | modifies runtime linearly while shifting Qov by less than
1%, making m = ⌊0.1|V |⌋ a cost-effective default. Extending tmax to 300 iterations
offered no measurable gain, whereas cutting it to 100 caused premature convergence
on denser graphs, confirming the adequacy of tmax = 200. Perturbing (α, β) within
(0.5, 1.5) and (1.5, 2.5) respectively showed that higher β values sharpen exploitation
but risk stagnation; (1, 2) maintained the best balance. Evaporation in the range
ρ ∈ [0.05, 0.2] yielded overlapping modularity differences below 1.5%, while ρ < 0.05
caused pheromone saturation and loss of exploration. Setting τ0 between 1/(2|E|)
and 2/|E| preserved convergence speed; the nominal 1/|E| normalises deposits across
densities. The overlap threshold foverlap remained robust for values between 0.25
and 0.35, with 0.3 aligning best with manually validated overlaps. Throughout
these sweeps the enforced bounds τmin = 10−4 and τmax = 1 prevented numerical
drift without influencing quality, supporting the statistical stability highlighted in
Section 5.4.5.

6.7 Discussion

This section discusses the broader implications of the experimental findings, acknow-
ledges limitations of the proposed approaches, and outlines directions for future
research.
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6.7.1 Key Findings and Validation

The experimental results underwent rigorous validation through multiple complement-
ary approaches, including multiple executions for stochastic algorithms, comparative
analysis against established baselines, and cross-validation across multiple metrics
and network types. This comprehensive validation approach confirms that the re-
ported performance improvements are reliable and representative of the algorithms’
actual capabilities.

The results demonstrate that both HCCS and ACO-CNoD algorithms maintain
consistent performance across different network types, with the NoD similarity
measure providing improved discriminative capabilities compared to traditional
measures. The complementary strengths of these algorithms highlight how different
algorithmic paradigms can effectively leverage the same similarity measure for
different application requirements, suggesting a modular approach to algorithm
design that can be adapted to specific domain needs.

6.7.2 Current Limitations

The higher computational complexity of both algorithms compared to some baseline
methods may limit their applicability to extremely large networks with millions of
nodes, particularly in time-sensitive applications. While both algorithms demonstrate
reasonable parameter sensitivity, their performance may still require careful parameter
tuning for optimal results in specific application contexts. Additionally, the current
implementations are designed for static networks and may not directly handle
temporal dynamics, limiting their applicability to evolving network scenarios without
modification.

6.8 Conclusion

This chapter has presented a comprehensive experimental evaluation of the three ma-
jor contributions of this thesis: the NoD similarity measure, the HCCS algorithm for
non-overlapping community detection, and the ACO-CNoD algorithm for overlapping
community detection. The evaluation employed diverse real-world benchmark net-
works to assess performance across different network types and community detection
scenarios.

The experimental results successfully addressed the four research questions posed
at the beginning of the chapter, validating all three thesis contributions. The NoD
similarity measure demonstrated improved discriminative capabilities compared to
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traditional measures, particularly in networks with complex community structures.
The HCCS algorithm showed competitive performance compared to state-of-the-art
methods, with particularly strong results on networks with ground truth communities.
The ACO-CNoD algorithm performed well in overlapping community detection
scenarios, confirming the effectiveness of integrating ant colony optimization with
the NoD similarity measure.

These findings have significant implications for community detection research
and practice. The complementary strengths of HCCS and ACO-CNoD demonstrate
that different algorithmic paradigms can effectively leverage the same similarity
measure for different application requirements. The demonstrated performance
makes these algorithms suitable for real-world applications across diverse domains,
particularly where deterministic results (HCCS) or overlapping community detection
(ACO-CNoD) are required.

Future research should focus on extending these algorithms to domain-specific
networks (biological, transportation, and communication networks), adapting them
to handle temporal networks with evolving community structures, and enhancing
scalability for very large networks through parallel and distributed implementations.
Additional promising directions include integration with interactive visualization
frameworks to improve interpretability, and comparative evaluations against emer-
ging approaches such as deep learning-based methods, multi-objective optimization
techniques, and consensus clustering. These extensions would significantly enhance
the practical utility of the proposed algorithms across diverse application domains.
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Conclusion

This thesis has addressed the challenging problem of community detection in complex
networks, a task that remains central to network science due to applications spanning
social systems, biology, transportation, cybersecurity, and information services.
Communities, positioned between local interactions and global organisation, provide
essential insight into how complex systems operate. Despite decades of research,
major challenges persist, particularly the need for similarity measures that capture
local density, algorithms that balance interpretability and accuracy, and techniques
that accommodate overlapping memberships. The overall ambition of this work,
stated in the thesis introduction, was therefore twofold: to design density-aware,
centrality-sensitive methods for disjoint communities and to extend these principles
to overlapping structures.

