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Résumé

Cette theése étudie un modele endémique d’obésité et de problemes de santé
associés, en prenant en compte les facteurs sociaux et les liens sociaux. Le
but essentiel de notre modele proposé, est de comprendre et par la suite con-
troler dans la mesure du possible I’évolution de chaque maladie. L'obésité
et les problemes de santé associés peuvent étre transmis par la pression des
pairs pour manger de la malbouffe et les habitudes malsaines apprises de
la famille et des amis. Dans notre modele, I'impact de ces facteurs sociaux
est représenté par les parametres ;. Nous fournissons une démonstration
théorique dela stabilité asymptotique des équilibres sans maladie et endémique,
ainsi que de I'existence et de I'unicité de la solution, pour le modele d’obésité
et ses complications associées. Afin de corroborer les résultats théoriques
du modele par des simulations numériques, étudier les effets (impact) des
changements de facteurs sociaux sur la dynamique de propagation de la mal-
adie.

Mots clés : Obésité; diabete de type 2; maladie cardiovasculaire; hyperten-

sion; stabilité locale; équilibre endémique; nombre de reproduction de base.
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Abstract

This thesis investigates an endemic model of obesity and related health is-
sues, considering social factors and social connections. The essential goal of
our proposed model is to understand and subsequently control as far as pos-
sible the evolution of each disease. Obesity and its related health issues can
be transmitted through peer pressure to eat fast food and unhealthy habits
learned from family and friends. In our model, the impact of these social fac-
tors is represented by the parameters 3;. We provide a theoretical demonstra-
tion of the asymptotic stability of both the disease-free and endemic equilib-
ria, as well as the solution’s existence and uniqueness, for the model of obesity
and its related issues. In order to corroborate the model’s theoretical findings
through numerical simulations, to study the effects (impact)of changes in so-
cial factors on disease spread dynamics.

Keywords: Obesity disease; type 2 diabetes; cardiovascular diszase; hyper-

tension; local stability; endemic equilibrium; basic reproduction number.
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General introduction

Obesity is a complicated medical disease that goes beyond appearances; it is defined by an
excessive quantity of body fat. It significantly increases the risk of developing a variety of
other diseases, such as diabetes, high blood pressure, heart disease, liver disease, cholesterol
issues, and sleep apnoea, as well as some cancers. An individual is considered overweight if
their body mass index (BMI) is 25 or higher, and obese if it is 30 or higher [41]. In 2019, accord-
ing to estimates having a body mass index (BMI) outside of the healthy range contributed to
around 5 million deaths from non-communicable diseases (NCDs). Obesity and overweight
are becoming more common in both adults and children. Between 1990 and 2022, the per-
centage of obese children and adolescents (ages 5 to 19) globally increased from 2% to 8%, a
quadruple, while adults above the age of 18 had an exponentially higher prevalence of obesity
from 7% to 16%. One aspect of the double burden of malnutrition is obesity, and obesity now
exceeds underweight in all regions, with the exception of Southeast Asia. Once thought to be
a problem only in wealthy nations, Today, overweight and obesity prevalence is among the
highest worldwide in a middle-income countries [42].

Mathematical models of obesity are simplified representations of a complex phenomenon
or system, such as the human body and its processes, using the language of mathematics. In
the context of obesity, these models attempt to understand the complex relationship between
different factors that influence weight, such as:

Food intake: food type, quantity, timing.

Physical activity: exercise type, duration, intensity.

Genetic factors: genes that influence weight.
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Environmental factors: social, economic, cultural conditions.

The study of mathematical models of obesity contributes significantly to the fight against
obesity through a deeper understanding of the mechanisms of obesity, which helps in devel-
oping nutritional and exercise programs tailored to each individual, evaluating the effective-
ness of different interventions, and predicting weight development, thus enabling individuals
to make informed health decisions and prevent obesity and its associated diseases. Math-
ematical models have been extensively used to describe the spread of infectious diseases
(Smith et al., 2004) in[74]. Although obesity is not a contagious disease, its propagation within
a population may exhibit analogous patterns. Researchers have developed epidemiological
models to simulate the spread of obesity. Santonja et al. (2010) examined the prevalence of
excess weight among adults in Valencia, Spain, and explored the potential of healthy adver-
tising campaigns to mitigate the rising obesity rates [75]. Delavani et al. (2021) formulated
a differential equation model to examine the propagation of obesity within human popula-
tions and the influence of media campaigns. However, the model was not validated against
empirical data[11]. In [80] Thomas et al. (2014) aimed to develop a model to predict BMI tra-
jectories and identify the factors associated with a stabilization of obesity prevalence. Their
model [80], which considered both social and non-social factors influencing weight gain, was
based on data from the U.S. and U.K. between 1988 and 1998. Levine (2011) proposes that
poverty and obesity are interrelated, suggesting that limited access to fresh food in impover-
ished neighborhoods, often termed food deserts, may contribute to higher rates of obesity.
Their study [63] revealed a positive correlation between food insecurity, reduced physical ac-
tivity, and increased prevalence of obesity. In [76] Smith et al. (2020) demonstrated that social
connections significantly influence obesity, weight, and dietary behaviors. Potential mech-
anisms for this occurrence include social support, social norms, social comparison, and be-
havioral modeling.

Previous studies have employed SIR-type models to simulate the spread of obesity within
populations[75, 11, 80]. The following model developed in this study was a three-compartment
differential equation model that accounts for societal factors. The authors attempted to ana-
lyze the impact of factors such as declining poverty rates on obesity trends. These trends are

divided into three categories: healthy weight, overweight, and obesity. The model is defined
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by the model of differential equations as follows:

S (1) =—=Pr* ()% 0,(1)— % 5(£) % 0,(1)+ 1 % 0, (1),
0'(t)= B #5(t)x0,(t)+ By s(t)*k0,(t)—kx0,(t)+ 1, % 0,(£)— 1, % 0,(1), (0.0.1)

0, (1) =k*0,(t)— 1% 0,(2),

such that s, o0,, and o, denotes the healthy weight, overweight, and obese categories, respec-
tively. This model represents a simplification of the models proposed by Delavani et al. (2021)
and Thomas et al. (2014), which consisted of systems of four and six equations, respectively.
Authors S. Kim and S.Y. Kim in 2018 in [58] created a mathematical model for the dynam-
ics of obesity to investigate the long-term trend obesity Considering social and psychological
factors since obesity is becoming more commonplace worldwide. The model SIR that de-
picts the dynamics of obesity in the Southeast region of the United States was created by the
authors Laxmi et al. in [37]. They talk about how social media might spread obesity among
friends and family. Using the mathematical model, they are discussing the efficacy of current
obesity intervention strategies. They also suggest constructive measures that could reduce
or even reverse the obesity trend to the community, the urban planning authority, and public
health decision-makers.

This thesis aims to develop an advanced dynamic mathematical model to study the intricate
connections between obesity, cardiac disease, hypertension disease and type 2 diabetes mel-
litus (T2DM). The proposed model is based on integrating a wide range of influencing factors,
including behavioral and social factors, to provide a deeper understanding of the physiolog-
ical mechanisms linking these diseases. And to be aware of a successful plan for getting rid
of any or all of these disorders. For disease control, we use numerical simulations to examine
the variables influencing disease spread, leading to a more targeted perspective.

The structure of this manuscript is as follows:

In the first chapter; we presented fundamental concepts of dynamic systems, defining equi-
librium points and introducing the notion of stability. We also discussed various methods
used for proving system stability. In the second part of this chapter, we explored mathemat-
ical models of epidemics, examining the historical progression of epidemic modeling tech-
niques by researchers over time.

In the second chapter; firstly we provide a biological view of the phenomenon of obesity as an
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epidemic, exploring the complex interplay of genetic, Psychological, and social factors that
contribute to excessive weight gain and its associated health risks, Presenting strategies to
prevent and treat obesity effectively. Secondly, we delved into a historical developpement of
most prominent and important mathematical models used to investigate obesity and its co-
morbidities.

In the third chapter; we provide a mathematical model formulated by ordinary differential
equations that study the interactions between obesity and its complications, type 2 diabetes,
cardiovascular disease (heart disease), and hypertension disease (high blood pressure) to un-
derstand how obesity contributes to the development of these diseases. This is due to peer
pressure to follow bad habits on individuals in the population. We demonstrate theoretically
the asymptotic local stability of disease-free equilibrium and the asymptotic local stability
of endemic equilibrium, proving the existence and uniqueness of the solution to the obesity
model and its complications. To confirm the model’s theoretical results, we conduct numer-
ical simulations to study the impact of variation in social factor parameters on the diseases
studied.

finally; we end this work with a conclusion and by giving perspectives of our mathematical

model.




CHAPTER

Mathematical modeling of epidemic

dynamics

In this chapter, we conducted a comprehensive examination of mathematical models of epi-

demics, analyzing the historical progression of modeling techniques employed by researchers.

1 Mathematical tools

This section is devoted to the presentation of the mathematical definitions and tools used in

our work.

1.1 Generalities on dynamic systems

Definition 1.1.1 (Autonomous, non-autonomous systems)
Suppose that X is a subset of R" and T is a subset of R.
A differential system of the following form:

dx
—=f(x,t);, x€X, teT. (1.1.1)
dt
is said to be an autonomous system if the function f depends only on the vector variable x.
Otherwise, it is non-autonomous.
An autonomous system is written as follows:

dx

E—f(x); xeX. (1.1.2)
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where f is a function defined on a connected open set X of R", with value inR. We assume that

fecCli(X).

Definition 1.1.2 Let f : X — R" be a continuous function and let X is an open set of R" x R.
We say that f is locally Lipschitzian at x for any closed bounded (i.e. compact) set inR", ifa

constant L > 0 exists where:
1f (£, x1)— (£, %)l < Lx; — x|l V(t,x1), (f,x)eX. (1.1.3)

Definition 1.1.3 The Cauchy problem is the solution of a system of differential equations (1.1.1)
with the function fis defined on the domain X x T, and of a starting point(t,, x,) € R xR" called
the initial condition of the problem (1.1.1). We denote it by

dx

— =f(x,t); xeX, teT,

dat Ul ) (1.1.4)
x(ty) = xo.

The Cauchy-Lipschitz theorem provides us the conditions that guarantee the existence and

uniqueness of the solution of the system (1.1.4).

In all that follows, we are only interested in autonomous type systems where the function f

implicitly depends on t, where x will be the state variable and t represents time.

1.1.1 Dynamical properties

Definition 1.1.4 (Float)
We call the float of the differential system (1.1.2) with initial condition x(t,) = x, the applica-
tion

®, :(T,X) —R"
{ (1 X) (1.1.5)

(t, xp) — ¢, =P(x, 1),

A semi-float on X is a continuous function ® : X x R* — X satisfying:
(i) @, = I dx such that I dy represents the identity of X.

(ii) ®,0®, =®,, for £, s > 0.

With ®,(x)=®(x, t)for x € X and t € R".

We indicate the solution of the differential system (1.1.2) by ®,(x).
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Definition 1.1.5 (Trajectory, semi-orbit, orbit)
o The trajectory of a point x of X is called the application®, : t — ®,(x).

o YT =®,(x): teR" (resp. y~ =®,(x): t €R7) is the positive semi-orbit of x (resp. is the

negative semi-orbit of x).

o 7(x)=9®,(x): t €R istheorbitof x.

Definition 1.1.6 (Limit sets)

The assumptions and notations are those of the previous definition, we assume that X is a
separated topological space. let x be a point of X ;

let I, =®,(x) is defined;

We assume that I, is bounded on the right.

We call the set w limit of variable x, and the set of adhesion values of the trajectory t — ®,(x)
of x is represented by w(x), when t tends towards +00.

we assume that I, is not left-bounded. We call the a limit set of x and the set of adhesion values

of the trajectory t — ®,(x) of x is denoted by a(x), when t tends towards —o0.

Definition 1.1.7 (Absorbent set)

Suppose that the system (1.1.2) in which X is an open set of R" and that® is of class C'. Suppose
further that this equation admits admits solutions whatever t > 0. A subset D of X is said to be
absorbent accordingto (1.1.2) if every bounded subsetT of satisfies x(t,T’) C D for all sufficiently
large time t. Similarly, D is said to be absorbent when for any initial condition x,, there exists

t >0 such that®,(x,) € D.

Definition 1.1.8 (Invariant set)
o AsubsetT of X is said to be positively invariant if®,I CT forall t > 0.
o AsubsetT of X is said to be negatively invariant if®,I CT forall t <0.

o Asetl of X is said to be invariant if®,I CT forall t €R.

The sets ¢-limit and w-limit are examples of invariant and absorbant sets.
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Definition 1.1.9 Let x* be an equilibrium point for the system (1.1.2).

o The set of elements x € X such that for all t € R*, ®(t, x) is defined and that

lim &,(x)=x"
t— 00

this is called the basin of attraction of a point x*.

We call the repulsion basin of a point x* the set of elements x € X such that for all ¢ € R,
®(t, x) is defined and that

lim @,(x)=x".

——0Q0

Let X be the phase space associated with ®(¢, x) such that ®(¢, x) : R* x X — X.

1.1.2 Concept of stability and equilibrium point

Definition 1.1.10 (Equilibrium point)
We define equilibrium point (also known as critical point or stationary point) of the system

(1.1.2) any point x* € X such that:
VxeX, f(x*)=0.

The equilibrium points are trajectories of the system (1.1.2), they correspond to the constant

solutions.

Definition 1.1.11 (Concept of stability)

Let the system (1.1.2) be x* € X C R" at an equilibrium point and ||.|| a norm of R".

o We say that x* is a stable equilibrium point if

Ve >0, 30 > 0 such that || x,— x*|| < 6 = ||®,(x,)— x*|| < &, VI > t,.

o The equilibrium point x* of the system (1.1.2) is said to be unstable if it is not stable.

Definition 1.1.12 (Asymptotically stable equilibrium point)

If an equilibrium point x* of the system of differential equations (1.1.2) is stable and if,
36, > 0 such that || xo— x*|| < 0y = . lirJlrl ||®,(x9) — x*||=0.

Then, the equilibrium x* is asymptotically stable.
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Definition 1.1.13 (Attractive equilibrium point)

The equilibrium point x* is considered attractive if there is p > 0 where
Xo—x*||<p= lim [|®,(x,)—x"||=0.
[E l<p t_)+oo|| (%) I

Attractiveness means that if the state is initialized in a certain neighborhood of the equilibrium
state, then the trajectory resulting from this initial state will converge towards the equilibrium

state after a sufficient time (even infinite).

Definition 1.1.14 (Globally asymptotically stable equilibrium point)
The equilibrium point is globally asymptotically stable if the asymptotic stability defined in
Definition (1.1.2) is valid for any initial state in R".

1.2 Stability criteria

We consider the system of differential equations given by equation (1.1.2), depending on the
function f we distinguish two cases as follows:

1.2.1 linear case

In this case the differential system (1.1.2) is written
X =Ax, (1.1.6)
where A is a matrix of order n, (A € M,(R)).

Theorem 1.1.1 o Theequilibrium point x* =0 of (1.1.6) is said to be asymptotically stable
if and only if all the eigenvalues of the matrix A have strictly negative real parts.
The equilibrium is also said to be exponentially stable (i.e. there exists C, > 0 such that

lle’4||< Ce™ 7, Vi >0.)

o The equilibrium state x* is said to be stable if and only if all the eigenvalues of the matrix
A have negative or zero real parts and those with zero real parts are semi-simple.

The semi-flow is uniformly bounded: if there exists C > 0 such that||e'?||< C.,Vt > 0.

Theorem 1.1.2 The following properties are equivalent:
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o An eigenvalue A is semi-simple (or non-defective).
o The multiplicity of A in the minimal polynomial is 1.

o The algebraic and geometric multiplicities of A coincide.

1.2.2 Non-linear case

Definition 1.1.15 We represent by the linearized system of the system (1.1.2) in x*, the system

which is formulatted as follows:
X =J(x")(x—x%)+ f(x") (1.1.7)
such that ] =(D f)(x*) is the derivative of f at x* and is called the Jacobian matrix.

Before presenting the theorem which gives us the relation between the stability of systems
(1.1.7) and (1.1.2).

The following results are used:

Definition 1.1.16 Let x and y be two vector fields on a manifold M. They are said to be topo-
logically equivalent if there exists a homeomorphism h : M — M that maps the trajectories of
x onto those of y and that respects the direction of time. If, moreover, h is a C* -diffeomorphism,

x and y are k-equivalent.

Theorem 1.1.3 (Hartman-Grobman, [19])
Let x* be a hyperbolic equilibrium point of a regular vector field x, there exists a neighborhood

U of x* such that the vector fields x and J(x*) are topologically equivalent on U .

Theorem 1.1.4 o TheJacobian matrix ] is a Hurwitz matrix (i.e. all eigenvalues have neg-

ative real parts) so the equilibrium x* is locally asymptotically stable.

o Suppose that J(x*) has at least one eigenvalue with a strictly positive real part, then x* is

unstable.

Finally, it is clear that the stability condition of an equilibrium point requires a verification

that all the eigenvalues of the Jacobian matrix have a negative real part, something that is

10



1. Mathematical tools

not always easy and obvious because the calculation of the eigenvalues of the Jacobian is not
always easy. However, there are criteria that allow us to conclude on the local stability or
instability of an equilibrium point without calculating the eigenvalues of the Jacobian matrix
associated with the system.

We start with the following Routh-Hurwitz criterion:

1.2.3 Routh-Hurwitz criteria [38]

The Routh-Hurwitz criterion is an algebraic criterion for evaluating the stability of a system
and determining a necessary and sufficient condition for a polynomial to admit all its roots
in the open left half-plane.

