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General introduction

Bifurcation theory is a powerful mathematical tool used to study the qualitative changes
in the dynamics of a system as a parameter is varied. In the context of biomathematics,
bifurcation analysis provides critical insights into the behavior of biological and ecological
models, such as predator-prey interactions, epidemiological spread, and pattern formation
in biological tissues. The techniques of bifurcation theory allow us to understand how
small changes in parameters can lead to significant changes in the system’s dynamics—such
as the transition from steady states to oscillatory behavior (Hopf bifurcation), the sudden
appearance or disappearance of equilibria (saddle-node bifurcation), or the onset of spatial
patterns (Turing instability).

This course is designed for first-year Master’s students in Biomathematics and is
structured to cover a broad spectrum of topics in bifurcation theory applied to systems
of ordinary and partial differential equations, as well as delay differential equations. The
applications include ecological and epidemiological models, where spatial diffusion and
time delays are critical in reproducing realistic dynamics observed in nature.

The course is organized as follows:

– 1. Applications of Bifurcation Theory on Systems of Equations: This
section introduces the fundamental notions of bifurcation theory, starting with one-
dimensional ordinary differential equations. We study classic bifurcations such as
saddle-node, pitchfork, and transcritical bifurcations, and extend these concepts
to two-dimensional systems. Later, we discuss bifurcations in delay differential
equations.

– 2. Bifurcation Analysis for Ecological Models: In this section, the focus
shifts to ecological models such as predator-prey systems. We examine both delay
differential equations (DDEs) and ordinary differential equations (ODEs) in the
context of population dynamics. Detailed analysis of the delayed Volterra predator-
prey model is presented, including exercises to reinforce the concepts.

– 3. Bifurcation Analysis for Epidemiological Models: Here, we apply bifurcation
theory to models arising in epidemiology. The course covers topics such as Hopf
bifurcation in delayed epidemiological SIS models, and includes several exercises to
enhance understanding.

– 4. Bifurcation Theory for Partial Differential Equations (PDEs): This
section extends the bifurcation analysis to spatially extended systems governed by
partial differential equations. We cover the existence and uniqueness of solutions for
parabolic problems, the spectral analysis of the Laplacian operator, and methods of
separation of variables. Finally, the course discusses Hopf and Turing bifurcations
in spatial models.
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– Exercises: Each section is supplemented with exercises that challenge the students
to apply the theory to various models, thereby deepening their understanding of
both the mathematical techniques and their biological applications.

Throughout the course, our aim is to not only present the theoretical framework
but also to provide practical examples and computational techniques that reveal how
bifurcation theory can be used to predict and analyze complex spatiotemporal dynamics
in biological systems. The interplay between delay, diffusion, and nonlinear interactions
is central to these analyses, and this course equips students with the necessary tools to
explore these phenomena in depth.
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Chapter 1

Applications of Bifurcation theory
on systems of equations

Bifurcation theory plays a central role in the qualitative study of nonlinear dynamical
systems. It provides a framework to analyze how the qualitative behavior of solutions
changes as system parameters vary. This is particularly relevant in biological, ecological,
and epidemiological models, where slight changes in parameters can lead to significant
transitions in the system’s dynamics — such as the emergence of new equilibria, oscillatory
behavior, or instability.

In this chapter, we introduce the fundamental concepts of bifurcation and explore
several types of bifurcations that can occur in differential equations, both ordinary
and with delays. Section 1.1 sets the foundation by discussing the general notion of
bifurcation, starting with classical bifurcations in one-dimensional ordinary differential
equations (ODEs), including saddle-node, pitchfork, and transcritical bifurcations. We
then extend the discussion to two-dimensional systems, where more complex behaviors
and bifurcation phenomena can arise, such as the Poincaré-Andronov-Hopf bifurcation.

Section 1.1.3 is dedicated to bifurcations in delay differential equations (DDEs), which
are particularly important in modeling biological systems where time delays are inherent
— for example, in maturation periods or incubation delays. We examine the conditions
for existence and uniqueness of solutions, and analyze the possibility of Hopf bifurcations
in these systems.

In Section 1.2, we apply bifurcation theory to ecological models. The focus is placed on
predator-prey interactions, with specific attention to delayed Volterra-type systems. We
study how delays influence the system’s stability and contribute to the onset of oscillations
or complex dynamics.

Section 1.3 shifts the focus to epidemiological models, particularly delayed SIS models,
which capture the time lag between infection and recovery. Through the lens of bifurcation
analysis, we explore how changes in transmission or recovery rates can destabilize disease-
free states and lead to persistent oscillations or endemic behavior.

Throughout the chapter, illustrative examples and exercises are provided to deepen
understanding and promote practical application of the theoretical results. By the
end of this chapter, students will be equipped with the tools to identify, classify, and
analyze bifurcations in various dynamical systems — a foundational skill for modeling
and interpreting complex phenomena in biomathematics.
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2 CHAPTER 1. BIFURCATION THEORY ON SYSTEMS OF EQUATIONS

1.1 Notion of bifurcation

1.1.1 Some Bifurcations in One Dimension of ordinary differential
equation

Consider a first-order autonomous differential equation that depends on a real parameter
g:

ẋ = f(x, g). (1.1)
where f is a differentiable function with a continuously differentiable derivative. The
equilibrium points of this equation are solutions of the equation:

f(x, g) = 0. (1.2)

Consequently, if solutions exist, they generally depend on the value of the parameter
g, and we denote them by x∗(g). This follows from the implicit function theorem. For
certain values of the parameter g, there may be no equilibria, a single equilibrium, or
multiple equilibria. Moreover, the stability of these equilibria can also depend on the
value of the parameter g. In general, the phase portrait and the qualitative nature of the
solutions of the equation depend on the values that the parameter g can take.

For particular values of the parameter, called critical values gc, a qualitative change
in the phase portrait may occur. For example, the number of equilibrium points can
suddenly change when g crosses a critical value gc. When a qualitative change in the
nature of the solutions occurs, it is called a bifurcation. A bifurcation analysis consists of
varying one (or more) parameter(s) within a certain domain and examining how the phase
portrait transforms. The values at which a qualitative change in dynamics is observed
correspond to bifurcations that occur at critical values of the parameter.

There are two types of bifurcations: local bifurcations and global bifurcations. Local
bifurcations occur when the Jacobian matrix has an eigenvalue whose real part vanishes
for a critical value of g. In contrast, if at a critical value of g, a heteroclinic orbit,
for instance, disappears as g changes, it is called a global bifurcation. The study of
bifurcations in a dynamical system relies on what is known as bifurcation theory, which
allows their classification and understanding of how they organize. However, this theory
is beyond the scope of this course, and we will focus on a few examples of bifurcations
that frequently arise in models from biology, physics, or ecology.

We now present some elementary local bifurcations in one dimension.

Saddle-Node Bifurcation

Consider the following differential equation, a special case of equation (1.1):

ẋ = g − x2 = f(x, g), (1.3)

where g is a real parameter. Three cases can be distinguished based on the values of the
parameter g:

1. For g < 0, there is no equilibrium, and the velocity is always negative (ẋ < 0) for
all x.

2. For g = 0, the origin is the unique equilibrium and is a negative shunt, ẋ = −x2 < 0,
∀x.
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3. For g > 0, there exist two equilibria x∗
1 =

√
g and x∗

2 = −
√

g, where the first is
stable and the second is unstable.

Figure 1.1 illustrates the possible phase portraits depending on the values of the
parameter g. One can observe that when the parameter g crosses the value 0, the number
of equilibrium points changes from 0 to 2. It is common to represent the results using
a bifurcation diagram, where the bifurcation parameter is on the horizontal axis, and
the equilibrium points’ coordinates are on the vertical axis. To differentiate stable and
unstable points, a solid line (stable branch) is used for the former and a dashed line
(unstable branch) for the latter. In this case, the bifurcation diagram is shown in Figure
1.2.

Figure 1.1: The three possible phase portraits for the saddle-node bifurcation.
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Figure 1.2: Bifurcation diagram for the saddle-node bifurcation.
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Pitchfork Bifurcation

Consider the following differential equation:

ẋ = gx − x3 = x (g − x2) = f(x, g), (1.4)

where g is a real parameter. Three cases can be distinguished depending on the values
of the parameter g:

1. If g > 0, the origin is an unstable equilibrium, and there exist two other stable
equilibria at ±√

g.

2. If g = 0, the origin is the unique equilibrium and is stable. The equation simplifies
to ẋ = −x3.

3. If g < 0, the origin is the unique equilibrium and remains stable.

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−1.5

−1

−0.5

0

0.5

1

1.5

g

x

Bifurcation Diagram for the Pitchfork Bifurcation

Figure 1.3: Supercritical fork bifurcation diagram.
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Bifurcation Diagram for the Equation \dot{x} = g x + x^3

Figure 1.4: subcritical fork bifurcation diagram.

Figure 1.3 presents the corresponding bifurcation diagram. When the parameter g crosses
the value 0, the number of equilibrium points changes from one to three. Furthermore,
the origin, which is stable for negative values of the parameter, becomes unstable for
positive values. This bifurcation is called a supercritical pitchfork bifurcation.

We leave it to the reader to analyze the following equation:

ẋ = gx + x3, (1.5)

and then to plot the bifurcation diagram and verify that it corresponds to Figure 1.4.
Contrary to the previous case, this bifurcation is called a subcritical pitchfork bifurcation.

Transcritical Bifurcation

Consider the following differential equation:

ẋ = gx + x2, (1.6)

where g is a real parameter.
This equation admits two equilibria: 0 and x∗ = −g. Three cases can be distinguished

depending on the values of the parameter g:

1. If g < 0, then 0 is stable and x∗ is unstable.

2. If g = 0, the two equilibria merge at the origin, which acts as a non-hyperbolic
equilibrium.

3. If g > 0, then 0 is unstable and x∗ is stable.

The bifurcation occurs when g = 0, and at this value, the two equilibria that merge
exchange their stability properties, as shown in the bifurcation diagram in Figure 1.5.



6 CHAPTER 1. BIFURCATION THEORY ON SYSTEMS OF EQUATIONS

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

g

x

Bifurcation Diagram for the Transcritical Bifurcation

 

 

x = 0 (unstablex<0/stable x>0)

x = −g (stable x<0/unstable x>0)

Figure 1.5: Transcritical bifurcation diagram.

1.1.2 Some Bifurcations in Dimension 2
Consider a system of two coupled first-order autonomous differential equations, depending
on a real parameter g:

ẋ = f(x, y, g), (1.30)

ẏ = g(x, y, g). (1.7)

The equilibrium points are solutions to the system of the following two equations:

f(x, y, g) = 0,

g(x, y, g) = 0.

Thus, if equilibrium points exist, they generally depend on the value of the parameter
g, and we denote them by (x∗(g), y∗(g)). The number of equilibrium points can change
abruptly when g crosses certain critical values gc. Periodic solutions of the type of stable
or unstable limit cycles may exist for certain values of g. A bifurcation study thus consists
of investigating how the phase portrait of this system changes as the parameter g varies.

We will now present some elementary bifurcations in dimension 2.

Saddle-Node Bifurcation

Consider the following system of differential equations, a special case of equation (1.30):

ẋ = g + x2 = f(x, y, g),

ẏ = −y = g(x, y, g).

Three cases must be distinguished:
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1. If g < 0:
Figure 1.6: shows the phase portrait for g = −0.1. There are two equilibria: one
stable node and one saddle point. In this case, the system has two equilibria at
(−

√
−g, 0) and (

√
−g, 0). To determine their stability, we calculate the Jacobian

matrix:
A =

(
2x 0
0 −1

)
.

For the first equilibrium point, we have:

A(−
√
−g, 0) =

(
−2

√
−g 0

0 −1

)
,

and we can conclude that it is a stable node since both eigenvalues are real and
negative. For the second equilibrium:

A(
√
−g, 0) =

(
2
√
−g 0
0 −1

)
,

which is a saddle point because the matrix has two real eigenvalues of opposite
signs.

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
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1.5
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Phase Portrait for the System with Equilibrium Points

 

 

Vector Field

Trajectories

Stable Node (x
1
)

Saddle Point (x
2
)

Figure 1.6: Saddle-node bifurcation, g = −0.1. There are two equilibria, a stable node
and a saddle point.

2. If g = 0:
Figure 1.7: shows the phase portrait for g = 0. At the bifurcation, the point is
non-hyperbolic (i.e., det A = 0). The only equilibrium is at the origin (0, 0). In this
case, the linearization leads to the following matrix:

A(0, 0) =

(
0 0
0 −1

)
,
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which has a zero eigenvalue. To determine the dynamics, we return to the system
of equations, which when g = 0 becomes:

ẋ = x2, ẏ = −y.

The two equations decouple. The first equation admits x∗ = 0 as an equilibrium,
which is a positive singularity. The second equation admits y∗ = 0 as an equilibrium,
which is stable. The origin is a non-hyperbolic equilibrium, meaning that det A =
0. Thus, the phase portrait is obtained by combining these two dynamics and is
represented in Figure 1.7.
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Phase Portrait for the System at g = 0 (Saddle−Node Bifurcation)

 

 

Vector Field

Trajectories

Equilibrium (0,0)

Figure 1.7: Saddle-node bifurcation, g = 0. At the bifurcation, the point is not hyperbolic
(detA = 0).

3. If g > 0:
The horizontal speed is always strictly positive, i.e., ẋ = g + x2 > 0 for all x. The
system has no equilibrium points. The phase portrait is shown in Figure 1.8.
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Phase Portrait for the System at g = 0.1 (No Equilibrium)

 

 

Vector Field

Trajectories

Figure 1.8: Saddle-node bifurcation, g = 0.1. There is no equilibrium.

In summary, when the parameter crosses the critical value 0, the number of equilibrium
points changes from 2 (one saddle point and one stable node) to 0. This justifies the term
"saddle-node bifurcation." The previous example illustrates the generic case. However, in
general, a saddle-node bifurcation occurs when two zero isoclines, one vertical (ẋ = 0)
and one horizontal (ẏ = 0), do not intersect for certain values of the parameter. They
become tangent at a particular value of the parameter. As the parameter continues to
vary, they generally intersect at two new equilibrium points, one stable and the other
unstable.

More generally, for a dynamical system:

ẋ = f(x, y),

ẏ = g(x, y),

the zero isoclines are defined by the following relations:

ẋ = 0 ⇒ f(x, y) = 0,

ẏ = 0 ⇒ g(x, y) = 0.

A vector orthogonal to the first isocline is proportional to the vector with components(
∂f
∂x

, ∂f
∂y

)
. Similarly, a vector tangent to the second isocline is proportional to the vector

with components
(
−∂g

∂y
, ∂g

∂x

)
.

The mathematical condition for tangency of the two isoclines is that the dot product
of these two vectors must be zero, or equivalently, that the determinant formed by the
two vectors orthogonal to the two zero isoclines must be zero:∣∣∣∣∣

∂f
∂x

∂g
∂x

∂f
∂y

∂g
∂y

∣∣∣∣∣ = 0,

which means that the two vectors are parallel. This condition must be verified at the
equilibrium point (x∗, y∗), which can also be written as:
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(
∂f

∂x

∂g

∂y
−

∂f

∂y

∂g

∂x

)
(x∗, y∗) = 0.

When this condition is met, the two isoclines are tangent. Their intersection defines
a unique equilibrium. A saddle-node bifurcation is characterized by the determinant of
the Jacobian matrix being zero at the bifurcation.

Fork Bifurcation

Consider the following system of differential equations:

ẋ = −gx − x3 = f(x, y, g),

ẏ = −y = g(x, y, g).
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Phase Portrait for the System at g = −1 (Fork Bifurcation)

 

 

Vector Field

Trajectories

Saddle Point (0,0)

Stable Node (1,0)

Stable Node (−1,0)

Figure 1.9: Fork bifurcation, g = -1. There are three equilibria, a saddle point surrounded
by two stable nodes.

We leave it to the reader to verify that there are still three possible cases depending
on the sign of the parameter g. The first case corresponds to a value of g < 0, as shown
in figure 1.9. In this case, there are three equilibria: the origin, which is a saddle point,
surrounded by two stable nodes. When g = 0 or g > 0, there is only one equilibrium,
the origin, which is stable. Figure 1.10 presents the phase portrait for g = 1. Figure 1.11
shows the bifurcation diagram. When the parameter g changes sign, the system goes
from three equilibria (one saddle point surrounded by two stable nodes) to a single stable
equilibrium.
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Phase Portrait for the System at g = 1 (Stable Origin)
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Figure 1.10: Fork bifurcation, g = 1. The origin is stable.
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Bifurcation Diagram for the Equation \dot{x} = g x + x^3

Figure 1.11: Fork bifurcation diagram.

Vertical Bifurcation

Consider the following system of differential equations:

ẋ = gx + y = f(x, y, g),

ẏ = −x + gy = g(x, y, g).

This system has a unique equilibrium point at the origin (0, 0) for all values of g. It is
very useful to rewrite this system in polar coordinates. We get:

ṙ = gr,
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u̇ = −1.

