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Abstract

This thesis presents several results on the existence, uniqueness, and stability of non-
local and boundary value problems for differential equations involving the generalized
Caputo fractional derivatives. In addition, we investigate coupled systems of nonlin-
ear fractional differential equations within the same framework. The analysis relies
on fixed point theorems, including those of Krasnoselskii, Dhage, Schaefer, and the
Banach contraction principle. Moreover, the study extends to Banach spaces, employ-
ing Darbo’s fixed-point theorem in conjunction with the measure of noncompactness
technique. Each chapter is considered a continuation of the previous one and ends

with illustrations to show the applicability of the results.

Keywords: Boundary value problem, existence, measure of noncompactness, fixed point, Banach
space, Ulam-Hyers-Rassias stability, ¥-Caputo fractional derivative, fractional integral, Ulam stability, non-

local problem, hybrid fractional differential equations...
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Résumé

Cette theése présente plusieurs résultats sur I'existence, I'unicité et la stabilité de prob-
lémes aux limites locales et non locales pour des équations différentielles impliquant les
dérivées fractionnaires généralisées de Caputo. Nous étudions également des systémes
couplés d’équations différentielles fractionnaires non linéaires dans le méme cadre.
L’analyse repose sur les théorémes du point fixe, notamment ceux de Krasnoselskii,
Dhage, Schaefer, ainsi que sur le principe de contraction de Banach. En outre, I’étude
est étendue aux espaces de Banach, en appliquant le théoréme du point fixe de Darbo
associé a la technique de mesure de la non-compacité. Chaque chapitre est considéré
comme une continuité du précédent et se termine par des illustrations visant & montrer

I’applicabilité des résultats obtenus.

Mots clés : Probléme aux limites, existence, mesure de non-compacité, point fixe, espace de Banach,
stabilité de Ulam-Hyers-Rassias, dérivée fractionnaire de ¥-Caputo, intégrale fractionnaire, stabilité d’Ulam,

probléme non local, équations différentielles fractionnaires hybrides...
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Introduction

Fractional calculus is a field in mathematical analysis that generalizes classical
integer-order differential calculus that involves real or complex order derivatives and
integrals [1,3,9,24,32-35]. The concept of fractional differential calculus has a long

d™y

dxn?

and rich history. The idea of a derivative of fractional order, represented as
where n is a fraction, has intrigued mathematicians for centuries. This notion can be
traced back to a correspondence between L’Hopital and Leibniz in 1695. L’Hopital
posed the question, "What if n = %?” Leibniz responded, suggesting that d>x would
equal xv/dx : x , acknowledging it as a paradox from which valuable insights might

eventually emerge. This exchange is regarded as the birth of fractional calculus.

Over time, numerous prominent mathematicians have contributed to the develop-
ment of fractional calculus. The formal inception of this field is often attributed to 30
September 1695. Foundational work was carried out by Leibniz and L'Hépital (1695),
Bernoulli (1697), Euler (1730), and Lagrange (1772). Weyl (1917), Riesz (1922), P.
Lévy (1923), Davis (1924), Kober (1940), Zygmund (1945), Kuttner (1953), J. L. Li-
ons (1959), and Liverman (1964), among others, who have significantly advanced the

theoretical framework of fractional calculus.

Ross organized the first conference on fractional calculus at the University of New
Haven in June 1974 and edited its proceedings [$8]. Subsequently, Spanier published
the first monograph dedicated to "Fractional Calculus" in the same year [76]. In recent
years, fractional integrals and derivatives of non-integer order, as well as fractional
integro-differential equations, have found extensive applications in theoretical physics,
mechanics, and applied mathematics. A highly detailed encyclopedic monograph by
Samko, Kilbas, and Marichev was initially published in Russian in 1987 and later
translated into English in 1993 [106] (for additional details, see [65]). Several notable
works focused on fractional differential equations include those by Miller and Ross
(1993) [71], Podlubny (1999) [80], Kilbas et al. (2006) [64], Diethelm (2010) [52],
Ortigueira (2011) [77], Abbas et al. (2012) [2], and Baleanu et al. (2012) [23].

The origins of fixed point theory, as it is very well known, go to the system of
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successive approximations (or the iterative method of Picard) used to solve certain
differential equations. Roughly speaking, from the process of successive approxima-
tions, Banach obtained the fixed point theorem. The fixed point theory has been
immense and independent of the differential equations in the last few decades. But,
lately, the outcomes of fixed points have turned out to be the instruments for the
solutions of differential equations. Recently, differential fractional equations have
been shown to be an effective instrument for researching multiple phenomena in di-
verse fields of science and engineering, such as electrochemistry, electromagnetics,
viscoelasticity, economics, etc. It is very popular in the literature to suggest a solu-
tion to fractional differential equations by adding various forms of fractional deriva-
tives, see e.g. [1,2,7,9,16,24,29 43 63, 115]. On the other hand, there are more
findings concerned with the issues of boundary value for fractional differential equa-

tions [ ) 9 3 ) 9 ) o ) o ) ]

In 1940, Ulam [109, 110] posed a fundamental question concerning the stability of
functional equations related to group homomorphisms: "Under what conditions does

there exist an additive mapping close to an approximately additive mapping?".

A partial resolution of this problem was initially provided by Hyers [60] in 1941.
Later, between 1982 and 1998, Rassias |35, 80] extended these results by establishing
the Hyers-Ulam stability for both linear and nonlinear mappings. Following these
foundational contributions, numerous studies have explored various generalizations of
Hyers’ results, leading to a broad spectrum of developments in this domain (see, for

instance, [1,25,38-10,60,00,83,81,89, 110]).

The term "pantograph" refers to an articulated mechanism enabling electric vehi-
cles, such as locomotives or trams, to draw power through friction with an overhead
catenary system. The pantograph differential equation serves as a mathematical rep-
resentation of the dynamics of mechanical systems with pantograph linkages, often
seen in electric transportation. This equation provides insights into the dynamic be-
havior and performance of such systems. Its development traces back to the work of
Ockendon and Tayler [75], who analyzed the dynamics of current collection systems

for electric locomotives. Pantograph equations have since been applied in numerous
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scientific domains to model diverse problems [12,56,79]. In recent years, researchers
have explored fractional-order pantograph equations, incorporating various aspects

and distinct fractional derivative operators (see, for example, 6,419,506, 114]).

Figure 1: Example of a pantograph in transport.

The concept of the measure of noncompactness, which serves as a crucial tool in the
theory of nonlinear analysis, was initially introduced through the pioneering works
of Alvarez [17] and Monch [73], and subsequently developed further by Banas and
Goebel [28], along with various other researchers. The measure of noncompactness
has found extensive applications in applied mathematics, particularly in the theory of
differential equations (see |3, 78] and references therein). More recently, the measure
of noncompactness has been employed to study certain classes of differential equations

in Banach spaces, as demonstrated in [1,17,19,25].

The concept of nonlocal conditions was introduced by Byszewski [15], who estab-
lished the existence and uniqueness of mild and classical solutions for nonlocal Cauchy
problems. Nonlocal conditions can provide a more effective framework than standard
initial conditions for modeling certain physical phenomena. Fractional differential
equations with nonlocal conditions have been examined in detail in [5, 10, 18,41, 42

57,67,74,87,102] and related works.

In 1908, Paul Langevin [65] introduced the classical Langevin equation, which pro-

vided a mathematical framework to describe the Brownian motion of particles. While
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this classical formulation has played a crucial role in mathematical physics, includ-
ing applications to fractional reaction-diffusion systems, correlated noise sources, har-
monic oscillators, and quantum noise phenomena, it has limitations in certain fractal
disorder domains. To address these challenges, the fractional Langevin equation has
proven to be more effective, particularly in scenarios where the microscopic time scale
differential equations fail or macroscopic system descriptions are unavailable (see ref-

erences 10,22, 47,59,70, , 112]).

Hybrid fractional differential equations have been the subject of investigation by
numerous researchers. A hybrid differential equation refers to an equation in which
the terms are perturbed either linearly, quadratically, or through a combination of both
types. A perturbation is classified as linear when it appears as a sum or difference
of terms within the equation. Conversely, when the perturbation arises from the
product or quotient of terms, it is referred to as quadratic. Consequently, the study
of hybrid differential equations provides a more general framework that encompasses
various dynamic systems as special cases. This class of equations involves the fractional
derivative of an unknown function hybrid with the nonlinearity depending on it. Some

recent results on hybrid differential equations can be found in a series of papers (see
[ ) ) 7 Y ) Y ) 7 Y ) ])'

In the following we give an outline of our thesis organization, which consists of four

chapters defining the contributed work.

Chapter 1: This chapter provides an outline of the notations, foundational results,
descriptions, theorems, and supporting concepts essential to this study. The first sec-
tion presents the notations and definitions associated with the functional spaces em-
ployed throughout the thesis. The second section focuses on key aspects of fractional
calculus theory, including its definitions, relevant lemmas, theorems, and properties.
The third section discusses various properties associated with the Measure of Noncom-
pactness. Finally, the chapter concludes with a summary of the fixed-point theorems

applied throughout the thesis.

Chapter 2: This chapter presents a comprehensive analysis of fractional panto-
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graph differential equations that incorporate the ¥-Caputo fractional derivative. The

equations under consideration are formulated as follows:

“Dyi” (CDéi’w + u) x(t) = f(t, x(t),x(¢t)), t€J=][0,0],
x(t) li=0=0, (1)
s1x(b)],_., + 5ax(b)],__ + -+ + 5nx(b) = 0.

|t:a1 t=em

t=¢eo

Here, CDS‘J;\P and CD('?;‘P denote the W-Caputo fractional derivatives of orders «, § €
(0,1]. The term p € R\ {0}, and 0 < ¢ < 1. The constants s; # 0 for i = 1,...,m,
while the points ¢; satisfy 0 < ; < --- < g,, < b. The function ¥ € C}(J,R") is an
increasing differentiable function such that W'(¢) # 0 for all ¢t € J, and §: J x R* - R

is a continuous function.

This study focuses on the analysis of a class of coupled Langevin fractional panto-
graph differential equations involving the W-Caputo fractional derivative with nonlocal
boundary conditions in Banach spaces. To establish the existence and uniqueness of
solutions, we apply several mathematical tools, including the Banach, Schaefer, and
Darbo fixed-point theorems, along with the concept of the measure of noncompact-
ness. Finally, we provide illustrative examples to demonstrate the applicability of our

results.

Chapter 3: This chapter study the existence and uniqueness of solutions for the
hybrid Langevin fractional pantograph differential equations involving ¥-Caputo frac-

tional derivatives, specifically addressing the following problem:

C naVv |C nBY X(t) < _ < < _
Dt |t (20 ) o) = exox@). tes=a @)

subject to the initial and boundary conditions:
x(t) Js=0= 0, xX'(t) [i=0= 0, x(t) |i=x=0, 0 < k < b, (3)
where CDS‘;\P and CDOﬁfI’ are the W-Caputo fractional derivatives of order a €

(0,1], B € (1,2], p € R\ {0} and 0 < ¢ < 1. The given functions f: J x R? — R and
g:J xR — R\ {0} are continuous.
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The results are based on the Banach and Dhage fixed-point theorems. Next, we
investigate the stability of these solutions in the sense of Ulam-Hyers and it’s general-
ized form. To illustrate our findings, we present several examples to demonstrate our

results.

Chapter 4: This chapter focuses on deriving results concerning the solutions of a
coupled system of hybrid Langevin fractional pantograph differential equations that
incorporate W-Caputo fractional derivatives within the framework of Banach spaces,

as detailed below

C 0417\11 C 51,\1/ X<t) - Wl (t7X(t)) X — X —
DOJr ])OJr t 91()&\;‘&)) (t + M1 (t) fl(ta (t)> Y(Cﬁ)), teJ [07 b]a

o,V 2,0 [ Y — V(LY - x o
CD0+ CDOB+ 92(t7 y(t)) + MQY(t) - f2(t7 Y<t)7x(<t))7 teJ= [07 b]?

(o] o (o]
(0= Wt i~ (0= 11200 _
gl<tax<t)) t=0 92<t7 (t)) t=0 7
x(t)—Wl(t,x(t))> _ (y(t)zWQ(t,y(t))) Y D<o <h
\ g1(t,x(t)) — ga(t, y(t)) e R

where CDST\I’, CDOﬁi\II are the U-Caputo fractional derivatives of order o; € (0,1], §; €
(1,2], for i = 1,2, py, 2 € R\ {0}, 0 < b, V1, Vo, V3, Vs € R, (V1 # V5 and Vy # V)
and 0 < ¢, (<1land U e C'(J,R") be an increasing differentiable function such that
U'(t) #0, for all t € J. The given functions f; : J X R? = R, W; : J x R — R, and
gj:J xR — R\ {0} are continuous with j =1, 2.

The results based on Banach’s fixed-point theorem, which ensures the existence
of solutions. This is further validated through Dhage’s hybrid fixed-point theorem
applied to the sum of three operators. In addition, the stability of these solutions
is examined in both the Ulam-Hyers sense and its generalized form. The theoretical

results are also illustrated with several examples to demonstrate their applicability.

In conclusion, we wrap up the thesis by providing a summary and offering some future

perspectives.
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]_ Preliminaries

In this chapter, an overview of the key mathematical tools, notations, and con-
cepts that will be used in the subsequent chapters are provided. We examine important
properties of fractional differential operators and revisit the fundamental properties
of measures of noncompactness and fixed-point theorems, which are essential for the

results related to fractional differential equations.

1.1 Notations and Definitions

Let 0 < b and J = [0, ], we denote by C(J,R) the Banach space of all continuous

functions from J into R with the norm
[x]lco = sup{|x(t)[ : t € [0,0]}.

And, the set C"(J;R) is the space of functions that are n-times continuously differen-
tiable on J.

Now, we consider the following Banach space
T={(xy): x,y €C(JR)},

endowed with the norm

Gl = (1l + iyl

Consider the space X?(0,b), (¢ € R, 1 < p < 00) of those complex-valued Lebesgue

measurable functions g on [0, b] for which ||g|| x» < 0o, where the norm is defined by

1
L e pdt)”
lgllxr = |tg(t)|? , (1<p<oo,ceR).
0
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In particular, when ¢ = 119, the space XP?(0,b) coincides with the L,(0,b) space:
X7(0,b) = L,(0,0).