Soit le polynéme P, défini par 'expression ci-dessous,
P(A)Zan)tn+an_1ﬂn_1+...+a17t+(l0, (,Z0>0. (1.]..8)
Let H be a so-called Hurwitz matrix, H is a square matrix of order n defined as follows:

(an—l Ap3 Aps5 Ay y \
an Ay Auyg Ay g

ay, 1 0y 3 Uys

L )

H = a,,,
an—l an—s
Hz = )
an anfz

a,, 0,3 Uy

Hy = a, 0Odpp Auy-

0 Ap Ap3

Theorem 1.1.5 All roots of P have a negative real part <= H; >0, Yk €[1, n].

11
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In our study the roots of P are the eigenvalues of the characteristic equation det(JAI)= 0,
which implies the following result: The equilibrium point is asymptotically stable <=H, >0,
Vkel[l,n].
a
o For n =1, we clearly have H, = a, > 0 implies that the root of P(A) is —a—o <0.
1

o For n =2, the Hurwitz conditions are H, > 0 and H, > 0:

a;
H =la,,|, H= =0)a;.
a, o,

The Routh-Hurwitz criteria H, > 0 and H, > 0 reduce to
a,>0etaya; >0.

These conditions are equivalent to Tr(A) < 0 and det(A) > 0 where A is a matrix of dimension

2 of which P is its characteristic polynomial.
1.2.4 Descartes’ Rule[12, 62]
Let P be a polynomial of order n defined by:
P(x)=ay+a,x +a,x*+...+a,x,, a,#0.
Proposition 1.1.0 Ifall coefficients of P are positive, then P has no positive roots.

Corollary 1.1.1 Ifall the coefficients of P are non-zero and of alternating signs then P does not

admit a negative root.

Proposition 1.1.0 Ifthere is only one sign change in the coefficients of P, then there is exactly

one positive root.

Theorem 1.1.6 (Descartes’ rule of signs)
The number of positive roots of a polynomial P with real coefficients does not exceed the num-
ber of sign changes of its ordered coefficients (ordered by the value of their index). A zero coef-

ficient is not counted as a sign change.

12
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1.2.5 Vidyasagar Theorem

We recall the statement of Vidyasaga’s theorem [77].

Theorem 1.1.7 A class C! system is considered as follows:

{ /1:f1(x1)!

, (1.1.9)
X, = fo(x1, X,).

Such that the origin of R" is globally asymptotically stable for the isolated system x{ = fi(x;) on
R" and such that the origin of R is globally asymptotically stable for x; = £5(0, x,).

Then the origin is asymptotically stable for the system (1.1.9).

Si toutes les trajectoires sont bornées alors l'origine est globalement asymptotiquement stable

surR" x R™,

1.2.6 Lienard-Chipart (LC) Criteria[27]

The LC criteria is a standard tool to understand the Hurwitz stability problem, which in turn
has important consequences on the dynamics of some systems of differential equations. Ac-
cording to LC theorem, the system having the characteristic polynomial P(1)=C,+ C,_;A+

..+2A,=0, C, > 0is stable if any of the following four sets of conditions is satisfied:
1. Both the even order Hurwitz determinants and the even coefficients are positive.
2. Both the odd order Hurwitz determinants and the even coefficients are positive.
3. Both the even order Hurwitz determinants and the odd coefficients are positive.
4. Both the odd order Hurwitz determinants and the odd coefficients are positive.

The French mathematicians Lienard and Chipart developed the aforementioned stability re-
quirements in 1914 after becoming concerned about the redundancy of the RH stability con-

ditions.

13
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1.3 Lyapunov Methods

Lyapunov functions play an important role in the study of the stability of dynamical systems.
This section is devoted to some results due to Lyapunov. Let V : Q2 ¢ R” — R be a continuous

function;

Definition 1.1.17 o IfV(xy) =0 and V(x) > 0 in a neighborhood 0 of x, for all x # x, in
this neighborhood. Hence, The function V is said to be positive definite;

o If'V is positive definite. Then, the function V is said to be negative definite;

o If V(xy) =0 and V(x) = 0 in a neighborhood Q) of x,. So, the function V is said to be

semi-positive.

Definition 1.1.18 (Lyapunov Function)
A function V : QQ — R is a Lyapunov function for the system (1.1.2) if it decreases along the
trajectories of the system. If V is of class C', this amounts to saying that its derivative V with

respect to the system (1.1.2) is negative onQ, i.e., V(x) < 0 for all x € Q.

Theorem 1.1.8 (Lyapunov Theorem)

o Ifthe function V is positive definite and V negative semi-definite on Q, then the equilib-

rium point x, is stable for system (1.1.2).

o Ifthe function V is positive definite and V is negative definite on ), then x, is an asymp-

totically stable equilibrium point for the system (1.1.2).

This theorem states that to show that an equilibrium point Xx; is stable, it suffices to find a
Lyapunov function at this point. Moreover, to use the original Lyapunov theorem to show
the asymptotic stability of a given system, we must determine a positive definite function V
whose derivative V is negative definite. In the general case, this is not obvious. The condition
on the derivative V can be lightened by using La Salle’s principle which will be stated in the

next part.

Theorem 1.1.9 (LaSalle’s invariance principle [60], [61])
Let Q) be a subset of R"; suppose that is a positively invariant open set for the system (1.1.2) at

Xo. Suppose that V : QQ— R is a function of class C' for the system (1.1.2) at x, where:

14



1. Mathematical tools

s V<0onQ.

o We consider E = {x € Q|V(x)=0} and L be the largest set invariant by X and contained
inE.

Then, any bounded solution starting in tends to the set L as time tends to infinity.

This theorem is a very important tool for systems analysis; unlike Lyapunov, it does not re-
quire the function V to be positive definite, nor its derivative V to be negative. However, it
only provides information about the attractiveness of the system considered at the equilib-
rium point x,. For example, it can be used to prove that solutions tend to an equilibrium
point only when the set L is reduced to this equilibrium point. It does not indicate whether
this equilibrium point is stable or not. When we want to establish the asymptotic stability
of an equilibrium point x, of, we use the following corollary which is a consequence of the

LaSalle invariance principle.

Corollary 1.1.2 (Lasalle [60]) Suppose 2 C R" is a connected open set such that x, € Q.

Let V : U — R be a positive definite function of class C' such that V <0 onR. Let E = {x €
U|V(x) = 0}; suppose that the largest positively invariant set contained in E is reduced to the
point x,.

Therefore x, is an asymptotically stable equilibrium point for the system (1.1.2).

Ifthese conditions are satisfied for U =2 if moreover V is proper on(Q, that is to say ifim V(x) =
+00 when d(x, —Q+||x|]|— +oo), then all trajectories are bounded for all t > 0 and x, is a

ox
globally stable equilibrium point for the system (1.1.2).

Corollary 1.1.3 Under the assumptions of the previous theorem, if the set L is reduced to the
point x, € Q, then x, is a globally asymptotically stable equilibrium point for the system (1.1.2)
defined on ().

1.4 The basic reproduction number

Mathematical models in epidemiology play a very important role in eradicating infectious

diseases.
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The R, which has several names such as contagion index, original reproduction number, ba-
sic reproduction rate ..., that is to say the number of individuals who are infected on average

by a single contaminated individual.

1.4.1 The concept of R, in epidemiology [28]

R, is defined epidemiologically as the average number of secondary infections, wich are in-
fections that occur during or after treatment of another infection, produced when an infected
person is brought into contact with a population of susceptible individuals, or an infected in-
dividual has contracted the disease, and susceptible individuals are healthy but may contract

the disease.

1.4.2 Mathematical definition of R, [28]

The correct mathematical definition of Ry was presented by O. Dikemann, J.A.P. Heers-terbeek
and J.A.J. Metz in 1990 [28], addressed the dominant eigenvalue of what is known as the "next
generation operator”. The authors in this definition concentrate on a specific equilibrium
point of the epidemiological dynamic system, often referred to as the disease-free equilib-
rium DFE, corresponds to the state in which, in the absence of the infectious agent, the pop-
ulation is in equilibrium and is defined by a constant susceptible population. The R, value,
i.e. the dominant eigenvalue of the next generation operator, aims to ensure the stability [29]
(Ry < 1) if not the instability (R, > 1) of the DFE.

It is calculated using a simple equation:
RO = ﬁ .C .d
o [3: representing the probability of transmission.

o c: the contact rate (or number of contacts per unit of time).

o d: the duration of contagiousness.

1.5 Next generation matrix method

We employ the next generation matrix method to calculate the R.

This method, proposed by P. Van Den Driessche and J. Watmough to determine the main

16
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eigenvalues of the “new generation matrix” which specificities epidemic EDO. This method is
called the Next generation matrix [30]. By separating the state variables and flows associated
with the infectious process from the others, the authors suggest creating the EDO epidemic
system. We define X as the set of all disease-free states. That is, X = {x; > 0|x; =0,1,...,n‘}.

The dynamics is then expressed as the compartmentalised system shown below:
x,(1)= filx(0) = Fi(x)=Vi(x),  i=1,..n,

with ¥, =7~ + "

Oou Z;, ¥, and “I/l.+ are positive functions such that:

¥~ : The rate of occurrence of new infections in compartment i.
/" : The rate of transfer of individuals into compartment i.

The functions satisfy the following hypotheses (H1) (H5):

o (Hy):ifx>0,then%;, v ”Vl.* >0, i =1....n,note that each function presents a directed

transfer of individuals, they are all non-negative.

o (Hy):if x; =0, then ¥~ =0 if there is nothing in the compartment, nothing can come

out.

o (Hj3):F; =0if i < m this means that infected people cannot enter the uninfected com-

partments.

o (Hy):if x€ X then Z;(x)=0and ¥;(x) =0 for i = 1....n if there is no immigration for

infection, and the population is disease free, they will remain disease free.

o (Hs): TheeigenvaluesoftheJacobianmatrixo fDf(x,) have negative real parts,

if F=0forall x.
With x; is the DFE and D f(x,) is the Jacobian matrix.

Lemma 1.1.1 Ifx, is a DFE, with hypotheses (H1)-(H5), then the derivatives 7 (x,) and ¥V (xy)

F o
Dg(xo)( )
0 0
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vV o
DY(xy)
)

Where F and V are m-dimensional square matrices defined by:

Zi

F=13, )
and
oY,
V= [6_x,-(xo)]

Additionally, V is a non-singular Matzler matrix, F is non-negative, and every eigenvalue of

I, has a positive real part.

Definition 1.1.19 (spectral radius)
We define the spectral radius of a square matrix A of dimension m as the maximum value of
the modulus of its eigenvalues.

p(A)=max|2,].

Definition 1.1.20 [78] We denote the basic reproduction number related to the DFE of a dy-

namic system, by Z, and is defined as follows:

Such that:
F V=1 The Next generation matrix for the model.

p(—=F V~1): The spectral radius of the F V! matrix.

2 History of epidemiological models

The use of modeling is frequently employed to simplify the evaluation of disease manage-
ment actions. Epidemiological models are valuable because they can be used to investigate
hypothetical scenarios and to provide decision-makers the instruments they need to predict
the effects of disease outbreaks and the efficacy of intervention strategies. A thorough assess-
ment of epidemiological models is necessary to increase confidence in their forecasts. Inter-

national cooperation can support the models’ validation and increase their applicability in

18
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the handling of health crises. It is important to note that the majority of nations that make
up the Organization mondiale de la santé animale (OIE) acknowledge the critical role that
the OIE plays in developing guidelines for the development, verification, validation, and use
of models. It is imperative to precisely define what an epidemiological model is. However,
it appears that there isn't a clear definition of this phrase in the veterinary field. Generally
speaking, an epidemiological model is defined as a mathematical and/or logical representa-
tion of the epidemiology of disease transmission and the processes involved. These quantita-
tive models provide a representation of the spatiotemporal dynamics of disease transmission
among individual animals or among groups of animals. Therefore, an epidemiological model
makes it easier to evaluate the possible efficacy of intervention measures and offers an ap-
proximation of anticipated geographic range of an outbreak in the event that particular pre-
ventive measures are implemented. In terms of managing animal illnesses, epidemiological
models may be defined more broadly and comprise a range of statistical and mathematical
models that aren’t always restricted to defining the disease’s severity [17].

A mathematical model is a description of a system or process (epidemiology being no excep-
tion) using mathematical tools and language. The process of developing mathematical mod-
els is called a mathematical model. We are going to be interested in modeling the spread of
infectious diseases. Typically, mathematical models are made up of variables and parameters
connected by exact and careful formulations. The modeling process requires the translation
of a given scenario (biological or epidemiological for example) into a mathematical problem.
After comprehending the model, it is important to evaluate its findings in the context of the
scenario under consideration and perhaps look for the initial question’s response [1].

Early in the 20th century, the first ideas for epidemiological models were put forth. Mathe-
matical epidemiology’s recent history mostlikely starts on April 16, 1760, at the Royal Academy
of Sciences of Paris which presents for public reading a work by Daniel Bernoulli I relating to
an analysis of mortality caused by smallpox, and the advantages of inoculation [54] to prevent
it.

Through this first mathematical model in the history of epidemiology, which is not a dynamic
model, Bernoulli weighs the pros and cons of variolation and predicts that overall variola-

tion applied on the scale of an entire population would increase life expectancy. If the first
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mathematise
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Figure 1: Schematic Summary of Modeling and Synthesis

epidemiological model dates from the 18th century, it was only from the beginning of the
20th century that mathematical epidemiology really developed with models involving dy-
namic processes. In 1906, by studying the recurrence of measles epidemics, William HAMER
constructed a discrete model in which he postulated that the number of new cases during
an epidemic is proportional to the product of the number of susceptible individuals in the
population and the number of infected patients determines the number of new cases dur-
ing an epidemic: this is the application of the so-called “mass action”. In 1911, Sir Ronald
ROSS published a book on the prevention of malaria, and he attempted to formulate the first
of many mathematical models for this infection. Most of his work aimed to study the re-
lationship between the incidence of malaria and the proliferation of vectors. Following the
work they carried out on the great plague epidemic which appeared in London between 1665
and 1666, William Ogilvy KERMACK and Anderson Gray McKENDRICK published models
between 1927 and 1939, in London and Cambridge, which remained famous. Stochastic epi-
demiological models were developed at the beginning of the twentieth century. Sensed by
McKENDRICK in 1926, the stochastic approach appeared for the first time with the publica-
tion in Cambridge of the work of Major GREENWOOD. But it was Norman T. J. BAILEY who
systematized the stochastic approach with the publication in 1957 of a work entitled “Math-
ematical Theory of Epidemics”. In 1993 the Isaac Newton Institute in Cambridge hosted a

semester of work on the question of stochastic epidemiological models [55].
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3 The fundamental models of epidemiology

In this section we recall some basic models, which are still used today.

3.1 First mathematical model in epidemiology of Daniel Bernoulli

Daniel Bernoulli, Swiss mathematician and physician, 1700-1782.

Figure 2: Daniel Bernoulli (1700-1782).

The intervention of models in epidemiology has took place on April 30, 1760, dans un mé-
moire de ’Académie de Sciences de Paris. D. Bernoulli presents a model and his calculations
concerning the smallpox epidemic, creating a blueprint for what we today call "biomathe-
matics". Bernoulli’s research is based on the principle of proving whether inoculation of the
disease is more beneficial than risky for the target population of this epidemic. Smallpox un-
fortunately presents a nightmare that threatens human peace because it poses a problem in
the way of voluntary eradication by humans [55]. D. Bernoulli adopted the following hypothe-

Ses:

o an individual infected for the first time with smallpox has a probability p of dying and

a probability 1 — p of surviving, independently of his age;

o an individual has a probability g of being infected in the year, independently of their
age (i.e. the probability that an individual is infected during the small time interval d x

between age x and age x +d x is g.d x);

o when an individual survives after being infected with smallpox, they are immune for

the rest of their life.
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Let m(x) denote the natural mortality at age x, then the probability that an individual dies in
a small time interval d x between age x and age x + d x is m(x).d x. Considering a group of
Py individuals born in the same year, we note S(x) is the number of individuals who are still
alive at age x without having been infected (and who are therefore still likely to be infected).
R(x) is the number of individuals who are still alive at age x and immune. P(x)=S(x)+ R(x)

the total number of individuals still alive at age x. Consider the following model

as
— =—qS(x)—m(x)S(x),
dx (1.3.10)
—— =q(1=p)S(x)—m(x)R(x),
with g(1 — p)S(x) the number of individuals who remain alive and who have acquired the

character of being immune. So the total population verified by the following equation

@ gS—m(x)P(x) (1.3.11)
o5 =—PaS—m(x)P(x). 3.

According to Bernoulli’s model we can prove that the fraction of individuals who at age a is

still likely to catch smallpox is,

S(x) = L (1.3.12)
P(x) (1—ples*+p’ o

Then Bernoulli took charge of the case where smallpox would be inoculated in a gentle, non-

harmful way to the entire population from birth. The infectious source of smallpox would
be destroyed and the question that arises is to know what success would be in terms of life

expectancy [72].

3.2 SImodel

The first dynamic model was published in 1906 by W. H. Hamer. This is a simple epidemic
model, considering that the population N under study can be divided into two groups, in-
dividuals who are susceptible to infections (S), and infected individuals (7). The infection is
spread by direct contact of one of the susceptible S with one of the infected I, with a factor
p expresses the infection rate. We assume that N =S+ I for all t € R*, where N is constant
and corresponds to the size of the total population. Figure (3) shows the disease transmission

diagram.
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SI Model

Susceptible P .

Figure 3: The SI model’s transmission schematic.

Hamer’s model is described by the following differential system

ds
g { (1.3.13)

where f(S, )= BSI is the incidence of the disease, i.e. the rate at which infection occurs [20].