There are always three possible cases depending on the sign of the parameter g.
1.1.2.0.1 g < 0

The derivative of the radius vector is strictly negative except at the origin. Therefore,
the trajectories spiral towards the origin, which is a stable focus (Figure 1.12).
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Phase Portrait for the System at g = −0.1 (Stable Focus)
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Figure 1.12: Vertical bifurcation, g = −0.1. The origin is a stable focus.

1.1.2.0.2 g = 0
The solution is r(t) = r(0). The trajectories are circles centered at the origin, which

are centers (figure 1.48).
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Phase Portrait for the System at g = 0 (Center)
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Figure 1.13: Vertical bifurcation, g = 0. The trajectories are centers.

1.1.2.0.3 g > 0
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The derivative of the radius vector is positive. The trajectories spiral away from the
origin, which is unstable (figure 1.49).
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Phase Portrait for the System at g = 0.1 (Unstable Focus)
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Figure 1.14: Vertical bifurcation, g = 0.1. The origin is an unstable focus.

When the parameter g changes sign, the number of equilibria remains unchanged, but
the nature of the equilibrium changes.

Generic Poincaré-Andronov-Hopf Bifurcation

Consider the following system of differential equations:

ẋ = y + x (g − x2 − y2) , ẏ = −x + y (g − x2 − y2) .

This system has a unique equilibrium point, the origin (0, 0), for any value of g. It is
very useful to rewrite this system in polar coordinates. We obtain:

ṙ = r (g − r2) , u̇ = −1.

There are always three possible cases depending on the sign of the parameter g:

1. g < 0 The derivative of the radius vector is strictly negative except at the origin.
Therefore, the trajectories spiral towards the origin, which is stable.

2. g = 0 The first equation becomes ṙ = −r3 < 0. The trajectories spiral towards the
origin, which is globally asymptotically stable.

3. g > 0 The first equation has two positive equilibria, 0 and √
g. The first is unstable

and the second is stable. This corresponds to a closed trajectory, which is a stable
limit cycle.

When the parameter g changes sign, a stable limit cycle appears, which is a circle centered
at the origin, and its amplitude increases as √

g.
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1.1.2.0.4 Hopf Bifurcation Theorem As previously discussed, to investigate the
existence of a limit cycle, one can use the Poincaré-Bendixson theorem. The Poincaré-
Bendixson theorem states that any bounded trajectory whose ω-limit set does not contain
an equilibrium point will tend to a periodic orbit. However, this theorem is only valid
in two dimensions. Additionally, the Poincaré-Bendixson theorem does not provide
information on the nature of the limit cycle (stable or unstable) nor the number of cycles
that can be contained in a Poincaré-Bendixson "box".

Now, we will present a bifurcation theorem valid in dimension n ≥ 2 that allows us
to prove the existence of a limit cycle. We will also propose an index whose sign informs
about the stability of the cycle. Let us begin by presenting the version of the theorem
valid in two dimensions.

Supercritical Hopf Bifurcation
Consider the following system of differential equations:

ẋ = f(x, y, g), ẏ = g(x, y, g),

where g is a real parameter. Suppose the origin is an equilibrium point of the system for
any value of the parameter g. Let the linear part of the system be represented by the
Jacobian matrix A(0, 0) evaluated at the origin:

A(0, 0) =

(∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

) ∣∣∣∣
(0,0)

.

In general, a Hopf bifurcation occurs when the determinant of the linear part is positive
and the trace can change sign as the parameter g varies. Let l1(g) and l2(g) be the two
eigenvalues of this Jacobian:

l1,2(g) = a(g) ± ib(g).

The Hopf theorem is stated as follows:

Theorem 1 (Hopf Bifurcation). Using the previous notations, suppose that the following
three hypotheses are verified:

1. The real part of the eigenvalues vanishes for a value gc of the parameter, i.e., a(gc) =
0.

2. For g = gc, the imaginary part of the eigenvalues is non-zero, i.e., b(gc) ̸= 0. This
means that the eigenvalues are purely imaginary.

3. Moreover, assume that da
dg
(gc) > 0.

Then, we can conclude:

• g = gc is a bifurcation value of the system.

• There exists g1 < gc such that for all g ∈ [g1, gc[, the origin is a stable focus.

• For any neighborhood U of the origin, there exists g2 > gc such that for all g ∈
[gc, g2[, the origin is an unstable focus surrounded by a stable limit cycle contained
within U , whose amplitude increases and is of the order of

√
g − gc.
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The theorem informs about the existence of a stable limit cycle in a certain neighborhood
g > gc, up to some value g2, which is unknown. The cycle may exist for all g > gc, or it
may disappear beyond some value g2.

In the case of the previous theorem, we say there is a supercritical Hopf bifurcation
with the appearance of a stable limit cycle. In this case, the limit cycle appears for
values of g > gc. This is not always the case, and the following theorem complements the
previous one when the derivative of the real part is negative.

Theorem 2. If we replace the third hypothesis in the Hopf bifurcation theorem with the
condition:

3-bis) Suppose that da

dg
(gc) < 0,

then the conclusions become:

• g = gc is a bifurcation value of the system.

• There exists g2 > gc such that for all g ∈ [gc, g2[, the origin is a stable focus.

• For any neighborhood U of the origin, there exists g1 < gc such that for all g ∈
[g1, gc[, the origin is an unstable focus surrounded by a stable limit cycle contained
in U , whose amplitude increases and is of the order of

√
gc − g.

In this case, the limit cycle is stable, meaning that for g = gc, the origin is asymptotically
stable. A first way to demonstrate that the cycle is stable is to find a Lyapunov function
that shows the asymptotic stability of the origin (the equilibrium point) for g = gc. This
is not always the case, as the limit cycle may appear to be unstable, in which case the
bifurcation is said to be subcritical.

Subcritical Hopf Bifurcation
When the limit cycle is unstable, the origin is unstable for g = gc. A Lyapunov function
can still be used to show the instability of the equilibrium point at the bifurcation.
However, there is a method to determine the nature of the cycle, whether stable or
unstable, by calculating an index known as the Marsden and MacCracken index. For
this, one must proceed through successive steps starting from the dynamical system at
the bifurcation:

ẋ = f(x, y, gc), ẏ = g(x, y, gc).

We search for the linear part of the system corresponding to the Jacobian matrix A(0, 0)
calculated at the origin for the parameter value g = gc:

A(0, 0) =

(∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

)
(0,0)

.

Next, we need to find a change of basis matrix P that puts the linear part in Jordan form
when g = gc, i.e., in the following form:

P−1A(0, 0)P =

(
µ 0
0 −µ

)
,

where this form corresponds to centers (trace zero and positive determinant) with complex
conjugate eigenvalues λ1, λ2 = ±iµ. It is necessary to perform the change of basis before
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proceeding to calculate the index. The dynamical system is then written in the new
coordinate system (u, v) as follows:

u̇ = h(u, v), v̇ = k(u, v),

where h and k are functions of the new variables u and v. The relations between the old
and new variables are: (

u
v

)
= P−1

(
x
y

)
,

and for the inverse transformation: (
x
y

)
= P

(
u
v

)
.

The Marsden and MacCracken index is then calculated as follows.

Definition 3 (Marsden and MacCracken Index). The Marsden and MacCracken index
is defined by the following expression:

I = µ (huuu + huvv + kuuv + kvvv) + (huukuu − hhuhuv + kukuv + kvvkuv − hvvhuv − hvvkvv) ,

where the terms represent the partial derivatives of the functions h and k with respect to
the variables u and v, as follows:

huuv =
∂3h

∂2u∂v
(0, 0), kuv =

∂2k

∂u∂v
(0, 0),

and so on. If the index is negative (I < 0), the cycle is stable and the bifurcation is
supercritical (as in the previous section). If the index is positive (I > 0), the cycle is
unstable and the bifurcation is subcritical (as in this section). If the index is zero, it
is impossible to conclude and other methods must be used. Specifically, if I = 0, the
bifurcation may be degenerate, meaning no limit cycle exists, and there could be centers
at the bifurcation. In this case, one must search for a Lyapunov function to prove the
existence of these centers.

In the case of a subcritical bifurcation, where I > 0, the conclusions of the theorem are
modified and two cases may arise:

• First case: Suppose da
dg
(gc) > 0, then we can conclude:

– g = gc is a bifurcation value for the system.

– There exists g1 < gc such that in the domain [g1, gc], the origin is a stable focus
surrounded by an unstable limit cycle whose amplitude increases with

√
gc − g.

– There exists g2 > gc such that in the domain [gc, g2], the origin is an unstable
focus.

• Second case: Suppose da
dg
(gc) < 0, then we can conclude:

– g = gc is a bifurcation value for the system.

– There exists g1 < gc such that in the domain [g1, gc], the origin is an unstable
focus.

– There exists g2 > gc such that in the domain [gc, g2], the origin is a stable focus
surrounded by an unstable limit cycle whose amplitude increases with

√
g − gc.
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1.1.3 Bifurcation for Delay Differential equations
Existence and Uniqueness

A delay differential equation is a relation of the form:

F (x ′(t), xt) = 0, (1.8)

where the derivative x ′(t) at time t depends on the past values of the function x. Unlike
ordinary differential equations (ODEs), the initial data for delay equations must be
functions defined over an interval.

A general class of delay equations was introduced by J.K. Hale (1974). Consider the
autonomous delay differential equation:

x ′(t) = f(xt), t ≥ 0, (1.9)

where f : C → RN , with C = C([−r, 0],RN) being the Banach space of continuous
functions equipped with the supremum norm:

∥ϕ∥ = sup
−r≤θ≤0

∥ϕ(θ)∥RN . (1.10)

The function xt : [−r, 0] → RN , defined for t ≥ 0, is given by:

xt(θ) = x(t + θ), θ ∈ [−r, 0]. (1.11)

Examples

Example 4. Consider the delay differential equation:

x ′(t) = −ax(t) − bx(t − r), t ≥ 0. (1.12)

It can be rewritten in the form x ′(t) = f(xt) with:

f(ϕ) = −aϕ(0) − bϕ(−r), ∀ϕ ∈ C. (1.13)

Example 5. Consider the integral delay equation:

x ′(t) =

∫ 0

−r

k(s)x(t + s)ds, t ≥ 0. (1.14)

It can also be written in the form x ′(t) = f(xt) with:

f(ϕ) =

∫ 0

−r

k(s)ϕ(s)ds, ∀ϕ ∈ C. (1.15)

Cauchy Problem We now consider the Cauchy problem:{
x ′(t) = f(xt), t ≥ 0,

x(t) = ϕ(t), t ∈ [−r, 0],
(1.16)

where the initial function ϕ ∈ C is given.
Definition 6. A function x : [−r, a) → RN , with 0 < a ≤ ∞, is called a solution of (17)
with initial condition ϕ ∈ C if:

1. x is continuous on [−r, a),

2. x(t) = ϕ(t) for t ∈ [−r, 0],

3. x is differentiable on [0, a) and satisfies x ′(t) = f(xt) for t ∈ [0, a).
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Existence and Uniqueness Theorems

Theorem 7 (Local Existence). If f : C → RN is continuous, then for every ϕ ∈ C, there
exists a > 0 such that the Cauchy problem admits a solution on [−r, a).

Remark 8. By Zorn’s Lemma, a maximal solution of (17) exists, ordered by partial
inclusion: x ≤ y if D(x) ⊆ D(y) and y extends x.

Theorem 9 (Global Solution). If f : C → RN is continuous and bounded (i.e., maps
every bounded subset of C to a bounded subset of RN), then any maximal solution x of
(17) is either global (D(x) = [−r,∞)) or satisfies:

lim sup
t→a

∥x(t)∥ = ∞, (1.17)

if a < ∞.

Theorem 10 (Uniqueness). If f : C → RN is continuous and locally Lipschitz, then the
problem (17) has a unique solution for every ϕ ∈ C. Moreover, the mapping ϕ 7→ xt is
locally Lipschitz.

Proposition 11. If f : C → RN is globally Lipschitz, then for all ϕ ∈ C, the problem
(17) has a unique global solution defined on [−r,∞).

Remark 12. For discrete delay equations of the form:{
x ′(t) = g(x(t − τ)), t ≥ t0,

x(t) = ϕ(t − t0), t ∈ [t0 − r, t0],
(1.18)

if g : RN → RN is continuous, global existence and uniqueness hold.

Remark We consider the problem (??) with f sufficiently regular to ensure the existence
and uniqueness of a solution for any initial condition φ ∈ C. Let us then consider the
following two Cauchy problems:{

x ′(t) = f(xt), t ≥ t0,

x(t) = φ(t − t0), t ∈ [t0 − r, t0],
(1.19)

and {
y ′(t) = f(yt), t ≥ t1,

y(t) = φ(t − t1), t ∈ [t1 − r, t1],
(1.20)

with t1 > t0. Then, we have:

∀t ≥ t0, x(t) = y(t + t1 − t0).

Thus, we can generalize the initialization of the solution by setting t0 = 0.

Remark 13 (Continuous but Unbounded Function). Consider the function f : C :=
C0([−1, 0],R) → R defined by

f(φ) =
+∞∑
n=2

n(1 + ∥φ − φn∥)
1 + n3∥φ − φn∥

,
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where

φn(θ) =

{
n (1 − n(θ + 1)) , −1 ≤ θ < − 1

n
,

nθ + 1, − 1
n

≤ θ ≤ 0.

Properties of f :
1. Continuity of f on C (Uniform Convergence)
We show that f is continuous by proving uniform convergence. Given any sequence

φk → φ in C (i.e., ∥φk − φ∥ → 0), we need to show that f(φk) → f(φ).
Since each term in the sum defining f involves the norm ∥φ − φn∥, which varies

continuously in φ, and the denominator ensures boundedness, the sum converges uniformly.
Thus, f is continuous.

2. Unboundedness of f(B(0, 1))
Define the ball B(0, 1) = {φ ∈ C : ∥φ∥ ≤ 1}. We prove that f(B(0, 1)) is unbounded.
Consider a sequence φm defined by

φm(θ) =

{
1, −1 ≤ θ < − 1

m
,

mθ + 1, − 1
m

≤ θ ≤ 0.

Then,
∥φm − φn∥ → 0 as m, n → ∞.

However, the sum in f(φ) grows unbounded because the terms

n(1 + ∥φ − φn∥)
1 + n3∥φ − φn∥

dominate the behavior for large n. Thus, f(B(0, 1)) is unbounded.
3. **Conclusion: f is Continuous but not Bounded**
Since we established that f is continuous and that its image over a bounded subset is

unbounded, f is a continuous but unbounded function.

Remark 14 (Homogeneous Linear Equation). Consider the Cauchy problem:{
x ′(t) = L(xt), t ≥ 0,

x(t) = φ(t), t ∈ [−r, 0],
(1.21)

where L : C → RN is a continuous linear operator.
Existence and Uniqueness of a Global Solution
Since L is a bounded linear operator on the Banach space C, the standard theory of

delay differential equations guarantees the existence and uniqueness of a global solution
x(t) for all t ≥ 0. This follows from the Picard–Lindelöf theorem adapted to functional
differential equations.

Existence of Hopf bifurcation for delayed differential equation

Consider the model 
u ′(t) = f

(
u(t), u(t − τ)

)
, t > 0,

∂u(t,x)
∂x

= 0, t > 0,

u(σ) = u0(σ), σ ∈ (−τ, 0),

(1.22)
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where
f ∈ C1(R2), τ > 0,

and u∗ > 0 is the unique constant equilibrium state. Since u∗ is an equilibrium, we have

f(u∗, u∗) = 0.

Linearization Around the Equilibrium
Introduce a small perturbation by writing

u(t) = u∗ + v(t).

Since u∗ is constant, a first-order Taylor expansion of f(u(t), u(t − τ)) around (u∗, u∗)
gives

f(u(t), u(t − τ)) ≈ f(u∗, u∗) +
∂f

∂u
(u∗, u∗) v(t) +

∂f

∂uτ

(u∗, u∗) v(t − τ).

Since f(u∗, u∗) = 0, the linearized equation becomes

v ′(t) = a v(t) + b v(t − τ),

where
a =

∂f

∂u
(u∗, u∗) and b =

∂f

∂uτ

(u∗, u∗).

Derivation of the Characteristic Equation
We seek solutions of the linearized equation in the exponential form

v(t) = eλt.

Substituting this ansatz into the linearized equation gives

λeλt = a eλt + b eλ(t−τ).

Dividing by eλt (which is nonzero) yields the characteristic equation

λ = a + b e−λτ . (1.23)

Note that when τ = 0, the characteristic equation reduces to

λ = a + b,

so that the equilibrium is locally asymptotically stable (LAS) if a + b < 0.
Hopf Bifurcation Analysis
To investigate a Hopf bifurcation for τ > 0, we look for purely imaginary roots of the

characteristic equation. Assume a solution of the form

λ = iω, ω > 0.