Let (E,|| - ||) be a Banach space. By Cg([0,b]) we denote the Banach space of all

continuous functions from [0, b] into £ with the norm
[Ixl[e = sup{[Ix(t)] - t € [0, 0]}

By L'(]0,b]), we denote the space of Bochner-integrable functions f : J — E with

the norm

Iflls = / IF(t)]1dt.

1.2 Special Functions of the Fractional Calculus

1.2.1 Gamma function

Undoubtedly, one of the basic functions of the fractional calculus is Euler’'s gamma
function I'(z), which generalizes the factorial n! and allows n to take also non-integer

and even complex values.

Definition 1.1 ( [80]). The gamma function I'(«) is defined by the integral :

+oo
MNa) = / t* teTtdt,
0

which converges in the right half of the complex plane Re(a) > 0.
One of the basic properties of the gamma function is that it satisfies the following

functional equation:

Fa+1) =al(a),

so, for positive integer values n, the Gamma function becomes I'(n) = (n — 1)! and
thus can be seen as an extension of the factorial function to real values.
A wuseful particular value of the function: F(%) = /7, is used throughout many exam-

ples in this thesis.




1.3. ELEMENTS FROM FRACTIONAL CALCULUS THEORY CHAPTER 1

1.3 Elements From Fractional Calculus Theory

In this section, we present the definitions of the fractional integral and fractional
differential operators used throughout this thesis. The section concludes with key

lemmas, theorems, and properties.

1.3.1 Fractional integrals

Definition 1.2 (V-Riemann-Liouville Fractional Integral [61]). Let (0,b) (—oo <
0 < b < o) be a finite or infinite interval of the real line R, o > 0, ¢ € R and
A € XP(0,b). Also let ¥(t) be an increasing and positive monotone function on [0,b],
having a continuous derivative V'(t) on (0,b). The left and right sided R-L fractional

integrals of a function A of order o with respect to another function W on J are defined

by
(12 4) 0 = [ Wi e - wiryr £ 0,

and
(5 A) (1) = /t W(7) (U(t) — (7)) “lf‘(:;df.

1.3.2 Fractional derivatives

Definition 1.3 (V-Riemann-Liouville fractional derivative [01]). Let V'(t) # 0
(—o0o <0<t <b< o), a>0andn € N. The Riemann-Liouville derivatives of a

function A of order o with respect to another function W on [0,b] are defined by

(i) (6) =7 (57" A) (1

_ /0t W(7) (W(t) — ()" P(J:@a) i
and
(°4) = o (5204)




1.4. KURATOWSKI MEASURE OF NONCOMPACTNESS CHAPTER 1

where n = [a] + 1 and f* = (T,l(t)%> :

1.3.3 Necessary lemma, Theorems and properties

Lemma 1.1 ( [15]). For a > 0, we obtain

i) (CDSQ’\II ]Oof;\pA) (t) = A(t) for all functions A € C(J,R).

n—1
hy) (0)

i) If A€ C*(J,R), then IY CD&YA(t) = A(t) — -

[T (t) — T (0)]".

B
I

0

Lemma 1.2 ( [15]). Consider the functions A, ¥ € C(J,R) and a > 0, we have
i) Iél_;\p (.) is linear and bounded form C(J,R) to C(J,R).
. a, ¥ R T a, ¥ _
i) I A(0) = tl_l)rggr I A(t) = 0.

Lemma 1.3 ( [19]). Let o, >0 and A € C(J,R). Then for each t € J, we have

a,U -1 F(/B) B at-B-1
(C1) 180 = YOI = [ 2500 - RO
(C2) if B>n €N, then “Dg"[¥(t) — L(0)" = %[%) — w(0))P,

(C8) Vk € {0,1,--- ,n— 1}, n is a positive integer, then CDS‘;@[\I/(‘C) —U(0)]* =0,

(C4) for any constant p, we always have CDS‘;‘IIp =0.

Remark 1.1 ( [15]). The fractional derivative CDgfII interpolate the following frac-
tional derivatives: Caputo (V(t) = t), Caputo-Hadamard (V(t) = Int), Caputo-
Erdély-Kober (V(t) =t°, o > 0) and Caputo-Katugampola (¥(t) =<, o > 0).

1.4 Kuratowski Measure of Noncompactness

To proceed, we introduce fundamental notions associated with the measure of non-

compactness. Let Bx denote the family of all bounded subsets of a metric space X.

Definition 1.4 ( [28]). A mapping S : Bx — [0,00) is defined as a measure of

noncompactness in X if it satisfies the following properties for every B, By, By € Bx:

10
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(a) Regularity: S(B) =0 if and only if B is relatively compact.
(b) Invariance under closure: S(B) = S(B).
(c) Semi-additivity: S(By U By) = max{S(B;),S(B2)}.

Definition 1.5 ( [28]). Let X be a Banach space. The Kuratowski measure of non-

compactness is a function S : Bx — [0,00) defined as

S(M) = inf {6 >0|MC UMj, diam(M;) < e} ,

j=1
for any M € Bx.
The function u satisfies the following properties:
o S(M) =0 if and only if M is compact (i.e., M is relatively compact).

o S(M) =S(M).

If My C My, then S(Ml) < S(Mz)

S(M; + M) < SMy) +S(My).

S(eM) = [c|S(M) for any ¢ € R.

S(conv M) = S(M).

1.5 Some Fixed Point Theorems

Theorem 1.1 (Banach’s Fixed Point Theorem [51]). Let B be a closed and non-
empty subset of a Banach space X. If T : B — B is a contraction mapping, then T

admits a unique fized point in B.

Theorem 1.2 (Schaefer’s Fixed Point Theorem [51]). Let X be a Banach space,

and consider a completely continuous operator T : X — X. If the set
B={xeX|x=2Tx for somez¢e (0,1)}

1s bounded, then T admits at least one fixed point in X.

11
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Theorem 1.3 (Krasnoselskii’s Fixed Point Theorem [51]). Let B be a nonempty,
closed, and convex subset of a Banach space X. Consider two operators Ti,To : B — X

satisfying the following conditions:

1) For any x,y € B, the combination Tix + Ty remains within B;
2) The operator Ty is compact and continuous;

3) The operator Ty is a contraction mapping.

Then, there exists at least one fixed point x € B such that
x = Tix + Taox.

Theorem 1.4 (Dhage’s Fixed-Point Theorem [50]). Let B be a nonempty, closed,
convez, and bounded subset of a Banach algebra (X,|| - ||). Consider two operators

Ti: X = X and Ty : B — X satisfying the following conditions:

1) 71 is a Lipschitz operator with a Lipschitz constant denoted by a*.
2) Ty is completely continuous.
3) For everyy € B, if x = TixTay, then x € B.

4) The condition a*b* < 1 holds, where b* is given by
6" = [[b(B)|| = sup{[|b(y)|| : y € B}.
Under these assumptions, the operator equation
TixTox = x
admits at least one solution in B.

Theorem 1.5 (Dhage’s Fixed Point Theorem for Three Operators [51]). Let
B be a closed, convez, bounded, and nonempty subset of a Banach algebra (X,|| -
). Consider the operators P,R : X — X and Q : B — X satisfying the following

conditions:

1) P and R are Lipschitz continuous with constants 1, and ng, respectively.

12
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2) Q is compact and continuous.

3) For anyy € B, if x satisfies
x = PxQy + Rx,

then it follows that x € B.

4) The inequality ms + no < 1 holds, where
s = sup{[[Q(y)| : v € B}.

Then, the operator equation

PxOx+ Rx =x

admits at least one solution in B.

Theorem 1.6 (Darbo’s Fixed Point Theorem [53|). Let B be a non-empty, closed,
bounded, and convexr subset of a Banach space X. Suppose that T : B — B is a
continuous operator satisfying the following condition for any non-empty subset C' C
B:

S(T(C)) < kS(C), (1.1)

where S denotes the Kuratowski measure of noncompactness, and 0 < k < 1. Then,

the mapping T admits at least one fixed point in B.

13



chapter

2 Nonlocal Langevin Pantograph W-
Caputo Fractional Problem in Ba-

nach Spaces

2.1 Introduction

In the present chapter, we prove some results concerning the existence of solu-
tions for a class of nonlinear Langevin fractional pantograph systems with nonlocal
conditions. This study aims to prove the uniqueness of the solution using Banach’s
fixed-point theorem and to confirm the existence of solutions using Schaefer’s and
Darbo’s fixed-point theorems. Darbo’s theorem, in particular, is useful due to its
reliance on the measure of noncompactness for the W-Caputo type of the following
problem. There are numerous books and articles focused on linear and nonlinear
problems for fractional differential equations involving different kinds of fractional

derivatives. One can refer to [1,2,9,24,26, 30| for instance and references therein.

In this section, we prove the uniqueness of the solution using Banach’s fixed-point
theorem and to confirm the existence of solutions using Schaefer’s and Darbo’s fixed-
point theorems. Darbo’s theorem, in particular, is interesting for using the "measure

of noncompactness" for the W-Caputo type of the following problem:

[1] H. Bouzid, A. Benali, A. Salim and I. M. Erhan, A study on some classes of pantograph Langevin
fractional differential problems with nonlocal conditions, J Math Seci. (2025), 1-18.
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2.2. FIRST PROBLEM WITH THE SECOND MEMBER DEFINED IN R.CHAPTER 2

D (ODEY + 1) x(6) = f(t x(0),x(CV), tE T =[0,1],
X(t) |t=o= 0, (2.1)
ﬁlx(t)|t:61 + 52X(t) ‘t:&‘g + -+ 5mX(t) = Oa

t=em

where CD(‘)XJ;W and CD(?;\I/ are the W-Caputo fractional derivatives of order a, 8 € (0, 1],
weR\{0},0< (<1, s i=1,...,m, they are real constants that are not zero,
gi, i =1,...,m, are pre-fixed points satisfying 0 < e, < --- < ¢, <b, ¥ € C(J,R")
be an increasing differentiable function such that W'(t) #0, for all t € J and § :

J x R? = R is a continuous function.

2.2 First Problem with the Second Member Defined
in R.

2.2.1 Existence results

Definition 2.1. A function x € C?(J,R) that satisfies the equation (2.2) on J and ver-
ifies the specified nonlocal conditions is considered a solution to the fractional boundary

value problem (2.2).

Lemma 2.1. Let o, € (0,1], p € R\ {0}, s;, @ = 1,...,m, are non-zero real
numbers, €;, 1 = 1,...,m, are pre-fized points satisfying 0 < e; < --- < g, < b and

w € C(J,R). Then, the unique solution x of problem

¢ peyY [CD@‘I’ + M] x(t) = w(t), teJ,
x(t) |t=0=0, (2.2)

51X(t)|t:el + 52X(t)‘t:€2 +oe +5mx(t) . =0,
s given by
_ [P W) (W (t) — P(s) P (s)(T () — W(s))"
x(t) _/o T(at5) w(s)ds — ,u/o ) x(s)ds

15
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_ B n Sy (s ) — U(s))ats-t
(¥(t) — ¥(0)) S / v ><W<F€E>a+‘1;<> DT s)ds. (23)

Proof. Let x € C*(J,R) be a solution of the problem (2.2), then by using Lemma 1.1,

we have

[W(t) — ¥(0))”
Lpg+1)
such that ¢p,¢; € R. By the condition x(t) |;—o= 0, we obtain ¢ := 0.

x(t) = I Yw(t) + < — px(6) + <1, (24)

Next, we substitute t = ¢; into (2.4) with ¢; = 0. Then we multiply s; to both sides,

we obtain

[W(e:) — ‘I’(O)]ﬁ .

iX\&i) = zIOH.B v % % % ] 7 2.5
Then by using condition x(t) |i—o= Zsix(t) , we have

t=¢;

S = L5+ (quz f Yy (1) Zsllaw‘y £ ) (2.6)
> si(u(e) - w(0)’

Finally, replacing these constants into (2.4), we get (2.3).

Reversely, let us now prove that if (2.3) satisfies Eq (2.2), then the aforementioned

equation can be formulated as

x(t) ::I(;Jfﬁ’\pw(t) + — LE+1)
> ()~ w(0))

(,quz o0t Yx(&) ZsJ‘”’“’ ) %71 — u[ff’x(t).

16
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Using the U-Caputo derivative, CDO%"I/ on both sides and applying Lemma 1.1, we

obtain

DOJr x(t) ::](ff;qlw(t) + — Le+1)

Zﬁz’(‘l’(t‘i) — U(0))”
(u > sl x(e Zszlo‘%q’ ) Px(t).

Applying ¢D%" h+ to the above equation again, we obtain
€ pey” [CDO%‘P + u] x(t) = w(t).

Finally, it is evident that the function in (2.3) satisfies the related nonlocal conditions.

This completes the proof. O

Next, we present the solution for the problem (2.1).

Lemma 2.2. Let j =1,2, 0 < o, <1, p € R\{0}, s;, i =1,...,m, they represent
non-zero real numbers, €;, i = 1,...,m, are pre-fized points satisfying 0 < e; < --- <
em < b and let §: J x R2 — R be continuous functions. Then x satisfies the problem
(2.1) if and only if x(t) is the fized point of the operator T : C(J,R) — C(J,R) defined
by:

i} (U(t) — v(0))? isiqﬁx(ai),
D> si((e) = w(0)” =

Tx(t) := Dx(t) —

where

The next result relies on the application of the Banach fixed-point theorem. Further-

more, we assume the following conditions for this outcome:

(Az1) The functions §: J x R? — R, i = 1,2, are continuous.

17
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(Azy) There exist positive functions p € C(J,R") such that

[F(t,%,%) = §(t, v, 9)[ < p(t)(Ix — v+ [ = F),

forall t € J and x,y,x,y € R, where

p* = supp(t).

teJ

(Ax3) There exists a positive constant F, where [f(t, -, )| < F, forallt € J and - € R.

For the sake of clarity, we denote

[(T(b) — T(0)]***

Ay = :
! T(a+B+1)
A, = JHICE0) = v(0))”
rg+1
U(b) — U(0))2 S (W(e,) — W(0))o+o
Ny — e [ (20 = WO S (¥(e) = W0+
1<i<m KI'(a+B8+1)
i, led
W:p*(Al—i—Ag)—i— 1+$ AQ,
min |[s;|
1<i<m
o s
= (M5 +M5) (A + A 1+ =—"——|A
& (2+ 3)( 1+ 3>+ +m1n |52| 2
1<i<m
— ; ) ) — B
where K = min |5 Zl[\lf(az) U(0)]”.
Theorem 2.1. Suppose that (Azy)—(Axg) hold. If
W <1, (2.7)
then, the problem (2.1) has a unique solution on J.
Proof. Setting
5> F(As+ Ay) ’
o =i
1- (14 == As
min |[s;|
1<i<m
with
i, e
0< [1+ =2 Ay <1
min |[s;|
1<i<m
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We show that TBs C Bs, where
Bs ={xeC*(JR): x| <d}.