3.3 Illustration of mathematical épidemiological models SI

The SI model is the simplest form of all disease models. Individuals are born into the sim-
ulation with no immunity (susceptible). Once infected and with no treatment, individuals
stay infected and infectious throughout their life, and remain in contact with the susceptible
population. Among the mathematical models of SI-type epidemics:

Ronald Ross Model 1911

In 1911, Sir Ronald Ross proposed a model which took into account the Anopheles and hu-
man populations. This model is certainly the starting point for vector-host models. Ross
divides hosts (humans) and vectors (Anopheles) into two classes of susceptible and infected
respectively. Let Sy; be the population of susceptible humans and I;; the population of in-
fected humans. Ross assumes that there is no latency period and therefore an infected per-
son is automatically infectious. Similarly, let S, be the population of susceptible anopheles
and I, the population of infected anopheles. In his model, Ross assumes that the population
of humans as well as that of Anopheles mosquitoes is constant and that a mosquito bites k

humans per unit time where k is constant. We have graph (4) [22] .
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Figure 4: Ross’s compartmental model.

The mathematical model is given as follows [84]:

das
h—@H ESy—kpiL sH+rHIH,

a1,

— =k —SH (€ +7u)n,

gSv I (1.3.14)
—5V—5SV—kq Sv,
The parameters are given by the following table:
Parameters || Description
k rate of human bites per unit of time.
p proportion of bites producing infection in humans.
q proportion proportion of bites by which a susceptible mosquito becomes infected.
YH proportion The rate of recovery for humans.
3 proportion The rate of mortality for humans.
0 proportion The rate of mortality for mosquito.
H proportion The total human population (cst).
Vv proportion The total mosquito population (cst).

This model of Ross was the point starting from a rich and varied literature on vector-host
mathematical models [2, 52, 64] and the references that are there. An excellent review was

recently done by Mandal et al. in [65]. The mathematical analysis of the Ross model (1.3.14)
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was fully studied by Lotka [65] in 1923. Ross’s simple model did not take into account this
period of parasite latency in mosquitoes and their survival during the latter [21].

Anderson and May Model

Anderson and May [5] built an extension of R. Ross and Macdonald’s models, introducing the
class of exposures into the human population. This divided the host population into three
compartments (S, Ey, I;), same for the mosquito population (Sy, Ey, I).

Their model consists of four ordinary differential equations describing the evolution, in rela-

tion to time, of exposed and infected classes [22],

dE
f d_tH =abmly(t)(1—Ey(t)—Iy(t))—yEy(t)— upy Ey(1)

—abmly(t —7y)1—Ey(t —7y)—Iy(t —7y)]e rtun)n,

dl
—r=abmly (=)= Ey(t = o) = Iy(t =T p)le 000 —y Ly (£) =y Iy (1),

3 (1.3.15)
dE
tV = acly(t)1—Ey(t)—Iy(1),

—acly(t—7y)1=Ey(t —7y)—I,(t —7y)]le ™™ —uy, Ey(1),

| O = acty - Byt =)~ B e~y (),
The model parameters are given in the following table:
Parameters || Description

a Number of bites per mosquito and time unit (time™!)
b Probability of infection from infectious mosquitoes to humans by bites.
c Probability of transmission of infection from an infected human to a mosquito by bite.
Y Average recovery rate for humans.

m Nnumber of mosquitoes per human (host) (time™).

U Natural mortality rate of hosts (time™).

Uy Mosquito mortality rate (time™).

Ty The mosquito latency period (estimated between 5 and 15 days).

TH The latency period of humans, estimated at between 10 and 100 days.

This turning point, initiated by the work of Anderson and May,is linked to the interest that

ecologists have begun to focus on host-parasite systems (Anderson and May 1991).
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Gaff and Gross model in 2007
In 2007, Holly D. Dry and Louis J. Gross was considered a model of tick-borne infection dy-
namics in the case of one host, one pathogen, and one life stage. The following table repre-

sents variable and parameters used in the model [39].

Parameters || Description
B Growth rate for hosts.
ﬁ Growth rate for ticks.
K Carrying capacity for hosts per m?.
M Maximum number of ticks per host.
b External death rate of hosts.
b External death rate of ticks.
A Transmission rate from hosts to ticks.
A Transmission rate from ticks to hosts.
v Recovery rate of hosts.

Where, the density of the host population N and ticks V' as well as the density of individ-
uals in each group infected with the disease (Y and X, respectively for hosts and ticks). The

model is descripted as follows:

( dN:ﬂ( I;N)N—bN,
o MiNtvy
—=pv( )-bv,
V4 NV wy (1.3.16)
=4( JX—p——(b+ny,
oY Fx
| 7 SARV-x-byg-bx,

The disease model presented here incorporates non-constant population sizes and spatial
heterogeneity utilizing a system of differential equations that may be applied to a variety of
spatial patches.

Ageel Ahmad et al in 2020

In this 2020 work the authors designed the analysis and modeling of bovine papesia disease
using fractional calculation. The solution to the fractional arrangement system for bovine

papesia and tick populations was determined using the fractional derivatives of Cabuto and
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Atangana-Paleano-Caputo (ABC). By applying the method of symmetry analysis and Laplace
conversion with polynomial symmetry, the analytical solution of bovine babysia was obtained
[85].
Taking the same assumptions as in Aranda et al. model in 2012, and considering the following
proportions:

SB IB ZB ST I_T

U=—, V=—, W=—, X=—, Z=—.
Npg Np Np Ny Nr

we have the following fractional order model in time t is given by:
DPU =(ug+a)1—U—V)—BUZ,
D/jV:ﬁBUZ—ABV, (1.3.17)
DFZ=pBr(1-Z)V —urpZ,

With initial conditions U(0) > 0, V(0)> 0 and Z(0) > 0.

The fractional order system was subjected to a qualitative analysis, and the uniqueness of the
associated fractional order model was established. The fractional order model, employing the
Atangana-Baleanu (ABC) derivative, effectively captures the dynamics of bovine babesiosis

and tick populations.

3.4 SIS model

SIS stands for susceptible, infected, and susceptible. The total population size, denoted by N,
stays constant. The probability of contact is denoted by . Once meeting the infected, one is
to be infectious, Every infected individual can recover with a deterministic probability. The
probability of infection again after recovering, set as y. Figure (5) shows the compartmental

diagram for the SIS model [50].

Susceptible Infectious

Figure 5: The SIS model’s transmission schematic.
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Thus model is given by the following

ds

—=—pBSI+7l,

gf (1.3.18)
2 —BSI—7I,

P B Y

with initial conditions S(0)=§,> 0, 1(0)= I, >0, R(0)= R, > 0.
Let us verify that such a system of equations admits one and only one solution with fixed

initial conditions, and that this solution has a meaning in terms of population [55].

3.5 Illustration of mathematical épidemiological models SIS

The Susceptible-Infected—Susceptible (SIS) epidemic model is a widely used mathematical
framework in epidemiology for analyzing the spread of infectious diseases within a popula-
tion. We present mathematical models of the SIS form that are applicable to a some of epi-
demic diseases:

Ross-Macdonald model in 1926

Macdonald’s model is based on the Ross model, where the disease-causing parasite spends
approximately 10 days in a mosquito during its life cycle [84]. Ross’s simple model did not
take into account this period of parasite latency in mosquitoes and their survival during the
latter. The total human population H is split into susceptible humans S, = H — I;, and infec-
tious humans I;,. The vector population is divided as follows: S, mosquitoes susceptible, E,

exposed mosquitoes, and I, infected mosquitoes.

B — infected

susceptible

Humans S
e .
R O —— “
¢ Q transm im ™
ra T — L
’ LY
ol ~
9
Mosquitoes infectious € infected < susceptible
death death death

Figure 6: Ross-Macdonald compartmental model.
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Taking into account normalized variables,

—=acx(t)1—y(t)—z(t)—uy(t)—acx(t—7)1—y(t—71)—2z(t —7))e 7, (1.3.19)

a7 =acx(t—7)1—y(t—71)—z(t—7))e ™™ —uz(t),

Where the parameters are represented by the following table:

Parameters || Description

m Number of mosquitoes per human (host).

a Number of mosquito bites per unit of time (time™).

b Probability of transmitting the infectious mosquito infection to humans by a needle.

c Probability of transmitting infection from an infected man to a mosquito through a sting.
Y The rate of recovery for humans (time™).

U The rate of mortality for mosquito (time™).

T The mosquito latency period (estimated between 5 and 15 days).

The time spent in the class is represented by an exponential distribution.

Using the delayed differential equations we can model the incubation period (the time it takes
an infected mosquito to become infectious) as a fixed duration. The same assumptions are
made about human population dynamics as in the Ross model.

The Mcdonald-Ross model requires a theory of delayed differential equations, that it can be
simplified to a system of ordinary differential equations (as in the article Nakul Chitnis [18]

where the mathematical study is well detailed) [22].

3.6 SIR model

At the beginning of the 20th century, W.O. Kermack (public health doctor) and A.G. Mc Kendrick
(biochemist) publish a simple model of the spread of epidemics by direct contact. At the time,

they compared their model with real data on the spread of the Bombay plague between 1905
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and 1906. The population is divided into three categories: susceptible individuals (S), in-
fected individuals (I), and Recovered individuals individuals (R). The model contains two
parameters: 3 infection rate and y recovery rate. The total population N is assumed to be
constant [55]:

N=S+I1+R

The Kermack-Kendrick model is represented by the following diagram.

S

I R
Susceptible L, m - |
L4

>

Figure 7: The SIR model’s transmission schematic.

The SIR model is formulated by the following differential system

( dS
E:—ﬂSI,
Ji
3 d_:ﬁsj_ﬂ, (1.3.20)
dt
dR /
dr TV

The basic reproduction number for the SIR compartmental model (3.3.11) is given by

14
The most crucial factor to take into account when examining any epidemic model for an in-
fectious disease is without a doubt the number R, often known as the fundamental repro-
duction number. In particular, R, determines whether an epidemic can occur at all; to see
this for the basic SIR model, note in two equations of model (3.3.11) that I can never increase
unless R, > 1. This makes intuitive sense, since if each individual transmits the infection to

an average of less than one individual then the number of cases must decrease with time [35].

If we expand the SIR model to include B births per unit time and a natural mortality rate (per
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capita) then our equations become [35].

( dS
E:B_ﬁSI_IUS’
dl
| Zr=BSI=yI-ul, (1.3.21)
dR I uR
dt _7/ Au‘ )

We define the basic reproduction rate as follows [72],

R(): L.
rtu

3.7 Illustration of mathematical épidemiological models SIR

Many human diseases are studied using SIR mathematical models. Our major goals are to
examine the structure of these models, discuss what useful information can be derived from
them, and indicate how they may be used to make general predictions on the possible courses
of the associated diseases when particular types of actions are taken. We conclude that the
simplest SIR models are valuable as tools for deriving critical qualitative features of the spread
of disease. Various issues are also considered relative to the successes and failings of these
models. We introduce SIR models to study various epidemics:

Tumwiine and Mugisha model

This model is type SIRS for hosts and SI for vectors, the authors assume that individuals of
all classes have the same mortality rate. They exclude mosquitoes in their model from the
moment they no longer participate in the infection cycle.

Their model is given as follows [79].

The schema that represents the model is
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Wh
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[T Oy
Figure 8: Tumwiine and Mugisha compartmental model.

With mathematical representation by a system of differential equations following.

( dSy ab
—— =AuNy———Suly + vIg + YRy — U Sy,
dt Ny
dl; ab
—=—S8yly,—(v+r+0+uy)ly,
Cglt Ny
R
{ —ddtHZrIH—rRH—uHRH, (1.3.22)
S ac
d::AVNV_N_HSvIH_.UvSV,
dly, acS I I
\ dr _NH vig —Uyly,

The basic reproduction number is then calculated and given by [31]:

3 a’b,b,m
S Aty A, +6

The models we have presented so far only take into account the interaction between the main
actors involved in the malaria transmission process. The increasing observation of the sea-
sonality of malaria epidemics has led authors to propose mathematical models of the dy-
namics of malaria transmission by integrating the influence of temperature on the life cycle
of mosquitoes.

Model of Aranda in 2012

Aranda et al. (2012) in [6] used a system of ordinary differential equations to present a mathe-

matical model for bovine babesiosis. The Babesiosis disease model will be constructed based
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on the following fundamental hypotheses:

The bovine population Nj(t) is categorized into three groups: susceptible Sg(t), infected
I5(t), and controlled Cy(1).

The parameter up is the birth rate of the bovines. The birth rate up is assumed equal to the
natural death.

The total tick population N(¢)is composed of two groups: ticks susceptible to infection S;(¢)
and ticks infected with Babesia ().

The parameter u; is the birth rate of the bovines and it is assumed equal to the natural death.
A susceptible bovine can infect a portion of the diseased population I through the efficient
transmission of a pathogen by an infected tick, occurring at a rate of 3.

A susceptible tick can be infected if there exists an effective transmission when it stings an
infected bovine, at a rate 3 .

A hundred percent vertical transmission in the bovine populations up and ticks populations
it occurs with probability (1 — p) where p is the probability that a susceptible tick was born
from an infected one.

A fraction A of the infected bovines are controlled, that is, treated against Babesia parasite.
A fraction a of the controlled bovine may return to susceptible state.

Homogeneous mixing is assumed, that is, all susceptible bovines have the same probability

to be infected and all susceptible ticks have the same probability to be infected.
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Figure 9: Dynamics of Babesiosis disease in bovine and tick populations.

The following system of equations is used to model the dynamic transmission of Babesiosis

between bovine and ticks.

, I

SB(t) = ﬂBSB(t)% +(ug+ap)Cs(t),
, I

IB(t)zﬁBsB(r)%—ABIB(t),

1 Cyp(t)=AgIp(t)—(up+ap)Cp(t), (1.3.23)

, I

Si(t)=—PrSs(t) ]\Z((?) +purl(t),
, I

IT(r)=ﬁTST(r)$—puﬂT(t),

Aranda and other authors have proven that the basic reproduction number R, is the value
of a threshold that determines global dynamics and their outcomes are satisfactory. If the
threshold parameter is R, < 1, the solution converges to a disease-free balance point. On the
other hand, if Ry > 1, the solution converges to the endemic balance point.

Bouzid and Belhamiti model in 2017

Bouzid, L. et Belhamiti,.O., in 2017 investigated the impact of seasonal fluctuations on Babesio-
sis transmission in cattle and ticks, finding that infestation rates significantly influence infec-

tion dynamics. A representation of the model is provided in the following diagram [13].
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Figure 10: [llustrative diagram SIRSI of the babesiosis model for bovines and ticks.

The model is described by the following system of nonlinear differential equations,

[ S.(£)=BrsB(t)S I (1) + (up + ap)Ry(1),

L(t)=BrpB(£)Ss(t)I(t)— AgIp(1),

{ Ry(t)=AgIp(t)—(up+ap)Rp(1), (1.3.24)
Sp(1)=—Pr B(£)S()Ip(1) + purIr(1),

| 1(8)=BerB(6)Sr(0)I5(1)— puurIr(2),

with parameters Bz, Brg, A, A, Up, U1 and p are defined as in the model of Aranda et al.,
B(t) is the infestation rate as a function of time.

The seasonal fluctuation in babesiosis prevalence might be correlated with the incidence rate,
but there are likely additional factors that were not accounted for in this study. The forecasts
generated by the proposed model appear quite promising.

Model by G. Giordano et al. in March 2020

Another model introduced by G. Giordano et al. [26], which assumes that the total population
N(t) is subdivided into eight subpopulations: susceptible class (S), asymptomatic infected
(undetected) class (1), asymptomatic infected detected class (D), symptomatic infected un-
detected class (A), symptomatic infected detected class (R), threatened classi.e. infected with
potentially fatal symptoms detected (T'), resistant class (H) and the death class (E). In this
case, the distinction between diagnosed and undiagnosed people is very important because

undiagnosed people are more likely to spread the infection than diagnosed people, as the

35



3. The fundamental models of epidemiology

latter are usually isolated and can explain the misperceptions of the case fatality rate and
severity of cases. It is also important to predict the number of patients with life-threatening
symptoms, because in this situation the disease requires hospitalization and challenges the
capacity of the health system.

The SIDARTHE dynamical system consists of eight ordinary differential equations:

( %:_S(t)(al(t)+ﬁD(f)+7’A(t)+5R(t)),
dUIl{t) =S(t)al(t)+BD(t)+rA(t)+OR(t))—(e+ L+ A)I(1),
dD

=el(t)—(n+p)D(1),

5,4 W 100 +u+ AW,
{ (1.3.25)
—nD(t)+9A(t)—(v+§)R(r),

—,uA +vR(t)—(c+71)T(1),

—AI t)+pD(t)+kA(t)+ER(t)+0T(1),

with,

» eand 0 represent the detection probabilities relative to asymptomatic and mildly symp-

tomatic cases respectively.

» a, 3, v and 6 represent respectively the transmission rate due to contacts between sus-
ceptible and infected (class of undetected asymptomatic infected, class of detected
asymptomatic infected, class of undetected symptomatic infected, class of detected

symptomatic infected).

o {, nrepresent the rates at which an infected person, respectively unconscious and con-

scious of being infected.
o 7 The mortality rate.

» u and A are respectively the rates at which infected individuals with undetected and

detected symptoms become infected with potentially fatal symptoms detected.
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o A, k, &, p and o represent the recovery rates of the five classes of infected.

Model by S. Djilali et al. in March 2020

The authorsin[23] were interested in highlighting the important role of people’s age in COVID-
19 deaths. Theyhave adopted age-structured models in recent years to understand the spread
ofinfectious diseases. Thus, based on the biological statistics and background of age-structured

models, they proposed the following age-structured model:

o5(ta)  O5Wa) __gsr,a) [7 I(1,0)d0,

ot 3
21t a) o1t a

) =pS(t,a) [ 1(t,0)d0 —(y +6(a)I(z,a),

! ot da (1.3.26)
ag(” = [ 8(a)I(t,a)da,
ofln)

7f0+°° I(t,a)da,

\ Jt

With the initial conditions:

S(t,0)=0, I(t,0)=0, S(0,a) = Sy(a) € L}(0,+00), and 1(0,a) = I,(a) € L}(0,+00).