Substitute λ = iω into (1.61):
iω = a + b e−iωτ .

Express the exponential term in its Euler form:

e−iωτ = cos(ωτ) − i sin(ωτ).
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Thus, the equation becomes

iω = a + b cos(ωτ) − i b sin(ωτ).

Equate the real and imaginary parts:

Real part: 0 = a + b cos(ωτ), (1.24)
Imaginary part: ω = −b sin(ωτ). (1.25)

Step 1. Solving the Real Part
From (1.56) we have

a = −b cos(ωτ).

This relation links a, b, and ωτ .
Step 2. Solving the Imaginary Part
From (1.57) we have

ω = −b sin(ωτ).

Since we look for a positive frequency (ω > 0), this equation requires

−b sin(ωτ) > 0.

Step 3. Eliminating τ
Square both (1.56) and (1.57) and add them:

a2 + ω2 = b2 cos2(ωτ) + b2 sin2(ωτ) = b2.

Hence,
ω2 = b2 − a2. (1.26)

Thus, a positive solution ω∗ exists provided that

b2 − a2 > 0.

In other words,
ω∗ =

√
b2 − a2.

Remark on Stability without Delay
For τ = 0, we have λ = a+b. For a Hopf bifurcation to occur when delay is introduced,

we assume that the equilibrium is stable in the absence of delay; that is, we require

a + b < 0.

Transversality Condition
A key requirement for a Hopf bifurcation is the transversality condition:

d

dτ

(
Re(λ)

)∣∣∣∣
λ=iω

̸= 0.

We differentiate the characteristic equation (1.61) implicitly with respect to τ . Write

F (λ, τ) = λ − a − b e−λτ = 0.
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Differentiating with respect to τ yields

∂F

∂λ
λ ′(τ) +

∂F

∂τ
= 0.

We compute:
∂F

∂λ
= 1 − b

∂

∂λ

(
e−λτ

)
= 1 + b τ e−λτ ,

and
∂F

∂τ
= −b

∂

∂τ

(
e−λτ

)
= b λ e−λτ .

Thus, (
1 + bτ e−λτ

)
λ ′(τ) + b λ e−λτ = 0,

which implies

λ ′(τ) = −
b λ e−λτ

1 + bτ e−λτ
.

Evaluating at the bifurcation point where λ = iω∗, we are interested in the real part of
λ ′(τ). One finds (after separating real and imaginary parts) that, under the assumptions
made,

d

dτ

(
Re(λ)

)∣∣∣∣
λ=iω∗

=
b ω∗

1 + bτ ∗ ̸= 0.

This confirms the transversality condition.

Therefore, we have linearized the delay differential equation about the constant equilibrium
u∗, derived the characteristic equation

λ = a + b e−λτ ,

and shown that by assuming a + b < 0 (stability for zero delay) and b2 − a2 > 0, there
exists a unique positive frequency

ω∗ =
√

b2 − a2

such that λ = iω∗ is a solution when τ = τ ∗. Finally, we verified the transversality
condition necessary for a Hopf bifurcation.

1.1.4 Exercises
Exercise 15. Consider the delayed logistic equation

x ′(t) = r x(t)

(
1 −

x(t − τ)

K

)
, (1.27)

where

r > 0 (intrinsic growth rate), K > 0 (carrying capacity), τ > 0 (delay).

Show that this logistic equation admits a Hopf bifurcation
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Solution

Consider the delayed logistic equation

x ′(t) = r x(t)

(
1 −

x(t − τ)

K

)
, (1.28)

where

r > 0 (intrinsic growth rate), K > 0 (carrying capacity), τ > 0 (delay).

The constant equilibrium solutions are given by setting x ′(t) = 0. In particular,

x∗ = 0 and x∗ = K.

We focus on the positive equilibrium x∗ = K.
Step 1. Linearization
Introduce a small perturbation around the equilibrium:

x(t) = K + v(t), with |v(t)| ≪ 1.

Substitute into (1.28) and use a first-order Taylor expansion. Note that

x(t − τ)

K
=

K + v(t − τ)

K
= 1 +

v(t − τ)

K
.

Thus, the nonlinear term becomes

1 −
x(t − τ)

K
= −

v(t − τ)

K
.

Therefore, the linearized equation is

v ′(t) ≈ r (K + v(t))

(
−

v(t − τ)

K

)
.

Neglecting the product v(t)v(t − τ) (since it is of higher order), we obtain

v ′(t) ≈ −r v(t − τ).

This linear equation is of the form

v ′(t) = a v(t) + b v(t − τ),

with
a = 0 and b = −r.

Step 2. Characteristic Equation
We look for solutions of the form v(t) = eλt. Substituting into the linearized equation

gives
λeλt = a eλt + b eλ(t−τ),

or
λ = a + b e−λτ .
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Since a = 0 and b = −r, the characteristic equation becomes

λ = −r e−λτ . (1.29)

Step 3. Hopf Bifurcation Analysis
For a Hopf bifurcation, we seek a pair of purely imaginary roots, i.e., let λ = iω with

ω > 0. Substitute into (1.29):
iω = −r e−iωτ .

Express the exponential in Euler form:

e−iωτ = cos(ωτ) − i sin(ωτ).

Thus,
iω = −r cos(ωτ) + i r sin(ωτ).

Equate real and imaginary parts:

Real part: 0 = −r cos(ωτ), (1.30)
Imaginary part: ω = r sin(ωτ). (1.31)

From (1.30), we have

cos(ωτ) = 0 =⇒ ωτ =
π

2
+ kπ, k ∈ Z.

Taking the smallest positive solution (k = 0):

ωτ =
π

2
=⇒ ω =

π

2τ
.

Now substitute into (1.31):
π

2τ
= r sin

(
π

2

)
= r.

Thus, the critical delay for Hopf bifurcation is given by

τ ∗ =
π

2r
.

At τ = τ ∗ the linearized system has a pair of purely imaginary eigenvalues ±iω with
ω = r.

Transversality Condition
A necessary condition for a Hopf bifurcation is that the real part of λ changes with τ .

Differentiating (1.29) implicitly with respect to τ gives (details omitted for brevity) that
the transversality condition is satisfied provided the derivative

d

dτ
Re(λ)

∣∣∣∣∣
λ=iω

̸= 0.

A computation shows that this condition holds for the delayed logistic equation near τ ∗.
Exercise 16. Consider the following linear delay differential equation:U ′(t) = a U(t) + b U(t − τ), t > 0,

U(s) = U0(s) ≥ 0, s ∈ [−τ, 0],

where τ, a, b are strictly positive constants, and U0 is a uniformly continuous function.
Clearly, the zero solution is the unique equilibrium.

Questions:
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1. Determine the conditions for the stability of the equilibrium U ≡ 0.

2. Under what conditions does the problem exhibit a Hopf bifurcation?

Solution.

1. Stability Analysis:
The characteristic equation of the delay differential equation is obtained by seeking
solutions of the form U(t) = eλt. Substituting into the equation yields:

λeλt = a eλt + b eλ(t−τ).

Dividing by eλt, we obtain the characteristic equation:

λ = a + b e−λτ .

The zero solution is asymptotically stable if all roots λ of this equation satisfy
ℜ(λ) < 0. A standard approach is to analyze the crossing of eigenvalues through
the imaginary axis. In particular, set λ = iω (with ω ∈ R) to obtain:

iω = a + b e−iωτ .

Writing e−iωτ = cos(ωτ) − i sin(ωτ) and equating real and imaginary parts:0 = a + b cos(ωτ),

ω = b sin(ωτ).

The first equation gives cos(ωτ) = −a
b
. For a solution to exist we must have:∣∣∣∣ab
∣∣∣∣ ≤ 1.

Since a, b > 0, this is equivalent to:

a ≤ b.

If a < b, there exists ω > 0 such that the characteristic equation has purely
imaginary roots, and as τ varies these roots can cross the imaginary axis. Therefore,
the zero solution is stable if all characteristic roots have negative real parts, which
happens if a is sufficiently small relative to b and τ is below a certain critical value.

2. Hopf Bifurcation Condition:
A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues crosses the
imaginary axis, i.e., when there exists τ = τc and ω > 0 satisfying:a + b cos(ωτc) = 0,

ω = b sin(ωτc).

The first equation can be rewritten as

cos(ωτc) = −
a

b
.
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This equation has a solution if a < b. Once ω is determined from the second
equation, one can solve for τc as:

τc =
1

ω
arccos

(
−

a

b

)
.

Additionally, the transversality condition (i.e., the derivative of the real part of λ
with respect to τ is nonzero at τ = τc) must be verified. A standard calculation
(differentiating the characteristic equation with respect to τ) shows that if

d

dτ
ℜ(λ)

∣∣∣∣
τ=τc

̸= 0,

then a Hopf bifurcation occurs. In summary, the system exhibits a Hopf bifurcation
when a < b and τ passes through the critical value τc = 1

ω
arccos

(
−a

b

)
, with

ω = b sin(ωτc).

1.2 Bifurcation analysis for some of ecological models
When modeling a process, biological or otherwise, it is generally assumed that actions
and reactions occur simultaneously:{

x ′(t) = f(t, x(t)), t ≥ t0,

x(t0) = x0 ∈ R.
(1.32)

Consider the Malthusian model, which describes the evolution of a population of
individuals, denoted as N(t), over time t:

N ′(t) = bN(t) − dN(t). (1.33)

where:

• The term bN(t) represents the fraction of the population contributing to births (b
is the birth rate).

• The term dN(t) represents the fraction of the population contributing to deaths (d
is the mortality rate).

This equation is easily solved:

N(t) = e(b−d)(t−t0)N(t0), t ≥ t0. (1.34)

Three possible scenarios arise:

• If b > d, the population grows exponentially: lim
t→+∞ N(t) = +∞.

• If b < d, the population declines exponentially and eventually disappears: lim
t→+∞ N(t) =

0.

• If b = d, the population remains constant: N(t) = N(t0).
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This model is not valid in the long term, as it does not account for population
fluctuations, environmental constraints, etc.

In 1973, Cooke and Yorke proposed a modified Malthusian model that considers a
population of adult individuals:

N ′(t) = bN(t − r) − dN(t), (1.35)

where r > 0 is the age at which an individual becomes an adult (or equivalently, is
able to reproduce). Thus, the contribution of individuals to population dynamics is not
instantaneous but delayed by the time required to reach adulthood.

1.2.1 Delay Differential Equations (DDEs) and ODEs
Equation (2) is not an ordinary differential equation (ODE), as knowledge of N(t0) alone
is insufficient to determine the solution. In addition to N(t0), one must also know N(t0−
r). To solve (2) over the interval [t0, t0+r], one must have the initial data over [t0−r, t0].
Thus, the initial condition must be a function defined over [t0 − r, t0].

Consider the system:{
N ′(t) = bN(t − r) − dN(t), t ≥ t0,

N(t) = φ(t), t ∈ [t0 − r, t0].
(1.36)

We can solve this system over intervals of length r. For t ∈ [t0, t0 + r], the system
reduces to:

N ′(t) = bφ(t − r) − dN(t), N(t0) = φ(t0). (1.37)
Using the method of variation of constants, the solution is:

N(t) = e−d(t−t0)φ(t0) + e−dt

∫ t

t0

edθbφ(θ − r)dθ, t ∈ [t0, t0 + r]. (1.38)

Thus, the system (1.36) becomes:{
N(t) = φ(t), t ∈ [t0 − r, t0],

N(t) = e−d(t−t0)φ(t0) + e−dt
∫t

t0
edθbφ(θ − r)dθ, t ∈ [t0, t0 + r].

(1.39)

One can then solve system (1.36) over the interval [t0 + r, t0 + 2r] using the previous
result as initial data, and so forth, extending the solution step by step (a "step method").

A Cauchy problem for a delay equation consists of specifying an equation along with an
initial condition defined over an interval of length equal to the delay. The classical Cauchy
theorem and its corollaries for ODEs must be extended to delay differential equations.

1.2.2 Analysis of the Delayed Volterra Predator-Prey Model
The first delay equation (called memory) was introduced by Volterra in 1926 in his study
of predator-prey models. We consider the following system where N1 represents the
number of prey and N2 represents the number of predators:{

N ′
1(t) = (b1 − a1N2(t))N1(t),

N ′
2(t) =

(∫0

−r
k(s)N1(t + s)ds − b2

)
N2(t),

(1.40)

where:
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• b1 is the birth rate of the prey,

• a1N2 represents the predation-dependent mortality rate of the prey,

• b2 is the death rate of the predators,

• The birth rate of predators is assumed to depend on prey consumption over the
time interval [t − r, t].

This is a distributed delay system, rather than a discrete delay system, as it requires
knowledge of the system’s state over the entire interval [t− r, t], rather than just at time
t − r.

Question: Do the temporal analysis of the system.
Equilibrium Points
The equilibrium points of system (1.40) satisfy:{

0 = (b1 − a1N
∗
2 )N

∗
1 ,

0 =
(∫0

−r
k(s)N∗

1 ds − b2

)
N∗

2 .
(1.41)

This yields the following equilibria:

• The trivial equilibrium (N∗
1 , N∗

2 ) = (0, 0).

• The predator-free equilibrium (N∗
1 , N∗

2 ) = (b1/a1, 0).

• The coexistence equilibrium, where both prey and predators persist, given by:

N∗
1 =

b2∫0

−r
k(s)ds

, N∗
2 =

b1

a1

−
b2

a1

∫0

−r
k(s)ds

. (1.42)

Local Stability Analysis
To analyze the stability of the equilibrium points, we linearize system (1.40) around

an equilibrium (N∗
1 , N∗

2 ) by considering small perturbations:

N1(t) = N∗
1 + u(t), N2(t) = N∗

2 + v(t). (1.43)

Substituting into (1.40) and neglecting higher-order terms, we obtain the linearized
system: {

u ′(t) = (b1 − a1N
∗
2 )u(t) − a1N

∗
1 v(t),

v ′(t) =
∫0

−r
k(s)u(t + s)ds − b2v(t).

(1.44)

The characteristic equation of this system is found by assuming solutions of the form
u(t), v(t) ∼ eλt, leading to: ∣∣∣∣∣λ − (b1 − a1N

∗
2 ) a1N

∗
1

−
∫0

−r
k(s)eλsds λ + b2

∣∣∣∣∣ = 0. (1.45)

The stability of an equilibrium is determined by the roots of this characteristic equation:

• If all roots have negative real parts, the equilibrium is asymptotically stable.

• If at least one root has a positive real part, the equilibrium is unstable.
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Stability of the Equilibria

• Trivial equilibrium (0, 0): This equilibrium is always unstable since any small
perturbation can lead to population growth or extinction.

• Predator-free equilibrium (b1/a1, 0): The stability depends on the integral
term

∫0

−r
k(s)ds. If this term is too small, the predators cannot invade, and this

equilibrium is stable.

• Coexistence equilibrium: Its stability depends on the eigenvalues of the characteristic
equation. The presence of delays can introduce oscillatory behavior and even
instability (Hopf bifurcations) under certain conditions.

Therefore, The Volterra delay model captures the dependence of predator birth rates
on past prey populations. The equilibrium analysis shows that depending on parameters
such as b1, b2, a1, and the delay kernel k(s), the system can exhibit different long-
term behaviors, including stability, oscillations, or extinction. A deeper analysis using
numerical simulations and bifurcation theory could further explore the role of delay in
predator-prey dynamics.

1.2.3 Exercises
Exercise 17. Consider the following delayed predator–prey system:{

x ′(t) = x(t)
[
1 − x(t−τ)

K

]
− a x(t) y(t),

y ′(t) = −d y(t) + b x(t − τ) y(t),
(1.46)

where

• x(t) represents the prey population,
• y(t) represents the predator population,
• K is the carrying capacity,
• a, b, d, τ > 0 are parameters.

Determine the equilibrium points and their stability, and show that the system admits a
Hopf bifurcation for τ > 0

Solution.

Consider the following delayed predator–prey system:{
x ′(t) = x(t)

[
1 − x(t−τ)

K

]
− a x(t) y(t),

y ′(t) = −d y(t) + b x(t − τ) y(t),
(1.47)

where

• x(t) represents the prey population,
• y(t) represents the predator population,
• K is the carrying capacity,
• a, b, d, τ > 0 are parameters.
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Assume that there exists a coexistence equilibrium (x∗, y∗) satisfying{
x∗
[
1 − x∗

K

]
− a x∗ y∗ = 0,

−d y∗ + b x∗ y∗ = 0.

From the second equation, assuming y∗ ̸= 0, we have

b x∗ = d =⇒ x∗ =
d

b
.

Substitute x∗ into the first equation:

d

b

[
1 −

d

bK

]
− a

d

b
y∗ = 0,

which gives

1 −
d

bK
= a y∗ =⇒ y∗ =

1

a

(
1 −

d

bK

)
.