For x € Bs and for each t € J, from the definition of 7" and hypothesis (Azq) with

(Azs), we obtain

| T(t)]

—_ ﬁ =
(U(t) — w(0)) Zsigbx(&‘)

D _si(W(e:) = w(0)" =
[(W(b) — w(0))*+” 1 [(W(b) — (0))°
Dla+p4+1) r'B+1)

[(TD) - V() [(®(e;) — w(0)]*° [(U(e;) — W(0)]°
2 lsi [f N R vy ‘5}

IN

dx(t)

J

v [(T(b) — ¥(0))
[Na+B8+1) *lu I'(s+1)

[(W(b) — w(0)]° [ L[(W(e) — w(0)]*HF [(W(ei) — ¥(0)])°
* max sil ) [F N L vy 5]

<.

Hence,

[Txlee <9,

which implies that TBs C Bs. Let for x,x € C*(J,R) and for any t € J. By (Azz), we
get
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+MA/ W@»&HM$—QK@M5
<mww ) — v,
S( <a+6+1) T >HX_X”°°'

Therefore,

— Zsigp(g) (gi)|) .
We conclude that
x)(t) — TU@I
<%w W(0))*+ |umwo—wwwvHXﬁ
a+6+1) L(B+1) e
(T(t) — ¥(0)) S ZP U(0))*+o
N <Z RES T 1)
XFM(O—W®W
|1l (¥ (e:) — ¥(0))° -
+§jw| e )Hx—ﬂu-
After taking the supremum over J and simplifying, we get
1T = TE)o <7 llx = Xl (2.8)

Since # < 1, T is a contraction operator. Consequently by utilizing Banach’s fixed

point theorem, the problem (2.1) has a unique solution. ]
The next existence result is based on the Schaefer’s fixed point theorem.
Theorem 2.2. Let f: JJ x R? — R be a continuous function satisfying :

(Az,) There exists positive functions My, Mg, M3 € C(J,RT), for all t € J and for any
x,y € R, we have

[§(t %, )] < Ma(t) +Ma(t)[x] + M3 (t)]y], (2.9)
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such that

M =supM;(t), i =1,2,3.
teJ

If

£<1. (2.10)

Then the problem (2.1) has at least one mild solution on J.

Proof. In this proof, we will use Schaefer’s fixed point theorem. The proof will be

given in several steps.

Step 1: We show that 7 is continuous. Let {(x,},y be a sequence in C*(J,R) that

converges to a point x € C?(J,R). Then, for each t € J, we have

T (xn) (1) = T()(1)]

- (a4 B)
t gl (s o 5))8-1 _ B
P [ OIS, (0= V0D
" “P(s g;) — U(s))xthA-1
x (Z o [ R R i 61309 — s x(6) G s
m & /(g ) ) B—1
S e —x<s>|ds>

Since x,, —> x asn — 0 and 7, is continuous, by the Lebesgue dominated convergence
theorem

| Txn — TX|loo —> 0, as n — 0.
Step 2: We prove that the set 7(B,) is a uniformly bounded in B..

Define the set
B:={x€C*(JR) : |x|loc <e},

whit e satisfying

. Mi (A + Az) + N7 (Vy + V)
= 1-& '
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Applying condition (Azs), for any x € B, and t € J, we have

(W(t) = W(0)*H (M + (M5 +M5)e) | |pl(T(t) — ¥(0))%
Cla+p+1) LB+1)

[Px(t)] <

Therefore,

— g
7)) < o) + T TOL S g a(en)

(T(t) — W(0)* (M + (M5 + Mi)e)  |p|(L(t) — ¥(0))%

< +

T(a+B+1) I'B+1)
(T(t) —9(0)" | =, (W) = W(0)*7 (M5 + (M5 + M5)e)
* K ;‘5"‘ Ta+B+1)

(W (e) — (0))%e
+z’21|5i| TG+ 1) ]>

which implies that
[ Txlloo <My (A1 + As) + Ee.

Thus || 7|l < +00, for all x € B,. This shows that T is uniformly bounded on B,.
Step 3: Next, we demonstrate that 7 is an equicontinuous set in B,. Let tq,ts € [0, b]
with t; < to and x € B,. Then we have

|Tx(t2) — Tx(t1)]

b/ (g o) — g))ats-1 _ ) — g))ats-1
[ HNI) = P ) = VN

t2
s —P(g))etB-1
N / w( )(W(?()a (s, x(s), y(¢s))|ds
t1

AN (5)[(P(t2) — W(s))Tt — (U(ts) — U(s))"]

+ i ') |x(s)|ds
AT (5) (W (t2) — U(s)"

+ . () |x(s)|ds

+[(‘P(tz) —¥(0)7 — (¥(t1) — ¥(0))"]

K
) W)
. (Z o [ O Z B s )l

m 5 /(s e — 5))A-1
il > s | Ll >(‘I’(§)(5)‘I’( ) |x<s>|ds) .
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Therefore,

|Tx(ta) — Tx(t1)]
< |Px(t2) — Px(t1)]

_ B _ _ Bl ™
L0 = WO - (000 = OV S e (2.11)
_ a+fB _ _ a+pB
< (¥t ‘P(O)F)<&+ﬁ(‘+1!(1t)z) v(0)) ][MT )]
[(W(82) = W(0))" — (W(t2) — ¥(0))7) max {|si]} Z )+
+ K T(a+p+1)
X M} + (M5 + M3)e]. (2.12)

Then, when t; — to, the right-hand side of the inequalities (2.12) tend to zero. There-
fore, the operator T is equicontinuous, and thus, the operator 7 is completely contin-

uous and finally 7 is compact on Bj.

Step 4: We show that the set
B={xeC*T,R): x=§Tx for some 0 < < 1}

is bounded. Let x € B and ¢ € (0, 1) be such that x = 67x. By Step 2, then for each
t € T, we have

Tx(t) < (M + (M5 + M3)[[x[|oo) (A1 + As)

i, led

+ 1+ === Asx]| so-
min |s;|
1<i<m

As ¢ € (0,1) then x < Tx, and

Ix¥lloo < 17l

< (M + (M + M) [x]lo)

i, le
) (A4 As) + [T+ =22 Ao (2.13)
i si
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Thus, we obtain

M (A + Asg)
1-w
which implies that Bs is bounded. By the Schaefer’s fixed point theorem, the operator

[x]o0 <

T has at least a fixed point. Hence, the problem (2.1) has at least one solution [0, b].

O

2.3 Second Problem with the Second Member De-

fined in a Banach Space.

This section is devoted to the study of existence of a problem similar to problem (2.1)

in a Banach space

2.3.1 Existence results

Consider the following problem:

D" (ORI + ) x(t) = f(t,x(8),x(CE), te T =[0,0],
x(t) f=o=0, (2.14)
51%(8) |, + S2x(b)]__ + -+ smx(b) =0,

t=e2 t=em

where CDSZ;‘II and CDOB;‘IJ are the U-Caputo fractional derivatives of order o, € (0, 1],
p € R\ {0}, 0 < ¢ < 1,s i=1,...,m, they are real constants that are not
zero, €;, © = 1,...,m, are pre-fixed points satisfying 0 < ¢y < -+ < g,, < b and

f:J x ©% — © are continuous functions.

Let (E, |.]|) be a Banach space. By C(J,E) we denote the Banach space of all contin-

uous functions from J into © with the norm

xllecrey = supd[Ix(t) ][z : t € J}.

Lemma 2.3. Let 0 < o,6 < 1, p € R\ {0}, s;, ¢ = 1,...,m, are non-zero real

numbers, €;, i = 1,...,m, are pre-fived points satisfying 0 < 1 < --- < &, < b and
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let §: J x ©2 — © are continuous functions. Then x € C*(J,0) satisfies the problem
(2.14) if and only if x is the fized point of the operator T : C(J,©) — C(J, ©) defined

by:

— B m
Tx(t) == px(t) — — () - ¥(0) Zﬁiﬂx(f‘?z‘);
Zs,(\lf(ez) —W(0))7 =t

where

[T (s)(W(t) — W(s)) P!
Px(t) := /0 (o + B) f(s,x(s),y(Cs))ds

[ DO SOT,

Let us set the following conditions:

Azs) The functions f: J x E? — E is continuous.
(

(Axg) There exist positive functions p € C(J,R") such that

15(t, %, %) = (6, v, 9)le < p(t)([x = ylle + [X = ¥l[&),

for all t € J and x,y,X,y € E, where

p*=supp(t).
(Azr) For each t € J and bounded sets By, By € E, we have
S(§(t, Bi, B2)) < p™(S(B1) + S(Bz)),
where S is a measure of noncompactness on the Banach space E.
Remark 2.1. It is worth noting that the hypotheses (Axg) and (Axy) are equivalent.
Theorem 2.3. Assume (H5)-(H7) are verified. If

W <1, (2.15)

then, the problem (2.14) has at least one solution.

25



2.3. SECOND PROBLEM WITH THE SECOND MEMBER DEFINED IN A BANACH
SPACE. CHAPTER 2

To prove the existence of solution of the problem (2.14), we will use the concept of

measures of noncompactness and Darbo’s fixed point theorem.

Proof. Consider the operator 7 defined on C(.J, E) by such as

_ B m
Tx(t) i= px(t) = LY ™)
Zsi(\lf(ai) —w(0))? =

for any x € C%(J,EE), and t € [0,b]. In virtue of Lemma 2.3, a fixed point of T gives
us the desired result.

For a better readability, we divide the proof in several steps.

Step 1: The operator 7 : C(J,E) — C(J,E) is continuous. Let {x,}, .y be a

neN

sequence in C(J,E) that converges to a point x € £(J,E). Then, for each t € J, we

have

[F(s,%n(5), xn(Cs)) — §(s,x(s), y(Cs))[[eds

t (s ()l B 5

Tl 0 '(s) \If(tr)(mw( ) 5,(5) — x(8) s + (T (t) qu(o))
= (s ) — W(s))ote-t

" (Z = / = )@(If(lz +% DT 555005, 50(G3)) — (5 %05, 9(C3) s

m & /(g A s -1
Y-l [T (o) —x<s>HEds)

Since x,, —> x asn — 0 and 7, is continuous, by the Lebesgue dominated convergence
theorem

| Txn — Tx|lcsg) — 0, as n — 0.

This shows that 7x is a continuous operator on C(J,E).

Let
N Mi (A + Ag)

TR

where

My (t) = [If(t, 0,0)le,
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with

M = supM;(t), N = supNy(t).
teJ teJ

Define
B, ={xeCJ,0) : |xllem <7},

It is clear that B, is a bounded, closed, and convex subset of C*(.J,E).

Step 2: T(Q,) C B, . Let x € B,. If t € J. From hypothesis (Azs), we have

V(1) = W) (05 +p7) | Jul(¥(0) = T(0)y
(o < = B e

Therefore,

m

Tl < les(olle + TS s s

o (W(t) = w(0))*+7 (] + p*y) () — w(0)%y
= T(a+ 8+ 1) r(3+1)
(T(t) = W(0)" | g~ . (Wles) — W(0)* (M} + p*)
* K [; i [(a+B+1)

| pl(B(e) — ©(0)y
JrZ|5z'| T D) ]

=1
which implies that
1 Txlcwr) <M (A + As) + Agy.

Consequently
1 Txlle() = sup [ Tx(t)[g
teJ
S MT (Al + Ag) + AQ’}/.

Thus ||Tx|csr) < 7, for all x € B,. So T(B,) C B,.

Step 3: T (B,) is equicontinuous. Let tq,ty € [0, 5] with t; < t; and x € B,. By (Azs)

we have

[Tx(t2) = Tx(t1)]|e
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. /0t1 U'(s)[(U(ty) — w(@);*(ii;)(@(tl) —W(s))er] 1§(s, x(5), y(Cs)) |eds
o [ I s o)) s
A )I(V(a) — W61 — (¥(er) = ()

0 G
[ A B
N [(&,@2) —U(0))% — (¥(ty) — ¥(0))"]

+ [[x(s)[|eds

m S /(g ;) — s a+p-1
x (Z 5 [ L EH‘I;() D7 s, x(s), (G Jedls

m S /(s N p(s))B-t
D e Hx<s>||Eds>.

Therefore,

1T (t2) — Tx(t1) ||
< [|Px(t2) — Px(t1)||e
_ B _ — Al &
L [(¥(t2) — ¥(0)) /c (W(t1) — W(0))7] S Jsllex(e) s (2.16)

[(T(ty) — W (0)*T? — (W(ty) — W(0)*T7] .
Mot B+1) M7+ 9]

([(@(w) —W(0))? — (¥(t1) — (0))’}m max {Jsi[}((b) - w<o>>a+ﬁ)
N .

<

K T(atf+1)

X M} +p*y]. (2.17)

Then, when t; — to, the right-hand side of the inequalitie (2.17) tend to zero. Hence,

T (B,) is equicontinuous.

Step 4: T is a contraction with respect to the measure of noncompactness. let B,

be a subset of E. If t € J, then
S(TB,(t))

= S{Tx(t), x € B,}
< {S(@x(t)), x € By}
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— B o
(W(t) \IJ( ) Z|5Z.|{S(§Px(5i)), x € B}

()(q,(t) §(s))ot
< / e (8((s, x(5), y(¢5))), x € B} ds

/S ,6’71
+ |p ]/ (s) ?(ﬁfj {S(x(s)), x € B,}ds

L U'(s 5Z — W(s))> o1
O (S [

1

{S(f(s,x(s),x(¢s))), x € B, }ds
! 3 gi) — S p-1
+Iu!Z\si\/0 L (F)(ﬁ)q’( ) {S(x(s)), x € Bw}ds>

By the hypotheses (Axg), we get

S(TQ, (1) = S{Tx(t), x € Bv}

\Ij/ oz—l—ﬁ 1
<yp’ / OH—B {S(x(s))ds, x € B,}
5*1 _ B
- / (S(x(s))ds, x € B,} + LV K‘I’(O”
/ a+p—1
(P > e / = af;g D Sx(s))ds, x € By}

i \I,/ 7, \Il( ))ﬁ 1 XnlS S, X
+|ur;\szw e (SCxa(s)ds, 667}).