In this population model, S(¢,a) and I(¢, a) represent the fractions of the population that are
susceptible and infected at time t and age a. These values are constrained between 0 and 1.
D(t) represents the number of reported coronavirus deaths at time ¢. R(t) is the count of
individuals who have recovered or been removed from the infected population at time ¢. The
variable a signifies the age of the individuals, measured in years. The time ¢ is measured in
days. b is the transmission rate. y represents the removal rate. ! is the average of the infec-
tion period which is estimated for COVID-19 as 10 to 14 days. Considering that y =0.1, which
means that the average of the infection period is 10 days. f 0+oo I(t,a)da stands for the total
fraction of the infected individuals at time t.

Arti Awasthi model in 2023

Arti Awasthi in [10] proposed a mathematical model of COVID-19 to study the dynamics of
transmission by taking into account the role of asymptomatic and asymptomatic infected in-
dividuals while focusing on the impact of non-pharmacological interventions in controlling
the spread of the virus. In their deterministic COVID-19 mathematical model assumed that:

The total host population, N(t), is divided into four classes: susceptible S(¢), asymptomatic
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infected 1,(t), symptomatic infected I,(¢), and recovered R.

(dS
e :w_ﬂISIa_ﬁzsIS_aS_‘U,S,

dt
dl,
=piSI,—(Bs+k+u)l,

{41 - (1.3.27)
- _ﬁZSl +ﬁ3 _YIS_AU’IS_MIIS’

ﬁfe

—yl —uR+aS+kl,.

where S(0)> 0, I,(0)> 0, I,(0)> 0, R(0) > 0 and all other parameters are taken positive.

The parameters are defined in the following table:

Parameters || Description
w Rate at which susceptible individuals are recruited.
B Rate of asymptomatic infection among susceptibles.
B2 Rate of symptomatic infection among susceptibles.
Bs Rate at which asymptomatic infected people are getting symptomatically infected.
u Natural death rate for individuals of all population classes.
Uy Disease induced death rate for symptomatic infected individuals.
a Recovery rate of susceptible individuals through non-pharmaceutical interventions.
Y Rate of recovery for symptomatically infected individuals.
Rate of recovery for asymptomatically infected individuals.

The model is represented in the following schematic diagram:

Stisceplibles P1SIs
(=)
S
Eecovered
(B} e

Figure 11: COVID-19 transmission model schematic.

A nonlinear model has been developed in this study to examine the transmission patterns of
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COVID-19 infection using both deterministic and stochastic approaches.

3.8 SEIR model

When the infection affects a susceptible individual, a time interval is essential before the signs
and symptoms set in and with them the term contagion between susceptible individuals. We
have taken the help of individuals who have been infected by the germ (pathogen) of the dis-
ease but who are healthy carriers, that is to say, not having the power of transmission, by
defining that there is a period which takes the name of latency during which the developing
pathogens responsible for the infection are quiescent or potential. During this period of time,
the infections caused by latent or exposed symptoms are no apparent symptoms, so don’t be
able to transmit the malady to the other person because our new type of exposure "E" In all
of our places all of the individuals that are likely to cause severe infections in a single attack
[55].

We will focus on a SEIRS model. In this case, the population is divided into four compart-
ments: the susceptible S, the exposed E, the infected I and the recovered R. Let S, E, I and
R be the respective sizes of the different compartments. So, the model can be described by

the following illustrative diagram:

S ™ E » | —» R

Figure 12: The SEIR model’s transmission schematic.

The system of differential equations is:

( dS
~Z —_BsI,
T
—— =BSI—6E,
) glf (1.3.28)
E:(SE—YI,
dR ;
T
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with f is the disease transmission rate, 6 is the infection rate, and y represents the recovery
rate.
The basic reproduction number for the SEIR compartmental model (1.3.28) is given by

_PN

R,
Ty

3.9 Illustration of mathematical épidemiological models SEIR

The SEIR modelis presented where there is an exposed period between being infected and be-
coming infective. It provides a framework for understanding how infectious diseases spread
through a population over time. We propose SEIR models as mathematical representations
of certain epidemics:

Model by A.Mezouaghi et al. in 2019

In 2019, A.Mezouaghi et al. proposed a spatio-temporal model of the transmission of babesio-
sis in both cattle and tick populations where the spatial effect was integrated using a diffusion
term. The study considered that the study space is a square of length L, so a SEIR-SEI com-
partmentalized EDP system was used. The model took into account two important factors
in the spread of the epidemic: the first is the mobility of infected bovines and infected ticks,
and the second is the nearest neighbor infection mechanism. The reaction and propagation

model that describes the development of babesiosis is given by the following figure [13].

rngg
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Figure 13: Illustrative diagram of the model.

The transmission dynamics of babesiosis for bovines and tick populations were modeled by

the following nonlinear standardized differential equation system,

([ 0S5(¢,x,)
BTy=—ﬂTBBSB(t,x,y)IT(t,x,y)—KTBSB(t,x,y)VZIT(t,x,y)HuB+aB)RB(t,x,y),
JEg(t,x,y)
BTY=/5TBBSB(t,x,y)IT(r,x,y)+KTBSB(t,x,y)VZIT(t,x,y)—vBEB(t,x,y),
olg(t,x,y)

ET, :DBVZIB(t’x’y)+UBEB(t’xry)_)LBIB(t!x’y)’
aRB(t)xry)

4 e :ABIB(tyny)_(,uB+aB)RB(t,x,y), (1.3.2¢
oSr(t,x,y)
TTy =—BprBSr(t, x, y)I(t, x,y)— KprSr(t, x, y)V?I5(t, x, y)+ pur(Ir(t, x,y) + Er(t, x,y)),
9E(t,x,y)
%:ﬂBTBST(t’x’y)IB(t’x’y)+KBTST(t)x)y)VZIB(t;Xry)_(p»uT'i_UT)ET(tyx,y))
aIT(t»x;y) 2
| 5 =DV y) = pur kit x, )+ v Er(n x, y).

with parameters Bz, Brg, g, A, Up, U1 and p are defined as in the model of Aranda et al.,
and vy is the daily rate at which exposed cattle become infected. v; is the daily rate at which
the exposed tick becomes infected.

The model showed that the mobility of infected agents is the main driver of long-distance
transmission of infectious diseases and that its control can significantly reduce the spread

and speed of the disease.

Model by A. Zeb et al. in 2020

A. Zeb et al. [85] introduced a mathematical model where they considered that human con-
tact is the primary cause of the spread of COVID-19. Therefore, isolating infected people as a
whole can reduce the risk of transmission of the virus. To do this, they divided the total pop-
ulation into five compartments: susceptible (S), exposed (E), infected, quarantine (Q) and

resistant (R).
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The mathematical model is given by:

d
[ B s e+ 10y,
dE S(t)
— :ﬂT(E(tH I(t))—7E(t)—(u+7)E(1),
I

{ —=nrE(@t)-8I(t)—ul(t), (1.3.30)
=7E(t)+01(t)—0Q(1)—uQ(r),
=0Q(t)—uR(1),

e | T

SEEE

with,

A: The birth rate.

©

B: The rate at which susceptible people move to the infected and exposed class.

©

7t: The rate at which the exposed population moves to the infected population.

©

y: The rate at which exposed people take their place as isolated.

©

o 0: The rate at which infected people have been moved to the isolated compartment.
o 0: The recovery rate of isolated people.
o u: The natural mortality rate plus the disease-related mortality rate.

This work shows that isolating infected humans from the population can reduce the risk of

COVID-19 spreading.
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CHAPTER
Mathematical models of the spread

of obesity and its complications

In this chapter, we talk about the biological disease of obesity and the importance of mathe-

matical modeling to control its spread.

1 Biology of obesity and its complications

1.1 Introduction

Obesity has been recognized as a chronic disease by the World Health Organization since
1997. Although not contagious, it is now a pandemic. Obesity is a major public health prob-
lem in many countries. It has very serious health consequences, as it causes diabetes, car-
diovascular disease, reduced life expectancy, etc. By 2025, estimates predict that obesity will
affect half of men and one third of women. According to the WHO, “overweight and obe-
sity are defined as an abnormal or excessive accumulation of body fat that can be harmful to
health. Body mass index (BMI) is a simple measure of weight versus height commonly used
to estimate overweight and obesity in adults. It is the weight divided by the square of the size,
expressed in kg/m?. Thus, a person is considered overweight when their BMI is 25 or higher,
and obesity when their BMI is 30 or higher. To fight obesity, you need to understand the cause
of your weight gain. For this, consulting a doctor is essential to set up a personalized diet and

receive appropriate advice. However, in general terms, a diet to combat or reduce obesity
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is based on basic dietary principles: a balanced diet (fish, meat, dairy products, vegetables,
fruits, etc.) and a healthy lifestyle (regular sporting activity, no nibbling). When the number
of calories consumed in a day is significantly higher than the number of calories spent, the
human body stores an excess of fat. It is this imbalance that partly defines obesity. This def-
inition is then supplemented by the many risk factors that accentuate weight gain, such as
junk food, sedentary lifestyle, heredity, hormonal imbalance, smoking cessation. There are
also different types (generalized, android, gynoid) and stages of obesity (moderate, severe
and morbid) [70]. Obesity is a significant economic and health burden as it is associated with
other comorbidities such as diabetes, cardiovascular disease (CVD), certain cancers, gyneco-

logical problems, osteoarthritis and premature mortality

1.1.1 Limits of BMI

When calculating BMI in children, physiological changes in fat mass during growth should

be taken into account. There are BMI curves in the health record according to age and sex.
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Figure 14: Limits of BMI.

For adults, it is also necessary to know how to weight the classification of different types of
obesity by BMI taking into account other parameters such as body composition, adipose tis-
sue distribution or the age of obesity. Moreover, for the same BMI, high-performance athletes

have more muscle mass and less fat than most subjects [36].
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1.1.2 Obesity in figures

Today, the number of overweight people has exceeded the number of undernourished. Ac-
cording to the WHO, at global level, one billion of people are overweight, while 800 million
people do not eat enough. Thus, as Coluche said: “I would like to reassure the peoples who
are dying of hunger in the world: here we eat for you” [36].

Obesity in France

Since 1997, the Roche Institute, in partnership with TNS Healthcare SOFRES, has been con-
ducting a three-year survey called ObEpi (Obesity Epidemiology) on the frequency of over-
weight and obesity in a representative sample of the adult French population. It is noted that
in 12 years, the average weight of the French has increased by 3.1 kg (72 kg in 2009) and
that the BMI has increased by 1 kg/m? (25.3 kg/m? in 2009). There is also a clear increase in
overweight among young adults and the ObEpi series of surveys reveals that obesity in France
occurs earlier and earlier. The prevalence of obesity is increasing in all socio-occupational
categories and in all urban areas. Today, 31.9% of French people are overweight and 14.5%
are obese. This increase is steady with a rate of 0.5% per year. Figure 1 shows the evolution of
overweight and obesity in France compared to a normal BMI between 1997 and 2009. Obe-
sity is increasing sharply (from 8.2% in 1997 to 13.4% in 2009). At the same time, prevalence

of normal weight increased from 57.5% to 50% [44].
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20% Prévalence de lobésité en France chez les plus de 18 ans
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Figure 15: Prevalence of overweight and obesity in France (ObEpi surveys 1997 to 2009).

ObEp showed that the prevalence of overweight (including overweight and obesity) was 47.3%,
with 17% of the subjects being obese. At first sight, these figures are not very different from
the latest estimates in the 2012 Obépi-Roche study. However, if we look at the trends since
1997 and look at overweight on one side and obesity on the other, the results are more mixed.
Since 1997, the prevalence of overweight has fluctuated around 30%, while the prevalence of
obesity continues to increase at a rapid rate. It rose from 8.5% in 1997 to 15% in 2012 and
17% in 2020. The increase is even more pronounced in younger age groups and for morbid

obesity, whose prevalence has increased almost sevenfold over the period [45].
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Figure 16: Evolution of prevalence of obesity by age between the 1997-2012 Obépi-Roche
surveys and the 2020 Obépi survey.

Obesity in the world

In 2022, 2.5 billion adults aged 18 and over were overweight and of this total, more than 890
million were obese, representing 43% of adults aged 18 and over who are overweight (43%
men and 44% women); this proportion has increased compared to 1990, where it was 25%.
The prevalence of overweight varies by region, ranging from 31% in the WHO Southeast Asia
and Africa Region to 67% in the Americas Region. In 2022, the number of overweight children
under 5 was estimated at 37 million. Once considered a high-income problem, overweight is
on the rise in low- and middle-income countries. In Africa, the number of children under 5
years old who are overweight has increased by almost 23% since 2000. In 2022, nearly half of

all children under 5 years old who were overweight or obese lived in Asia [56].
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Source: WHO [2022)

Figure 17: Global prevalence of obesity 2022.

1.2 Causes of obesity

Obesity and overweight stem from a variety of causes. There are many factors that can explain

it. Lifestyle has changed significantly, especially diet and physical activity [46].

o One of the causes of obesity:
everyday habits: Diet is the leading cause of obesity in adults. Indeed, a poor diet can
have very harmful consequences on health. Itis enough to have too great an imbalance
between what we eat and what we spend in energy, and this, for a long time, so that the
weight gradually increases. This is due to the lack of physical activities on a daily basis
and excessive sedentary (computer, television...). Also, eating fat, salty, sweet, in large

quantities and without respecting meal times can lead to weight gain [48].
o Other causes of obesity:

« Heredity: a person with a parent who also has obesity or overweight sees the risk
of being obese increased. Indeed, a study has shown that 70% of obese people

have at least one person in their family who suffers from obesity.

« Psychological causes: very common, people in situations of depression or stress,

turn to food to comfort themselves [48].

« Lack of sleep: French adults (18-55 years) sleep an average of 7 hours per night

during the week. With more than a third sleeping only 6 hours per night. Moreover,
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half of the teenagers sleep less than 8 hours per night, unlike the recommended
8:30/9:15. Several studies have shown a correlation between short sleep time and
high BMI. The risk of obesity increases by 60% when you sleep only 5 hours per
night. This is due to a reduction in leptin and an increase in ghrelin (appetite-

stimulating hormone) [48].

« Drugs: some treatments cause a change in appetite. To avoid weight gain due to

medication, it is advisable to pay attention to your diet [48].

1.3 Consequences of obesity

Obesity is a multifactorial disease that has serious consequences for the physical health of
the individual, but also consequences for his or her mental health, an area in which a true
vicious circle can develop [50]. The consequences of obesity are numerous, whether physical
and/or psychological. The difficulty of treatment is often related to the denial of people with
the disease [48].

o Diabetes: Type 1 diabetes is insulin-dependent diabetes. As the name suggests, people
with insulin are insulin-dependent because their bodies do not make insulin. It is a ge-
netic disease that accounts for 10% of cases. Type 2 diabetes, which accounts for 90%
of cases, is caused by obesity, sedentary lifestyle and old age. It corresponds to a hyper-
glycemia, that is a level of sugar too high in the blood. The epidemic is so widespread
that it is known as “diabetic”. This is one of the most serious consequences of obesity. It
is responsible for many cases of amputation, cardiovascular disorders and can lead to
vision loss. In addition to these serious complications, obesity-related diabetes causes
more than 4 million deaths worldwide every year. Unlike type 1 diabetes, it can be re-
duced and even treated. For this, the patient must lose weight, cure his hypertension,
have a cholesterol and triglyceride levels in the norms. To achieve these goals, he has
several options: diet, sport, spa treatment, stay in a centre for obese people, bariatric

surgery [48].

o Cardiovascular disease: An obese person is often affected by one or more cardiovas-

cular diseases, including high blood pressure, venous insufficiency, sleep apnea syn-
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drome, heart failure, dyslipidemia (hyper-triglyceridemia). High blood pressure is a
cardiovascular disease. This can affect anyone who is obese: children, adolescents,
adults and seniors. We talk about high blood pressure when the pressure is greater than
14/9. The first value is systole, which measures the resting heart muscle pressure; the
second value is diastole, which measures the pressure of the working heart muscle. An
obese person is six times more likely to have high blood pressure. Venous insufficiency
is due to overweight and lack of physical activity. It is a poor circulation of blood that
causes a feeling of heavy legs, varicose veins and in the most severe cases ulcers. On the
other hand, sleep apnea includes both apnea syndrome and pathological snoring. It is
not uncommon for an obese person to be on oxygen to sleep. In addition, obesity and
overweight can cause fat to accumulate in the bloodstream. This causes blood circula-
tion to be disturbed and causes the patient to have heavy legs, varicose veins, edema,
phlebitis and, more generally, severe pain. Among the cardiovascular diseases related
to obesity, heart failure is the most serious. It is manifested when the obese person
makes a physical effort and is clearly accentuated by diabetes, hypertension, respira-
tory failure. These various disorders are compounded by the risk of heart attack and
myocardial infarction, sudden death in adults, angina pectoris, decreased blood flow

and venous disorders, necrosis and strokes [48].

o High blood pressure (hypertension): High blood pressure (HTA) is an abnormal rise
in resting blood pressure (or blood pressure). Blood pressure is the pressure exerted by
blood on the walls of arteries. It is expressed in two digits:

The systolic voltage (maximum value),

diastolic pressure (minimum value).

Hypertension is referred to in adults when the systolic pressure is usually greater than
or equal to 140 mmHg and/ or diastolic pressure is equal to or greater than 90 mmHg. In
many cases, it is not clear from where it originated. However, age and family history are
factors associated with AHT. Smoking, obesity, excessive salt or alcohol consumption,
stress, diabetes are some of the factors that aggravate AHT. Excess weight (especially
abdominal obesity) promotes hypertension. Conversely, even a small weight loss can

lower blood pressure. There is three times more arterial hypertension in obese subjects
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than in non-obese subjects. Between 30 and 40% of obese people are hypertensive (the
main cause being abdominal obesity). The frequency is particularly high in obese sub-

jects after 45 years [49].