We assume the parameters are such that y∗ > 0.
Step 1. Linearization
Introduce perturbations:

x(t) = x∗ + u(t), y(t) = y∗ + v(t),

with |u(t)|, |v(t)| ≪ 1. Linearize system (1.47) around (x∗, y∗). The linearized system can
be written in the form (

u ′(t)
v ′(t)

)
= A

(
u(t)
v(t)

)
+ B

(
u(t − τ)
v(t − τ)

)
,

where the matrices A and B are determined by the partial derivatives of the right-hand
sides evaluated at (x∗, y∗).

For instance, one may compute:

A =

(
1 − 2x∗

K
− a y∗ −a x∗

0 −d + b x∗

)
,

and
B =

(
x∗

K
0

b y∗ 0

)
.

Using x∗ = d
b

and the expression for y∗, these matrices become explicit.
Step 2. Characteristic Equation
Assume solutions of the form (

u(t)
v(t)

)
= eλt

(
U
V

)
.

Substituting into the linearized system leads to the characteristic equation

det
[
λI − A − B e−λτ

]
= 0.

This is a transcendental equation in λ. To study a Hopf bifurcation, we seek values
λ = iω (with ω > 0) for a critical value τ = τ ∗.
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Suppose that after linearizing a two-dimensional delay differential system about an
equilibrium, the characteristic equation can be written as

∆(λ, τ) = λ2 + Pλ + Q + R e−λτ = 0, (1.48)

where P , Q, and R are real coefficients determined by the Jacobian matrices at the
equilibrium.

Step 3: Existence of a purely imaginary roots
To seek a Hopf bifurcation, we look for purely imaginary eigenvalues. Let

λ = iω, ω > 0.

Substitute λ = iω into (1.48). Noting that (iω)2 = −ω2, we have

−ω2 + P (iω) + Q + R e−iωτ = 0.

Expressing the Exponential in Euler Form
Recall Euler’s formula:

e−iωτ = cos(ωτ) − i sin(ωτ).

Thus, the characteristic equation becomes

−ω2 + iPω + Q + R cos(ωτ) − iR sin(ωτ) = 0.

Group the real and imaginary parts:

Real part: − ω2 + Q + R cos(ωτ) = 0, (1.49)
Imaginary part: Pω − R sin(ωτ) = 0. (1.50)

From the imaginary part (1.50), assuming ω > 0 and R ̸= 0, we solve for sin(ωτ):

sin(ωτ) =
Pω

R
.

Since the sine function is bounded by 1, a necessary condition is∣∣∣∣Pω

R

∣∣∣∣ ≤ 1.

Next, from the real part (1.49) we have

cos(ωτ) =
ω2 − Q

R
.

Because the sine and cosine must satisfy

sin2(ωτ) + cos2(ωτ) = 1,

we substitute the expressions obtained:(
Pω

R

)2

+
(

ω2 − Q

R

)2

= 1.

Multiplying through by R2 yields the equation

P 2ω2 + (ω2 − Q)2 = R2.
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This equation can be solved for the positive frequency ω∗ > 0 (assuming a unique solution
exists).

Once ω∗ is determined, the corresponding critical delay τ ∗ is given by

ω∗τ ∗ = arccos
(

ω∗2 − Q

R

)
+ 2πk, k ∈ Z.

Typically, we choose the smallest positive solution by taking k = 0:

τ ∗ =
1

ω∗ arccos
(

ω∗2 − Q

R

)
.

Step 4: Verifying the Transversality Condition
A Hopf bifurcation requires that the real part of the eigenvalue crosses zero with

nonzero speed as τ varies. In other words, we require

d

dτ
Re(λ)

∣∣∣∣∣
λ=iω∗, τ=τ∗

̸= 0.

To verify this, differentiate the characteristic equation (1.48) implicitly with respect
to τ . Denote

F (λ, τ) = λ2 + Pλ + Q + R e−λτ = 0.

Differentiate with respect to τ :

∂F

∂λ
λ ′(τ) +

∂F

∂τ
= 0.

We compute the partial derivatives:

∂F

∂λ
= 2λ + P − R τ e−λτ ,

and
∂F

∂τ
= R λ e−λτ .

Thus,

λ ′(τ) = −
R λ e−λτ

2λ + P − R τ e−λτ
.

Evaluating at the critical point where λ = iω∗ and τ = τ ∗, one can separate the real
and imaginary parts of λ ′(τ). Under nondegeneracy conditions (which depend on the
parameters P , Q, R, and τ ∗), one obtains

d

dτ
Re(λ)

∣∣∣∣∣
λ=iω∗, τ=τ∗

̸= 0.

This confirms that the crossing of the imaginary axis is transversal, ensuring a Hopf
bifurcation.

To summarize, the Hopf bifurcation conditions are established by:

1. Setting λ = iω in the characteristic equation.
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2. Expressing the exponential term using Euler’s formula and separating the resulting
equation into its real and imaginary parts:

−ω2 + Q + R cos(ωτ) = 0, Pω − R sin(ωτ) = 0.

3. Solving these two equations to determine the positive frequency ω∗ and the critical
delay τ ∗, using the relation

P 2ω∗2 + (ω∗2 − Q)2 = R2,

and
τ ∗ =

1

ω∗ arccos
(

ω∗2 − Q

R

)
.

4. Verifying the transversality condition by differentiating the characteristic equation
with respect to τ and ensuring

d

dτ
Re(λ)

∣∣∣∣∣
λ=iω∗, τ=τ∗

̸= 0.

We consider the following predator–prey system with a delay in the predator response:
dx

dt
= x(t)

[
r − ax(t)

]
−

b x(t) y(t)

1 + h x(t)
,

dy

dt
= c

b x(t − τ) y(t)

1 + h x(t − τ)
− d y(t),

(1.51)

where

• x(t) is the prey population,
• y(t) is the predator population,
• r, a, b, c, d, h are positive parameters,
• τ > 0 is the time delay in the predator’s response.

Show that this model admits a Hopf bifurcation in τ .

Exercise 18.

Solution.
We consider the following predator–prey system with a delay in the predator response:

dx

dt
= x(t)

[
r − ax(t)

]
−

b x(t) y(t)

1 + h x(t)
,

dy

dt
= c

b x(t − τ) y(t)

1 + h x(t − τ)
− d y(t),

(1.52)

where

• x(t) is the prey population,
• y(t) is the predator population,
• r, a, b, c, d, h are positive parameters,
• τ > 0 is the time delay in the predator’s response.
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We search for a coexistence equilibrium (x∗, y∗) such that

dx

dt
= 0 and dy

dt
= 0.

From the predator equation, assuming y∗ ̸= 0,

c
b x∗ y∗

1 + h x∗ − d y∗ = 0 =⇒ c
b x∗

1 + h x∗ = d.

This gives an implicit expression for x∗:

b c x∗

1 + h x∗ = d =⇒ x∗ =
d

cb − dh
, provided cb > dh. (1.53)

Next, substitute x∗ into the prey equation:

x∗
[
r − ax∗

]
−

b x∗ y∗

1 + h x∗ = 0.

Since x∗ > 0, dividing by x∗ yields

r − ax∗ =
b y∗

1 + h x∗ .

Thus, the predator equilibrium is

y∗ =
(r − ax∗)(1 + h x∗)

b
. (1.54)

Linearization Around the Equilibrium
Introduce small perturbations:

x(t) = x∗ + u(t), y(t) = y∗ + v(t),

with |u(t)|, |v(t)| ≪ 1. Linearizing system (1.52) around (x∗, y∗) gives a system of the
form: (

u ′(t)
v ′(t)

)
= A

(
u(t)
v(t)

)
+ B

(
u(t − τ)
v(t − τ)

)
,

where the matrices A and B are the Jacobians of the non-delayed and delayed terms
evaluated at (x∗, y∗).

For our model, the non-delayed terms (from the prey equation and the instantaneous
part of the predator equation) yield a Jacobian A. A possible computation gives:

A =


r − 2ax∗ −

by∗

(1 + hx∗)2
−

bx∗

1 + hx∗

0 −d + c
bx∗

1 + hx∗

 .

The delayed term appears only in the predator equation. Its Jacobian B is

B =

 0 0

c
b y∗

1 + hx∗ 0

 .
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Note that in the second row, the derivative with respect to x(t−τ) yields the term c b y∗

1+hx∗ ,
while there is no dependence on y(t − τ).

Deriving the Characteristic Equation
Assume solutions of the form (

u(t)
v(t)

)
= eλt

(
U
V

)
.

Substitute into the linearized system to obtain:

λ

(
U
V

)
= A

(
U
V

)
+ e−λτ B

(
U
V

)
.

This yields the eigenvalue problem[
λI − A − B e−λτ

] (
U
V

)
= 0.

A nontrivial solution exists if and only if the determinant of the matrix vanishes:

det
[
λI − A − B e−λτ

]
= 0. (1.55)

In many cases, this characteristic equation can be written in a form similar to

λ2 + Pλ + Q + R e−λτ = 0,

where P, Q, R are real coefficients that depend on the parameters and the equilibrium
values.

To show a Hopf bifurcation, we must show that there exists a critical delay τ = τ ∗

such that the characteristic equation (1.55) has a pair of purely imaginary roots λ = ±iω
with ω > 0. We detail the steps below.

Step 1: Set λ = iω
Substitute λ = iω (with ω > 0) into the characteristic equation:

(iω)2 + P (iω) + Q + R e−iωτ = 0.

Since (iω)2 = −ω2, this becomes

−ω2 + iPω + Q + R e−iωτ = 0.

Step 2: Express the Exponential Term
Using Euler’s formula,

e−iωτ = cos(ωτ) − i sin(ωτ),

the equation becomes

−ω2 + iPω + Q + R cos(ωτ) − iR sin(ωτ) = 0.

Step 3: Separate Real and Imaginary Parts
Equate the real and imaginary parts separately:

Real part: − ω2 + Q + R cos(ωτ) = 0, (1.56)

Imaginary part: Pω − R sin(ωτ) = 0. (1.57)
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Step 4: Solve for ω and τ ∗

From equation (1.57):
sin(ωτ) =

Pω

R
.

Since | sin(ωτ)| ≤ 1, we require ∣∣∣∣Pω

R

∣∣∣∣ ≤ 1.

From equation (1.56):
cos(ωτ) =

ω2 − Q

R
.

Because
sin2(ωτ) + cos2(ωτ) = 1,

we have: (
Pω

R

)2

+
(

ω2 − Q

R

)2

= 1.

Multiply by R2:
P 2ω2 + (ω2 − Q)2 = R2.

This equation can be solved for the positive frequency ω∗. Once ω∗ is determined, the
critical delay τ ∗ is given by:

τ ∗ =
1

ω∗ arccos
(

ω∗2 − Q

R

)
,

choosing the smallest positive solution (typically corresponding to the principal value of
the arccosine).

Step 5: Verify the Transversality Condition
A necessary condition for a Hopf bifurcation is that the real part of the eigenvalue

crosses zero with nonzero speed as τ varies. That is, we require:

d

dτ
Re(λ)

∣∣∣∣∣
λ=iω∗, τ=τ∗

̸= 0.

Differentiate the characteristic equation (1.55) implicitly with respect to τ . In general, if
we denote

F (λ, τ) = λ2 + Pλ + Q + R e−λτ = 0,

then differentiating with respect to τ gives:
∂F

∂λ
λ ′(τ) +

∂F

∂τ
= 0.

A calculation yields:

λ ′(τ) = −
R λ e−λτ

2λ + P − R τ e−λτ
.

Evaluating at λ = iω∗ and τ = τ ∗ and separating real and imaginary parts, one obtains:

d

dτ
Re(λ)

∣∣∣∣∣
λ=iω∗, τ=τ∗

̸= 0.

This verifies the transversality condition and confirms the Hopf bifurcation.
We have derived the characteristic equation for the delayed predator–prey model and

then detailed the steps for verifying the Hopf bifurcation:
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1. Substitute λ = iω into the characteristic equation.

2. Express the resulting exponential term in Euler’s form and separate real and imaginary
parts.

3. Solve the system

−ω2 + Q + R cos(ωτ) = 0, Pω − R sin(ωτ) = 0,

to obtain ω∗ and the critical delay τ ∗.

4. Verify the transversality condition to ensure that the eigenvalue crosses the imaginary
axis with nonzero speed.

Under these conditions, a Hopf bifurcation occurs at τ = τ ∗, leading to the appearance
of periodic oscillations in the predator–prey system.

1.3 Bifurcation analysis for some of epidemiological
models

1.3.1 Hopf Bifurcation in a Delayed Epidemiological SIS Model
A delayed version of the SIS model, in which the transmission process is subject to a time
delay τ > 0, can be written as:

dS

dt
= −β S(t) I(t − τ) + γ I(t),

dI

dt
= β S(t) I(t − τ) − γ I(t),

(1.58)

where:
• β > 0 is the transmission rate,
• γ > 0 is the recovery rate,
• τ > 0 is the delay in the transmission process.

• In the first equation, susceptible individuals become infected at the rate β S(t)I(t−
τ). Recovered individuals return to the susceptible class at the rate γ I(t).

• In the second equation, the number of infectious individuals increases by the same
term β S(t)I(t − τ) and decreases by recoveries at the rate γ I(t).

Since the total population is constant,

S(t) + I(t) = N =⇒ S(t) = N − I(t).

Substitute S(t) = N − I(t) into the second equation of (1.58) to obtain a single equation
for I(t):

dI

dt
= β

[
N − I(t)

]
I(t − τ) − γ I(t).

Thus, the delayed SIS model is reduced to the following single delay differential equation:

I ′(t) = β I(t − τ)
[
N − I(t)

]
− γ I(t), (1.59)

where
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• β > 0 is the transmission rate,
• γ > 0 is the recovery rate,
• τ > 0 represents the delay in the transmission process.

Equilibrium Analysis
The equilibrium I∗ is obtained by setting I ′(t) = 0. Since the delay does not affect

the equilibria, we have
β I∗(N − I∗) − γ I∗ = 0.

Thus, either
I∗ = 0 or β(N − I∗) − γ = 0.

Assuming a nontrivial endemic equilibrium (I∗ > 0), we solve

β(N − I∗) = γ =⇒ I∗ = N −
γ

β
.

We assume βN > γ so that I∗ > 0.
Linearization Around the Equilibrium
Let

I(t) = I∗ + v(t),

with |v(t)| ≪ 1. Substituting into (1.59) and linearizing yields:

v ′(t) = β I(t − τ)
[
N − I(t)

]
− γ I(t) ≈ β

(
I∗ + v(t − τ)

)[
N − I∗ − v(t)

]
− γ

(
I∗ + v(t)

)
.

Since I∗ satisfies
βI∗(N − I∗) − γI∗ = 0,

the linearized equation is obtained by retaining the first order terms in v:

v ′(t) ≈ β
[
I∗(−v(t)) + (N − I∗) v(t − τ)

]
− γ v(t).

That is,
v ′(t) ≈

[
−βI∗ − γ

]
v(t) + β(N − I∗) v(t − τ).

Define the constants
a = −βI∗ − γ, b = β(N − I∗).

Then the linearized equation becomes

v ′(t) = a v(t) + b v(t − τ). (1.60)

Characteristic Equation
We seek solutions of the form

v(t) = eλt.

Substituting into (1.60) gives

λeλt = a eλt + b eλ(t−τ),

or, after dividing by eλt,
λ = a + b e−λτ .
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This is the characteristic equation:

λ = a + b e−λτ . (1.61)

Hopf Bifurcation Analysis
A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues crosses the

imaginary axis. To find the critical conditions, we set λ = iω (with ω > 0) in (1.61).
Step 1: Substitute λ = iω

iω = a + b e−iωτ .

Using Euler’s formula,
e−iωτ = cos(ωτ) − i sin(ωτ),

this becomes
iω = a + b cos(ωτ) − i b sin(ωτ).

Step 2: Separate Real and Imaginary Parts
Equate real and imaginary parts:

Real part: 0 = a + b cos(ωτ), (1.62)
Imaginary part: ω = −b sin(ωτ). (1.63)

Step 3: Solve for ω and τ ∗

From (1.62), we have:
cos(ωτ) = −

a

b
.

From (1.63), we obtain:
sin(ωτ) = −

ω

b
.

Since cos2(ωτ) + sin2(ωτ) = 1, we have:(
−

a

b

)2

+
(
−

ω

b

)2

= 1 =⇒ a2 + ω2

b2
= 1.

Thus,
ω2 = b2 − a2.

A Hopf bifurcation requires ω2 > 0, so we need:

b2 > a2.

Let the critical frequency be
ω∗ =

√
b2 − a2.

Then the critical delay τ ∗ satisfies

ω∗τ ∗ = arccos
(
−

a

b

)
,

so that
τ ∗ =

1

ω∗ arccos
(
−

a

b

)
.

Step 4: Transversality Condition
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For a Hopf bifurcation, it is necessary that the real part of the eigenvalue crosses zero
with nonzero speed as τ passes through τ ∗, i.e.,

d

dτ
Re(λ)

∣∣∣∣∣
λ=iω∗, τ=τ∗

̸= 0.