Therefore,

S.(TB,) < o S.(B,).

Thus by condition (2.15), the operator T is a contraction, as a consequence of Darbo’s
fixed point theorem, we deduce that 7 has a fixed point that is a solution of problem
(2.14). O

2.4 An Example

Firstly, we give an example to the problem (2.1).
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Example 2.1. Taking a = 0.75,5 =045, J =[0,1], b =1, ¢(t) =t, 81 =2, 85 =

25

{05, we obtain nonlocal initial

10 10
3, 53 =4, g1 = = ¢ =

y €2 = 17,83 = 195

Wit

1—70 and | =
value problem which is a particular case of problem (2.18) with -Caputo fractional

derivative, given by

x(t) li=0=0, (2.18)

2x(e1) oyog +3x(e2) |.pmgy +x(e2) |

T [T () + Ex(v)] = (e x(0),x(50), te T =0,1)

1782 O, 0< €1,€2,€3 < 1,

Set ;
Vit (x(lt) + X(t)) +0.01

7 10
f(t, x(t), X(Et)) = 152+t (|x(t)[ vt + 1)

Clearly the function § € C([0,1] x R% R) and we have

If(t, 21, 22) — f(t, y1,92)| < (|21 — 3| + 22 — 12l),

1
15e2
Thus, conditions (Axg)—(Axs) are satisfied with

p* =9.0224 x 1073, £ =2.4525 x 1072,
and

Ay =1.0398, A, =0.43523, A5 = 2.6986 x 1072

Also, we can show that:

A =10.86373 < 1.

Given that all the conditions of Theorem 3.3 are satisfied, it follows that fractional

boundary value problem (2.18) has a unique solution on [0, 1].

Now, we give an example to the problem (2.14).

Example 2.2. Consider the Banach space

E=L"={x=(XY,..Xn, ), Z x| < o0},
n=1

with the norm ||x|| = Z Xy
n=1
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Consider the following problem:

CGBH [CT (1) + 5xa(0)] = Hxa (O30, LT = 01,
Xp(t) [t=1=0, (2.19)

1Xn(€1) |81= —|—5Xn(€3) |53 s=0, 1 <eq,e9,63 < 2,

where o = 0.35, 8 = 055, J =[0,1], b =1, ¥(t) =t 6, = =1, 6o = 1, 53 =

L @032+ ()] + a8
HEx(0-xG0) = g + ()]s + 1)

5 , t €T, ut) € E,

with n € N. Clearly, the continuous function f € C(T x 6%, 0).

For eachx;, y;, € ©, i =1,2 and t € T, we have

16 + 3e !

1§t %, y) = (6, %, 9)[[& <
then the assumption (Axs) is satisfied with
p* =1.9955 x 1072,
and

L =24525x 1072, A} = 0.9076, Ay = 0.28227, Az = 0.03018.

The condition (2.15) of Theorem 2.3 is satisfied for

o, =i
N ) (A + A 1 == A
(p1+p2)( 1+ 3>+ + min |51| 2
1<i<m
= 0.86373,
< 1.

As all the assumptions of Theorem 2.3 are satisfied, the problem (2.19) has at least

one solution.
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2.5 Notes and Remarks

In addition to the main fractional problem addressed in this chapter, we have also
explored a related system formulated within the broader framework of fractional cal-
culus. This complementary study aims to enrich the qualitative analysis of solutions,
focusing on essential aspects such as existence, uniqueness, and stability. Without
delving into the technical details of the associated system, we note that the results
were obtained by employing fundamental fixed-point theorems. Moreover, illustrative
examples have been provided to highlight the practical relevance and effectiveness of
the theoretical findings. This general investigation contributes to a deeper under-
standing of fractional systems and opens avenues for future research in more complex

or applied setting.

[2] H. Bouzid, A. Benali, A. Salim, G. Reny and E. Sina, On Solutions of the Nonlocal Generalized
Coupled Langevin-Type Pantograph Systems, Journal of Mathematics, 20 pages, 2025.
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chapter

Investigation of a Class of W-
Caputo Fractional Hybrid Equa-
tions Incorporating Langevin and

Pantograph Terms

3.1 Introduction and Motivations

This chapter presents results on the existence, uniqueness, and Ulam-Hyers-
Rassias stability of hybrid Langevin fractional pantograph differential equations in-
volving A-Caputo fractional derivatives in Banach spaces. The findings are derived
using Dhage’s and Banach’s fixed-point theorems, along with the contraction prin-
ciple. Examples are provided to demonstrate the applicability of the results. This
work builds on studies in [27,72,107], which focus on linear and nonlinear initial and
boundary value problems for fractional differential equations with various fractional
derivatives. The stability results, particularly those regarding Ulam, are inspired by
the monographs of Abbas et al. [1] and the papers |20, 30], which extensively explore
Ulam-Hyers and Ulam-Hyers-Rassias stability for different classes of functional equa-
tions.

The focus of this study is on analyzing solutions to the following problem involving

[3] H. Bouzid, A. Benali, L. Tabharit, A. Salim, A Study on a Class of -Caputo Fractional Hybrid
Equations with Langevin and Pantograph Arguments. (submitted).
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the A-Caputo type fractional derivatives:

¢ o [cpsw [ x(1) (0] = 5t <), x _
Dyt |0 (s ) )] = e xx(eo) tes=

x(t) |i=0= 0, xX'(t) [i=a= 0, x(t) |s=x=0, 0 < K < b, (3.2)

where CDS‘;\I' and CD@;‘I' are the W-Caputo fractional derivatives of order « € (0,1], 8 €
(1,2], o € R\ {0} and 0 < ¢ < 1. The given functions f : J x R?> — R and
g:J xR — R\ {0} are continuous.

3.2 Existence Results

We consider the following linear fractional differential equation

c pe? [CDB v [;ﬁi‘;ﬂ + ,ux(t)} —w(t), ted (3.3)

where 0 < a < 1,1<3<1,p>0, p € R and (w;G) € C(J,R) x C3(J,R\ {0}) with

the boundary condition
x(t) [i=0=0, xX'(t) |s=0= 0, x(t) |s=x=0, 0 < k < b, (3.4)

The following theorem shows that the problem (3.3)—(3.4) has a unique solution given

by
) () W)™ W) — W)
nw—g@ﬂé = syds = = (s)d
DUV - YO) [ V)~ U
)~ 0)? o 6 (s)d
(W) - w(O)F [* wwm—wmw%*
G <mw/ NCET) “Q“} (3:5)

Theorem 3.1. A solution to the fractional boundary value problem (3.3)-(5.4), is
defined as a function x € C3>(J,R) that fulfills the equation (3.3) on J along with the
specified boundary conditions (3.4).
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Proof. Let x € C3(J,R) be a solution of the problem (3.3)-(3.4), then by using Lemma

1.1, we have

[W(t) — ¥(0)
LB+1)

X(t) 1= G(1) [T e(t) + - RO 6+ alw() - w0
(3.6)

such as ¢; € R, with ¢ = 0,1,2. By the condition x(t) |t—o= 0 and x'(t) |t=o= 0, we

obtain ¢; := 0 and ¢ := 0.

On the other hand by x(t) |t=.= 0, we have

L(B+1)
(U(k) — ¥(0))?

G = (8T (k) = Ty w(r)) (3.7)

Finally, replacing these constants into (3.6), we get (3.5).

Conversely, let us now demonstrate that if (3.5) satisfies Eq (3.3), then the aforemen-

tioned equation can be expressed as

Applying the A-Caputo derivative, CD(’)B;\I/ on both sides and utilizing Lemma 1.1, we

obtain

C U X(t) Y 2R\ F(ﬁ + 1) RV a+3,¥
D§+ (%) T ‘70+ w(t) + (U (k) — U (0))P (:LL&706+ n(k) — j0+ g w(’%>> — un(t).

Reapplying, CDSZ;‘I’ to the above equation, we obtain
o [cnsw [ X(6)
D [ DY {% + Ix(t) | = w(t).
Lastly, it is clear that the function in (3.5) meets the associated boundary conditions.

This completes the proof. O

As a consequence of Theorem 3.1, we have the following result

Lemma 3.1. Let o € (0,1] and B € (1,2], letf: JXxR* >R and g : J xR — R\ {0}
are continuous. If the function t — (g(‘?i?t))) € C3(J,R), then x is a solution to the
problem (3.1)-(3.2) if and only if x is the fized point of the operator T : C(J,R) —

C(J,R) defined by

Tx(t) = g(t,x(t)) [@X(t) — <(‘I/(/<,) —0(0))7 x(K) |,
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where

@X(t) — /Ot \If’(s)(\lf(t) — \I[(S))a—i_ﬁ_lw(s)ds

|
=
O\ﬂ
<
=
S
=
|
S
@
S
L
<y
&
(o
»

where w : J — R be a function satisfying the functional equation

w(t) = F(t, x(t), x(Ct)).

Clearly, f € C(J,R).

We are now in a position to state and prove our existence result for the problem

(3.1)-(3.2) based on Theorem 3.2. For the sake of clarity, we denote

(T(b) — ¥(0))™+

1=

Fla+p+1)
(¥(b) — w(0))”
Az =2|p] NEES
A, = (20) ~ U(0))%(¥(x) — ¥(0)
’ T(a+B+1) ‘

Theorem 3.2. Assume that the following hypotheses hold.

(Azy) The function §: J x R? — R is continuous on J.

(Azg) The function g : J x R — R\ {0} is continuous and there exists a function
g € C3(J,[0,00)) such that

la(t,x) — a(t, )| < lg(t)[x — x|,

foranyx,x € R and t € J.

(Axzg) There exist functions py, pa,p3 € C(J,RT) such that

1§t %, ¥)| < pa(t) + pa(t)[x] + pa(t)ly],

forallte J andx; € R, i =1,2.
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(Axy) There exists v > 0 such that

gOH'y

I <,
1— l;l’[7
and
LIL, <1,
where
I, = (Ay + Az) py + [(A1 + Az) (p5 + p3) + Ag] v, (3.8)
and

I = suply(t). go = supla(t, )], pi = suppi(t), i = 1,2,3.
teJ teJ teJ

Then the fractional boundary value problem (3.1)-(3.2) has at least one mild solution

on J.

Proof. Define the set
B, = {x € C(LR) : x| <7}

Next, to convert problem (3.1)-(3.2) into the operator equation x = RxPx, we must
define R and P as follows:
Rx(t) = g(t, x(t)), (3.9)

and

Px(t) = ox(t) -

We show that the operators R and P satisfy all the conditions of Theorem 1.4.

Step 1: Firstly, we show that R is Lipschitzian on C(J,R). Let x,% € C3(J,R). Then
by (Azg) we have

[Rx(t) = Rx(t)] = lg(t,x(t)) — g(t, x(t))|

lyx —x|.

IA
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Then,
IRx = Rl < lgllx = X]|oe; (3.10)

for all x,%x € C3(J,R). Therefore R is Lipschitzian on C(J,R) with Lipschitz constant
ly-

Step 2: We demonstrate that the operator P is completely continuous on B,. To
achieve this, we first establish that the operator P is continuous on C(J,R). Let

Xy, be a sequence in B., that converges to a point x € B.,. Applying the Lebesgue
neN Y g ol ymg g

dominated convergence theorem, we obtain

i P9
; (¥(t) — (0))”
::nEELD{¢X”@)__(W(n) O @xnoo}
t (s §))etB-1
= Jim { [P0
P (s)(W(t) — W(s)!
_,u/o T(B) Xp(s)ds
() —W(0) ([T ()(W (k) — W(s))
(¥(x) —w(0))" (/0 Ia+ 5) (s, %n(s), xn(Cs))ds
K /S K s B—1
=3 W'(s) (Y (k) )‘P( ) Xn(s>ds)}

for all t € J. This shows that P is a continuous operator on B,.
Next, we prove that the set P(B,) is a uniformly bounded in B,. For any x € B, and
t € J, we have

(T(t) —U(0)** 2 ([lp1 ]| + (Ipa2ll + [lpsl)y) | |l (®(t) — ¥(0))7y
[ex(t)] < T(a+p8+1) LS TRy

Therefore,

P

(W(t) — W(0))"

(W(s) — w(o)y? P¥)

(1) — W) (ool + (ol + ) |, 2IC¥(1) — ¥(0))%
Ma+B+1) L(B+1)

< |Px(t)] +

<
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(W(t) = 9(0)’(¥(k) = W(0)* (Ipsll + (Ip2ll + llpsl))v)
Ma+ B+ 1)
< (A1 + Az) p] 4 [(A1 + As) (p5 + p3) + As] v

+

Thus || Px|| < IL,, for all x € B, with II, given in (3.8). This shows that P is uniformly
bounded on B,.

On the other hand, we demonstrate that P is an equicontinuous set in B,,. Let t;,ty € J

with t; <ty and x € B,. Then we have

|Px(t2) — Px(t1)]
[(W(t2) — 0(0))” = (¥(t1) — ¥(0))”]

< st~ + x(s)
_ a+p _ o+p
(U(ta) — U(t1))" — (U(t2) — W(0))" + ((t1) — ‘1’(0))5
" ( T +1) ) iy
+[(‘I’(t2) —0(0))" — ((t1) — ¥(0))"]
2

" U'(s)(W(k) — W(s))tF! o x(s). x(CsNds

([ =T usx(s) s

\\

[ ()™ I(s)lds).

This implies, |Px(t2) — Px(t1)| — 0 as t; — to, uniformly for all x € B,.
Thus P has the equicontinuity specification on the Banach space C(J,R). As a conse-
quence, P is relatively compact, and thus the Arzela-Ascoli theorem yields that P is

completely continuous and finally P is compact on B,.

Step 3: we show that hypothesis (3) of Theorem 1.4 is satisfied. For x € C*(J,R)

and x € B,, where x = RxPx, we get

x(0)] = [Rx(t)Px(t)]
[la(t, x(t)) + a(t, 0)] + |a(t, 0)|]IL,

< Ll + golTLy

IN

which implies that
gOH'y

%[l £ ——F =1
-,
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This shows that condition (3) of Theorem 1.4 is satisfied.

Step 4: Finally, we have
bp = [|bp(B,)|| = sup{|[P)] : x € B,} <L,

Fromabove estimate we obtain

arbp < ZSH’Y < 1.