» Psychological consequences: Depression is both a cause and a consequence of obesity.
Itis a difficult disease to fight and leaves visible but also invisible marks, such as depres-
sion. That is why psychological support is included in the treatment. The depression
of the obese person can also be caused by rejection of his body, misunderstanding of
his illness by his surroundings and by himself, disability caused by overweight, pain
and discrimination. Discrimination is also one of the consequences of obesity. Indeed,
an obese person is often misregarded by his entourage and perceived as sick, lazy and
with a general hygiene thatleaves something to be desired. The discrimination of obese

people is present both in the family circle and in the professional environment [70].

1.4 Treatment and prevention

Treatment of obesity:

Obesity management and treatment aims to reduce health risks and improve quality of life.
An appropriate weight management program usually combines physical activity with a healthy
diet and changing daily habits. Other programs may also include psychological counselling
and, in some cases, drug treatment. Losing weight and not taking it back is an ambitious goal
that requires lifestyle and behaviour changes. What matters is a healthy and balanced diet.
Fashionable diets and draconian diets are rarely successful and can be dangerous. The diet
must provide the body with a minimum amount of energy to function normally. No diet with
less than 1,200 calories should be followed without medical supervision. Draconian diets are
never a good long-term solution because weight loss usually comes back when they are no

longer followed [19].

o Weight loss through healthy eating: It is the primary means of combating overweight
and obesity. Weight loss must be done in a reasoned way; a balanced diet and regular
sports practice allow to lose weight gradually without putting the person concerned in

physical and mental danger. It is advisable to have a suitable therapeutic follow-up.
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o The treatment of obesity by surgery: The treatment of obesity by surgery (or bariatric
surgery), is intended for adults with so-called "massive" or "morbid" (BMI greater than
or equal to 40) or "severe" (BMI greater than or equal to 35) obesity combined with a dis-
ease. These people must demonstrate multiple failed attempts at weight loss and must
not have medical contraindications or psychological support. a stomach surgery is not
without risks and the patient should have regular post-operative follow-up. Surgery will
only be effective if the patient adopts good eating habits and changes their lifestyle. It
is important to do psychological work on yourself in order to learn how to live with a

new image.

o The treatment of obesity with drugs: To date, there are no miracle drug treatments for
obesity. However, some medications help with weight loss and limit the body’s absorp-
tion of dietary fats. They must be prescribed by a doctor, under very specific indications.

In addition, their intake must be combined with a balanced diet [32].

The prevention:
Preventing obesity is a public health priority. A "National Nutrition Health Plan" has been in
place for some years to prevent obesity. In everyday life, it is recommended to adopt certain

gestures [32]:

» Exercise regularly: 30 minutes of exercise a day can reduce the risk of cardiovascular
disease and diabetes. Increased physical activity may be needed if you are overweight.

For children, activity time should be at least 1 hour per day;
o Have a diversified and balanced diet;
o Limit consumption of saturated fats;
o Limit consumption of sugars and salt;
o Eat fruits and vegetables daily;

Obesity prevention is especially targeted at people who have been affected by childhood obe-
sity or have at least one obese parent. But it also affects individuals who have stopped smok-

ing or playing sports, are taking medication at risk, or have recently gained a lot of weight
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(more than 5% of their body weight). Finally, it is aimed at people suffering from bulimia, as

well as pregnant women or menopausal women [70].
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2 Evolution of obesity models

Mathematical modeling is a very important tool in the study of obesity and its complications,
as it contributes to understanding the dynamics of the disease spread, predicting incidence
rates, and evaluating the effectiveness of therapeutic and preventive interventions. By rep-
resenting the factors affecting obesity (such as genetics, environment, and behavior) with
mathematical equations, their interactions and their impact on the spread of the disease can
be analyzed. Mathematical models also help in predicting the future spread of obesity, which
enables the development of proactive health plans. In addition, these models are used to
evaluate the effectiveness of different interventions such as nutrition and physical activity
programs, and to identify major risk factors such as high blood pressure, heart disease, and
diabetes. As these models develop, they can be used to develop other treatment strategies
[16].

To investigate the mechanisms of obesity, there are some works based on compartment mod-
els which are widely used in epidemiology, among these contributions, we cite:

Model by Evangelista et al. 2004

Evangelista et al. [32] in 2004 suggested a model to investigate the impact of fast food on per-
sonal weight. They developed a mathematical model with particular scenarios to investigate
the rates of development of normal N, overweight O,, and obese O, people. Based on their
BMI, people are classified as N, O,, and O,. Peer pressure, which causes people to start din-
ing out, is used to gauge the rate at which normal persons become overweight. People begin
dining at fast food restaurants not only because others invite them, but also because of their
financial standing, ease of access, and convenience. They use the system of non-linear dif-

ferential equations to examine the consequences of this pressure to quit:
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( dN (0, +0,)
g_t:‘up_ﬂN#_‘uN,
O (0, +0,) 2,0,
p =pN P +¢1Q1_(7’+.U)01_(051+L+02),
d02—0+¢Q— O_(a+a002)o 2.2.1
{th—Yl 202.Uz A oWACH (2.2.1)
1 Aol
a ‘(“1+L+gz) (¢ +1)Qy,
o oy U,
T —(a2+L+02)02—(¢2+.U)Q2,

P:N+01+OZ+Q1+Q2.

The diagram below shows the model (2.2.1):

u N, [

S N(S+0

prS €O

u N usS

Figure 18: The schematic of model 2.2.1.

The model is defined by the following parameters:

Parameters || Description

B Peer-pressure rate to start eating fast food (media, economic factor, etc.)
u The death rate.

Y Rate of transition from overweight to obese due to fast food consumption.
a; rate of quitting fast food due to family or healthcare advice, i =1,2

(o The highest rate at which obese individuals quit.

L the obesity level at which the quit rate attains half its maximum value, .
Q; Relapse rate, for i =1,2
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Model by Jodar et al. 2008
In [53], Jodar et al. (2008) presented a model of infantile obesity, to study the evolution of this
epidemic in Valencia, Spain. After field surveys, they found that sociocultural characteristics
determine unhealthy eating habits in children. This analysis allowed them to build an epi-
demiological mathematical model to study the evolution of childhood obesity and is given

by a system of non linear differential equations:

[ N'(5)=p+eDs(0)—uN(6)= BN () L(1)+S(0)+ O(1)),

L'()=BN(t)L()+5(t)+ O(1) = (m+7. ) L(1),

J S'(1)=7.L(t)+Ds(t)—(u+7s+a)S(t),
0'(£)=75S(1)+8D,(t)—(u+0)0(t),

D;(t)=1pDo(t)+aS(1)—(pu+e + ) Ds(1),

/7

| Dy(1)=00()—(u+7p+5),

(2.2.2)

The childhood population is classified into six groups: normal weight N(¢), latent L(t), over-
weight S(z), obese O(t), overweight on diet Ds(#), and obese on diet Dy ().

The following diagram provides a representation of the model (2.2.2):

1“” T“L T"S tﬂﬂ

B N(L+5+0)

v L

L|—| S |—| O

1] ﬂa
Ds - DD

i Ds l!-l Dq

Figure 19: Diagram of the obesity model for 3-5 year-old Valencian children.
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The model parameters are:

Parameters || Description

B Rate of BFS consumption transmission attributed to social pressure (family, friends,
marketing, TV, etc.)

u inversely related to the time 3-5-year-olds spend in the system.

14 Rate at which latent individuals progress to the overweight state.

s Rate at which overweight individuals progress to obesity via continuous BFS consumption.

€ Rate at which overweight individuals achieve a normal weight through dieting.

u Rate at which overweight individuals undergoing dietary intervention reduce or eliminate
fast food consumption.

[0 Rate of diet failure among overweight individuals.
Rate at which obese individuals discontinue or decrease their consumption of BFS.

o Failure rate of diets in obese individuals.

YD Rate at which obese individuals on diet transition to overweight status.

Model by Gonzalez et al. 2010

In [40], Gonzdlez et al. modelled and studied the correlation between the development of
obesity in an age structured population, they have treated different scenarios in Valencia,
Spain. In their work, they considered that the overweight population and the obese popula-
tion, but using a model with age structure. This model has the advantage of giving the preva-
lence of obesity for each age group. The authors developed a partial differential equation

model according to age is constructed from partial differential equations:

aS+aS—I+goO yS—uS
gg+g§—1+ O—7»S S 223
Ja o | TPYTIOTHS

A graphical representation of the model is presented in the diagram below:
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1N, uS, nO,

BN(S+O) vS 1

pS eO 1

uN uS no

Figure 20: Diagram of an age-structured model for obesity dynamics in overweight individu-

als.

The following parameters characterize the model:

Parameters || Description

S(a, 1) The number of overweight people aged a at time ¢.
O(a, 1) The number of obese people aged a at time .
I(a,rt) Individuals progress from a normal weight state to an overweight state.

¢(a,t)O(a, t) || The number of overweight individuals increased by p(a, t)O(a, t).

v(a, t)S(a,t) || The number of overweight individuals decreased by y(a, 1)S(a, t).

ula,t) The natural mortality rate.
o(a,t) Rate at which individuals become overweight.
r(a,t) Obesity prevalence in overweight individuals at age a and time ¢.

Where n(a,t)=S(a, t)+ O(a,t).

Model by Ejima et al. 2013

In [33], a three-compartment model (RIS) comprising susceptible (never obese), infected
(obese), and resistant (ex-obesity) was proposed by Ejima et al. The purpose of this study is to
characterise the epidemiological process of obesity in a population that is randomly mixed,
In a basic manner, it explains the implications of obesity transmission from person to person
for public health monitoring and highlights the critical gaps that require immediate attention

in sempiric observatories. The mathematical model takes into account two hypotheses, the
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contagion and the non contagion of obesity, which is given by a system of ordinary differential

equations:
( dS
?:UN—(ﬁI(l‘)-i-e)S(t)—uS(t),
{ d_i:(ﬁm)+8)S([)+‘7(/“(t)+8)R(t)—(u+y)I(t), (2.2.4)
dR
|, =T10)—0(BI(e)+e)R(1)—uR(r),

such that N denotes the total population, and N(t)=S(¢)+ I(t)+ R(?).

A schematic representation of the model is presented in the diagram that follows:

o(BI + )R
|
ﬂ) 5 (BI + €)S . yI R
l l l
uS ul uR

Figure 21: Diagram of the mathematical model by Ejima et al.

The model is configured with the parameters described below:

Parameters || Description

u Rate of human birth and death.

B The transmission rate.

€ The hazard of obesity arising from non-contagious causes.
Y The natural recovery rate.

A measure of the likelihood that a former obese individual will regain weight, which

o is typically higher than the general population due to the tendency to return to previous

weight patterns
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Model by Boutayeb et al. 2015
Boutayeb et al. (2015) in [14] studied the effect of obesity on type 2 diabetes in people with a
genetic predisposition to diabetes development and they represented the hypotheses of the

model by system of ordinary differential equations:

( dP
=n—(L+L+L+p)P+7,E,

=1,P—(y,+ B+ Bs+u)E,

(2.2.5)
=LP+PE+7,C—(B,+u)D,

SRS

C

The diagram below illustrates the structure and components of the model:

13

Tl LI

B3

Figure 22: Dynamics of healthy, pre-diabetic, and diabetic individuals with and without com-

plications.

The model’s parameters are specified as follows:
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Parameters || Description

The number of healthy people.

E The number of pre-diabetic people.

D The number of diabetics people with complications.

C The number of diabetics people without complications.

n The incidence rate among adults.

L The rate at which healthy individuals progress to pre-diabetes.
L The rate at which healthy individuals progress to diabetic.

L the incidence of complications among healthy people.

u The natural death rate.

Model by Hakiki et al. 2018

In this work, the authors present a new mathematical model investigating obesity-related
complications. They assume an obese population of size N, divided into two subgroups:
The population of obese individuals without complications is denoted by O(¢), for ¢ > 0. The
population of obese individuals with complications is divided into two compartments: C,(¢)
for those with acute complications and C,(¢) for those with chronic complications.

The diagram in Figure (34) describes the complications of obesity:

Figure 23: The model diagram of obesity complications.
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This diagram can be formulated as the following system:

r ;—? = 1+ A1C(0 -0 -1 P o 2 ow)
{0 = 00 s+ 1+ BIG0) 226
\ % =72 Cj\(,t) O(t)+ B Ci(1)— (u+ 1) Co(2),
We define the model parameters as:
Parameters || Description
B, The rate at which obese individuals with acute complications recover and return
to the obese state

B rate at which obese individuals with acute complications develop chronic complications.
71 The probability that an obese individual will develop an acute disease.
72 The probability that an obese individual will develop an chronic disease
U Natural mortality rate.
U The death rate due to chronic complications.
Uq The death rate due to aigue complications.

Model by Wendi Wang. 2020

In[83], amathematical model that incorporates individual variation and overeating behaviours
is proposed by Wang to predict the dynamics of societal obesity. A calculation of the dis-
ease’s fundamental breeding number reveals that it is an invasion threshold. The Lyapunov
functions provide enough requirements for an endemic equilibrium’s overall stability. Nu-
merical simulations are presented to demonstrate how dietary behaviour modification and
sensitive person education can slow the progression of disease. The population was divided
into four groups: The susceptible group S of individuals with normal eating habits, the group
I in which every individual engages in excessive food consumption, The group T that re-
ceives treatment to become part of the group R, where individuals are immune to overeating
behaviors. Members of groups S and I were further classified into two subgroups based on
their body mass index (BMI). Let Sy(#) and Sy(¢) denote the number of normal-weight and
overweight individuals in group S at time ¢, respectively, I (¢) and I,(¢) represent the num-

ber of individuals in group I with normal and higher weights, respectively, at time ¢, T(¢) and
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R(t) represent the number of individuals in groups T and R, respectively, at time ¢.
where S(t)=Sy(t)+Sp(t) and I(t)= Iy(t)+ I5(t).

The diagram below shows the model:

dSo dSy [

Bo(an+lo)

Bn(als+lo)

Figure 24: Diagram of the mathematical model by Wendi Wang.
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The model is represented by the following system:

| diy

( :‘up—,uSN—ﬁN(aIN+IO)SN+d(SO—SN),

=u(l—p)—uSo —ﬁo(aIN + Io)So + d(SN —So),
= Bu(aly +1o)Sy—(p+n)Iy, 2.2.7)
= /30(0511\7 + Io)so _(M"‘ 5)10 +niy+6T,

=§IO—(u+y+5)T.

dSy
al
So
ar
dr
i,

rn
dT

\ dr

The model is configured with the parameters described below:

Parameters

Description

The recruitment rate of the population is eauivalent to the removing rate of individuals

in all compartments.

The fraction to the category Sy attributed to genetic factors.

The fraction to the category S,.

The rate at which individuals enter treatment.

The recovery rate resulting from treatment.

The relapse rate of treated individuals.

A random and unpredictable change in the state of individuals within group S, caused by

random external factors, occurring at a rate determined by the coefficient d.

Bn

The transmission coefficients of overeating individuals to susceptible individuals with

the normal BMI.

Bo

The transmission coefficients of overeating individuals to susceptible individuals with

the higher BMI.

Model by Tuwairqi et al. 2021

In [9], the mathematical model is constructed to study how peer pressure can affect the temp-

tation that individuals face to eat in fast food restaurants and consequently gain weight. The

authors construct two models: model I studies the effect of peer pressure on obesity and fast

food consumption; Model II is an extension of model I, where the training factor is included.

The population is divided into four distinct classes of individuals: normal-weight individuals,

N(t); overweight people who eat fast food, S(¢); obese people who eat fast food meals, O(t);

and dropouts who no longer eat fast food, Q(¢).

64



2. Evolution of obesity models

The interactions between the subpopulations in the first model are presented in the following

figure:

E1SQ/P

nO ne

Figure 25: Diagram of the mathematical model by Tuwairqi.

Under a mathematical formulation of a system of differential equations:

r N/(t)=uP—ﬁN(%)—uN,

, S O Q
S()=BN(=)-rS(5)—e8(5)-us,
3 PQ p (2.2.8)
0'(t)= yS(F)—szO(F)—,uO,
Q)=a8(3)+e(3)-n0,
\ p p
The model is defined by the following parameters:
Parameters || Description
B Rate at which a normal-weight individuals enter compartment S due to peer pressure
from overweight fast food consumers.
r Rate at which overweight individuals enter compartment O because of peer pressure
from obese fast-food consumers
. Rate of transition from the overweight individuals to compartment Q induced by
1
the positive impact of avoiding fast food.
. Rate of transition from the obese indiciduals to compartment Q induced by the positive
2
impact of avoiding fast food.
u Rate at which individuals enter and leave the model.

After adding the training factor, the first model was modified to take into account the individ-
ual exercise factor. This model aims to determine the effect of exercise on weight reduction in
overweight and obese individuals who frequently eat at fast food restaurants and to examine

the reserve effect of dropouts on obesity. The second mathematical model dynamics is given
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by:
N'(t)=uP —ﬁN(%) +a,S+a;Q—uN,
, S 0] Q
S'(t)= ﬁN(—)—yS(FQ)—e‘IS(F)—aIS +a,0—usS, 220
0'(t)= yS(F)—SZO(F —a,0—0,
L Qf:sls(%)ﬂzo(%)—a&—,

We have P(t)=N(t)+S(t)+ O(t)+ Q(t).

Such that ¢, is the transition rate from the overweight compartment to the normal weight
compartment due to exercise. a, is the rate at which obese individuals leave the obese com-
partment S due to exercise. and a; represents the rate at which individuals who have lost
weight return to fast food consumption and re-enter the compartment N.