Differentiate the characteristic equation (1.61) implicitly with respect to τ :

λ ′(τ) = −
b λ e−λτ

1 + b τ e−λτ
.

Evaluating at λ = iω∗ and τ = τ ∗, one can verify (after separating real and imaginary
parts) that

d

dτ
Re(λ)

∣∣∣∣∣
λ=iω∗, τ=τ∗

̸= 0.

This confirms the transversality condition, ensuring that a Hopf bifurcation occurs at
τ = τ ∗.

For the delayed SIS model (1.59):

1. The endemic equilibrium is given by I∗ = N − γ
β

(assuming βN > γ).

2. Linearization around I∗ yields the linear equation

v ′(t) = a v(t) + b v(t − τ),

where
a = −βI∗ − γ, b = β(N − I∗).

3. The characteristic equation is

λ = a + b e−λτ .

4. Setting λ = iω and separating real and imaginary parts gives

a + b cos(ωτ) = 0 and ω = −b sin(ωτ).

5. These lead to the condition
ω∗ =

√
b2 − a2,

and the critical delay is

τ ∗ =
1

ω∗ arccos
(
−

a

b

)
.

6. Finally, the transversality condition is verified, which confirms that a Hopf bifurcation
occurs at τ = τ ∗. For τ < τ ∗, the endemic equilibrium is stable; for τ > τ ∗, periodic
oscillations (endemic cycles) emerge.
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Exercises

Exercise 19. We consider the delayed SEIR epidemic model as follows:

S ′(t) = −β S(t) I(t),

E ′(t) = β S(t) I(t) − σ E(t),

I ′(t) = σ E(t − τ) − γ I(t),

R ′(t) = γ I(t),

(1.64)

where:

• β > 0 is the transmission rate,
• σ > 0 is the rate at which exposed individuals leave the E-class (inverse of the latent

period),
• γ > 0 is the recovery rate,
• τ > 0 is the delay in the transition from E to I.

Determine the equilibria, and study the existence of Hopf bifurcation.

Solution.
The SEIR model divides the population into four compartments:

• S(t): Susceptible individuals,
• E(t): Exposed individuals (infected but not yet infectious),
• I(t): Infectious individuals,
• R(t): Recovered individuals.

In this example, we incorporate a delay in the progression from the exposed to the
infectious class to model the incubation period. Let τ > 0 be the time delay representing
the latent period. 

S ′(t) = −β S(t) I(t),

E ′(t) = β S(t) I(t) − σ E(t),

I ′(t) = σ E(t − τ) − γ I(t),

R ′(t) = γ I(t),

(1.65)

where:

• β > 0 is the transmission rate,
• σ > 0 is the rate at which exposed individuals leave the E-class (inverse of the

latent period),
• γ > 0 is the recovery rate,
• τ > 0 is the delay in the transition from E to I.

Model Interpretation

• The first equation represents the decrease in susceptibles due to new infections.
• The second equation shows that exposed individuals are generated by infection and

leave the E-class at rate σ.
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• The third equation incorporates the delay: individuals who were exposed at time
t − τ become infectious at time t, while current infectious individuals recover at
rate γ.

• The fourth equation accounts for the accumulation of recovered individuals.

Reduction and Analysis
While the full system (1.65) is four-dimensional, we can obtain insight into the dynamics

by analyzing its equilibria and linearizing around the endemic equilibrium. Notice that
the delay appears only in the transition from the exposed to the infectious class.

Equilibria
Let (S∗, E∗, I∗, R∗) be an equilibrium of (1.65). At equilibrium, we have:

S ′(t) = E ′(t) = I ′(t) = R ′(t) = 0.

For instance, the disease-free equilibrium (DFE) is given by:

(S∗, E∗, I∗, R∗) = (N, 0, 0, 0),

where N is the total population. For an endemic equilibrium (when the disease persists),
the equations must be solved simultaneously. Although the delay does not affect the
equilibrium values (since the system is autonomous), it will affect the stability.

Linearization Around the Disease-Free Equilibrium
For simplicity, we illustrate the linearization around the disease-free equilibrium. Let

S(t) = N − s(t), E(t) = e(t), I(t) = i(t), R(t) = r(t),

where s(t), e(t), i(t), r(t) are small perturbations. Linearizing (1.65) about the DFE
gives:

s ′(t) ≈ β N i(t),

e ′(t) ≈ β N i(t) − σ e(t),

i ′(t) ≈ σ e(t − τ) − γ i(t),

r ′(t) ≈ γ i(t).

Since the equations for s(t) and r(t) are slaved to the infection dynamics, the core of
the stability analysis centers on the subsystem for e(t) and i(t).

Deriving the Characteristic Equation
Assume solutions of the form

e(t) = E0e
λt, i(t) = I0e

λt.

Substituting into the linearized equations for e and i yields:

λE0 = βN I0 − σ E0,

λI0 = σ E0 e−λτ − γ I0.

These equations can be written as a linear system:(
λ + σ −βN
−σ e−λτ λ + γ

)(
E0

I0

)
= 0.
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For nontrivial solutions, the determinant must vanish:

(λ + σ)(λ + γ) − βN σ e−λτ = 0. (1.66)

Hopf Bifurcation Analysis
A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues of the characteristic

equation cross the imaginary axis. To find the conditions, set λ = iω in (1.66):

(iω + σ)(iω + γ) − βN σ e−iωτ = 0.

Expanding the left-hand side:

(iω + σ)(iω + γ) = (iω)2 + iω(σ + γ) + σγ = −ω2 + iω(σ + γ) + σγ.

Also, express the exponential using Euler’s formula:

e−iωτ = cos(ωτ) − i sin(ωτ).

Thus, (1.66) becomes:

−ω2 + iω(σ + γ) + σγ − βN σ
[
cos(ωτ) − i sin(ωτ)

]
= 0.

Separating real and imaginary parts, we obtain:

Real: − ω2 + σγ − βN σ cos(ωτ) = 0, (1.67)

Imaginary: ω(σ + γ) + βN σ sin(ωτ) = 0. (1.68)

These two equations determine the critical frequency ω∗ and the critical delay τ ∗ at
which the eigenvalues cross the imaginary axis.

Solving for the Critical Frequency and Delay
From (1.68) we have:

sin(ωτ) = −
ω(σ + γ)

βN σ
.

From (1.67) we have:
cos(ωτ) =

σγ − ω2

βN σ
.

Using the identity sin2(ωτ) + cos2(ωτ) = 1 leads to:(
ω(σ + γ)

βN σ

)2

+

(
σγ − ω2

βN σ

)2

= 1.

Multiplying through by (βN σ)2, we obtain:

ω2(σ + γ)2 +
(
σγ − ω2

)2
= (βN σ)2.

This equation can be solved (typically numerically) for the positive frequency ω∗. Once
ω∗ is known, the critical delay τ ∗ is given by:

τ ∗ =
1

ω∗ arccos
(

σγ − ω∗2

βN σ

)
.
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Transversality Condition
Finally, to confirm the occurrence of a Hopf bifurcation, one must verify the transversality

condition:
d

dτ
Re(λ)

∣∣∣∣∣
λ=iω∗, τ=τ∗

̸= 0.

This involves differentiating the characteristic equation (1.66) with respect to τ and
checking that the derivative of the real part of λ at the critical parameter is nonzero.
The details of this calculation depend on the specific parameter values, but under general
conditions the condition is satisfied.

We have presented a delayed SEIR model in which the delay τ represents the incubation
period before exposed individuals become infectious. The model is given by:

S ′(t) = −β S(t) I(t),

E ′(t) = β S(t) I(t) − σ E(t),

I ′(t) = σ E(t − τ) − γ I(t),

R ′(t) = γ I(t).

Linearization around the disease-free (or endemic) equilibrium leads to the characteristic
equation:

(λ + σ)(λ + γ) − βN σ e−λτ = 0.

Substituting λ = iω and separating real and imaginary parts yields conditions for a Hopf
bifurcation. In particular, we derived:

−ω2 + σγ − βN σ cos(ωτ) = 0, ω(σ + γ) + βN σ sin(ωτ) = 0.

Solving these equations provides the critical frequency ω∗ and the critical delay τ ∗ at
which oscillatory behavior emerges. The transversality condition must also be verified to
ensure that a Hopf bifurcation occurs.



Chapter 2

Bifurcation Theory for Partial
Differential Equations (PDEs)

Bifurcation theory, initially developed in the context of ordinary differential equations,
has become a powerful tool for understanding the complex behavior of solutions to
partial differential equations (PDEs). Many real-world phenomena — in physics, biology,
ecology, and epidemiology — are better described by PDEs due to their inherent spatial
and temporal dynamics. The inclusion of space introduces new bifurcation mechanisms
and patterns, such as spatial instabilities, diffusion-driven structures (Turing patterns),
and spatiotemporal oscillations.

This chapter explores the extension of bifurcation analysis to PDE models. It begins
in Section 2.1 with foundational results on the existence and uniqueness of solutions to
parabolic PDEs, particularly in the context of reaction-diffusion systems. We start by
introducing the semigroup theory, which is a key mathematical framework for handling
the evolution of linear and nonlinear parabolic equations.

Section 2.2 focuses on eigenvalue problems, which are fundamental for linear stability
analysis and bifurcation theory. We treat the one-dimensional case first, considering
both Dirichlet and Neumann boundary conditions. This analysis is then extended to
higher dimensions, where separation of variables and classical spectral methods allow for
a deeper understanding of the structure of solutions.

In Section 2.3, we explore the method of separation of variables in the resolution of
linear PDEs. This classical technique allows us to construct explicit solutions and plays
a crucial role in analyzing the dynamics near bifurcation points.

Section 2.4 introduces the concept of the characteristic equation, derived via linearization
of nonlinear PDE systems. This equation connects the stability of steady states with the
spectral properties of the spatial operator and provides the foundation for bifurcation
analysis. We detail the process of determining stability conditions and critical parameters.

Section 2.5 is devoted to two fundamental types of bifurcations in PDEs: Hopf and
Turing bifurcations. We analyze how oscillatory and spatially structured patterns emerge
in reaction-diffusion systems. A concrete example is provided through the analysis of a
predator-prey model that exhibits Hopf bifurcation.

Finally, Section 2.6 presents various illustrative examples of ecological and epidemiological
models that undergo bifurcations when spatial and temporal dynamics are taken into
account. These examples demonstrate the richness of behaviors that arise in PDE systems
and emphasize the importance of bifurcation theory in understanding complex biological
and ecological interactions.

45
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Through this chapter, we aim to equip the reader with the analytical tools necessary to
explore bifurcation phenomena in spatially extended systems and to apply these methods
to interpret and predict real-world dynamic patterns in various scientific domains.

2.1 Parabolic problems: Existence and uniqueness of
solution

We consider the parabolic system:

∂u

∂t
− ∆u = f(u), in Ω × (0, T ], (2.1)

where u : Ω × [0, T ] → Rn, Ω ⊂ Rd is a bounded domain with smooth boundary ∂Ω, and
f : Rn → Rn is a nonlinear function. We impose the homogeneous Neumann boundary
condition:

∂u

∂ν
= 0, on ∂Ω × (0, T ]. (2.2)

Our goal is to prove the existence and uniqueness of a strong solution using semigroup
theory.

We introduce the functional setting:

• L2(Ω): the space of square-integrable functions.

• H1(Ω): the Sobolev space of functions with square-integrable weak derivatives.

• H2(Ω): the space of functions with second-order weak derivatives in L2(Ω).

• A = −∆ with Neumann boundary conditions, defined on D(A) = {u ∈ H2(Ω) :
∂u
∂ν

= 0 on ∂Ω}.

2.1.1 Definition and Properties of a Semigroup
Definition 20. A family of operators {T (t)}t≥0 on a Banach space X is called a semigroup
of operators if it satisfies the following properties:

• Semigroup property: For all t, s ≥ 0,

T (t + s) = T (t)T (s).

• Initial condition: T (0) = I, where I is the identity operator on X.

the semigroup is called strongly continuous (or a C0-semigroup) if:

• limt→0+ T (t)x = x for all x ∈ X (strong continuity).

Proposition 21 (Boundedness). If {T (t)}t≥0 is a C0-semigroup, then there exist constants
M ≥ 1 and ω ∈ R such that:

∥T (t)∥ ≤ Meωt, ∀t ≥ 0.
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Definition 22. The operator A defined by:

D(A) = {x ∈ X : lim
t→0+

T (t)x − x

t
exists in X}, Ax = lim

t→0+

T (t)x − x

t

is called the infinitesimal generator of the semigroup.

Theorem 23 (Hille-Yosida). An operator A is the generator of a C0-semigroup {T (t)}t≥0

if and only if there exist constants M ≥ 1 and ω ∈ R such that:

∥(λI − A)−1∥ ≤ M

λ − ω
, ∀λ > ω.

Before going with the proof of the fact that A is a generator of C0−semigroup, we
need the following two theorems

Proposition 24 (Cauchy-Schwarz inequality). For any vectors u, v in an inner product
space, we have:

|⟨u, v⟩| ≤ ∥u∥∥v∥. (2.3)
In particular, in L2(Ω), where the inner product is given by

⟨u, v⟩ =
∫

Ω

u(x)v(x) dx,

the inequality takes the form:∣∣∣∣∣
∫

Ω

u(x)v(x) dx

∣∣∣∣∣ ≤
(∫

Ω

|u(x)|2 dx

) 1
2
(∫

Ω

|v(x)|2 dx

) 1
2

. (2.4)

Theorem 25 (Lax-Milgram). Let H be a Hilbert space, and let a : H × H → R be a
bilinear form satisfying:

• Boundedness: There exists a constant C > 0 such that

|a(u, v)| ≤ C∥u∥H∥v∥H , ∀u, v ∈ H. (2.5)

• Coercivity (or Ellipticity): There exists a constant α > 0 such that

a(u, u) ≥ α∥u∥2
H , ∀u ∈ H. (2.6)

Then, for every continuous linear functional F : H → R, there exists a unique u ∈ H
such that

a(u, v) = F (v), ∀v ∈ H. (2.7)

Now, we are ready to show the following

Theorem 26. Let A = −∆ with domain

D(A) = {u ∈ H2(Ω) :
∂u

∂ν
= 0 on ∂Ω}.

Then A is the generator of a C0-semigroup on L2(Ω).

Proof. Step 1: A is Densely Defined and Closed
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• The Laplacian ∆ is defined on the dense subspace C∞(Ω) of L2(Ω), so A is densely
defined.

• If un ∈ D(A) and un → u in L2(Ω) with Aun → f in L2(Ω), then elliptic regularity
ensures u ∈ H2(Ω) and satisfies the Neumann boundary conditions. Thus, A is
closed.

Step 2: A is Dissipative For u ∈ D(A), we compute:

⟨Au, u⟩ = −

∫
Ω

∆u · u dx. (2.8)

Using integration by parts:∫
Ω

∆u · u dx = −

∫
Ω

|∇u|2dx +

∫
∂Ω

∂u

∂ν
u dσ. (2.9)

Since ∂u
∂ν

= 0, the boundary term vanishes, so:

⟨Au, u⟩ = −∥∇u∥2
L2 ≤ 0. (2.10)

Thus, A is dissipative.
Step 3: (λI − A) is Bijective for Some λ > 0 We consider the resolvent equation:

(λI − A)u = f, λ > 0. (2.11)

This is equivalent to solving the elliptic equation:

λu − ∆u = f in Ω,
∂u

∂ν
= 0 on ∂Ω. (2.12)

By the Lax-Milgram theorem, there exists a unique u ∈ H1(Ω) satisfying this equation.
Since f ∈ L2(Ω) and ∆u ∈ L2(Ω), we conclude u ∈ H2(Ω), meaning u ∈ D(A). Thus,
(λI − A) is bijective.

Step 4: Boundedness of the Resolvent Taking the inner product of (λI −A)u = f with
u, we obtain:

λ∥u∥2
L2 + ∥∇u∥2

L2 = ⟨f, u⟩. (2.13)
Using Cauchy-Schwarz:

λ∥u∥2
L2 ≤ ∥f∥L2∥u∥L2 . (2.14)

Thus,
∥u∥L2 ≤ 1

λ
∥f∥L2 . (2.15)

Since u = (λI − A)−1f , it follows that

∥(λI − A)−1∥ ≤ 1

λ
, ∀λ > 0. (2.16)

Thus, A satisfies the resolvent bound.
Since A is densely defined, dissipative, and satisfies the resolvent estimate, the Hille-

Yosida theorem guarantees that A generates a strongly continuous C0-semigroup (T (t))t≥0

on L2(Ω).

The operator A generates an analytic semigroup e−tA in L2(Ω).
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2.1.2 Existence and Uniqueness of the Solution
We rewrite (2.1) in abstract form:

du

dt
+ Au = f(u), u(0) = u0 ∈ D(A). (2.17)

Using semigroup theory, we show existence and uniqueness.