Hence, all the conditions of Theorem 1.4 are satisfied, and therefore, the operator
equation x = RxPx has a solution in B,. Consequently, problem (3.1)—(3.2) has a

solution on J. This completes the proof. ]

Our next existence result for the problem (3.1)—(3.2) is based on Banach fixed point
Theorem 1.1. Furthermore, to obtain the uniqueness result due to the nature of our

problem, we must assume the following stronger hypotheses:

(Azs) The functions §: J x R - R and g:J x R— R\ {0} are continuous.

(Azg) There exist positive functions l;,l; € C(J,R*) such that

2

(6, x1,%2) — F(t, %1, %2)| < 5(6) > (I3 — %),

=1

and
lg(t,x) — g(t, x1)| < IG(t)[x — x4,

forall t € J and x;, X; € R, i = 1,2, where [[ = stg) li(t) and [ = Stlel? ly(t).

(Azxy) There exist positive constants L and M, where [f(t,-,-)| < L and |g(t, )| < M,
forallt € Jand - € R, i =1,2.

Theorem 3.3. Suppose that (Axs)—(Axy) holds. Assume also that

A" = (25 M + [5L)(Ag + Ay) + (M +15)Aze < 1, (3.11)
then the fractional boundary value problem (3.1)-(3.2) have a unique solution on J.
Proof. Setting ¢ > Ml(i\STT;)? with 0 < M A, < 1. we show that 7B, C B., where

B.={xeCLR): x| <e}.
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For x € B. and for each t € J, from the definition of 7" and hypothesis (Azs)- (Azr),

we obtain
| Tx(t)|
_ B
s o 2|
U (t) — W(0))”
< la(t x| \I,((O’f)ﬁ
" (L(‘P(F») — 0(0))*+? L 1ul(P (k) — ‘IJ(O))BE)
Mo+ B+ 1) Lpg+1)
L(U(t) — W(0)*+7 [u[(¥(t) — ¥(0))” }
[(a+p8+1) Irs+1)
< M A3+ Ay + Aof]
<e.
Hence,

ITx] <,

which implies that 7B, C B..

Now for x,x € B, and for any t € J. By (Azg), we get

¢ §))e+B-1
ox(t) — ay(o) < [ T S()M 58” i x(6),5(63)) = (5, 9(5). (&) s
(s ﬁ 1
+lu / - x(5) = x(s)lds
YOO - v
S( fatf+1) | T@+D )”X_X”'

and by condition (Azz), we obtain

L(W(t) = w(0))*  |ul(¥(t) — ¥(0))”
Ol < Ty LE+1)

By applying the triangle inequality, we obtain

| Tx(t) = Tx(0)] < [a(t, x(t))Px(t) — g(t, x(t))Px(t)]
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We conclude that

|Tx(t) — Tx(t)|
. (25;‘(\110:) - \11(0)3“”3 L I — ‘I’(O))ﬁ> Ix — ||

IMNa+p8+1 I'B+1)
o ((LOR(E) = W(0)*F u|(B(t) — ¥(0)” _
”ﬂ( Tlatf+l) TG+ 1) 5) I ==

F(U(k) —W(0)*
rarqu - woy (BT L

RO~ (Lgﬁ_ﬁ%?i)a ! r<5|u+| 1>5> el

After taking the supremum over J and simplifying, we get

ITx = TX|loo < A|x — X0

Consequently, by (3.11), 7 is a contraction, and by utilizing Banach’s fixed point

theorem, the fractional boundary value problem (3.1)-(3.2) has a unique solution. [

3.3 Ulam-Hyers Stability

We now address the Ulam-Hyers and generalized Ulam-Hyers stability of the equation
(3.1).

Let o > 0, and consider the following inequality:

Cna¥ |Cnbv x(t) < — x(t). x =
DS {Dw [g(t,x(t))}—i_@ (t)} H(tx(0), x(Ct))| < 0, teJ=1[0,0. (3.12)

Definition 3.1. ( [20,50]) The fractional boundary value problem (3.1)—(3.2) is said
to be Ulam-Hyers stable if there exists a constant ¢ > 0 such that for any o > 0 and
for each solution x € C3(J,R) of inequality (3.12), there exists a solution X € C3(J,R)
of the fractional boundary value problem (3.1)-(3.2) satisfying

“X - }ZHOO < 0p.

Definition 3.2. ( /20, 30]) The fractional boundary value problem (3.1)-(3.2) is gen-
eralized Ulam-Hyers stable if there exists a function J € C(RT), with J(0) = 0, such
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that for any o0 > 0 and each solution x € C3(J,R) of inequality (3.12), there exists a
solution X € C3(J,R) of the fractional boundary value problem (3.1)-(3.2) such that

Ix =%l < J(0).

Remark 3.1. A function x € C3(J,R) is a solution of inequality (3.12) if and only if
there exists a function Q € C(J,R) (depending on the solution x) such that:

i) |Qt)| < o, for allt € J.

ii) C D" |00 (52l ) + wx(t)] = it x(6),x(¢o) = Qb), te

To simplify the expressions in the subsequent results, let
S = M(Al + Ag)

Theorem 3.4. Suppose that assumptions (Axs), (Axg), and (Axy) hold. Then the
fractional boundary value problem (3.1)-(3.2) is Ulam-Hyers stable and consequently
generalized Ulam-Hyers stable under condition (3.11).

Proof. Assume ¢ > 0, B. C C3(J,R) and x € B. is a function that fulfills the inequality
(3.12), and let x € B. be the sole solution of the fractional boundary value problem
(3.1)-(3.2). Since x € B, is a function satisfes the inequality (3.12). It follows from
Remark 3.1 that

¢pgY [CDOB;‘I’ (ﬂ) + @x@)} —§(t,x(t), x(Ct)) = Qt), t € J,

g(t,x(t))
x(t) fe=0= 0, x'(t) |t=0=0,
X(t) [1=x=10, 0 <Kk <b.

Using Lemma 3.1 once more, we have

= X Fx - ( Fx K
where

Fx(t) := Tgd (e x(t), x(Ct) + Q(t)] — ulgix(t).

43



3.3. ULAM-HYERS STABILITY CHAPTER 3

Moreover, using part (I) of Remark 3.1 and (Axg), we can obtain the following formula

for each t € J.

[Fx() — @ (1)

< TP (0. 5(C1) = H0 (). S(CO) + T () - 2(0)
TR0

S (21;(%) WO l(¥() - w<0>>ﬂ> —

T(o+B+1) T3+ 1)
L o(¥(t) — ¥(0)™*”
T(a+p+1)
and
Ex(r) < LFOWO — VO j(¥() - V()
B Dla+pB+1) T3+1)
ax(t) < YO PO p(¥() — ¥(0))°
~ Dle+g+1) TB+1)

Applying the triangle inequality, we have

Py 20 (W(t) — W (0)*7  |p|(T(t) — W(0)) Ix — %
= Fa+B8+1) I'(B+1)
pe (LOU(E) — w(0)*tF |l (w(t) - \IJ(O))B€>
Tla+F+1) LB+1)
20 (W (k) — w(0))" ] ,
rarce) - vy (AT Y
) L(V(r) — ¥(0))* | _
—f‘lg(q/(t) - \IJ(O»ﬁ ( F(CY +6+ 1) F(B + 1)6)

+M[(‘1’(t) — W(0)** 4 ((W(t) — ©(0)’((¥(x) — ¥(0))"]
T(a+B+1) &

In conclusion, we obtain

S
= ylloo < 7m0 = ve.
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Consequently, the fractional boundary value problem (3.1)—(3.2) is stable in the sense
of Ulam-Hyers. This completes the proof using Ulam-Hyers definition. m

Theorem 3.5. Suppose the conditions of Theorem 3.4 hold. If there exists J € C(RT),
such that J(0) = 0 with o > 0. Therefore, the fractional boundary value problem (3.1)-
(3.2) is generalized Ulam-Hyers stable.

S
Proof. For J(o) = Tl = Y0 = wo J(0) = 0. We prove that the solution
to the fractional boundary value problem (3.1)-(3.2) is also generalized Ulam-Hyers

stable. O

3.4 An Example

Example 3.1. We consider the following problem:

¢ N0.75,Vet | ¢ n1.25,Vet x(t) 4o _ (1) x(%
Dy epge® | M0 o] = e x©.xG0) te
X(t) [i=1= 0, ¥'(t) [¢=1= 0, (3.13)

xX(t) |—s=0, 0<r=7%<2,

where the interval is defined as J = [0,2] with parameters b = 2, ( =
W= 1;30. Additionally, we set U(t) = Vet and define the function:

1 . _ 5
£, k=7, and

[ sin(t)]

t,x(t)) = t)|+2), teJ C*(J,R).
g( aX( )) 24t+7362+t+ |COS(t)’ +27_(_(|X( )| + )7 €J, X¢€ ( ) )
Moreover, the function 1 is given by:
1
~Isin(t)] [ cos(t)x(t) x(zt)

ft, x(t),x(3)) = +0.02,t € J,x € C*(J,R).
5 3oett3 | mx(O)] 5 |x(1t)] 4 3
5

Since the function § € C(J x R?,R) is continuous, it satisfies condition (Axy). Fur-

thermore, for any x,Xx € R and t € J, we have:

| sin(t)]
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Thus, condition (Azg) holds with:

[sin(t)] .1
ly(t) = Y implying I = 2
For any x,y € R, we obtain:
| sin(t),
ity < S (] + ) +0.02, b

This confirms that condition (Azg) is satisfied with:

_ [sin(t)]

p1(t) =0.02, po(t) = ps(t) = T and py =p5= 5o
Furthermore, we define:
1
90 = 75 (3.14)

Additionally, condition (Axy) from Theorem 3.2 is met by selecting a constant v in
the range:

3.9898 x 107 < v < 167.43. (3.15)

By applying Theorem 3.2, we conclude that problem (3.13) admits at least one solution

i the interval J.

Example 3.2. Consider the following fractional boundary value problem defined on

the interval J = [0,2]:

C n0.75,¢ | C 1453 x(t) EX — f(t x(t). x
oy o (20) 4 B = i s, e

; (3.16)
x(1)=0, x'(1)=0, x(3/2)=0, where(< k= 3 < 2.

Here, the kernel function is given by ¥ (t) = %\/t + 2, which is non-decreasing. The

nonlinear source function § is defined as:

sin(t)x({5t) + [cos(t) + t2]x(t)
et 4+ 327

f(t, x(t), x(xt)) = +0.01.

It is clear that § € C(]0,2] x R% R) and satisfies the Lipschitz-type inequality:

1+ t2

62+t + 327_(_(‘3;1 - yl| + |$2 - y2|)

|f(taxla l'Q) - f(tvybyQ)‘ S
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Thus, assumptions (Axg) and (Axy) are fulfilled with:

[} = 0.18316, L = 0.11989.

The function g is given by:

1+ t3/2
g(t,x(t)) = Wx(t) +0.2,

which is Lipschitz continuous with constants Iy = 0.11737 and M = 0.51904.

Additionally, we calculate:

Ay =2.7684 x 1072, Ay =8.6624 x 1072, A3 = 2.2966 x 1072,

implying that:
£ > 25681 x 107°.

Let us set 0 = 25, and observe that:

A" =0.95166 < 1.

Since all the required hypotheses of Theorem 3.3 are satisfied, it follows that prob-

lem (3.16) admits a unique solution in the interval [0, 2].

Now, assume o = % > 0. According to Theorem 3.4, if x € C3([0,2],R) satisfies:

c 0750 | ¢ prasw [ X(6) ﬁx CHt x(t). x(x 2
oy [y () + ] = it | <2 )

then there exists a solution z € C([0,2],R) to problem (3.16) such that:

X 7z QO
— 577
where
= =0.33430 > 0
go—l - =0. )

Hence, the fractional boundary value problem (3.16) is Ulam—Hyers stable on [0, 2].

Finally, setting o = 0 yields J(0) = 0, which implies that the problem (3.16) also

enjoys generalized Ulam—Hyers stability.
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3.5 Notes and Remarks

Besides the main problem discussed in this chapter, we have considered a gen-
eralized framework of hybrid Langevin fractional pantograph differential equations
involving ¢-Caputo fractional derivatives. The analysis focused on investigating the

existence, uniqueness, and Ulam stability of the solutions within Banach spaces.

The results were established using Dhage’s and Banach’s fixed-point theorems,
combined with the contraction mapping principle. Several examples were provided to

illustrate the applicability and relevance of the theoretical findings.

This work serves as a continuation and generalization of previous studies, partic-
ularly those that addressed linear and nonlinear initial and boundary value problems
involving various types of fractional derivatives, as discussed in [69,91,92]. Moreover,
the stability analysis draws inspiration from the monographs of Abbas et al. [1]| and
the works [20,30], which extensively develop the Ulam stability concepts for fractional

functional equations.

[4] H. Bouzid, A. Benali, A. Salim, L. Tabharit, A Study on Some Classes of Hybrid Langevin Panto-
graph ¢-Caputo Fractional Coupled Systems, Pan-Amer. J. Math. Vol(4), 14, (2025).
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4Analysis of Existence and Ulam
Stability for Hybrid Langevin
Pantograph Coupled Systems

4.1 Introduction and Motivations

This chapter focuses on establishing the existence of solutions for a class of cou-
pled hybrid Langevin fractional pantograph differential equations involving W-Caputo
fractional derivatives in Banach spaces. The uniqueness of solutions is demonstrated
using Banach’s fixed-point theorem, while their existence is verified through Dhage’s
hybrid fixed-point theorem for the sum of three operators. Furthermore, we examine
the stability of these solutions in both the Ulam-Hyers sense and its generalized form.

To support the theoretical findings, several illustrative examples are provided.

Fractional calculus extends classical differentiation and integration to non-integer
orders, offering a powerful mathematical framework. Various definitions of fractional
derivatives exist, including the Riemann-Liouville, Caputo, Hilfer, and Hadamard
derivatives, among others. For fundamental results in fractional calculus and frac-

tional differential equations, the reader is referred to [1,2,9,24].

Nonlinear coupled systems involving fractional derivatives have gained significant
attention in contemporary research due to their broad applications in applied mathe-

matics. As a result, numerous studies and monographs have investigated the existence,

[5]. H. Bouzid, A. Benali, A. Salim and I. M. Erhan, Existence and Ulam stability results of hybrid
Langevin pantograph t-fractional coupled systems. Filomat, vol. 39(10), 3401-3424, (2025) .
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stability, and uniqueness of solutions for various fractional differential equations and

inclusions, utilizing different types of fractional derivatives and boundary conditions.