Model by E Meghatria and O. Belhamiti. 2021

E Meghatria and O. Belhamiti in their work [51], they investigate a predictive model that fore-
casts the likelihood of developing CVD and T2DM in obese populations, incorporating vari-
ables related to lifestyle and established risk factors. This model is described by a nonlinear

system of ordinary differential equations:

f dsgt):10((u+¢1%+¢2%)0(”’
4 dsim:¢’1Jfr((?o(t)_(5+“+wc(t)’ 2.2.10)
o o-p
| d;it):pD(t)+5C(t)—(.U+uuG)G(t)’

The total obese population, N(t), is divided into four subpopulations at time t: obese in-
dividuals without complications O(t), obese individuals with cardiovascular disease (CVD),
C(t), obese individuals with type 2 diabetes mellitus (T2DM), D(¢), and obese individuals
with both CVD and T2DM G(t).

The model is presented in the following figure:
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Figure 26: Graphical illustration of the mathematical model 2.2.10

The model is defined by the following parameters:

Parameters || Description

Iy The recruitment rate.
U The natural mortality rate from each compartment.
Uc) Ug The excess mortality rate due to complications.
b1, ¢ Parameters related to the obese individual’s education (diet, exercise, medicaltreatment,
n etc.).
o The rate at which cardiovascular disease progresses to diabetes.
P The rate at which diabetes progresses to cardiovascular disease CVD.

Model by Mansouri et al. 2023

Mansouri et al. examined the detrimental effects of excess weight on diabetic quality of life
using a mathematical model that replicates the relationship between rising obesity preva-
lence and diabetes. The maximum Pontryagin principle serves as the foundation for the
method utilised to determine the best control techniques. Redundancy strategies are used

to solve the resultant system [34].
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The mathematical model formulated by ordinary differential equations:

f d” M—us(0)-p D r)
dI;/t /3 Jw(t)— (T+O’+[.L+5)W(t),
400 = TW(1)—pR(2),
I(t
1 dd(t) SW(t)— (¢ +p +u)I(t), (2.2.11)
dEit) =A2—(u+a)E(t),
d;)(t)— W(t)+pI(t)+aE(t)—(u+0)D(2)
dC(r)
| 5, =6D(1)- (u+2)c(o).

With initial conditions, S(0) >0, W(0)>0, R(0)> 0, I(0)> 0, E(0)>0, D(0)> 0, and C(0)> 0.

Figure 27 illustrates the model dynamics.

Figure 27: Schematic representation of model 2.2.11.

LetS, W, I, R, E, D,and C denote obesity-prone individuals, overweight or moderately obese

people, obese people, recovered individuals, pre-diabetic people, complication-free diabet-
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ics, and diabetics with significant health issues.

The model parameters are:

Parameters || Description
Ay The rate of recruitment of individuals exposed to obesity.
u The natural mortality rate.
B Rate of obesity development due to contact with infected individuals.
T The recovery rate of overweight people.
0 The proportion of the overweight population that progressed to obesity.
A Rate of mortality caused by diabetes with complications.
[0 Rate of death caused by obesity.
P Incidence of uncomplicated diabetes among the obese.
A, Rate of recruitment of pre-diabetic individuals without complications.
a Rate of uncomplicated diabetes in pre-diabetic patients.
o The rate at which overweight individuals transition to a diabetic state without
complications.
0 The rate at which diabetics develop complications.
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CHAPTER
The impact of obesity on the
development of type 2 diabetes,
cardiovascular disease and

hypertension disease [3]

In this chapter, we introduce a new mathematical model utilizing ordinary differential equa-
tions to investigate the relationships among obesity, type 2 diabetes, cardiovascular disease,
and hypertension, exploring the impact of peer pressure on the adoption of unhealthy be-

haviors that lead to these conditions. We conduct an analysis studty of our model.

1 Mathematical model

The model is represented in the following diagram:
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&5, T nT

Figure 28: Diagram of obesity with its complications.

Using this model, we examine the influence of type 2 diabetic mellitus (T2DM), cardiovas-
cular disease (CVD), and hypertension disease on the health evolution of obese populations.
We analyse the dynamics of the obesity epidemic in a particular community by highlighting
the negative consequences of being overweight on the onset of hypertension, cardiovascular
disease, and type 2 diabetes.

Nrepresents the total population, which is separated into five compartments so that N=S+0+D+C+T .
The different compartments are defined as follows:

S is the population of susceptible. O is the population of obese people. D is the population

of people with type 2 diabetes mellitus (T2DM). C is The population of people with cardio-
vascular disease (CVD). And T is the population of people with hypertension disease.

We assume that: A is the birth rate. u is the natural mortality rate. f3;, i = 1,2, 3 are respec-

tively the rate of transmission of obesity, cardiovascular disease, diabetes to a susceptible per-

son due to the social effect (common unhealthy lifestyle, acquiring bad eating habits,...). 4,

i = 1,2 are respectively the diabetes and cardiovascular developing rate of an obese person.
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a;, i = 1,2 are respectively the hypertension developing rate from diabetes and cardiovas-
cular disease. 0, is the death rate due to obesity. 0, is the death rate due to cardiovascular
disease. 05 is the death rate due to diabetes. 9, is the death rate due to hypertension disease.

The following system describes the model:

‘ S’(t)=A—(u+/510(1?)+/52C(t)+ﬁ3D(t))S(t),

(B1S()—(u+6,+ 4, D(£)+ 2, C(1))O(t),
(B2S(6)+2,0(8)— (u+ 6, + ;) C(2), (3.1.1)
(/53 (£)+24,0(t) — (1 + 85 +a))D(t),

D(t)+a, C(1)—(u+5)T(2),

‘(£)
1 c
D'(t)
)

| T'(z

considering the initial conditions
S(0)=8,>0, 0(0)= 0, >0, C(0)=C, >0, D(0)=D, >0, and T(0)= T, > 0.

All model parameters are assumed to be strictly positive.

2 Positivity and boundedness of solutions

2.0.1 Solutions positivity
Theorem 3.2.1 IfS(0)=S5,>0, O(0)=0, >0, C(0)=Cy =0, D(0)=Dy>0and T(0)=T;,> 0.

Consequently, model (3.1.1) solutions S, O, C, D and T are all positive for any t > 0.

Proof. Our assumption is that there exists ¢, > 0 where S(t,) =0, S’(t;) <0and S’(t; + ) <0,
forany e >0

According to the system’s first equation (3.1.1), we get
§'(t)=A—(p+ B, 0(t)+ B C(1)+ BsD(1))S(1,) = A> 0. (3.2.2)

So, contradiction with our hypothesis. Since S(0) = S, > 0, then S(¢) > 0 for all £ > 0. We
suppose that there exists , > 0 where O(t,) =0, O’(t,) <0and O’(t,+¢€) <0, for all £ > 0. From

the second equation of system (3.1.1), we find

)= (Br1S() = (1+ 61+ 4 D(B) +1,C(1,))) O(1) = 0, (3.2.3)
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2. Positivity and boundedness of solutions

hence
t

O(t)zO(tz)exp(J (BS(5)—(u+8,+ 1 D(5)+ 2,C(s)))ds), forallt>1,, (3.2.4)

1)

This results in

O(t)=0. forallt>t,.

As a result,

O(t,+¢€)=0.
It is contradictory with our assumption. Consequently, O(¢) > 0 for all £ > 0. Similarly, we
prove that C(¢)> 0, and D(¢) > 0, for all £ > 0. Assuming that there exists #; and ¢, are verified

that
{C(tg)zo, C'(t;)<0 and C(t;+¢€)<0, foralle>0,

D(t,)=0, D’(t,)<0 andD(t,+¢)<0, forall £ >0.
Based on the third and fourth equations of system (3.1.1), we obtain
{ C'(15)=(BoS(13)+2,0(t)— (1 + 6, + @) C(15) =,
)= (BsS(12) + 4, O(12) (1 + 65 + @,)) D(1) = 0
Additionally, we have
{ C(t)=C(ts exp(ftz (/525(3 )+ 2.0(s)—(u+8,+az))ds), forall t>1,
D(t)= t4)exp(ft:( $)+A0(s)—(u+ 83 +ay))ds

N———

, forallt>1t,,

It provides
C(t)=0, forallzt>t,,
{ D(t)=0, forallt>t,.
Then,
C(t;+¢€)=0,
{ D(t,+¢€)=0.

This is a contradiction with our considerations. Thus, we deduce that C(¢)>0and D(¢)>0
forany ¢ > 0.
To prove that the solution T is positive, we suppose that there exists ¢, > 0 where T(t,) =0,

T'(t,)<0., D(t;)>0, and C(t;)> 0. We obtain,

That is contradiction. Therefore, T(¢)> 0 for all £ > 0.
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3. Equilibrium points

2.0.2 Invariant region
The next Lemma confirms the global existence of the solutions of model (3.1.1).

Lemma 3.2.1 Let initial data be S(0) =S, > 0, O(0) = O, > 0, C(0)=C, >0, D(0) = D, > 0,
and T(0) = Ty > 0. Then, there exists a domain I in which the solution set (S,0,C,D,T) is
contained and bounded for the system (3.1.1), and satisfying

limsup,_ . N(£)<

=l

Moreover, the solutions of model (3.1.1) exists for all t > 0.

Proof. By adding the equations of the system (3.1.1), we get

dN(t
< A—uN(1). (3.2.6)
Then, we get
—ut A
N(t)<N(0)e™ +ﬁ, (3.2.7)
hence,
) A
limsup N(t)< —.
t—00 u

This concludes the proof. m

By Theorem 3.2.1 and the proof of Theorem 3.2.1, itis clear that thesetI'={(S,0,C,D, T) e
R>:N(t)< ﬁ} is a positively invariant set for system (3.1.1) and is an attracted domain for ini-
tial condition belonging to I'. Hence, global analysis of (3.1.1) will be focused inT'.

Moreover, the solution of (3.1.1) is globally defined. Indeed, the local existence and unique-
ness of the solution are demonstrated by the locally Lipschitz continuous right-hand side of

model (3.1.1). The global existence of the solution follows from priori bound in Theorem

3.2.1.

3 Equilibrium points

Clearly, the system (3.1.1) admits a unique disease free equilibrium point E, = (3, 0,0,0,0)€T.
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Proposition 3.3.0 System (3.1.1) admits a cardiovascular free equilibrium point E; = (S, O, 0, D}, T;*)

with the following conditions of existence

B1>PBs, 035>0,

(u+63+a;) BsA

M > Ayu+pr(utos+ay)—Ps(u+61)’ (3.3.8)
BiA > (u+61)
AutPr(u+os+ar)—Ps(u+o,) At

Proof. The cardiovascular free equilibrium denotes E = (Sl*, 0;,0, Dl*) is the constant solu-
tion of system (3.1.1) in the absence of the cardiovascular disease i.e C; = 0. This equilibrium

solves the system

A—uS —p0rS — B DISs =0,
(B,Sf—(u+6,+A,D)O¢ =0,
{ ﬂl 1 (Au 1 1 1) 1 (339)
([3381*+7L101*—(M+53+(11))D1* :0,
alDl*_(M+64)Ti* :0.

From the first equation of system (3.3.9), we find that
A

S = O T D (3.3.10)
From the second equation of system (3.3.9), we get
D= w (3.3.11)
The third equation of system (3.3.9) gives us
0 = et 0s +A0i1)_ﬁ3sf. (3.3.12)
We obtain from the fourth equation of system (3.3.9) that
., aiDr
= PR (3.3.13)
Substituting (3.3.11) and (3.3.12) into (3.3.10), we find
Sr= ek : (3.3.14)
b At Bulu+ 65 +ay)—Bs(u+01)
Plugging (3.3.14) into (3.3.11) and (3.3.12), we get
o BimA=(u+8) (At ilptBs+ )= Balu +61) 5315

1

M(Aate+ Blp+ 85+ ) — Byl +61)
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3. Equilibrium points

and

0" (u+0; +al)(7tl.u+ﬂ1(.u+53 +a1)_ﬁ3(ﬂ+51))_/531114 (3.3.16)
L A+ Bi(u+65+a)—Bs(u+6,)) . o

We substitute (3.3.15) in (3.3.13), we obtain

B al(ﬂlllA_(‘u-i_ o)A+ Bi(u+03+a)—Bs(u+ 51)))

T*= (3.3.17)
Mlp+8,)(Ap+ Pilu+ 5+ ar)— By(u+6,))
Therefore, The equilibrium point E; = (S, O, 0, Dy) is given by
(
A (U+63+a1)(Al.u"'ﬁl(H+53+a1)_/33(#+61))_ﬁBAlA
Sr= ] e Cr=0
1 APy (u+o3+ay)—Ps(u+61)’ 1 A (A By (ut63+ay)—P3(u+61)) ’ 1 ’
{ D* = ﬁlAlAi(lHEl)(Al'lﬁﬂl(H+63+a1)7ﬁ3('u+51)) T* = a1 LA A—(pt+6,)( A putBr(ut+03+ay)—P3(u+61))
1 ’ 1 ’
A |:AI.U+/51 (u+63+a; )_/3»3(“+51):| Al(H+54)(/11.U+ﬁ1(M+53+(11)—ﬂ3(ﬂ+51))

E} is positive under the following conditions

Br> Bs, 03> 0;,
(ut+63+ay) > BsA B1A (u+6,)
A AutB(u+os+ay)—Ps(u+01)’  Ayu+Pi(ut+os+a;)—P3(u+o,) At

This completed the proof. =

Proposition 3.3.0 System (3.1.1) admits a diabetes-free equilibrium point ES = (S}, Oy, C},0, T,})

with the following conditions of existence

(u+62+a5) paA prA (u+61)
Pr>PBz 0:>01, TS pip By TP A~ & Ooe18)

Proof. The diabetes free equilibrium E; = (S;, O;, C;,0, I,’) denotes the constant solution of

system (3.1.1). This equilibrium satisfies

Si—(u+06,+21,CHO; =0,
(/jl ) (Au 1 2 2)) 2 (3319)
(B82S + 2,05 —(u+06,+a,))C; =0,
We have O # 0 and C; # 0. The first equation of system (3.3.19) implies
A
Sy (3.3.20)

P U+ BiOsBC
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3. Equilibrium points

The second equation of system (3.3.19) leads to

+6,)
Ci= /51/1—5 (3.3.21)

From the third equation of system (3.3.19), we get

+0,+a,)—B.S)
oy = W+ AZZ) Po5; (3.3.22)

From the fourth equation of system (3.3.19), we find

*
a,C;

*— . 3.3.23
2 = +o, ( )
Substituting (3.3.21) and (3.3.22) into (3.3.20), we find
. A, A
Sy = : (3.3.24)

Aot + Br(u+ 63+ o) — Bolu+6,)
By replacing (3.3.22) in (3.3.21) and (3.3.22), we get

PrAA—(u+ 51)(7@“ +Bi(u+06,+ay)— Bolu+ 51))
G = : (3.3.25)

QLZ(?LZM+[51(,M+ 02+ ay)— Bo(u+ 51))

and

(U+0,+ az)(AZ.U + B+ 0+ ay)— Bo(u+ 51))_/527tzA
02* = 3 (3.3.26)
Aot + Br(u+ 65+ az)— Bo(u+ 61))

We substitute (3.3.25) in (3.3.23), we obtain

T+ — [P A A—(u+01)(Au+ Br(u+ 0, +ay) ﬁz(H+51))]'

(3.3.27)
2 Ao+ 0 )[ Aot + Br(u+ 02+ o) — Bo(u+ 6,)]
Then, the diabetes free equilibrium E; = (S* 0y, C;,0, T¥) is given by
1A (.U+52+0(2)(7tzll+/31(H+52+a2)—ﬁ2(ﬂ+51))—ﬂ212A
Sy = 0; =
Aot By (u+02+a2)—Po(u+61)’ 2 Ao(Apu+Pr (ut62+as)—P(u+61)) ’
BrAor A—(u+6,) Az.ll"'ﬂl(,U+52+0(2)—/3'2(.U+51)) as| Pr1 A2 A—(u+61)( Ao+ (u+02+as)—Po(u+61))
2 4 2 ’ 2
AZ(AZM‘F/JH(.lH'52"'(12)—152(#"'51)) A2(!14'54)()»2!1"'[31(,bt‘F52‘*'012)—/3’2(.11‘*'1‘71)
(3.3.28)
E; is positive if the following conditions are satisfied
(u+02+ay) B2A Br1A (u+01)
Br> P2 02>, F Sl Py 3 (TR, ey w5 (T3 LR 7w (e Py me 4 (e 1y Ry PR
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3. Equilibrium points

Proposition 3.3.0 System (3.1.1) admits a Cardiovascular, Diabetes, and Hypertension-free
equilibrium point E; = (S5, 05,0,0,0) with the following condition of existence

B A

> 1. (3.3.29)
ulu+6,)

Proof. The Cardiovascular, Diabetes, and Hypertension free Equilibrium E; = (Sg*, 0;,0,0, 0)

verifies the following system

A—uSr—p,0rS: =0,
{ HS; = Fr05S; (3.3.30)
(B1S;—(u+6,))0; =0,
with O} # 0. The second equation of system (3.3.30) gives
* ‘LL + 51
Sy =—- (3.3.31)
S B
From the first equation of system (3.3.30), we get
A u
o= —-—. (3.3.32)
Soou+6, B
Therefore, the cardiovascular, diabetes, hypertension free equilibrium E; = (S}, O3, 0,0,0) ex-
ists for 1%51 — % > 0, with
x _ Ut x_ _A
Sy=t5" Of=ri— (3.3.33)
E; exists if and only if
B A
—_—>1.
w(p+0,)

Proposition 3.3.0 System (3.1.1) admits a obesity-cardiovascular free equilibrium point E; =

(S;,0,0, D}, T)) that exists if and only if

4’74

BsA

L (3.3.34)
ulu+os+a,)
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3. Equilibrium points

Proof. The obesity-cardiovascular-free equilibrium E} =(S},0,0, D}, T;*), which satisfies