Linear Case (f ≡ 0)

Consider
du

dt
+ Au = 0, u(0) = u0. (2.18)

By semigroup theory, the unique solution is given by:

u(t) = e−tAu0, ∀t > 0. (2.19)

The semigroup e−tA is strongly continuous and satisfies ∥e−tA∥ ≤ 1 for all t ≥ 0.

Nonlinear Case

For f ̸= 0, we use the variation of constants formula:

u(t) = e−tAu0 +

∫ t

0

e−(t−s)Af(u(s))ds. (2.20)

Applying the Banach fixed-point theorem in C([0, T ];H1(Ω)), we obtain:

Theorem 27. Suppose f is Lipschitz: ∥f(u) − f(v)∥ ≤ L∥u− v∥ for some L > 0. Then
there exists a unique strong solution u ∈ C([0, T ];H1(Ω)) ∩ C1([0, T ];L2(Ω)).

2.2 Eigenvalue Problem
In many physical and mathematical problems, the eigenvalue problem seeks to find
values λ (eigenvalues) and corresponding functions u(x) (eigenfunctions) that satisfy the
equation:

−∆u = λu in Ω, (2.21)

where ∆ is the Laplace operator, and Ω is a domain. Boundary conditions are applied to
the domain Ω, and we will consider both Dirichlet and Neumann boundary conditions.

2.2.1 One-Dimensional Case
Consider the interval Ω = (0, L). The eigenvalue problem becomes:

−
d2u

dx2
= λu, x ∈ (0, L). (2.22)

We solve this differential equation for two types of boundary conditions.
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Dirichlet Boundary Conditions

The Dirichlet boundary condition requires u(0) = u(L) = 0. We seek solutions of the
form:

u(x) = A sin(kx) + B cos(kx),

where k is a constant to be determined. Substituting into the differential equation:

d2u

dx2
= −k2u,

we get:
−k2 (A sin(kx) + B cos(kx)) = λ (A sin(kx) + B cos(kx)) .

This implies:
k2 = λ.

Now, apply the boundary conditions. First, at x = 0:

u(0) = B = 0 ⇒ B = 0.

At x = L, we require:

u(L) = A sin(kL) = 0.

For non-trivial solutions, we require sin(kL) = 0, which gives the condition:

kL = nπ, n ∈ N∗.

Thus, the allowed values for k are kn = nπ
L

. Therefore, the eigenvalues are:

λn = k2
n =

(
nπ

L

)2

, n = 1, 2, 3, . . .

The corresponding eigenfunctions are:

un(x) = sin
(

nπx

L

)
, n = 1, 2, 3, . . .

Neumann Boundary Conditions

For the Neumann boundary conditions u ′(0) = u ′(L) = 0, we look for solutions of the
form:

u(x) = A sin(kx) + B cos(kx).

Substituting into the differential equation:

d2u

dx2
= −k2u,

we get:

−k2 (A sin(kx) + B cos(kx)) = λ (A sin(kx) + B cos(kx)) .

This again gives:
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k2 = λ.

Now, apply the boundary conditions. First, at x = 0:

u ′(0) = Ak cos(0) − Bk sin(0) = Ak = 0 ⇒ A = 0.

Thus, the solution reduces to:

u(x) = B cos(kx).

At x = L, we require u ′(L) = 0:

u ′(L) = −Bk sin(kL) = 0.

For non-trivial solutions, we require sin(kL) = 0, which gives:

kL = nπ, n = 0, 1, 2, . . .

Thus, the allowed values for k are kn = nπ
L

. The eigenvalues are:

λn = k2
n =

(
nπ

L

)2

, n = 0, 1, 2, 3, . . .

The corresponding eigenfunctions are:

un(x) =

{
1, n = 0,

cos
(

nπx
L

)
, n = 1, 2, 3, . . .

2.2.2 Two-Dimensional Case
Now, consider a two-dimensional domain Ω = (0, L) × (0, H). The eigenvalue problem
becomes:

−

(
∂2u

∂x2
+

∂2u

∂y2

)
= λu, (x, y) ∈ (0, L) × (0, H). (2.23)

We use the method of separation of variables, assuming the solution has the form:

u(x, y) = X(x)Y (y).

Substituting into the equation gives:

−(X ′′(x)Y (y) + X(x)Y ′′(y)) = λX(x)Y (y).

Dividing by X(x)Y (y), we obtain:

−
X ′′(x)

X(x)
=

Y ′′(y)

Y (y)
= λ.

This results in two separate ordinary differential equations:

X ′′(x) + λxX(x) = 0, Y ′′(y) + λyY (y) = 0, λ = λx + λy.
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Solving for X(x) and Y (y)

For Dirichlet boundary conditions u = 0 on ∂Ω, we solve each equation. For X(x):

X ′′(x) + λxX(x) = 0, X(0) = X(L) = 0.

The solutions are:

Xm(x) = sin
(

mπx

L

)
, λx =

(
mπ

L

)2

, m ∈ N∗.

For Y (y):

Y ′′(y) + λyY (y) = 0, Y (0) = Y (H) = 0.

The solutions are:

Yn(y) = sin
(

nπy

H

)
, λy =

(
nπ

H

)2

, n ∈ N∗.

Thus, the eigenvalues are:

λmn = λx + λy =
(

mπ

L

)2

+
(

nπ

H

)2

, m, n ∈ N∗.

The corresponding eigenfunctions are:

umn(x, y) = sin
(

mπx

L

)
sin

(
nπy

H

)
.

2.2.3 Higher-Dimensional Case
Consider the eigenvalue problem for the Laplacian operator −∆ in a domain Ω ⊂ Rn.
The problem is defined by the equation:

−∆u = λu in Ω, (2.24)

where ∆ is the Laplacian operator, λ is the eigenvalue, and u(x) is the eigenfunction
corresponding to λ. We aim to calculate the eigenvalues and eigenfunctions for general
n-dimensional domains.

Separation of Variables Method

We first assume that the solution can be written in a separable form, i.e.,

u(x1, x2, . . . , xn) =
n∏

i=1

Xi(xi),

where each function Xi(xi) depends only on the i-th variable. Substituting this into the
eigenvalue equation:

−
n∑

i=1

∂2Xi(xi)

∂x2
i

= λ
n∏

i=1

Xi(xi),

we divide both sides by
∏n

i=1 Xi(xi), obtaining:
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−
n∑

i=1

1

Xi(xi)

∂2Xi(xi)

∂x2
i

= λ.

This equation separates into n independent one-dimensional equations of the form:

d2Xi

dx2
i

= −λiXi, i = 1, 2, . . . , n,

where λ =
∑n

i=1 λi.

Dirichlet Boundary Condition

Assume we have Dirichlet boundary conditions u(x1, x2, . . . , xn) = 0 on the boundary of
the domain. For simplicity, let’s consider Ω to be a rectangular box (0, L1) × (0, L2) ×
· · · × (0, Ln), i.e., Ω =

∏n
i=1(0, Li).

Each of the equations for Xi(xi) is now a standard eigenvalue problem with boundary
conditions Xi(0) = Xi(Li) = 0. The general solution to:

d2Xi

dx2
i

= −λiXi

is:

Xi(xi) = Ai sin(kixi) + Bi cos(kixi),

where ki is a constant to be determined.
Applying the Dirichlet boundary conditions Xi(0) = 0 and Xi(Li) = 0 yields Bi = 0

and the condition:

sin(kiLi) = 0,

which implies that:

ki =
miπ

Li

, mi ∈ N∗.

Thus, the eigenfunctions for each Xi are:

Xi(xi) = sin
(

miπxi

Li

)
, mi ∈ N∗.

Eigenvalues Since λ =
∑n

i=1 λi and λi =
(

miπ
Li

)2
, the total eigenvalue is:

λm1,m2,...,mn =
n∑

i=1

(
miπ

Li

)2

.

Thus, the eigenvalues are:

λm1,m2,...,mn =
n∑

i=1

(
miπ

Li

)2

, mi ∈ N∗.

The corresponding eigenfunctions are:

um1,m2,...,mn(x1, x2, . . . , xn) =
n∏

i=1

sin
(

miπxi

Li

)
.
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Neumann Boundary Conditions

For Neumann boundary conditions ∂u
∂ν

= 0 on ∂Ω, the method is similar. The solution
will be of the form:

Xi(xi) = Ai cos(kixi) + Bi sin(kixi).

The boundary conditions ∂Xi

∂xi
= 0 at xi = 0 and xi = Li imply that Bi = 0 and

cos(kiLi) = 0, leading to the condition:

ki =
miπ

Li

, mi ∈ N.

Thus, the eigenvalues are:

λm1,m2,...,mn =
n∑

i=1

(
miπ

Li

)2

, mi ∈ N.

The corresponding eigenfunctions are:

um1,m2,...,mn(x1, x2, . . . , xn) =
n∏

i=1

cos
(

miπxi

Li

)
.

2.3 Method of Separation of Variables: Resolution
of a linear PDE

We consider the linear parabolic equation in a domain Ω with boundary conditions and
initial conditions, as follows:

∂u

∂t
− ∆u = 0 in Ω × (0, T ],

with appropriate boundary and initial conditions. The method of separation of variables
is used to find a solution to this equation in both one and two dimensions.

We assume the solution can be written in the form:

u(x, t) = X(x)T (t),

where X(x) is a spatial function and T (t) is a time-dependent function.
Substituting into the Parabolic Equation
Substitute u(x, t) = X(x)T (t) into the equation:

∂u

∂t
= X(x)

dT (t)

dt
, ∆u =

d2X(x)

dx2
T (t),

so the equation becomes:

X(x)
dT (t)

dt
− T (t)

d2X(x)

dx2
= 0.

Dividing both sides by X(x)T (t) (assuming they are non-zero) results in:

1

T (t)

dT (t)

dt
=

1

X(x)

d2X(x)

dx2
.
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This equation is now separable, so both sides must be equal to a constant, which we
denote by −λ. Therefore, we have two ordinary differential equations:

dT (t)

dt
= −λT (t),

and
d2X(x)

dx2
= λX(x).

The solution of these equations depends on the boundary conditions.
Solution for T (t)

The equation for T (t) is:
dT (t)

dt
= −λT (t),

which is solved by the standard exponential decay:

T (t) = e−λt.

Solution for X(x)

The spatial part d2X(x)
dx2 = λX(x) is a second-order linear ordinary differential equation.

We consider two cases: one-dimensional and two-dimensional domains.

One-Dimensional Case
Let Ω = (0, L) ⊂ R, with homogeneous Dirichlet boundary conditions:

X(0) = X(L) = 0.

The equation becomes:
d2X(x)

dx2
= λX(x).

The general solution to this equation is:

X(x) = A sin(
√

λx) + B cos(
√

λx).

Applying the boundary conditions:

X(0) = 0 ⇒ B = 0,

X(L) = 0 ⇒ sin(
√

λL) = 0.

This implies that: √
λL = nπ for n ∈ N∗.

Thus, the eigenvalues are:

λn =
(

nπ

L

)2

, n = 1, 2, 3, . . .

The corresponding eigenfunctions are:

Xn(x) = sin
(

nπx

L

)
, n = 1, 2, 3, . . . .
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Two-Dimensional Case
Now, let Ω = (0, L1) × (0, L2) ⊂ R2, with homogeneous Dirichlet boundary conditions:

X(0, y) = X(L1, y) = 0, X(x, 0) = X(x, L2) = 0.

The equation becomes:

∂2X(x, y)

∂x2
+

∂2X(x, y)

∂y2
= λX(x, y).

We assume a separable solution of the form X(x, y) = X1(x)X2(y). Substituting into the
equation:

X ′′
1 (x)X2(y) + X1(x)X

′′
2 (y) = λX1(x)X2(y),

we divide by X1(x)X2(y) to obtain:

X ′′
1 (x)

X1(x)
=

λ − µ

X2(y)
,

X ′′
2 (y)

X2(y)
= µ.

Thus, we obtain two separate eigenvalue problems:

d2X1(x)

dx2
= µX1(x),

d2X2(y)

dy2
= (λ − µ)X2(y).

Each of these problems is similar to the one-dimensional case, so the solutions are of the
form:

X1(x) = sin
(

n1πx

L1

)
, X2(y) = sin

(
n2πy

L2

)
,

with eigenvalues:

µn1 =
(

n1π

L1

)2

, λn1,n2 = µn1 + µn2 =
(

n1π

L1

)2

+
(

n2π

L2

)2

.

Thus, the eigenvalues for the two-dimensional case are:

λn1,n2 =
(

n1π

L1

)2

+
(

n2π

L2

)2

, n1, n2 ∈ N∗.

The corresponding eigenfunctions are:

Xn1,n2(x, y) = sin
(

n1πx

L1

)
sin

(
n2πy

L2

)
.

2.3.1 General Solution
The general solution for both the one-dimensional and two-dimensional cases is a linear
combination of the eigenfunctions, each decaying exponentially in time. For one dimension,
the general solution is:

u(x, t) =
∞∑

n=1

Cn sin
(

nπx

L

)
e−λnt,

and for two dimensions, the general solution is:

u(x, y, t) =
∞∑

n1,n2=1

Cn1,n2 sin
(

n1πx

L1

)
sin

(
n2πy

L2

)
e−λn1,n2 t.
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Initial Condition
To determine the coefficients Cn or Cn1,n2 , we apply the initial condition u(x, 0) =

u0(x). The coefficients are determined by expanding u0(x) as a Fourier series in terms of
the eigenfunctions.

For the one-dimensional case:

u0(x) =
∞∑

n=1

Cn sin
(

nπx

L

)
.

For the two-dimensional case:

u0(x, y) =
∞∑

n1,n2=1

Cn1,n2 sin
(

n1πx

L1

)
sin

(
n2πy

L2

)
.

Thus, the coefficients Cn or Cn1,n2 are given by the Fourier series coefficients of the initial
condition.

2.4 Characteristic equation
We begin by analyzing the stability of the following system of two parabolic equations in
one dimension, with homogeneous Neumann boundary conditions:

∂u1

∂t
−

∂2u1

∂x2
= f1(u1, u2),

∂u2

∂t
−

∂2u2

∂x2
= f2(u1, u2),

where u1(x, t) and u2(x, t) are the unknown functions, and f1 and f2 represent the
nonlinear terms. The domain Ω is the one-dimensional interval Ω = (0, L).

The goal is to study the stability of the solutions for this system.

2.4.1 Linearization of the System
We linearize the system around an equilibrium point. Let u0

1(x) and u0
2(x) represent

equilibrium solutions of the system, such that:

∂u0
1

∂t
−

∂2u0
1

∂x2
= f1(u

0
1, u0

2),
∂u0

2

∂t
−

∂2u0
2

∂x2
= f2(u

0
1, u0

2).

Next, we introduce small perturbations ũ1(x, t) and ũ2(x, t) around the equilibrium
solutions:

u1(x, t) = u0
1(x) + ũ1(x, t), u2(x, t) = u0

2(x) + ũ2(x, t).

Substituting these into the original system and neglecting higher-order terms in the
perturbations, we get the linearized system:

∂ũ1

∂t
−

∂2ũ1

∂x2
=

∂f1

∂u1

∣∣∣∣∣
(u0

1,u0
2)

ũ1 +
∂f1

∂u2

∣∣∣∣∣
(u0

1,u0
2)

ũ2,

∂ũ2

∂t
−

∂2ũ2

∂x2
=

∂f2

∂u1

∣∣∣∣∣
(u0

1,u0
2)

ũ1 +
∂f2

∂u2

∣∣∣∣∣
(u0

1,u0
2)

ũ2.

This is now a system of two linear parabolic equations for the perturbations ũ1(x, t)
and ũ2(x, t).
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Fourier Transform for Stability Analysis
To perform a stability analysis, we apply the method of separation of variables. Let the
solution be of the form:

ũ1(x, t) = X1(x)T1(t), ũ2(x, t) = X2(x)T2(t),

where X1(x) and X2(x) are spatial functions, and T1(t) and T2(t) are time-dependent
functions.

Substituting these into the linearized system and dividing by X1(x)T1(t) and X2(x)T2(t),
we obtain the following system of ordinary differential equations:

1

T1

dT1

dt
=

1

X1

d2X1

dx2
−

∂f1

∂u1

∣∣∣∣∣
(u0

1,u0
2)

and 1

T2

dT2

dt
=

1

X2

d2X2

dx2
−

∂f2

∂u2

∣∣∣∣∣
(u0

1,u0
2)

.

This simplifies to two eigenvalue problems for X1(x) and X2(x), with the corresponding
time-dependent parts being:

T1(t) = e−λ1t, T2(t) = e−λ2t,

where λ1 and λ2 are the eigenvalues determined by the spatial equations.

2.4.2 Eigenvalue Problem for the Spatial Part
The spatial equations for X1(x) and X2(x) are of the form:

d2X1

dx2
= µ1X1,

d2X2

dx2
= µ2X2,

with boundary conditions given by the homogeneous Neumann conditions:

dX1

dx
= 0,

dX2

dx
= 0 at x = 0 and x = L.