Additionally, dynamical systems often emerge as special cases of fractional dif-
ferential equations. The study of stability in differential and integral equations is
crucial for practical applications. For fundamental results and recent advancements

in Ulam-type stability of differential and integral equations, we refer the reader to

[7 ) ) ) ) ) ]

CDOO?‘I! [CDOﬁr\II (%W) + ,le(t)] = fl(tvx(t)7}/(<t>)v teJ= [07b]7
Cpg® | (L) o pay ()] = alt, ¥(1),x(C1), ¢ € T = [0,0),
(4.1)

Under the given boundary conditions

(o] (o]
(X(t) - Wi (t,x(t)))/t_o (y(t) — Wh(t, Y(U))' t:Oo
91(’57X(t)) t=0 g2<t7Y(t)) t=0 ’
(X(t) — Wl(t,X(t))) _ y(t> - WZ(t7Y<t)>) =V, 0<er.60<b
\ g1(t,x(t)) —ey ’ g2(t, y(t)) t=eo B T

(4.2)

where CD(‘)ﬁ’\P, CDOB}F’\I’ are the W-Caputo fractional derivatives of order a; € (0, 1], f; €
(1,2], for i = 1,2, py, 2 € R\ {0}, 0 < b, V1, Vo, V3,V € R, (V) # V3 and Vs, # V)
and 0 < ¢,¢ <1 and ¥ € C'(J,R") be an increasing differentiable function such that
U'(t) #0, for all t € J. The given functions f; : J X R = R, W, : J x R = R, and
gj : J xR — R\ {0} are continuous with j = 1,2. It is important to highlight that this
study represents the first documented investigation in the literature where a coupled

fractional model concurrently examines both Langevin and pantograph systems.
The main contributions of this research are summarized as follows:
e The coupled system (4.1)-(4.2) integrates both Langevin and pantograph com-

ponents while incorporating diverse boundary conditions, thereby extending ex-

isting formulations in the literature.
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e The use of function deformation techniques allows the representation of the cou-
pled system (4.1)-(4.2) in a hybrid framework, facilitating the application of
Dhage’s hybrid fixed-point theorems.

e The introduction of the W-fractional operator unifies multiple fractional deriva-
tives into a single operator, enhancing the integration of classical results and

enabling novel applications.

e This work generalizes the results in [72] by investigating a coupled Langevin
hybrid fractional system subject to multi-point boundary conditions, where the

orders satisfy §; € (0,1] and o € (1,2], for i =1, 2.

e This study provides, for the first time, a comprehensive analysis of existence,

uniqueness, and stability properties for the coupled system (4.1)-(4.2).
Now, we consider the following Banach space
T={(xy): xyeC(JR)},

endowed with the norm

166 ¥) e = [Ixlloo + [y lloo-

4.2 Existence Results

Let YV : J — R be a function satisfying V() € C(J,R), where G € C3(J,R \ {0}) and

H € C3(J,R) are continuous functions.

We examine the following linear fractional differential equation, which is associated

with equation (4.1).

gt [eopr (M) o] < v, e, (1.3
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where o € (0,1], 5 € (1,2],u € R — {0}, with according to the boundary conditions

| (X(Z)g_(tz(?),to o
\ % tzezé, 0<e<b,

where G € C3(J,R\ {0}), H € C3(J,R), ¢, ¢ € R with ¢ # ¢, and € is a pre-fixed point
satisfying 0 < e < b. Additionally, Y € C(J,R). The following theorem demonstrates
that the problem (4.3)-(4.4) has a unique solution, given by:

x(t) :==G(t) [I@*B"I’y(t) — IS () e — ¢
[W(t) — (0)]°
[W(e) — ¥(0))°

(u[ﬁ;qjx(e) — I Y(e) + 0~ c)] + H(t). (4.5)

Theorem 4.1. The function x satisfies problem (4.3)-(4.4) if and only if it satisfies
(4.5).

Proof. Assume that x satisfies the problem (4.3)-(4.4) and such that the function
n:t— (%) € C3(J,R). We prove that x is a solution to the equation (4.5).
Applying the fractional integral [Oci’q/ to both sides of (4.3) and using Lemma 1.1, we
have

D n(t) + Ox(t) = IRV () + . (4.6)
Now, Applying ]OBJ;\I’ to both sides of (4.12)

[W(t) - ‘I’l(g))]ﬁ — p2 x () + s+ W) = W(0)].  (4.7)

n(t) = LY YV() + g

I'(6+
Then,
x(t) — o — B v
(t)g(t) (t) _ YY) + g [\IJ(IE)(ﬁ J:Dl(;))] L) + 6 + U — T(O)),
which implies that
_ B
x(0) =600 | 5790 + oL g
+o1 + [U(t) — U(0)] + H(t). (4.8)
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/
such as ¢ € R, with 7 = 0, 1, 2. Next, By the condition % = cand (%) ' =

0 gives =
61 :=cand ¢ = 0. (4.9)
On the other hand by % = {, we have
rp+1 o
“ = g 6)( 3 (2))] 5 (Mffﬂx(e) — IEFPTY(e) + 0~ c) . (4.10)

(
Substituting (4.9) and (4.10) into (4.8), we obtain (4.5).
Conversely, assume x satisfies the equation (4.5) such that the function n : ¢t —
<X(t)gzz){(t)> € C(J,R). Applying operator Cfo’ on both sides of (4.5), and since
G(t) # 0 for all t € J, then, from Lemma 1.1 and Lemma 1.3, we obtain

L(B+1)
B,¥ o, ¥ B,¥ a+B,V
CDEYn(t) = IS V(1) — dx(t) + T -7 (u10+ x(e) — IV (e +z—c).
(4.11)
Reapplying, CDS‘;\I] to the above equation, we obtain
o x(t) — H(t
‘o [eop (M) o) < v, (112)
Taking the limit ¢ — 0 of (4.5) we obtain
x(0)=H(0
OO _, (4.13)
Substituting t = € into (4.5), we have
X(e) ~H) _,
G(e) '
Now, Applying Dy, to both sides of (4.5) gives
x(t) = HE)\  aise _
(W = IV Y(6) — T x(b) (4.14)
I'(B+1) B,v a+Bw B—1,¥
+ 50— TP (,um x(e) — ISV Y(e) + 0 — c) 5
Taking the limit t — 0 of (4.14) we have
/
<x<té—($z<t>> ‘ _0 (4.15)
This confirms that the boundary conditions given in (4.4) are fulfilled. ]
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Next, we present the solution for the coupled system (4.1)-(4.2)

Definition 4.1. A function x € C*(J,R) is said to be a solution of the fractional
problem (4.3)-(4.4) on J if it satisfies both equations (4.3) and (4.4) on J.

Lemma 4.1. Let o; € (0,1], 5 € (1,2], for i = 1,2 , p,pue € R\ {0}, 0 < b,
0<enea <b Vi,Vo, Vs Vy € R, (V1 # Vs and Vy # Vy) and 0 < ¢, ¢ < 1, let § :
JxR* 5 R, W;: JxR =R, and g;: J xR — R\ {0} are continuous functions with
j=1,2 . If the function t —» <%) € C3(J,R) and similarly, the function

t — (%) € C3(J,R), then (x,y) € t satisfies the coupled system (4.1)-(4.2)

if and only if (x,y) is the fived point of the operator T : C(J,R)? — C(J,R)? defined

by
T(x,y)(t) = (Ti(x,y) (1), Ta(x, y)(t)),

such as

T, y) (1) = 01(t,X(6)) |@1(x,¥)(6) — EONT-1 (x, ) (e)]| + Wit x(8)) (4.16)

and

Ta(x, ) (1) 1= 826, () |@2(x,3)(8) = OB Z Pa(x,v) (e2)| + Walt, (1)),

(4.17)
where
t /8 o g))at B1—1
O R L G
(s — P(g))ht
_“1/0 o ( >(\If(tr)(61)\lf( ) «(s)ds + Vs — Vs,
and

az+p2—1 N
b)) = [ IO =TI o m(Gsas

s B2—1
o / (()((t >(62> D™ s 4 vy v

Given that the functions g; and W, are continuous and f;(t,-,-) € C(J x R* R), for
i =1,2, it follows that T (x,y) € Y.

The next result relies on the application of the Banach fixed-point theorem. Further-

more, we assume the following conditions for this outcome:
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(Azy) The functions (fi)i=12 : J X R2 - R, Wi)i=12 : J X R = R, and (gi)i=12 :

J xR — R\ {0} are continuous.

Ax) There exist positive functions I, I, , lyy. € C(J,R™) such that
fis bgir YW

[Fits % ¥) = it %, 9)[ < 4, (6) (x = x[ + | y = ]),

’gi(ta X) - gi(tai)‘ < lgi (O’X - )_(|7

and
’Wi(tvx) - Wl(t7>_<)| < lWi (t)|X - }_(|7
fori=1,2,forallt € J and x,y,X,y € R,

where

l;, = supl;,(t), [, = suply,(t) and [, = suplw,(t), i =1,2.
teJ teJ teJ

(Azs) There exist positive constants £;, M; and K, where |f;(t,-, )| < Li, |gi(t,-)| <
M;, and [Wi(t, )| < K, for all t € J and - € R, where i = 1, 2.

For the sake of clarity, we denote
(§R _ (W (0)—9(0)*1 51+ (W (b) ~¥(0))P1 (¥ (e1) ¥ (0))*1]
1 T(a1+p81+1) '
_ 2| |(¥(0)—¥(0))%
R = "0 ’

Ra = (Wil + Val) (00 +1).

W(e1)—¥(0))A1
vV, = (¥ (b)—W(0)*2F2+(W(b)—W(0))P2 (¥ (e2)—¥(0))*2]
1= T(a2+B2+1) )

_ 2|pe|(¥(b)—¥(0))P2
v2 o : I'(B2+1) ’

b)— B
Vs = (IVal + Vi) (s +1)

w1 = (2[? Ml + lslﬁl)%l + (M1 + l;lt)a%g + l;%?’ + ZT/VN

1

wy = (25,Ma + 15, L2)Vy + (Ma + 15, t) Vo + 15, V3 + [y, .

\

Theorem 4.2. Suppose that (Ax;)—(Axg) holds. If

2
d @<, (4.18)
=1

then the coupled system (4.1)-(4.2) has a unique solution on J = (0,b].
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Proof. Setting

P> M1(§R3+£1§R1) + KK n MQ(V3+£2V1) + ICy
- 1— MR,y 1 — M5V, ’

with 0 < MRy, MyV4y < 1. we show that 7B, C B,, where
B, = {x,y € C*(J;R) : [[(x,y)]ly <1}

For (x,y) € B, and for each t € J, from the definition of 7 and hypothesis (Az1)-

(Azxs), we obtain

| T1(x,y)(t)]

— B1
011,30 [2 k(0 — =410

T )] + )
U(t) — ¥(0))~
< ’gl(tv)((t))’ [((\I/((El)) . \I/<(O)>)>B1
" (ﬁl(‘lf(ﬁ) — V(O (Y(e) — ¥ (0) r)
(o + 61 +1) (B +1)

<

Ly(W(t) = w(0) 7 |m|((t) — ¥(0)™
Clon + B + 1) TG +1) r} + (e x(t))]
< M, [%3 + LR + §R2I] + K4
<r.
and
| T2(x, y) ()]
S (¥(1) - ¥(0))

aa(tx(0) [2205,9)(0) - (s gl e | + Walex(0)
(¥(1) ~ ¥(0))"
< |92(t?X(t))| |:(\I’(62) _ \I/(()))B?
(LA VO e - v
[(az + fa + 1) I'(B+1)
£a¥(1) — W)™ |pf(¥(1) — ¥(0))*
[(ag + B2 + 1) [(By + 1)
MQ [V3 + £QV1 + VQI"] + ’CQ

r} + [ Wa(t, x(t))]
<
<

T.
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Hence,

TGyl <,

which implies that 7B, C B,.

Let for (x,y), (X,¥) € B; and for any t € J. By (Azg), we get

P15, 7)(6) — 1 (5, 9)(1)]
</*w@www—WHWﬁm

1105, x(s), y(Cis)) = fils, %1, (5), 7(Crs))|ds

I Oé + 51)
51
+wu/ LIy Cx(s) — x(s)ds
20 M®Wﬁ@ mle) —wo)»Y,
g( (m+ﬂ1 R =1 )HX—&y—ﬂn

and by condition (Axg), we obtain

Ly (W(t) — w(0))m+h n [ [P () — w(0)™
[(og + 51 +1) LB +1)

D1 (x,y)(t)] < + Vil + [ Vs).

In the same way, we obtain

[@2(x, ¥)(t) — D(%,3)(t)]

/() (W(t) — W(s))2rtP s
</‘ ot o) (5, ¥(), X(C5)) — fals, 7, (5), X(C25)) | ds

] [ I y) s

217, (W (t) — \I/(o))az+52 ] (T (1) — W(0))P2 ) )
< I(az + B2 +1) + T(By+ 1) > Ix =%,y — ¥,

and by condition (Axs), we get

Lo((t) — V(0))%24% o] (B (t) — ¥(0))™
Do + B2 + 1) (B2 +1)

By applying the triangle inequality, we obtain

| (x, y)(t)] < + [Va| + [V4l.

7106, 9)() = Tu(x, 9) (1)
< Jga(t, x(6)) @1 (x, ¥)(t) — ga(t, X(1)) @1 (%, ¥)(t)]
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_ B1
8@3fﬁgmmmmm@@mmﬂ—mwﬂmﬁﬁﬂwm

+ Wi (t,x(t)) — WA (t,x(t))].

+

We conclude that

215 (W(t) — w(0)) 7 |1y |(T(t) — T(0))* .
SMl( Dot B+ TG+D) )”X_X’y_y”““
(L) )T () )R N
o T Mo A D ) sl
205 (¥ (er) — W(0))

+M1<w<t>—w<o>>ﬂl( o ml )nx—xy—ynT

)
Clag + 51+ 1) L'(B+1)
L1(V(er) —0(0)* |11]
['(ar + 61+ 1) (s +1
[W(t) — w(0)]*

+ [l;}(lvll + [Vs)) (Mel) O 1) +z;vl] % — %, v — 7.