4’ 74
A—MS*—/&SD*S* -0,
al (;u+64)T* :Or

The fourth equation of system (3.3.35)implies

+63+
gr=HET%TA (3.3.36)
Bs
The first equation of system (3.3.36) gives
*_ A M

D= _—. 3.3.37
Y ou+osta; P ( )

From the fifth equation of system (3.3.36), we find that

=% ( A “) (3.3.39)
L u+o,\u+dsta; B e

Therefore, we write the obesity-cardiovascular-free Equilibrium E; = (S;,0,0, D/}, T*) as fol-

lows
u+os+a *_ % *_ A u x_ 0 A u
84 ﬁ33 1 O =0 C =0 D4 u+ésta;  fs 7:1 T oy (M+53+011 B E)’ (3.3.39)
which exists if and only if
BsA
u(p+ 05+ ay)

Proposition 3.3.0 System (3.1.1) admits a obesity-diabetes-free equilibrium point E} = (S;,0, C},0, T¥)

» S5
if
B2A

—>1. (3.3.40)
ulu+0,+a,)

Proof. The obesity-diabetes-free equilibrium E} =(S},0, C¥,0, 7;¥). This equilibrium solves

A_MS*_ﬂZC*S* :0)
ﬂg ,u+52—|-a2))C* =0, (3.3.41)
(,ZZCS—(‘LL+54)T5* :0.
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3. Equilibrium points

From the second equation of (3.3.41), we get

+6,+
gr=HT02T % (3.3.42)
B
From the first equation of (3.3.41), we obtain
A
Cr ——ﬁ. (3.3.43)

> :.U+52+0!2 B>

According to the third equation of (3.3.41), we have

7= %2 ( A “) (3.3.44)
5_.“"‘54 pu+o,+a, Bo) o

Hence, the obesity-diabetes-free equilibrium EX = (5,0, C},0, T.) is given by

*_[.l+52+0{2 * * __ A _ v * * — _Q2 A__ﬁ
SS - B ? 05 =0, CS T utostas, By D5 =0, Té T Uty (y+52+a2 [3’2)'

E; is positive if the following inequality holds

B.A

_>1.
U+ 0, + a,)

Now, we determine the endemic equilibrium point, which represents the persistence of

all classes. The obtained results are as follows

Proposition 3.3.0 System (3.1.1) admits a endemic equilibrium that is Ef = (Sg‘, O;, G, Dy, 1;*)
if
Aa>Ay, Br>Ps, B> B3> o

,u/11+/3’1(,u+53+a1)—ﬁ3(,u+51) AIA
A2f3—21 02 > Ao(u+83+a;)—2A (utas+6,)’ (3.3.45)

Ao A UAa+P(u+6,+a5)—Po(u+6,)
Ao(uto3+ar)—Ay(u+o6,+as) A2 Bs—2A1 B2 :

Proof. The endemic equilibrium Ej = (S§, Of, G, D, T;), with S§f # 0, O; # 0, O #0, Dy #+

0, and T} #0. This equilibrium is the solution of the following system

;
A—(u+ B0+ B, Cs + B3 DSy =0,

(BrS;—(u+0,+A,Df+2,CHO; =0,
A (BoSg + 2,0 —(u+06,+a,))CF =0, (3.3.46)
(BsS5 + MO —(u+03+a))Dy =0,
| a,Df +a,CF—(u+06,)TF =0.
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We multiply third equation of system(3.3.46) by A, and the fourth equation of system(3.3.46)

by —A,. By addition these equations, we find

A(u+03+a))—A(u+0,+ay)
Sk = . (3.3.47)
6 A2[.}3_11[32

From the third equation of system (3.3.46) and (3.3.47), we get

o = P+ 05+ 0) =Pyl + 65+ 1) (3.3.48)

¥ A'2[33 ﬁZAl
By multiplying the first equation of system 3.3.46) by A, and the second equation of sys-

tem(3.3.46) by —f3,. By addition these equations, we obtain
Cg:H11+/51(M+53+011)—(M+51)/33 B Ay . (3.3.49)
AafBs— A1 B, Ao(u+05+a))—A(u+6,+a,)

By multiplying the first equation of system 3.3.46) by A, and the second equation of sys-

tem(3.3.46) by —f3,. By summing these equations, we obtain
A A A 0 — o
Dy = 2 U 2+ B+ 0.+ a)— Po(u+ 1). (3.3.50)
Ap(u+05+a)—A(u+6,+a,) Aoz —21 B

By replacing (3.3.49) and (3.3.50) in fifth equation of system 3.3.46), we get

T* = a (H11+ﬁ1(ﬂ+53+a1)—ﬂ3(.‘l+51) )
6 U+04 A2Bz—A1 B2 A (.U+53+0!1) 1(H+52+(12)
(3.3.51)
+-4 ( A A + Bolu+61)—pro—p M+52+0!2))
ut04 \ Ao(utoz+a) =2 (u+0z+as) A2f3—2A1 B2
So, The endemic equilibrium E} = (S§, OF, Cf, D§) is
( S* = Aa(u+63+a1)—A(u+6,+a,)
6 A2 Bs—2A1 B2 ’
O* = Bs(u+0z+as)—Po(u+o3+a;)
6 A2 B3—PB2 A1 ’
C*= A+ (ut+63+a1)—Pa(p+61) MA
< 6 A2 fB3—2A1 B2 Ao(U+03+a;)—A (u+as+0,)’ (3 3 52)
D* = A A _ pAat+p(u+6a+as)—Po(u+1) e
6~ Ax(utdstar)—A(utdotas) A2f3—A1 B2 ’
T* = a (H7Ll+/51(ﬂ+53+051)—ﬁ3(ﬂ+51) _ MA )
6~ utdy A2 Bs—2A1 B2 Ao(ut+63+a;)—A (u+0,+ay)
+-4 [ A A Bolu+61)—pro—p ,U+52+012)]
\ ut0y | Aa(utoz+ar)—2A1(u+o,+az) A2fi3—A1 2
E; is positive if the following conditions are satisfied
Ay > Ay, B> Ps, B> Ba, Bs> Pa,
YA+ (u+63+a1)—P3(u+61) > MA A A > Az +B1 (ut+0,+ap)—Po(u+6,)
A2f3—A1 2 Ao(ut03+ay)—Ai(utas+02)’  Ap(u+03+a;)—2(u+o,+az) A2f3—A1 2
(3.3. 53)
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4. The local stability of the model

4 The local stability of the model

In this section, we consider the local stability of all equilibria given in the last section. The

Jacobian matrix of system (3.1.1) at an arbitrary equilibrium (S, O, C, D, T) is as follows

—(u+ B0+ B,C + BsD) —6:S —0,S —BsS 0
B0 piS—(a+A,D+A,C) —A,0 —4,0 0

J= B.C A,C B.S+A,0—b 0 01,
BsD M D 0 BsS+A,0— 0
0 0 a, a, —d

witha=u+0,,b=u+06,+a,, c=u+063+a,, d=u+ o, We start with the local stability of

E,. The Jacobian of the system (3.1.1) at E, is written as follows

—u —/31,% —/3’23 —BsS 0
0 Big—(u+5) 0 0 0
J(E)=1]0 0 —(u+ 8+ )+ oy 0 0
0 0 0 —(u+ 83+ ay)+ Psy 0

| 0 0 a2 @ —(u+04)

We notice that J(E,;) has three eigenvalues A, = —u, A, = /51 (U+01), As=—(u+04), Ay =
/3’2“ (u+6,+a,), and A5 = ﬂ3u (u+03+a;). Thismeansthat A, =—u <0, A, =—(u+0,4) <0.
Thus, E, is locally asymptotically stable if

Ay = /513—(.114‘51) <0,

As=Poy—(u+8,+a,) <0,

As=—(u+85+ay)+ P35 <0,

Next, we prove the local stability of E}*. The Jacobian matrix at E" is given by

0
As Ay —A, —Ag 0O
0

AlO All 0 A12 0
KR
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4. The local stability of the model

with Ay = p+ B,0; + B3 Dy, Ay = B1S], As = B,S], Ay = b3S, As = 1 O], Ag = p1S] —(a+ A, D),
A7 - }.201*, Ag - },101*, A9 - ﬂzsl*'i‘lzol*_b, AlO :ﬂng*, All - A’lDl*’ A12 - ﬁg,Sf-l-)LlOl*—C,
A13=d,f=a1,g=a2.

Notice that A, ; =—d =—(u+04), A1, = Ag = 3,5; + A, O] — b are eigenvalues of the matrix
J(E}), such that A, ; is a negative eigenvalue and A, , will be a negative eigenvalue under the
condition

MBS+ Aa(+ 03+ ay)— A B3S — A (u+0,+a,) <0

is equivalent to

Ao+ 03+ ay)— A (u+ 02+ a) < (A5 — A1 B5)S] -

This leads to

g Ao(u+03+a))—A(u+06,+a,)
;>
A2/:}3 - A’lﬂZ
Then, it remains to determine the nature of the eigenvalues of the following reduced matrix

of the previous one

—A; —Ay —A
]l(El*): As Ag  —Ag
A An Ap

Therefore, the characteristic polynomial of this matrix is
P(A) = 2,3 + CLIAZ + C1'2),+ Cl,3'

where,
C1,1 :(AI_A6_A12))
Cip =AyAs—A1Ag+AyA g+ AgAy — A (A — Ag),
Ciz =(A;—Ag)(AgA1 + AgAy) — Ay (A1 Ay + Ay Ag) + Ay (A1 Ag — Ap As) + Ay (A As + AgAg).

Using Lienard-Chipart criteria, the system is locally asymptotically stable if the coefficients

Ci 1, C, 5 are positive and the Hurwitz determinant

Cii G
Cl,2

H1,2 =
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4. The local stability of the model

is positive.
To complete the demonstration, we must show that the previous conditions are satisfied. We

start by proving that the coefficients C,; ;, and C, ; are positive, we get

C1,1 = A _Ae — Ay,

(U+03+a,)—BsS; B1S; +6,1) . BS; +6,1)
(e (BB B (5o (5 (B
(u+03+a;)—PB3S;

2
1

= o (uBy+ 2 — s+ cn By + B 63— o).
1

(B + )= (u+65+ay))

Now, we show that C, 3 is positive. So, we have

Ca= ((u+ﬂl(m)+ﬂ(ﬁl 22))= (st (u+5 )M(—“”“))))
({255 ), ) )

(e (522225 ) i s 25320
By + 2 () - (.u+53+a1))((u (%)w(w))
(A8t = (e 80+ 4 (B522)) | = usi( () )+ (0 (225)
SISl (522 25225
= _A_I(U+51_/5151*)(.U+051+53_ﬁ351*)(11/51+ﬂ7h Hﬁ3+a1ﬁ1+ﬁ153 )

We evaluate the Hurwitz determinant, we find

H, = C.,C—Cias
= (%(uﬂl+u/11—u/53+a1/51+/3153—/5351))( [ — BiBA(SEY + BEBs(SEY —up2S:
+UPLSE— ) BSF — B263SH + P25\ SE+ Uy Ay + A By + A3+ 0y A8, + 416,85 — Ui A, S
A B3 S — By A SE— Py A B3 SE— Ay BsB1 SF + ﬂlklﬁ3(8{“)z])
—(—%1(,u+51—/5181*)(,u+a1+53—ﬂ38f)(u/51+,uA1—,u/53+a1/51+/3153—ﬂ3 ))
= (1B 1Ay —uPs+ By + BrBs— Bs5 (B — B2 + o BE + PEOs— I8, + P BES]
—B2BS;).
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4. The local stability of the model

Next, we demonstrate the local stability of E;. The Jacobian matrix at E is given by

0
B, By —-B, —B; 0
0

0 0 0 By 0
| 0 0 8 f —Bi |

with B; =(u+ 1,0+ B,C)), B, = 1S}, By = B,S;, By= 35S, Bs =5, 0;, Bs= 1S, —(a + A,Cy),
B; = 4,05, By = 1,05, By = B,C}, Byg = A,C, By = 3,55+ 4,05 — b, By, = 55, + 4,05 —c,
Bay=d, f=a,8=a.

ItisclearthatA,; = —d =—(u+64)and A, , = By, = #3S;+A, O —(u+63+a,) are eigenvalues
of the matrix J(E;), such that A, is a negative eigenvalue and from which A, is a negative

eigenvalue if
(U+05+a;—BsS;

A

/3352*+9\z( —(,u+53+a1)<0,

which is equivalent to
(A= 20+ 65+ 1) < (A — 21)Bs S}
This leads to
SZ* > m
Bs

Now, we need to study the local stability of matrix J,(E;) which is

—B, —B, —B;
Lh(E))=| B By —B
BQ BlO Bll

Therefore, the characteristic polynomial of the Jacobian matrix is given by
P(A) = AS + CZ'IAZ + C2’2A + C2Y3.

Where, Cz,l == Bl - Bﬁ - Bll’
C,» = B, Bs— B, Bs + B3 By + B; By — By (B, — Bg),
C,3=(By— Bs)(Bs By + B; Byy) — By (B, Bs + B, B;) + By (By Bs— B, Bs) + By (B3 Bs + Bs B;).
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4. The local stability of the model

Using Lienard-Chipart criteria, the system is locally asymptotically stable if the coefficients

C,,1, and G, 5 are positive and the Hurwitz determinant

C2,1 C2,3

H2,2 =
]. C2,2

is positive. Now, we check the positivity of the previously mentioned coefficients. We begin

by C,,, then

C2,1 = BI_BG_BII’
(U+ 0, +0ay)— PS5 BiS; +6,1) . BiS; +6,1)

(u+Bi (£ ;: 2)+ﬂ2(+))—(ﬂlsz—((u+61)+xz(+)))

((H+52+a2)_ﬂ282*
Ay

1
= (.uﬂl — P+ ur; +a, +/3152_/5251)--
2

_(/525;"‘/12 )—(M+52+az)),

We can write C, 3 as follows

Cos = ((.u"'ﬂl( H+52+a2 ﬁzS2)+ﬂ2(ﬁ182 (u+61) )) (/51 (“+5 )+A2(/5152—M+5)))))
<(Pes(p 5 ) e B p (i
(102222205 p 50 5y 1 252085

+(ﬁzs*+x2( ‘”52*“2 WP ) (ot 6y )| (4 B (T ) o P

(
(

B T e )
(255 ) s~ 004 2B 25 ),
= —(u+6,—BS;) (u+ar+8,— BoSi) (U — o+ Az + oy + Br16,— P26,
Next, H, , can be written
H,, = C,C,—Cy3
= (%Z(u/sl—uﬁzwazwzﬂl+ﬁ162—/5261))(—%2(u2a2—ﬁlﬁg(s;)2+ﬁfﬁ2(s* —upzSs;
FUBZSF = BESF—PE0,S 4 BI01S U Ay + A0 + U0, + A A0, + 220,60,
B RS — i8S~ QoS — PraBaSi —Bu2aBiS + RS )
_(_%2(H+51—ﬂlsf)(ﬂ+az+52_ﬁ252*)(.“ﬁ1—.Uﬁz"‘ﬂ/lz"‘azﬁl+ﬂ152—ﬁ251)),
= %Si(uﬂl—uﬂﬁulﬁazﬂl+/315z—ﬂz51)(uﬁ1 —upP; + i+ P62 — P50, +L1B5Ss

—/35/3252*))-
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4. The local stability of the model

To prove the local stability of E;, we evaluate Jacobian matrix at E7, that is

0

D, Dy —-D, —Dy 0

JE))=1 0 0 Dy O 0

0 0 0 D, 0

i 0 0 g f —DH_
with Dy = u+ 3,05, D, = 5,5}, Dy = 3,5}, Dy = 3555, Ds = 5,05, Ds = ,S; —a, D, = 4,05,

Dy =2,0;5, Dy = f3,5; +A,0; —b, Dyy=B55; + A, 0f —¢, Dy, =d, [ =a,, § = a,.

Noting that A3, = —d = —(u + 6,) and A3, = 5, S; — a are eigenvalues of the matrix J(EJ).
Knowing that A5, = —(u + 6,) is a negative eigenvalue. To check local stability of J(E;) the
eigenvalue A5, = 5, S; —a must be negative, i.e under the condition 5,S; < a. Now, we need

to verify that the matrix J,(E;) is locally stable, where

—-D, —D; —D,
hE)=|0 Dy 0
0 0 Dy

Noting that A3 3 =—D, =—(u+ ,0;)=— f j?l is a negative eigenvalue of the matrix J;(Ej).

This gives the matrix

by o
]2(E3): )

10
whichhas A3, = Dy = 5,5;+24,0;—b and A3 5 = Dy, = B35; + A, O; — ¢ eigenvalues, which must

be negative to achieve local stability of E; i.e when the following conditions are satisfied

Bolptd1) | AoA . Aouk
{ Llbt0) | Zod < 28 4 (145, + aty), (3.4.54)

Bsw+o1) | AA Al
S s <G tutos+ay).

After that, we prove the local stability of E;. The Jacobian matrix at E;' is given by

0
0O E 0 0 0
0

EE E 0 E 0
|0 0 g f -—Ey
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4. The local stability of the model

where E, = u+ 3D}, E, = 1S}, B3 = 3,5}, Es = B35S}, Es = p1S; —(a + A, Dy), Eg = 3,S; — b,
E;=psDy, Eg=2A\Dy, Ey=3S;—c, Eyg=d, f =a,, g=a,.