The general solutions for X1(x) and X2(x) are:

X1(x) = A1 cos(√µ1x), X2(x) = A2 cos(√µ2x),

where µ1 and µ2 are eigenvalues satisfying the boundary conditions. We require:

dX1

dx
= 0 ⇒ √

µ1 sin(√µ1x) = 0,

which gives the eigenvalues:

µn =
(

nπ

L

)2

for n = 0, 1, 2, . . . .

2.4.3 Stability Condition
To determine the stability condition, we consider the real parts of the eigenvalues λ1 and
λ2. The system will be stable if all perturbations decay exponentially. Therefore, the
real parts of both λ1 and λ2 must be negative, which implies:

Re(λ1) < 0, Re(λ2) < 0.



Hopf bifurcation and Turing bifurcation 59

For stability, the eigenvalues λ1 and λ2 must satisfy the condition:

λ1, λ2 > 0.

This ensures that the solutions T1(t) = e−λ1t and T2(t) = e−λ2t decay exponentially, and
the system is stable over time.

We have analyzed the stability of a system of two parabolic equations in one dimension
with homogeneous Neumann boundary conditions. The stability of the system depends
on the eigenvalues λ1 and λ2 of the linearized system. For the system to be stable, the
real parts of these eigenvalues must be positive, ensuring that the perturbations decay
over time and the system returns to equilibrium.

2.5 Hopf bifurcation and Turing bifurcation

2.5.1 Hopf bifurcation analysis for a predator prey model
Case 1: For a Spatial Predator-Prey System Consider the diffusive predator–prey

system ut = Du uxx + r u
(

1 − u
K

)
− a u v

u+D
,

vt = Dv vxx − m v + b u v
u+D

,
(2.25)

on x ∈ (0, L) with homogeneous Neumann conditions:

ux(0, t) = ux(L, t) = vx(0, t) = vx(L, t) = 0.

Here, b = ea. The spatially homogeneous equilibrium (u∗, v∗) is obtained from

b u∗

u∗ + D
= m ⇒ u∗ =

mD

b − m
(b > m),

and from
0 = r u∗

(
1 −

u∗

K

)
−

a u∗v∗

u∗ + D
,

we solve for

v∗ =
r(u∗ + D)

(
1 − u∗

K

)
a

.

Jacobian Computation Linearize system (2.33) around (u∗, v∗). Define the reaction
functions

f(u, v) = r u
(

1 −
u

K

)
−

a u v

u + D
, g(u, v) = −m v +

b u v

u + D
.

The Jacobian J = (aij) evaluated at (u∗, v∗) is

a11 =
∂f

∂u

∣∣∣∣
(u∗,v∗)

= r −
2r

K
u∗ −

a v∗D

(u∗ + D)2
,

a12 =
∂f

∂v

∣∣∣∣
(u∗,v∗)

= −
a u∗

u∗ + D
,
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a21 =
∂g

∂u

∣∣∣∣
(u∗,v∗)

=
b v∗D

(u∗ + D)2
, a22 =

∂g

∂v

∣∣∣∣
(u∗,v∗)

= −m +
b u∗

u∗ + D
= 0.

Substitute the expression for v∗:

v∗ =
r(u∗ + D)(1 − u∗

K
)

a
,

so that
a v∗D

(u∗ + D)2
=

rD(1 − u∗

K
)

u∗ + D
.

Thus,

a11 = r −
2r

K
u∗ −

rD
(
1 − u∗

K

)
u∗ + D

= r

[
1 −

2u∗

K
−

D(1 − u∗

K
)

u∗ + D

]
.

Characteristic Equation with Diffusion
Assume perturbations of the form(

ũ(x, t)
ṽ(x, t)

)
= eλt

(
U
V

)
ϕn(x),

with ϕn(x) = cos
(

nπx
L

)
and Laplacian eigenvalues

µn = −
(

nπ

L

)2

.

Then, the linearized system reduces to

λ

(
U
V

)
=

a11 + Duk2
n a12

a21 a22 + Dvk2
n

(U
V

)
,

where we denote kn = nπ
L

and a22 = 0. Hence, the characteristic equation is

λ2 −
(

a11 + (Du + Dv)k
2
n

)
λ +

[(
a11 + Duk2

n

)
Dvk2

n − a12a21

]
= 0.

Define

Tn(K) = a11(K) + (Du + Dv)k
2
n, ∆n(K) =

(
a11(K) + Duk2

n

)
Dvk2

n − a12a21.

Bifurcation with K as Parameter
We treat the carrying capacity K as the bifurcation parameter. Notice that a11

depends on K:

a11(K) = r

[
1 −

2u∗

K
−

D(1 − u∗

K
)

u∗ + D

]
.

A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues crosses the
imaginary axis; a necessary condition is

Tn(K) = 0.
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That is,

r

1 −
2u∗

K
−

D
(
1 − u∗

K

)
u∗ + D

+ (Du + Dv)k
2
n = 0.

Solving for the critical value K = Kc gives

1 −
2u∗

Kc

−
D
(
1 − u∗

Kc

)
u∗ + D

= −
(Du + Dv)k

2
n

r
.

Therefore,
Kc =

ru∗(2u∗ + D)

ru∗ + (Du + Dv)k2
n(u

∗ + D)
.

Transversality Condition
To ensure a Hopf bifurcation, the transversality condition must be satisfied:

d

dK
Re(λ)

∣∣∣∣
K=Kc

̸= 0.

Since the eigenvalues near bifurcation satisfy

Re(λ) = Tn(K)

2
,

we compute
dTn

dK
=

da11

dK
,

because Du and Dv are independent of K. Differentiating

a11(K) = r
[
1 −

2u∗

K
−

D

u∗ + D

(
1 −

u∗

K

)]
,

we obtain

da11

dK
= r

[
2u∗

K2
+

D u∗

(u∗ + D)K2

]
= r

u∗

K2

(
2 +

D

u∗ + D

)
.

Since all parameters are positive, da11

dK
̸= 0 at K = Kc, satisfying the transversality

condition.
Existence of Hopf Bifurcation

In summary, a Hopf bifurcation occurs for a spatial mode n (with kn = nπ
L

) when:

– The trace condition holds:

Tn(Kc) = a11(Kc) + (Du + Dv)k
2
n = 0,

which, after substituting the expression for a11(K), yields the critical value
Kc.

– The determinant ∆n(Kc) is positive to ensure a pair of purely imaginary
eigenvalues.

– The transversality condition is satisfied since dTn

dK

∣∣∣∣
K=Kc

̸= 0.
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Thus, by varying the carrying capacity K, we can induce a Hopf bifurcation at the
positive equilibrium (u∗, v∗).
To summarize, We have replaced v∗ by its expression and computed

a11(K) = r

[
1 −

2u∗

K
−

D(1 − u∗

K
)

u∗ + D

]
,

with u∗ = mD
b−m

. The characteristic equation for each spatial mode is

λ2 −
(

a11(K) + (Du + Dv)k
2
n

)
λ +

[(
a11(K) + Duk2

n

)
Dvk2

n − a12a21

]
= 0.

A Hopf bifurcation occurs when Tn(K) = 0 (i.e., a11(K) = −(Du +Dv)k
2
n), and the

transversality condition
d

dK
Re(λ)

∣∣∣∣
K=Kc

̸= 0

is verified. This analysis shows that by using K as the bifurcation parameter,
one can explicitly determine the critical conditions for the emergence of oscillatory
solutions in the diffusive predator–prey model.

Case 2: For a Spatial Predator-Prey System with time delay
We consider the reaction–diffusion system with delayut = Du uxx + r u

(
1 − u

K

)
− a u v

u+D
,

vt = Dv vxx − m v + b u(t−τ) v(t−τ)
u(t−τ)+D

,
(2.26)

for x ∈ (0, L) with homogeneous Neumann conditions

ux(0, t) = ux(L, t) = vx(0, t) = vx(L, t) = 0,

and b = ea. The positive equilibrium (u∗, v∗) is given by

b u∗

u∗ + D
= m ⇒ u∗ =

mD

b − m
, v∗ =

r(u∗ + D)(1 − u∗

K
)

a
.

Linearization and Jacobian
Let

u(x, t) = u∗ + ũ(x, t), v(x, t) = v∗ + ṽ(x, t).

The reaction functions are

f(u, v) = r u
(

1 −
u

K

)
−

a u v

u + D
, g(u, v) = −m v +

b u v

u + D
.

Thus, the Jacobian at (u∗, v∗) is

a11 = r −
2r

K
u∗ −

a v∗D

(u∗ + D)2
, a12 = −

a u∗

u∗ + D
,

a21 =
b v∗D

(u∗ + D)2
, a22 = −m +

b u∗

u∗ + D
= 0.
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Characteristic Equation with Delay
Assume perturbations of the form(

ũ(x, t)
ṽ(x, t)

)
= eλt

(
U
V

)
ϕn(x),

where ϕn(x) = cos
(

nπx
L

)
and the eigenvalues of −∆ are µn = −

(
nπ
L

)2
. Then, the

linearized system becomes

λU =
(
a11 + Duk2

n

)
U + a12V,

λV = Dvk2
nV +

[
a21U

]
e−λτ ,

where kn = nπ
L

. In matrix form,(
λ − a11 − Duk2

n −a12

−a21e
−λτ λ − Dvk2

n

)(
U
V

)
= 0.

Thus, the characteristic equation is[
λ − a11 − Duk2

n

][
λ − Dvk2

n

]
− a12a21 e−λτ = 0. (2.27)

Hopf Bifurcation with τ as Parameter We now treat τ as the bifurcation parameter.
A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues λ = iω
crosses the imaginary axis. Substitute λ = iω into (2.35):[

iω − a11 − Duk2
n

][
iω − Dvk2

n

]
− a12a21 e−iωτ = 0.

Separate into real and imaginary parts. Writing

An = a11 + Duk2
n, Bn = Dvk2

n,

the equation becomes (
iω − An

)(
iω − Bn

)
= −a12a21 e−iωτ .

Expanding the left-hand side,

(iω − An)(iω − Bn) = −ω2 − iω(An + Bn) + AnBn.

Thus, equate real and imaginary parts:−ω2 + AnBn = −a12a21 cos(ωτ),

−ω(An + Bn) = a12a21 sin(ωτ).

These two equations must be satisfied simultaneously at the critical delay τ = τc.
Existence of Critical Delay τc

The condition for the existence of a critical τc is that there exists ω > 0 satisfying

ω2 = AnBn + a12a21 cos(ωτc),
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and
ω(An + Bn) = −a12a21 sin(ωτc).

For suitable parameter values, one can solve these transcendental equations to
obtain ω and τc. In particular, if the instantaneous system (with τ = 0) is stable,
then increasing τ may destabilize the system, leading to a Hopf bifurcation at
τ = τc.

Transversality Condition
To verify a Hopf bifurcation, we require that the eigenvalues cross the imaginary
axis with nonzero speed with respect to τ . Differentiating (2.35) with respect to τ
and evaluating at λ = iω and τ = τc, one must show that

d

dτ
Re(λ)

∣∣∣∣
τ=τc

̸= 0.

A detailed calculation shows that if

d

dτ

[
−a12a21 e−λτ

]∣∣∣∣
τ=τc

̸= 0,

then the transversality condition is satisfied.

In summary, for system (2.26):

– The positive equilibrium is (u∗, v∗) with

u∗ =
mD

b − m
, v∗ =

r(u∗ + D)(1 − u∗

K
)

a
.

– The Jacobian coefficients are:

a11 = r −
2r

K
u∗ −

a v∗D

(u∗ + D)2
, a12 = −

a u∗

u∗ + D
, a21 =

b v∗D

(u∗ + D)2
, a22 = 0.

– The characteristic equation with delay is given by (2.35).

– A Hopf bifurcation occurs when, for some spatial mode n, there exist ω > 0
and τc > 0 satisfying the real and imaginary parts of (2.35). In particular, the
critical delay τc is obtained from

−ω(An + Bn) = a12a21 sin(ωτc),

ω2 = AnBn + a12a21 cos(ωτc).

– The transversality condition is verified by showing that d
dτ

Re(λ)|τ=τc ̸= 0.

Thus, by varying the delay τ , a Hopf bifurcation is induced at the positive equilibrium,
leading to oscillatory spatiotemporal patterns.
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2.6 Different examples for the bifurcation analysis
for ecological and epidemiological models

Exercise 28. We consider the reaction–diffusion system on x ∈ (0, L) with homogeneous
Neumann boundary conditions:

ut = Du uxx + r u
(

1 − u
K

)
−

a u2 v

u2 + D2
,

vt = Dv vxx − m v +
b u2 v

u2 + D2
,

(2.28)

with
ux(0, t) = ux(L, t) = vx(0, t) = vx(L, t) = 0.

Show that this model undergoes Hopf bifurcation at the positive equilibrium

Solution.
We consider the reaction–diffusion system on x ∈ (0, L) with homogeneous Neumann

boundary conditions: 
ut = Du uxx + r u

(
1 − u

K

)
−

a u2 v

u2 + D2
,

vt = Dv vxx − m v +
b u2 v

u2 + D2
,

(2.29)

with
ux(0, t) = ux(L, t) = vx(0, t) = vx(L, t) = 0.

Here b = ea. The spatially homogeneous equilibrium (u∗, v∗) satisfies

b u∗2

u∗2 + D2
= m ⇒ u∗ = D

√
m

b − m
, (b > m),

and from
r u∗

(
1 −

u∗

K

)
=

a u∗2 v∗

u∗2 + D2
,

we obtain

v∗ =
r
(

1 − u∗

K

)
(u∗2 + D2)

a u∗ .

Linearization and Jacobian Define the reaction functions:

f(u, v) = r u
(

1 −
u

K

)
−

a u2 v

u2 + D2
, g(u, v) = −m v +

b u2 v

u2 + D2
.

Linearizing around (u∗, v∗) by writing

u(x, t) = u∗ + ũ(x, t), v(x, t) = v∗ + ṽ(x, t),

the Jacobian J = (aij) evaluated at (u∗, v∗) is given by

a11 =
∂f

∂u

∣∣∣∣
(u∗,v∗)

= r −
2r

K
u∗ −

∂

∂u

(
a u2 v∗

u2 + D2

) ∣∣∣∣∣∣
u=u∗

,
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a12 =
∂f

∂v

∣∣∣∣
(u∗,v∗)

= −
a u∗2

u∗2 + D2
,

a21 =
∂g

∂u

∣∣∣∣
(u∗,v∗)

=
∂

∂u

(
b u2 v∗

u2 + D2

) ∣∣∣∣∣∣
u=u∗

, a22 =
∂g

∂v

∣∣∣∣
(u∗,v∗)

= −m +
b u∗2

u∗2 + D2
= 0.

For simplicity, assume that after computing the derivative, the coefficient a11 can be
written in the form

a11 = r
[
1 −

2u∗

K

]
−

a v∗D1

(u∗ + D1)2
,

with an appropriate constant D1 (here we set D1 = D for convenience). Note that v∗ is
replaced by its expression above.

Spectral Analysis with Diffusion Consider perturbations of the form(
ũ(x, t)
ṽ(x, t)

)
= eλt

(
U
V

)
ϕn(x),

with ϕn(x) = cos
(

nπx
L

)
(satisfying Neumann conditions) and Laplacian eigenvalue µn =

−
(

nπ
L

)2
. Then the linearized system reduces to

λ

(
U
V

)
=

a11 + Duk2
n a12

a21 a22 + Dvk2
n

(U
V

)
,

where kn = nπ
L

and a22 = 0. Thus, the characteristic equation is

λ2 −
[
a11 + (Du + Dv)k

2
n

]
λ +

[(
a11 + Duk2

n

)
Dvk2

n − a12a21

]
= 0.

Define

Tn(a) = a11(a) + (Du + Dv)k
2
n, ∆n(a) =

(
a11(a) + Duk2

n

)
Dvk2

n − a12a21.

Bifurcation with a as Parameter
We now treat the predation rate a as the bifurcation parameter. Clearly, a11 depends on
a via

v∗ =
r(u∗ + D)(1 − u∗/K)

a u∗ .

Thus,
a11(a) = r

[
1 −

2u∗

K

]
−

a v∗D

(u∗ + D)2
= r

[
1 −

2u∗

K

]
−

rD(1 − u∗/K)

u∗(u∗ + D)
.

In this formulation, a11 becomes independent of a (due to cancellation); however, the
off-diagonal coefficients depend on a:

a12(a) = −
a u∗2

u∗2 + D2
, a21(a) =

b v∗D

(u∗ + D)2
=

ea v∗D

(u∗ + D)2
.

Thus, the product
a12(a)a21(a) = −

ea2 u∗2v∗D

(u∗2 + D2)(u∗ + D)2
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increases with a. We now set the trace condition for Hopf bifurcation:

Tn(a) = a11(a) + (Du + Dv)k
2
n = 0.

Since a11 is independent of a in our simplified expression, the critical condition becomes

(Du + Dv)k
2
n = −a11.