After taking the supremum over J and simplifying, we get

+1(W(t) —xy(()))m( )r) lx =%,y = ¥lr

1710, ¥) = Ti(% 9l < @nllx =%,y =¥l (4.19)

Similarly, we obtain

[72(x,¥) = Tao(%, )]l < @2fx =%,y =[x (4.20)

It follows from (4.19) and (4.20) that

I7(x,y) = T3l < (@1 + @) [x =%y =¥

2
Since Z w; < 1, T is a contraction operator. Consequently by utilizing Banach’s
i=1
fixed point theorem, the coupled system (4.1)-(4.2) has a unique solution. In the
following result, we establish the existence of solutions for the hybrid coupled Langevin

fractional pantograph system (4.1)-(4.2). O

This is achieved by utilizing a theorem derived from Dhage’s fixed-point theorem.

Theorem 4.3. Assume that the following hypotheses hold.
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(Azy) The functions f1,fs : J x R? — R are continuous on J.

(Azs) The functions g; : J x R — R\ {0} and W : J x R — R are continuous.

Moreover, there exist positive continuous functions ly,, Ly, € C(J,[0,00)) such that

|gi(t7 X) - gi(tvi)| < lgi (t>|X - }_{|7
and
|Wi(t’X) - Wi(tvi)l < lWi (t)|X - }2|7
fori=1,2, and for any x,Xx € R and t € J.

(Azg) There exist functions p1, P2, P3, 1,92, 03 € C(J,R") such that

[F1(t, %, %)] < pa(t) + p2(t)[x] + ps(t) X[,
and

[F2(t, %, )| < 9u(t) + 02(6)[x] + 3(t) %],
forallt € J and x,x, € R.

(Azy) There exists a number v > 0 such that

GiNy + g6 + W+ W5
L—[ls Ny + 16+ By + 1y, —

gl

and

I NS+ 15,8, + Ly, + 5y, < 1, (4.21)
where

l;j = sup [, (t),l;ﬁvj = sup ly, (t), g; =sup lg; (t,0)], Wi = sup Wi(t,0)], j=1,2,
teJ teJ teJ teJ

p; =suppi(t), v =supni(t),i=1,2,3,
teJ teJ

and

N,y = P} + [ (P + P3) + po] v + s,

&, = Vinl + [Vi(vs +93) + Vo] v + V.

Then the coupled system (4.1)-(4.2) has at least one mild solution on J.
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Proof. We define a subset By of C3(J,R).

By={(xy) et : [[xylr <7}

Next, consider the operator 7; and 7y defined in (4.16) and (4.17), respectively.
Additionally, introduce the operators P, Q, U,V : C(J,R)> — C(J,R) by

(

P(x,y)(t) = (. x()). t € J
Q. y)(0) = Wit x(8), t €
U y)(t) = galt, y (), t € .
[ Vi )(t) = Walt, (1), t € .
and R, K : By — C(J,R) by
{ Rix.y)(t) = @1 (x,y)(t) — LML, (1 y) (o), b€ .
K, 3) () = Pa(,y)(6) — SLOEO2 g (x y) (), 1€
Then,
Ti(x,y) =P(x,y)R(x,y) + Qx,y),
and

Ta(x,y) = Ux, y)K(x,y) + V(x,y).

Step 1: Firstly, we show that P, Q, U and V are Lipschitzian on C(J,R)?. Let
(x,y), (%,¥) € C(J,R)% Then by (Azs) we have

P(x,y)(t) =P, §)(0)] = [ga(t,x(t)) — gu(t,x(t))]
< g, () [x(t) — x(b)]-
Then for each t € J we obtain
IP(x,y) = P, 9) oo < 15, [1(x,¥), (% 9) [l (4.22)
As before, we have
UG y) —UE 3o < G, 1), & 3), (4.23)

and for each t € J we get

QG ¥)(1) — Q3] = (t,x(t)) — Wa(t,x(t))]
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< D (D)]x(t) = x(t)].

Then,

1QC,y) = QX 9)lloe < by, [1066,¥), (%, 9) I, (4.24)
and

V6 y) = V& 9)lloo < by 106), (%, 3) v+ (4.25)
Therefore P, Q, U and V are Lipschitzian on C(J, R)? with Lipschitz constants l;, and
., for i = 1,2.

Step 2: We demonstrate that the operators R and K are completely continuous on
B~. To achieve this, we first establish that the operators R and K are continuous on
C(J,R). Let {x,,¥n},en be a sequence in By that converges to a point (x,y) € B7.

Applying the Lebesgue dominated convergence theorem, we obtain

lim R(xy,yn)(t)

A _ B
= Jim {@l(x”’ ya)E) = g&)) —\I\;(é)o))))ﬂl P m(“)}

t (g _ g))art+hi—1
~ lim {/0 U'(s)(W(t) — W(s)) Fu (5,50 (8), 7 (C1))dls

n—-+oo F(al —{—ﬁ1>
Y (s —P(s))t
_ul/o ' )(\If(;)(ﬁl)‘lf( ) w(5)ds + Vs — Vs

C(U(t) — w(0)” ( / '(s)((er) — \If(s))‘“*ﬁ“h(s (), Vn(C18))ds

(W(er) — W(0))" I'(eq + B1)

= R(x,y)(t).
Hence,
IR (%n, ¥n) = R(x,¥)l[c — 0, as n — oo,
for all t € J. Similarly, we also have

lim (X, yn)(t)

n—-+o0o B 5
= Jim {@(X”’ Yt - S&ﬁ —\I\;(é)c)))))ﬁ? Palbn y")(EQ)}

61



4.2. EXISTENCE RESULTS CHAPTER 4

I A O LR 100) i PN
_ { / v (5, Ya(5), %0(Cs))d

CU(s)(W(t) = W(s)R
o /0 ES vu(s)ds + Vo — Vs

(\I/(t — \II((]))ﬂz (/62 \If’(s)(\IJ(EQ) _ qj(s))azﬂo’zfl
N fa (5, ¥n(5), Xn(Cs))ds
0 [(ag + f2)

[ VioHe) - Y i -v,) )

n—-+o0o

1K (0, yn) = K%, ¥)[[oo — 0, as n — o0,

for all t € J. This shows that R and K are continuous operators on B7~.

Next, we prove that the sets R(Bv) and K(B7) are uniformly bounded in B~y. For
any (x,y) € By and t € J, we have

_ a1+p8 * * *
’@1(}(, Y)(t)| S (U(t)—w(0))*1 1(P1+(P2+P3) ) + lpa [ (P (t)— ())ﬁl'}’ + |V1| + |V3|,

T(ai+8:1+1) L(B1+1)
and
(W(t)—P(0))*2772 (07 +(n5+v3)y ))8
|D2(x,¥)(t)] < F(a2+ﬁz(+11) Ei) . el r(()ﬁ +1() 2 V| + Vil
Therefore,

(T(t) — w(0))™
(W(er) — W (0))™

R, y)()] < |21 (x,y)(0)] + |1(x,y)(1)]

o (W(t) = U(0))**P (P} + (P} + P5)v) N 2| | (W(t) — W(0)) 1y
- [(ar + B +1) LB +1)
N (W(t) — ¥(0)" (¥(er) — w(0))* (P + (P5 +P5)7)
[(og + 51 +1)
[W(b) — w(0)]™
+ (] + [Va) ([qj(el) —Sop 1) (4.26)
<N,.

Then, we obtain

IR, ¥) oo < 00,
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for all (x,y) € By. We also have

[K(x, y)(t)]
(W(t) — w(0))™
S ‘¢2(X7 y)(t)| + (\11(62> _ \IJ(O))BQ |¢2(X7Y)(62)’
o (W) = w(0))*= ™ (97 + (93 +95)7) | 2Apa|(W(t) — ¥(0))™y
B [(ay + B2 +1) (B2 +1)
L (o) — W(0))% (W(e2) — ¥(0))* (v7 + (v5 + 93)7)
[(ay + B2 +1)

_ B2
vl b (G s 1) (427
<e,
Then, we get

IK(x, y)|| < o0, Y(x,y) € By.

This prove that the sets R(B+) and K(B~) are uniformly bounded in B~.

On the other hand, we demonstrate that R(B~) and K(B~) are equicontinuous sets
in By. We take tq,t2 € [0,b] with t; < ty and (x,y) € B7. Then,

IR(x,¥)(t2) — R(x,¥)(t1)]
() (1) = W()) T — (W(ty) = W(s)) Y
: /0 [y + B1)
t2 \Il’(s)(\ll(tg) _ q;(s))aﬁrﬂrl
/tl T(on + By) (s, x(5), y(¢5))lds
()W (02) = ()M = (B(tr) — (5)"
0 I'(61)
@ | [0 (5) (T (t5) — W(s))5rL
t1 (ﬁl)
[(W(t2) — W(0)" —
V(e

(
" (/ ‘I”(S)(‘PFE
) (W

€1 /
Hwl /

Therefore,

[F1(s,x(s),y(¢s))|ds

+

+

|x(s)|ds

+ |x(s)|ds

(T(t1) — W(0))™]
v(0))%

* )
) — U(s)) it
aq 51)

(

) —
; I51(5,%(5), y(Cs))|ds
< 5))ht

x(s)]ds + V1] + |v3|) .

IR(%,¥)(t2) = R(x,y)(t1)]
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))P1]
< |01 (x,¥) (t2) — By (x, ¥) (b)) + LLZHONT () VOV | (¢ ) (e, )|

(¥ (e1)—¥(0))51
_ ar+B1 a1+p1
o L0 PO~ (316 WO

(P(t2) — W(ta))™ — (‘I’( 2) — W(0)” + (¥(t1) — ¥(0)™
)

+ [(T(t) — W(0))" — (¥(t2) — T(0 )5l]< SO 4 el +|V1!+|V3!)

Since,

IR(x,¥)(t2) — R(x,¥)(t1)] — 0, as t; — to,

In addition, we have

0, y)(t2) = K(x,y)(t)]
[(V(t2) — W(0))™ — (¥(t1) — W(0))™]
< |P2(x,y)(t2) — Pa(x, y) (61)] + (W (e) — W(0))P2

[(W(t1) = 0(0))2472 — (U(ty) — W(0)=*72] .
< T(as + B+ 1) [PT + (P5 + p3)7]

(W(t2) — () — (¥(ta) — W(0)) + (W(t,) — W(0))
! ( N ) =

W () — W(0)* — (W(ta) — W(0))*] (

Consequently,

[2(x,y)(€2)]

[U(ep) — W(0)]o2 ™
['(ag+ B2+ 1) - T(Bs+ 1) + Vo] + |V4|) )

IK(x,5)(t2) — K(x,y)(t1)| — 0, as t; — to,

Thus, R(B~) and IC(B~) are equicontinuous on J. Hence, by the Arzela-Ascoli theo-
rem, R and K are completely continuous on B~.

Step 3: we show that hypothesis (3) of Theorem 1.4 is satisfied. For (x,y) € C*(J,R)
and (X,y) € By, where x = P(x,y)R(X,¥) + Q(x,y) and y = U(x, y)K(X,¥) + V(x,y)

, we get

x(0)] = [PCx, y) (R, ¥)(t) + Qlx, y)(t)]
< [lga (6, x(t)) + g1, 0)| + [ga(t, ) IS + Wi (8, x(8)) + W(t, 0)] + [Wi(t, 0))|
<

(g Il + grING =+ G [l + W,
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< [lg2(t, y(t) + g2(t, 0)] + lga(t, 0)[]E; + Wa(t, y (b)) + Wa(t, 0)] + [Wa(t, 0)]

< g, Iyl + g21€ + by, NIyl + W5

which implies that

ng7+g§57+Wf + Wy ~
— [ Ny + 1,8+ 15y, + 5y, —

Gyl < £

This shows that condition (3) of Theorem 1.4 is satisfied.

Step 4: Finally, we have
p = [(R(By), K(BY))|lx = sup {|R(x,¥)lloo + KX, ¥)[loo = (x,¥) € By} <N, +E,.
Fromabove estimate we obtain

NG+ 15,E 1y, + 1y, < 1

Hence, all the conditions of Theorem 1.4 are satisfied, and therefore, the operator
equation x = P(x,y)R(x,y) + Q(x,y) and y = U(x,y)K(x,y) + V(x,y) has a solution
in Bv. Consequently, the coupled system (4.1)-(4.2) has a solution on J. O

4.3 Ulam-Type Stability

This section discusses the Ulam stability of the coupled system (4.1)-(4.2). Let (x,y) €
C3(J,R) and gy, 0o > 0. We consider the following inequalities:

D [C DY (MDY ()] - (e x(1), y(CE < 0. e,
Dz (€D (MRS ) 4 ()| — Ra(t, y(0), x(CE) < 0, e
(4.28)
Definition 4.2 ( [20,30]). The coupled system (4.1)-(4.2) is Ulam-Hyers stable if there

exists a real number X = Ny + Ny > 0 with Ny, Ny > 0 such that for each o > 0 and
for each solution (x,y) € Y to the previous inequality (4.28), there exists a solution

(X,¥) € T of the coupled system (4.1)-(4.2) with

166 y) = (% 9)[lr < o
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Definition 4.3 ( [26,30]). The coupled system (4.1)-(4.2) is generalized Ulam-Hyers
stable if there exists J € C(R*T,R"), such that J(0) =0 for any o > 0, and for each
solution (x,y) € T to the inequality (4.28), there exists a solution (X,5) € T of the
coupled system (4.1)-(4.2) with

Ixy) = & ¥)lx < T (o)
Remark 4.1. It is clear that:
1. Definition 4.2= Definition 4.3.

A function (x,y) € T is a solution of the inequality (4.28) if and only if there exist a
function ; € C(J,R)such that for alli=1,2.

i | (t)| < o, for allt € J.

ii. OO |G (MUY e pux(t) | < Fu (b, x(2), ¥(CE) = Qult), for allt € J.

iii. CDgEY | D (L) (1) | ~Fa(t, ¥(1), x(C1)) = Qa(b), Jor allt € J.

92(t,y(t))
We now present the Ulam stability of the solution to problem (4.1)-(4.2).

Theorem 4.4. Assume that (Ax;)—(Axg) are satisfied. then the coupled system (4.1)-
(4.2) is Ulam-Hyers stable under the condition (4.18).