We notice that Ay ; =—d = —(u+04), Ayp = Es = 1S —(a+A,D)), Ay5=E; = 3,5, — b are
eigenvalues of the matrix J(E;), with A, is a negative eigenvalue. In addition, A,, will be a

negative eigenvalue if

u+os+a;

. )—((+ 8+ 4 (————£)) <0

,u+53+a1_E

Bi(
which gives
2
/31(,11 +05+ al) + A1.“(.‘“ +03+ al) <MABs+ /33(# + 51)(.“ +063+ al)»
and A, 3 which is a negative eigenvalue under the following condition
ﬂz(.u +03+ al) < /53(11 +6,+ 0!2)
Then, it remains to verify the local stability of the matrix J;(E;), where

—E, —E
nMEH=| ="

7 E9

Therefore, we have the trace and the determinant of the matrix J,(E;") are given by

tr(h(E)) = —E+E,
A 03 1

= —(H+ﬁ3(m—%))+(ﬁ3(—“+ ﬂ:a J=(n+ds+a))

_ Bs

B u+a,+6;
and
det(,(E}) = —E Ey+EE,

A 8s4+a, A
- _(M+ﬂ3(u+53+a1_%))(ﬂ3(u+/;:a )_(“+53+a1))+(ﬁ3(u+63+a1%
9]
(B (o)
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4. The local stability of the model

Next, we study the local stability of E. The Jacobian matrix at E} is

0
o E 0 0 0
0

0O 0 0 E 0
| 0 0 g f —H

with F =u+p,C, B =08}, =S, Fy= 38}, 5= 0,8 —(a+2A,C}), K=, C}, E=A,C,
Eg=0,8—b, =035 —c, Fo=d, f=a, g=a,.

Itreadily seen that A, ; = —d = —(u+6,), Ay, = =[S —(a+A,C)and A, 3 = K, = B35 —¢
are eigenvalues of the matrix J(EZ), where A, is a negative eigenvalue. We have A,, is a

negative eigenvalue if
B+ 6,5+ @) + A, A < (Bolh + 61) + Appt)(u + 65 + ).
And from which A, 5 is a negative eigenvalue under the condition
Bs(u+0,+ay) < Balu+0s+a;)

Then we study the local stability of the matrix J;(EZ), where

kKO

Now, we evaluate the determinant and the trace of the matrix J;(EZ) as follows

rr(L(E)) = _(M+ﬁ2(—u+5fz‘+a2 —%))+(ﬂ2(%)_(‘u+52+a2))’
_ B>
T Tu+a,+6,
det(h(E)) = _(“+ﬂ2(lﬁ+m_%))(ﬁz(—u+%z+ az)—(u+52+a2))+(/52(—u+£+a2
x(ﬂz(m»’

B>
= A, —p’ —pa, —pud,.
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4. The local stability of the model

Therefore, the system is locally asymptotically stable if 7 r(/;(EZ)) is negative and d e ¢(J;(E;))
is positive.

Finally, we investigate the local stability of E;. The Jacobian matrix at EJ is given by

0
G Gy —G, —Gg 0
JE)=|Gy Gy, G; 0 0
G, Gz 0 Gy 0
[0 0 g [ Gy
where G, = u+ B,0; + B.C; + B3D}, G, = B1SE, Gs = .S, Gy = B35}, G5 = 0}, Gg =
B1S; —(a+ A Df+2A,C;, G = 2A,0F, Gy =A,0f, Gy = B,CF, Gig=A,Cf, Gy = BS; +A,0*— b,
G =B3D§, Giz=AD§, Gy = B35+ MO —¢, Gis=d, f=a,, g=a.

Clearly, Ay, =—d =—(u + 6,) is an eigenvalue of the matrix J(E) which is negative. Then

we need to verify the local stability of the matrix J,(E}), where

G9 GIO Gll 0
| G12 G13 0 G14 ]

Therefore, the characteristic polynomial of the Jacobian matrix is given by
P(A) = A4 + C6‘1A3 + Cﬁlzlz + C&gA + C6,4'

where, Cs; = G; — Gg— Gy — Gyy,

Co2=Guu(Gs— G + G11)— G1Gs + G, G5 + G3Gy + G4 Gz + G7 Gy + GG — G11 (G — Ge),

Cs3 = (G1—Gs)(G3Go+G; G19)—G14( Gy Gs—G, G+ G3 Gy + G, G1g—G11(G1—Gg))—(G, G2+ Gg Gy3)(Ge—
G+ G11)—Go(G,G3+ G, G;)+ G111 (G, Gs— G, Gs)— Go( G, Gy + G, G+ G g (G G + Gy G )+ G13( G, Gs +
Gs Gs),

Co4 =(G4Gr2+ GgG13)(G2 G5 — Gy Gg + G3 Gy + G7.Grg— G11 (G — Gg)) — G14((GyL — G )(G3 Gy + G7 Gr)—
Go(G,G3+G,G)+G1(G,Gs—G, Gs)+ Gro(G3 G5+ G G7))—G12(Go (G, Gs+ G G, )— G, (G, G4+ G, Gg )+
G3(G, Gy + GgGyy)) — Gi3(G5(G, Gy + G, Gg) — G4(G4 G5 + GsGg) + G7(G, Gy + Gy Gy)) + (G12(G, G, +
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4. The local stability of the model

G, Gg)— G13(G4 G5 + G G))(Gs — Gy + G1y))-
Using Lienard-Chipart criteria, the system is locally asymptotically stable if the coefficients

Cs,1) Co3) Cs 4 are positive and the Hurwitz determinant

Gy Gss O
Hgz= I Gsp GCou
0 G Gos

is positive. Based on the above mentioned discussion we have the following result.

Theorem 3.4.1 The following assertions are valid.

1. Thedisease free equilibrium E, is locally asymptotically stable if the following conditions are

satisfied
ﬂlA < .u(lu’ + 51))
BrA<u(p+0,+as), (3.4.55)

BsA<p(p+03+ay).
2. The disease free equilibrium E, is locally asymptotically stable if

oo Joll+ 85+ a) = (u+8,+ @) (3.4.56)

! A2z =21 e

Moreover, the coefficients C, 1, C, 3 and the Hurwitz determinant H, , are positive.

3. Thedisease free equilibrium E, is locally asymptotically stable if

*>,u+63+a1

S; 3 (3.4.57)
Furthermore, the coefficients C,,, C, 3 and the Hurwitz determinant H, , are positive.
4. Ifthe following conditions are satisfied
BiS; < a
PED) 1 Ll < B4 (u+6,+ @), (3.4.58)
B L 8 < B4 (u+63+ay).

Then, the disease free equilibrium Ej is locally asymptotically stable.

91



5. Global stability

5. From which the disease free equilibrium E, is locally asymptotically stable, if

/51(.‘14’ 03+ 01)2 +11M(H +03 +a1) < MABs +/53(.U+ 51)(.“ +03+ 011),

/52(.“ +03 +a1) < /53(#"‘ 0,+ 052),

_ B3
u+a;+0o3

| Ay —p?—pa;—uds > 0.

(3.4.59)

< 0,

6. The disease-free equilibrium Ej; is locally asymptotically stable under the following condi-

tions
p
Bi(u+0,+a )" +A:8A < (Bou+67)+Au)(+ 65+ ay),
+0,+a,) < +05+ay),
{ Bs(u 2 ; 2) Bo(u 3 1) (3.4.60)
_Au+a22+52 < 0
| ABy—p?—pa,—ud, < 0.

7. Ifthe coefficients of Lienard-Chipart criteria Cg,, Cs3 and the Hurwitz determinant Hy 3 are

positive. Then the endemic equilibrium Eg is locally asymptotically stable.

5 Global stability

In this section, we study the global stability of the disease free equilibrium Ej.

Theorem 3.5.1 The disease-free equilibrium E, of model (3.1.1) is globally asymptotically sta-
ble.

Proof. A Lyapunov function for the DFE E, = (ﬁ, 0,0,0,0) is defined as

V(t)= Soh(%)+ O(t)+C(t)+D(t), forallz>0, (3.5.61)

where the function # is given by

X— X —1—1n(X).
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5. Global stability

We have V is a positive definite function, V € C', and V(E,) = 0. Now, we verify that if V'(¢) <

0, for all # > 0. Thus, differentiating (3.5.61) gives

, S\dS(t) d
Vi) = (1-2) 2224 Z (o) + Ct)+D(1),

(1 = (1-F)——+ - (0n+C)+D(1))
(1—%XA—MS—AOS—ﬁﬂB—ﬁﬂXﬂ+mSO—w+500—AJM}wMCO+mSC+MOC
—(u+0,+a,)C+c;B3SD +c,AOD —(u+065+a,)D,

S, S S,
= u&(u~§XL—§) @——Q(/xos P2CS—p;DS)+p,SO
—(u+6,)0—ADO—2,CO+B,SC+2A,0C —(u+ 65+ )C + BsSD + A, 0D —(u+ 55+ a,)D,
S, S
= u&@—gjﬁ——J+ﬁgx%+@c&+ﬁgx% BL,OS—B,CS—PsDS+B,SO—(u+5,)0—A,DO0
+B,SC+A,0C—(u+0,+a,)C+B3SD+A,0D —(u+065+a,)D,
S
= (1= 2) (1= )+ BiOS +BaCS + DSy~ -+ 5100~ -+ 5+ a)C—(u+ 8+ @)D,
0
S
= Hso(l__)(l_g) (/5180—(,11-1—51))0+(ﬁ280—(,u+52+a2))c+(/5380—(,u+53+a1))D.
Noting that
S, S
(l—g)(l—s—o)“”
due to

{ iftSy>S, theni>1andi<1

if Sy < S, then <1and >1.

Since E, is locally asymptotically stable if

Hence, V'(¢) <0 if

We have

BrA < plp+61),
BoA< i+ 6, + 1),
BsA<u(u+0o3+a)
K, = (ﬁ+5)<1
K, = (,ufg:l+a2) 1,
K= (ufgfwl) 1

V'(S,0,C,D)=0ifandonlyif 0=C=D=0,and S=§ =4
Therefore, V'(S, 0, C,D) =0 is equivalent to (S, 0, C,D)= (ﬁ,O, 0,0).
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6. Graphical representations

Applying the Lyapunov Theorem, we deduce that E, is globally asymptotically stable if K; < 1,
K,<l,and K3<1. m

6 Graphical representations

In this section, we perform a numerical simulation of the results obtained using Matlab.

-
o

— S

4000

O = N W M 00O N O O
T T

t—axis

Figure 29: The local asymptotic stability of E,.

Figure 29 shows that the disease free equilibrium E is locally asymptotically stable for the
parameters A=0.2, u=0.1, ¢, =0.3, ¢, =0.1, , =0.63, B, =0.7, B3 =0.05, 0, =0.2, 6, = 0.6,
05=0.50,=0.7, A, =0.34, A, = 0.08, with initial conditions §, = 10, O, =5, C, =4, D, =4,
T, =3.

The conditions of local stability of Ej is satisfied

Bi4=0,26<pu+6,=03,
Bra=0,8<u+5,+a,=1,
ﬂ3§:0)1<u+53+a1:09
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6. Graphical representations

0000

o 20 40 60 80 100

t—axis

Figure 30: The local asymptotic stability of E;.

Figure 30 illustrates that system (3.1.1) accepts the disease-free equilibrium E; which is
locally asymptotically stable for the parameters A= 0.5, u =0.08, a; =0.2, @, =0.09, 8, =1,
B, =0.7, B3 =0.09, 0, = 0.003, 6, = 0.9, 05 = 0.01, 0, = 0.2, A; = 0.1, A, = 0.03 with initial
conditions S, =4, 0,=2, C,=1, D,=1.5, 1, =3.

The conditions of existence of E, are satisfied

Br=1>p5=0.09, 6&,=0.01>5,=0.003,
BsA

(u+o3+ay) _ 3 _
A =2,9> Apt+Pr(utos+ay)—Pa(u+o6,) — 0.155,
BiA _1. (ut+6,) _
TIPS Parey) — b (2> 7 =0.83.

The conditions of local stability of E, are verified

* Ao(u403+0a)—A(u+6+ay) _
Sr=0,172099 > UG 0etes) — 00673,

C.1=2.9053>0, C,3=0.0710>0, H;,=1.3761>0.
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6. Graphical representations

&)}
T
0000

o 20 40 60 80 100

t—axis

Figure 31: The local asymptotic stability of E,.

The parameters in Figure 31 indicates that the disease free equilibrium E, islocally asymp-
totically stable when A = 0.5, u = 0.08, a;, = 0.2, a, = 0.09, 3, = 1.6, B, = 0.9, 5 = 0.07,
0,=0.00003, 0,=0.05,03=0.1,6,=0.2, A, =0.08, A, =0.06

-
o

O = N W » OO N 0 ©

t—axis

Figure 32: The local asymptotic stability of E;.

Through figure 32, we can see that the disease free equilibrium E; of system (3.1.1) is lo-
cally asymptotically stable for the parameters A = 0.4, u = 0.1, @; = 0.3, a, = 0.1, §;, = 0.2,
ﬁz == 0.3, ﬂg = 0.01, 51 - 0.00]., 52 - 0.6, 63 - 0.5, 54 - 0.7, ),1 - O.]., Az - 0.08, at initial COIldi-
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6. Graphical representations

tiOIlS S(): 10, 00:4, C0:5, D0:3, ]-6:2
The condition of existence of Ej is satisfied

BiA

——=7.9207>1
u(u+6,)

The conditions of local stability of E; are verified

B1S;=0.00505 < 0.101
But0)) | ZoA _ ) 4683 < ’1;—1"+(u+52+a2):0.84.

B .U+51:
(u+61) , MA A
Bl ¢ 2 =0,4010 < 2+ (u+6;+a,)=0.95.

(o] 5 10 15 20

t—axis

Figure 33: The local asymptotic stability of E,.

When A=0.5, u=0.08, ¢, =0.3, 2, =0.1, B, =1, 5, =0.7, 3=0.09, 0, =0.0007, 0, =0.9,
05 =0.01, 60, =0.2, A, =0.34, A, = 0.08, and for the initial conditions S, =6, O, =1, C, = 2,
D, =5, Ty = 0,3, the disease-free equilibrium E, of system (3.1.1) is locally asymptotically
stable as shown in figure 33.
The conditions of existence of E, is satisfied

BsA

———=15.0862 > 1.
plu+os+a)
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6. Graphical representations

The conditions of local stability of E, are verified

r 1) ay
B2 )~ ((u+ 80+ M — 4 ) = —1.0130<0,
J Po(p+6:+a,)=0203 < Bo(u+5,+a,)=0966,
o ,U+£13+53 <0
ABs—u?—pua, —ud;=0.3268 > 0.

t—axis

Figure 34: The local asymptotic stability of E;.

Figure 34 demonstrates that the disease free equilibrium Ej; exhibits local asymptotic sta-
bility for the parameters A = 0.5, u = 0.08, a;, = 0.3, a, = 0.1, 5, = 0.6, B, = 0.6, B; = 0.001,
0,=0.76,=03,0;=05,06,=0.1, A, = 0.1, A, = 0.2, with the initial conditions S, = 10,
0,=5, Co=4,Dy=4, T, =3.

The conditions of existence of E; is satisfied

B.A
u(u+6,+a,)

The conditions of local stability of E; are verified

=7.8125> 1.

f Biu+06,+ay)+2A,,A=0,19824

< (Bolu+61)+Au)(u+6,+a,)=0.23132,
~Amts <0,
ABy,—u?—ua,—ud,=0.2616 > 0.
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6. Graphical representations

0000

o 20 40 60 80 100

t—axis

Figure 35: The local asymptotic stability of E;.

For the parameters A=1, u =0.1, ; =0.01, @, = 0.1, §, =0.7, B, =04, 3 =0.1, 0, =
0.00002, 0, = 0.01, 65 = 0.0001, 6, = 0.001, A, = 0.05, A, = 0.01, and with S, = 10, O, = 5,
Cy, =4, Dy =4, Ty = 3, the endemic equilibrium Ej of system (3.1.1) is locally asymptotically

stable, as in figure 35.

T
—— 3-0.12
—— 3=0.09
mmm—— 3=0.035
mm— 3=0.0001

(o] 5 10 15 20

t—axis

Figure 36: The effect of 3, on obesity population.

Figure 36 illustrates how decreasing peer pressure f3; in a population of obese patients

leads to areduction in obesity population. Ultimately eliminating it altogether. This suggests
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6. Graphical representations

that manipulating 3, could be a way to manage and monitor the disease, potentially, leading

to its minimization.

Figure 37: The effect of ; on diabetes population.

As shown in figure 37, a decrease in peer pressure among diabetes patients f3; is associated
with a corresponding decrease in diabetes population, eventually resulting in its complete
absence. This finding implies that by influencing 35, we might be able to control and monitor

the development of diabetes, potentially minimizing its prevalence.

o 5 10 15 20

t—axis

Figure 38: The effect of 8, on cardiovascular population.
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6. Graphical representations

Figure 38 presents that as peer pressure within a population of cardiovascular 3, dimin-
ishes, their cardiovascular obesity also decreases, ultimately disappearing entirely. This strongly
suggests that 3, could be a powerful tool for managing and monitoring obesity, potentially

leading to significant reductions in its impact.
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Final remarks

Conclusion

In this thesis, we presented a mathematical model describing obesity and its complications
in order to reduce the obesity population and to decrease the prevalence of type 2 diabetes,
cardiovascular disease, and high blood pressure. We identified social connections as a signif-
icant factor contributing to the prevalence and severity of obesity with its complications in
the population. These diseases are transmitted indirectly in the population as a result of the
acquisition of unhealthy lungial habits. We showed this by studying the effect of these fac-
tors on the evolution of the number of people in the obesity population, diabetes population,
and cardiovascular population. This is confirmed by the numerical simulation of theoretical
results. We conclude that the prevalence of obesity and its complications can be controlled

and minimized by reducing the impact of social factors.
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6. Graphical representations

Prespectives

In the future work, we will investigate the spatial effect on the obisity outbrerack, which is
more challenging and more relevant that the temporal analysis.

The study of this model allows us to better understand the mechanisms of the spread of obe-
sity and to evaluate the impact of different interventions. We can develop new mathematical
models to analyze obesity taking into account other parameters such as body mass index

(BMI), genetic factors of obesity and gender of individuals... .
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