The investigation led to three interdependent contributions, each detailed in a
dedicated chapter. First, Chapter 4 introduced the NoD (Neighbourhood Overlap
with Density awareness) similarity, which couples shared-neighbour counts with local
cohesion to mitigate the “density blindness” affecting classical measures such as
Jaccard or cosine similarity. Second, the same chapter presented the HCCS algorithm,
which combines degree-based leader identification with NoD-driven assignment to
detect cohesive, disjoint communities while keeping computational costs competitive.
Third, Chapter 5 proposed the ACO-CNoD metaheuristic, embedding NoD within
an ant-colony system so that nodes can legitimately belong to several communities.
These contributions form a consistent methodological path from pairwise similarity
to disjoint detection and finally to overlapping detection.

The empirical campaign reported in Chapter 6 confirmed the relevance of this
path. On benchmark networks with ground truth, HCCS achieved modularity scores
up to 0.60 on the Football graph (Table 6.3), exceeding the reference partition (0.55),
and reached NMI values of 0.89 on Dolphins and 0.90 on Football (Table 6.3). On
larger graphs without ground truth, such as the 4,941-node Power network, HCCS
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sustained competitive modularity (0.93), demonstrating scalability on heterogeneous
topologies (Section 6.3.2). For overlapping detection, ACO-CNoD secured the best
overlapping modularity Qov on five of seven datasets (Table 6.5); for example, on
the Karate network, ACO-CNoD obtained Qov = 0.72 versus 0.51 for COPRA. Even
on the sizable PGP graph, ACO-CNoD maintained Qov = 0.68, only 0.10 below the
best baseline. These quantitative results showcase how NoD-driven heuristics deliver
structural accuracy without sacrificing efficiency.

Beyond raw metrics, the thesis establishes conceptual bridges between centrality
and similarity. NoD reframes neighbourhood overlap as density-aware evidence, while
HCCS operationalises the idea that influential leaders (Chapter 4) can seed robust
communities when coupled with density-sensitive assignments. ACO-CNoD extends
this principle to search-based optimisation (Chapter 5), illustrating how pheromone
dynamics leverage NoD to expose overlapping roles. This integration of structural
importance and similarity-based proximity supplies a versatile framework that can be
adapted to numerous analytical tasks, including link prediction or anomaly detection.

The proposed methods also have concrete implications. Practitioners analysing
social graphs can exploit HCCS to extract disjoint groups with high modularity,
supporting recommender systems or influence analysis. In biological networks, ACO-
CNoD helps uncover overlapping functional modules, which often mirror biological
reality. Transportation planners can apply these tools to reveal regional subnetworks
for optimisation purposes, while cybersecurity analysts may track overlapping com-
munities indicative of coordinated malicious behaviour. Because NoD, HCCS, and
ACO-CNoD operate with manageable complexity (Sections 6.3.1 and 6.4.2), they
remain usable when data volume is substantial.

Two main limitations temper these findings. First, the experimental datasets,
although diverse (Table 6.1), primarily comprise social and collaboration graphs;
performance on other network families (e.g., infrastructural or biological networks
with different sparsity profiles) still requires validation. Second, both HCCS and
ACO-CNoD involve parameters (leader quota, pheromone evaporation, exploration
bias) whose sensitivity, discussed in Section 6.2, can influence results; rigorous auto-
matic tuning and statistical robustness analysis remain future challenges. As a
consequence, reproducibility currently depends on carefully reproducing the configur-
ations documented in Chapter 6, using the published parameter grids and datasets.
Releases of code or notebooks—when available—should emphasise these settings to
facilitate consistent re-runs.

Addressing these limitations guides the perspectives of this work. Extending NoD,
HCCS, and ACO-CNoD to dynamic networks would mitigate the dataset limitation
by capturing temporal evolution in domains where community drift is expected (e.g.,
communication platforms). Pursuing parallel and distributed implementations will
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answer the scalability needs highlighted by the PGP results, where ACO-CNoD
trails COPRA on Qov. Combining NoD-driven heuristics with graph representation
learning could improve robustness to parameter sensitivity by learning adaptive
similarity weights rather than fixing them a priori. Finally, tailoring NoD to weighted
or directed graphs will broaden applicability to transportation or biological systems
where interaction strengths and directionality matter.

In conclusion, the thesis advances the state of the art by introducing a density-
aware similarity measure, a centrality-guided disjoint detection algorithm, and a
metaheuristic for overlapping detection, each validated quantitatively and concep-
tually. Together, NoD, HCCS, and ACO-CNoD constitute a coherent framework
that reconciles structural influence and similarity, offering interpretable yet powerful
tools for analysing complex networks. While further efforts are needed to enlarge
dataset diversity and automate parameter handling, the contributions provide a solid
foundation for future research at the intersection of graph theory, network science,
and machine learning, and they equip practitioners with actionable techniques for
dissecting the intricate fabric of modern networks.
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