Proof. Assume ¢ > 0 and (x,y) € B, is a function that fulfills the inequality (4.28), and
let (X,y) € B, is the sole solution of the coupled system (4.1)-(4.2). Since (x,y) € B,
is a function satisfes the inequality (4.28). It follows from Remark 4.1 that

Ot [CDgrY (MU b px(6)] = (4 x(0), ¥(C) = lt), te

Oz DY (M) ()] — Falt, ¥(0), x(C1) = Dalt), €,

BQ(tvy

|~ A~

under the given boundary conditions

(o) (st
(0= Pt o (0= Pitiatin o
1 (t, x(t 0 2(t, x(t =0
x(t g—(ngt,)zc(t))) _ E:}(((t) —(V)\Zg(t,x(t)) Y O<ere<b
(U ax®) S, U @), T
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Using Lemma 4.1 once more, we have

_ B1
(1) = (1. 5(0) [ 15,3000 — (s g ey)(en)]| + Wit x(0),

and

_ B2
¥10) = (e, () [ )00 ~ (s g maley)(en)]| + Walt ¥(0),

where

@1, y)(t) = L2V (e, x(6), y(Ct)) + 20(8)] — i L x(t) + Vi = Vs,

and
By(x,y)(t) := IV [fa(t, y(£), x(Ct)) + Qo(t)] — paIg2 Vv (t) + Vo — Vi

Moreover, using part (i) of Remark 4.1 and (Azs), we can obtain the following formula

foreacht e J .

|91, ¥)(t) = 1(%,3)(1)]
< LR x(8), ¥ () = Rt X(8), 3, (CE)]
I (t) = <(6)] + L | (o)

205 (T(t) — W(0)* 0y | (W(t) — W(0))% =
S( Mt A+1) | T+l )”<X’y>_(x’y”“

| (¥(t) — W(0))+

T(ay+ 4 +1) -
and
Dy (x, v) (1) — Py(X y)( )|
+4 <a2 s +a12>+62’ -
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in addition to,

( L T (t)—(0))*11F )8
D1 (x,y)(t ( 1+Q)1S(a(1t—)i—ﬁl—§-1))) — + |M1‘(r((,521+1§ - -1+ Vil + Vs,

L1 (¥(t)—W(0)*1 A1 |pa [(¥(t)—¥(0)

Tarh) T - T(Bi11) 1+ V| + Vs
(L2+0)(¥(t)—W(0))*2+F2 |p2| (¥ () —W(0))F2

) QF(a2+Bg+1) + 5 T(Bs +1) I+ [Va| + [Vl
Lo (W (t)—W(0))>2HF2 |p2] (P (t)—¥(0)

i T Tyt Vel A,

IN

IN

(4.31)

IN

IN

Applying the triangle inequality (4.29)-(4.31), we have

[x(t) — x(t)]

< Jg1 (b, x(4)) D1 (x, y)(t) — g1(t, X1 (£))21(X,5) (1)]
(P (t) — w(0)* ) .
(@(61) \I/(O))ﬁ ’gl(t X( ))@1<X7 Y)(el) —gl(t,X<t))@1(X, Y)<€1)|
+ W (t, x(t)) = Wa(t,x(t))],

+

we obtain

X = X[loo < @i ll(x,y) = (X, 3)]x + Mupne. (4.32)

On the other hand, we have

[y = Flleo < w2l (x,¥) = (% 9)llx + M2V (4.33)

Combining the two last inequalities (4.32) and (4.33), we get

le.y) - (iy|lr<[1—zw1] (Migas + My¥3) 0. (431)

2 -1 2
Let is put N = |1 — Zwi (Mipg + M3V,). Taking into account Zwi <1, we
1 i=1
notice that p > 0. Thus, we have

166 y) = (% 9)[lr < o

As a result, the coupled system (4.1)-(4.2) exhibits stability in the Ulam-Hyers sense.
This concludes the proof based on the definition of Ulam-Hyers stability. O

Theorem 4.5. Suppose the conditions of Theorem 4.2 hold. If there exists J €
C(R*,R"), such that J(0) = 0 with o0 > 0. Therefore, the coupled system (4.1)-(4.2)

1s generalized Ulam-Hyers stable.
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Proof. For J (o) = &/ 0; J(0) = 0. We prove that the solution to the coupled system
(4.1)-(4.2) is also generalized Ulam-Hyers stable. O

4.4 An Example

Example 4.1. Consider the coupled system

0.45, 1 1.65, 1 [ x(t)—-Wi(t,x

C DI [0 py VT (MM ) o 28(4)] = o (8, x(1), y(21)), t €
0.70,0/FF1 1.75,v/tF1 —Wa(t,

€ pOTOVEF [CDM (= (Y(t)gz(t;((tt)y)(t))> +2y(t)] = fa(t, y(t), x(t)), teJ

under the boundary conditions

((x(t) =Wi(t,x(6) . a5 (YO =Walty(0) oy a0
(t=0) = 155> (t=0) = 5
g1(t,x(t)) ) g2(t,y(t2)
(O] (0= W]
O YR N (st 1 O
x(t) — Wi (t, x . _15 [ Y(E) = Waltyy 6 ~30 76
Ty — —18 6)— =80 g T 6 <9
\ g1(t, x(t)) ) (&) = - g2(t, y(t)) B=m0<ss<2.
(4.36)
where J = (0,2], b=2 and
( Ly
g (. x(6) = “2EEY 1107 v e, x e C(JR),
ga(t, y(t)) = <= 1072, t € J, y € C(J,R),
1
t—5x(t) 1
Wi(t,x(t)) = Voo T s V€ J, x € C(J,R),
Walt,y(t) = S + 5, te J, y €C(R),
1
t—% sin(t)y(?t)—i—cos(t)x(t)—l)
fi(t, x(t),v(3)) = - , t€J, x,y € C(J,R),
55e—t+3(1+|x(t)h/tf§)
4
sin(t) sin(t)x(l—ot)+y(t)—0.02
| f2(t, y (), x(§£)) = BT ] . ted, x,y € C(J,R).

Clearly, the continuous functions fi € C(J x RER), W, € C(J x R,R) and g; €
C(J x R,R\ {0}), fori=1,2. Hence the condition (Axy) is satisfied.
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For each x,X,y,y,€ R and t € J, we have
( 1
fi_1
|f1(t7XJY) - fl(ta}_<7 )l < 55e—t33 <|X_}_<‘ + | y _}_7|),
[F2(t, %, ¥) = f2(6,%,9)| < g (X=X + |y = 3),

L
< s =%,

t—3 1
I, (t) = g i, (t) = L=y
(t—1) 1

lg, (t) = p—E lg, (t) = 210082
t—1 1
—7 l 2 t = —7
oot 127 (t + 1)

so we have

T 55ey2) M B54 €2’
3 e 1

ore’ " 724100’

1
[ V3 [

M odmey2’ T 24
and so the condition (Axg) is satisfied with

1 3 7621 1 1
Ly=5—, K My =z, L2= 155

Mi==0 ore ~ 500000 727 55

Ko = 8.6763 x 1072.

On the other hand, we have

R, = 0.629, RNy = 0.26959, Rz = 0.88371,
Vi =0.25870, V,=1.4409, V5= 1.8182 x 1072,

Therefore,
r > 0.11142.
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So, let’s assume that
We can show that:

Zwi — 0.28275 < 1.
=1

Thus, all the conditions of Theorem 4.2 are satisfied. Hence, our coupled system

(4.35)-(4.36) has a unique solution on [0, 2].

Let p = % > 0, as illustrated Theorem 4.4 and by (4.28). If x,y € C([0,2],R) complies
with

ey | eyt (U=IRION) 4 )] - e xt0hGo)l < 5.

gl(tvx(t))
and
C n0.70V% | ¢ 11751t y(t) — Wa(t, y(t)) . (4 2
g opypot (MZDEEID) 4oy 0)] -yt (500 < 5

there exists a solution X,y, € C([0,2],R) of the coupled system (4.35)-(4.36) with

2

65,9) = .3 < 58

which
2 —1
N = [1 — ZWI] (M1§R1 + MQVQ) = 2.0383 > 0.
=1

Consequently, the coupled system (4.35)-(4.36) is Ulam-Hyers stable on [0,2]. Finally,
we assume that o = 0, we obtain J(0) = 0. Hence, the problem (4.35)-(4.36) is

generalized Ulam-Hyers stable.

Example 4.2. Consider the coupled system

t2 2
0.45, 5+t 1.65,5 (' x(t) =W (t,x
“Dyr " |“Dpr ( (t)gl(t,;((tt))(t))>  fo0x(t) | = Fult:x(t), ¥(5¢), €€,

t? 2
0.75, >+t 125,54t [ x(t)—Wh(t,
Dy |ODy T (M) ) (1) | = Falt, (1), x(30), t €,

(4.37)
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under the boundary conditions

()] -, (e

( - (t,;E ))( )))
(t, x(t )))
(t))

where J = (0,2], b=2 and

t=0

t=0 g2 (t> y

t

:;‘
"

Te—t+3

a1 (t,x(t)) = F)(\ cos(t)|[x(t)]) + 0.02, t € J, x € C(J,R),
)

ga(t, y(t)) = S‘;S (y(t)] + | cos(t)]) + 1, t € J, y € C(J,R),
Wi (t,x(t)) = Vsl o ot e ),z € C(JR),
Wit y(t)) = L0 (|y(t)] + |tan~'(t)] + 27), t € J, y € C(J,R),

1
t—§| sin(t)] (x(gt)-i—cos(t)x(t)-i—l)
) —

t,x(t),v(%)) = ,ted x,yelC(JR),
it x(0). 5(5) 7063 (2 x (O +x() ) y €C(LR)
(1 )
x(—t
sin? cos(t)x e™
f2<t>Y(t)7X<%>) = |356t-(:3)| ﬂ_;,_(rl(t()ﬁ) + 5 1 + 3527 te J; X,y € C(‘L R)

| 27r+|x(gt)|

Clearly, the continuous function f1,fs € C(J x R*,R). Hence the condition (Ax;) is

satisfied.
For each x,X,y,y,€ R and t € J, we have
' ) =)
916, %) —1(t,%)| < =7 [x =%,
lo2(t,y) — g2(t, ) < Bl |y — 3,

’Wl(t”x) - Wl(t7)_() = \{{; ’X )_(7 ’
(

| Wt y) — Walt,3)] < Lty - 3, ).

Hence condition (Axs) is satisfied with

P

—t+3

j

lWl( ) = 337re’
o (t) = P53,

cos?
() = 5
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so we have
0 rey/2 ™M 331’ 2 247
|
Wa = 733"
Let x,y € R, then
t— 1
2
|f1(t7X7 Y>| < 70e—t+3 (|y| + |X’ + 1)7 te J7
.9
ot )| < )

and so the condition (Axg) is satisfied with

t—1
2
pi(t) = pa(t) = ps(t) = 70e 13’
p1=ps=p3= v3
1 2 3 706\/57
er | sin?(t)]
Di(t) = 35 D2(t) = na(t) ST
Ul 357 2 03 - 3564
Setting
. @ . 16w
B=Te TN T 35
| . om
gQ_Ea W2_7O€4’

In addition, condition (Axy) of Theorem 4.3 are satisfied if we take

7.2494 < v <983.11

o xl + x]) + [tan ™ (0)] + €7, t €

By Theorem 4.3, our coupled system (4.37)-(4.38) has at least one solution in J.
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4.5 Notes and Remarks

In addition to the primary system studied in this chapter, we have also con-
sidered a particular fractional problem that may be viewed as a special case of the
general hybrid Langevin fractional pantograph system discussed herein. This spe-
cific formulation has been treated separately in a related publication, and it inherits
its structure from the main system while introducing additional simplifications that

allow for focused analysis under more restrictive assumptions.

The problem is formulated within the framework of Banach spaces and involves
the generalized -Caputo fractional derivative, which extends classical operators to
better capture memory effects and hereditary behavior. The theoretical analysis en-
compasses the existence, uniqueness, and Ulam-Hyers-type stability of solutions. The
uniqueness results are derived via Banach’s fixed-point theorem, while existence is
established through Dhage’s hybrid fixed-point theorem involving the sum of three
operators. Stability results are presented in the sense of Ulam-Hyers and its general-

ized form, ensuring the robustness of solutions under perturbations.

This particular problem serves as a concrete application of the general theory
developed in this chapter. It illustrates how the proposed framework can be adapted
to simplified settings, providing insight into its versatility and broader applicability.
The findings are supported by illustrative examples that validate the theoretical results

and highlight their effectiveness in concrete scenarios.

[6] H. Bouzid, A. Benali, A. Salim and A. Jehad, Qualitative Results on Hybrid Langevin—Pantograph
1-Fractional Differential Equations with Multiple Point Boundary Conditions, (submitted).
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Conclusion and Perspectives

In this thesis, we have established several results concerning the existence, unique-
ness, and Ulam stability of solutions for boundary value and nonlocal problems asso-
ciated with differential equations involving generalized Caputo-type fractional deriva-
tives. Furthermore, we have investigated nonlocal and boundary value problems for
classes of nonlinear Langevin fractional pantograph equations and hybrid Langevin
fractional pantograph systems formulated using generalized Caputo fractional deriva-

tives.

The methods employed are primarily based on a variety of fixed point theorems,
including those of Krasnoselskii, Dhage, Schaefer, as well as the Banach contraction
principle. Additionally, the same types of problems and systems have been extended to
the framework of Banach spaces, where the existence results are obtained by applying
Darbo’s fixed point theorem in conjunction with the technique of the measure of

noncompactness.

Given the recent development of proportional fractional and integral derivatives,
future research directions include studying nonlinear fractional differential equations
involving generalized proportional fractional derivatives. In recent years, various re-
searchers have proposed different forms of integrals and conformable derivatives to
recover certain analytical properties not satisfied by classical fractional derivatives.
Building on these ideas, modified conformable or proportional fractional derivatives
have been introduced, leading to new types of nonlocal fractional operators with ker-
nels involving exponential functions. For further reading on these developments, we

refer to [32-35,35] and the references therein.

From a broader perspective, it would be natural to expand the current findings
by considering fractional differential inclusions, more complex hybrid equations, and
nonlinear coupled systems. Furthermore, extending the problems studied from Banach
spaces to Fréchet spaces would provide an even richer theoretical framework, possi-
bly using alternative fixed-point methods and new compactness conditions adapted to

more general settings. Future investigations may also incorporate delay and advance
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arguments, study random or stochastic fractional problems, and explore generaliza-

tions involving recently introduced generalized Mittag-Leffler functions.
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