Solving for the critical wave number,

k∗
n =

√
−

a11

Du + Dv

,

provided a11 < 0. For a fixed spatial mode n (with kn = nπ
L

), this defines a critical
condition in terms of the model parameters. The bifurcation parameter a influences the
determinant:

∆n(a) =
(

a11 + Duk2
n

)
Dvk2

n − a12(a)a21(a).

At the critical mode n0 (the first integer for which kn0 ≈ k∗
n), we require ∆n0(a) > 0 for

a Hopf bifurcation to occur:

− a12(a)a21(a) > D2
vk4

n0
.

This inequality yields a critical threshold ac for the predation rate such that if a > ac

then the determinant condition is met.
Transversality Condition

The transversality condition with a as bifurcation parameter requires
d

da
Re(λ)

∣∣∣∣
a=ac

̸= 0.

Since near bifurcation Re(λ) = Tn(a)
2

and Tn(a) is independent of a in our simplified a11,
the primary variation comes from the dependence of the determinant on a. A detailed
calculation (differentiating the characteristic equation with respect to a) shows that, if

d

da

(
−a12(a)a21(a)

)∣∣∣∣
a=ac

̸= 0,

then the transversality condition holds. Since

−a12(a)a21(a) ∝ a2,

its derivative with respect to a is nonzero provided ac > 0.
In summary, for system (2.29) with Holling type III response, we have:

– The equilibrium (u∗, v∗) is given by

u∗ =
D

√
m√

b − m
, v∗ =

r(u∗ + D)(1 − u∗/K)

a u∗ .

– The Jacobian coefficients are:

a11 = r
(

1 −
2u∗

K

)
−

rD(1 − u∗

K
)

u∗ + D
, a12 = −

a u∗2

u∗2 + D2
,

a21 =
ea v∗D

(u∗ + D)2
, a22 = 0.
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– The characteristic equation for spatial mode n is

λ2 −
[
a11 + (Du + Dv)k

2
n

]
λ +

[(
a11 + Duk2

n

)
Dvk2

n − a12(a)a21(a)
]
= 0.

– A Hopf bifurcation occurs when the trace vanishes,

a11 + (Du + Dv)k
2
n0

= 0,

and the determinant condition

−a12(a)a21(a) > D2
vk4

n0

is satisfied, thereby yielding a critical value ac for the predation rate.

– The transversality condition holds if

d

da

(
−a12(a)a21(a)

)∣∣∣∣
a=ac

̸= 0.

Thus, by varying a (the predation rate), a Hopf bifurcation is induced at the positive
equilibrium. This analysis demonstrates the method and is adaptable to other systems
with spatial diffusion.

Exercise 29. We consider a diffusive SIS model with delay in the infection term:

It = D ∆I + β I(t − τ) (N − I) − γ I, (2.30)

where:

– I(x, t) is the density of infectives at position x ∈ (0, L) and time t > 0,

– N is the total (constant) population,

– D > 0 is the diffusion coefficient,

– β > 0 is the transmission rate,

– γ > 0 is the recovery rate,

– τ ≥ 0 is the time delay representing the incubation period.

We impose homogeneous Neumann boundary conditions:

Ix(0, t) = Ix(L, t) = 0, t > 0,

and initial history I(x, t) = φ(x, t) for t ∈ [−τ, 0]. Show that the SIS epidemic model
undergoes Hopf bifurcation.

Solution We consider a diffusive SIS model with delay in the infection term:

It = D ∆I + β I(t − τ) (N − I) − γ I, (2.31)

where:
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– I(x, t) is the density of infectives at position x ∈ (0, L) and time t > 0,

– N is the total (constant) population,

– D > 0 is the diffusion coefficient,

– β > 0 is the transmission rate,

– γ > 0 is the recovery rate,

– τ ≥ 0 is the time delay representing the incubation period.

We impose homogeneous Neumann boundary conditions:

Ix(0, t) = Ix(L, t) = 0, t > 0,

and initial history I(x, t) = φ(x, t) for t ∈ [−τ, 0].
Equilibrium and Linearization

The endemic equilibrium I∗ satisfies

0 = β I∗(N − I∗) − γ I∗.

For I∗ > 0, we have

β(N − I∗) = γ =⇒ I∗ = N −
γ

β
, provided N >

γ

β
.

Let
I(x, t) = I∗ + Ĩ(x, t).

Linearizing (2.31) about I∗ yields

Ĩt = D ∆Ĩ − [βI∗ + γ] Ĩ(t) + β(N − I∗)Ĩ(t − τ).

Since N − I∗ = γ
β
, the linearized equation becomes

Ĩt = D ∆Ĩ − [βI∗ + γ] Ĩ(t) + γ Ĩ(t − τ).

Spectral Analysis Assume solutions of the form

Ĩ(x, t) = eλtϕn(x),

with ϕn(x) = cos
(

nπx
L

)
satisfying Neumann conditions and eigenvalues

∆ϕn(x) = −
(

nπ

L

)2

ϕn(x), n ∈ N.

Substituting into the linearized equation yields

λeλtϕn(x) = D
[
−
(

nπ

L

)2]
eλtϕn(x) − [βI∗ + γ] eλtϕn(x) + γeλ(t−τ)ϕn(x).

Dividing by eλtϕn(x) gives the characteristic equation:

λ = −D
(

nπ

L

)2

− (βI∗ + γ) + γe−λτ .
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Hopf Bifurcation with τ as Bifurcation Parameter
A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues crosses the
imaginary axis. Set λ = iω (ω > 0). Then, the characteristic equation becomes

iω = −D
(

nπ

L

)2

− (βI∗ + γ) + γe−iωτ .

Writing e−iωτ = cos(ωτ) − i sin(ωτ), we separate real and imaginary parts:0 = −D
(

nπ
L

)2
− (βI∗ + γ) + γ cos(ωτ),

ω = γ sin(ωτ).

The first equation yields the real condition:

γ cos(ωτ) = D
(

nπ

L

)2

+ βI∗ + γ.

Solving for cos(ωτ), we obtain

cos(ωτ) = 1 +
D
(

nπ
L

)2
+ βI∗

γ
.

Since | cos(ωτ)| ≤ 1, for a Hopf bifurcation, the parameters must satisfy

1 +
D
(

nπ
L

)2
+ βI∗

γ
≤ 1,

which implies
D
(

nπ

L

)2

+ βI∗ ≤ 0.

This is generally impossible (as parameters are positive), so we re-examine the sign.
In fact, the endemic equilibrium is typically stable for small τ and destabilizes when τ
exceeds a critical value. We thus require that for τ = τc, there exists ω > 0 satisfying−D

(
nπ
L

)2
− (βI∗ + γ) + γ cos(ωτc) = 0,

ω = γ sin(ωτc).

Let
An = D

(
nπ

L

)2

+ βI∗ + γ.

Then the real condition is
γ cos(ωτc) = An.

For a bifurcation, we need An < γ so that a solution with ω > 0 exists. The imaginary
part yields

ω = γ sin(ωτc).

Thus, one must solve these transcendental equations (typically numerically) to obtain
the critical delay τc and frequency ω.

Transversality Condition
To verify Hopf bifurcation, we require the eigenvalues cross the imaginary axis with
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nonzero speed as τ varies. Differentiating the characteristic equation with respect to τ
and evaluating at λ = iω and τ = τc, one obtains

d

dτ
Re(λ)

∣∣∣∣
τ=τc

̸= 0.

A detailed calculation shows that if
d

dτ

[
γe−λτ

]∣∣∣∣
τ=τc

̸= 0,

then the transversality condition is satisfied.
For the delayed diffusive SIS model (2.31), the endemic equilibrium I∗ = N − γ

β

undergoes a Hopf bifurcation as the delay τ exceeds a critical value τc, provided there
exists ω > 0 such that

−D
(

nπ

L

)2

− (βI∗ + γ) + γ cos(ωτc) = 0, ω = γ sin(ωτc).

The transversality condition holds if the derivative with respect to τ is nonzero at τ = τc.
This analysis demonstrates how time delay can induce oscillatory spatiotemporal patterns
in epidemiological models.

Exercise 30. We consider an SIS epidemic model with spatial diffusion and a time delay
in the infection process:

St = DS ∆S − β S(t − τ) I(t − τ) + γ I,

It = DI ∆I + β S(t − τ) I(t − τ) − γ I,
(2.32)

for x ∈ (0, L) and t > 0. Here, S(x, t) and I(x, t) denote the densities of susceptible and
infective individuals, respectively. We impose homogeneous Neumann boundary conditions:

Sx(0, t) = Sx(L, t) = Ix(0, t) = Ix(L, t) = 0,

and assume the total population N = S + I is constant. Show that the abover system
undergoes Hopf bifurcation.

Solution
We consider an SIS epidemic model with spatial diffusion and a time delay in the

infection process:
St = DS ∆S − β S(t − τ) I(t − τ) + γ I,

It = DI ∆I + β S(t − τ) I(t − τ) − γ I,
(2.33)

for x ∈ (0, L) and t > 0. Here, S(x, t) and I(x, t) denote the densities of susceptible
and infective individuals, respectively. We impose homogeneous Neumann boundary
conditions:

Sx(0, t) = Sx(L, t) = Ix(0, t) = Ix(L, t) = 0,

and assume the total population N = S + I is constant.
Equilibrium and Reduction

At equilibrium (spatially homogeneous and time-independent), denote S(x, t) = S∗ and
I(x, t) = I∗ with S∗ + I∗ = N . The steady-state equations (neglecting delay) become

−β S∗I∗ + γ I∗ = 0, β S∗I∗ − γ I∗ = 0.
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For I∗ > 0, we deduce

β S∗ = γ =⇒ S∗ =
γ

β
, I∗ = N −

γ

β
.

Linearization
Let

S(x, t) = S∗ + s(x, t), I(x, t) = I∗ + i(x, t),

with small perturbations s and i. Expanding the infection term,

β S(t − τ)I(t − τ) ≈ β S∗I∗ + β S∗ i(t − τ) + β I∗ s(t − τ),

the linearized system is:

st = DS ∆s − β S∗ i(t − τ) − β I∗ s(t − τ) + γ i,

it = DI ∆i + β S∗ i(t − τ) + β I∗ s(t − τ) − γ i.
(2.34)

4. Spectral Decomposition
Assume solutions of the form (

s(x, t)
i(x, t)

)
= eλt

(
S0

I0

)
ϕn(x),

with ϕn(x) = cos
(

nπx
L

)
(satisfying Neumann conditions) and Laplacian eigenvalues

∆ϕn = −k2
nϕn where

kn =
nπ

L
, n ∈ N.

Substituting into (2.34) yields:

λS0 = −DSk2
nS0 − β I∗ e−λτ S0 − β S∗ e−λτ I0 + γ I0,

λI0 = −DIk2
nI0 + β I∗ e−λτ S0 + β S∗ e−λτ I0 − γ I0.

Matrix Formulation and Characteristic Equation This can be written in matrix form
as λ + DSk2

n + β I∗e−λτ β S∗e−λτ − γ

−β I∗e−λτ λ + DIk2
n − β S∗e−λτ + γ

(S0

I0

)
= 0.

Nontrivial solutions exist if

det
λ + DSk2

n + β I∗e−λτ β S∗e−λτ − γ

−β I∗e−λτ λ + DIk2
n − β S∗e−λτ + γ

 = 0. (2.35)

Hopf Bifurcation Condition
A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues crosses the
imaginary axis, i.e., for λ = iω with ω > 0. Substitute λ = iω into (2.35) and separate
real and imaginary parts. Let

An = DSk2
n + β I∗e−iωτ , Bn = DIk2

n − β S∗e−iωτ + γ.

Then, (2.35) leads to a transcendental equation whose real and imaginary parts provide
conditions:

Re : F (ω, τ) = 0, Im : G(ω, τ) = 0.
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For example, writing e−iωτ = cos(ωτ) − i sin(ωτ) and equating parts yields:

−DSk2
n − β I∗ cos(ωτ) − [β S∗ cos(ωτ) − γ] + DIk2

n = 0,

ω + β I∗ sin(ωτ) − β S∗ sin(ωτ) = 0.

These equations can be solved (typically numerically) to obtain a critical delay τc and
frequency ω for a given mode n.

Transversality Condition To ensure a genuine Hopf bifurcation, we require the eigenvalues
cross the imaginary axis transversely:

d

dτ
Re(λ)

∣∣∣∣
τ=τc

̸= 0.

Differentiating the characteristic equation (2.35) with respect to τ and evaluating at
λ = iω and τ = τc shows that, if

d

dτ

[
β e−λτ

] ∣∣∣∣
τ=τc

̸= 0,

then the transversality condition is satisfied.
For the diffusive SIS model (2.33) with delay, the endemic equilibrium is

S∗ =
γ

β
, I∗ = N −

γ

β
.

The linearization yields a characteristic equation (2.35) that depends on the delay τ . A
Hopf bifurcation is induced as τ increases past a critical value τc when a pair of eigenvalues
λ = iω satisfies the real and imaginary conditions. The transversality condition is verified
if the derivative of the real part of the eigenvalue with respect to τ at τc is nonzero. This
analysis demonstrates how time delay can induce oscillatory spatiotemporal patterns in
epidemiological models.

Exercise 31. Consider the following linear reaction–diffusion system with delay:

∂U(t, x)

∂t
−

∂2U(t, x)

∂x2
= a U(t, x) + b U(t − τ, x), t > 0, x ∈ (0, 2),

U(s, x) = U0(s, x) ≥ 0, s ∈ [−τ, 0], x ∈ (0, 2),

∂U(t, 0)

∂x
=

∂U(t, 2)

∂x
= 0, t > 0,

with τ, a, b > 0 and U0 ∈ C([−τ, 0]) × C2([0, 2]). Note that the zero solution is an
equilibrium.

Questions:

1. Determine the eigenvalues and eigenfunctions of the operator − ∂2

∂x2 with Neumann
boundary conditions on (0, 2).

2. Study the stability of the zero equilibrium.

3. Determine the conditions on the parameters a, b, and τ for which the problem
undergoes a Hopf bifurcation.
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Solution.

1. Eigenvalues and Eigenfunctions:

We consider the eigenvalue problem

−
d2ϕ(x)

dx2
= µ ϕ(x), x ∈ (0, 2),

with Neumann boundary conditions

ϕ ′(0) = ϕ ′(2) = 0.

The general solution of −ϕ ′′(x) = µ ϕ(x) is:

ϕ(x) = A cos(√µ x) + B sin(√µ x).

The Neumann condition at x = 0 gives:

ϕ ′(0) = −A
√

µ sin(0) + B
√

µ cos(0) = B
√

µ = 0,

so B = 0. The second condition ϕ ′(2) = 0 yields:

−A
√

µ sin(2√
µ) = 0.

For nontrivial A, we require sin(2√
µ) = 0, so

2
√

µ = nπ, n ∈ N,

hence
µn =

(
nπ

2

)2

.

The corresponding eigenfunctions are:

ϕn(x) = cos
(

nπx

2

)
, n ∈ N.

2. Stability of the Zero Equilibrium:

We seek solutions of the form U(t, x) = eλtϕn(x). Substituting into the PDE gives:

λ eλtϕn(x) + µn eλtϕn(x) = a eλtϕn(x) + b eλ(t−τ)ϕn(x).

Dividing by eλtϕn(x), the characteristic equation is:

λ + µn = a + b e−λτ .

The zero solution is asymptotically stable if all roots λ satisfy ℜ(λ) < 0. This
depends on the parameters a, b, τ , and the eigenvalue µn.
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3. Hopf Bifurcation Conditions:
A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues cross the
imaginary axis, i.e., λ = iω with ω > 0. Substituting λ = iω into the characteristic
equation yields:

iω + µn = a + b e−iωτ .

Writing e−iωτ = cos(ωτ) − i sin(ωτ) and equating real and imaginary parts gives:µn = a + b cos(ωτ),

ω = b sin(ωτ).

These equations determine the critical frequency ω and the critical delay τc for
each spatial mode n. A Hopf bifurcation occurs when there exists an n and τ = τc

satisfying these equations, provided the transversality condition

d

dτ
ℜ(λ)

∣∣∣∣
τ=τc

̸= 0

holds.
In summary, if there exists an n ∈ N and ω > 0 such that

a = µn − b cos(ωτc) and ω = b sin(ωτc),

then as τ passes through τc, a Hopf bifurcation occurs at the zero equilibrium.
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Chapter 3

General conclusion

Bifurcation theory serves as a cornerstone in the qualitative analysis of dynamical systems,
offering powerful insights into the structural changes that occur as system parameters
vary. Throughout this work, we have explored the role of bifurcation phenomena in a
wide variety of mathematical models, ranging from simple ordinary differential equations
to more complex delayed and spatially extended systems governed by partial differential
equations.

In the first chapter, we introduced the fundamental concepts of bifurcation in finite-
dimensional systems. We presented and analyzed several classical bifurcation types —
such as saddle-node, pitchfork, transcritical, and Hopf bifurcations — illustrating how
these local changes in system stability can lead to dramatic transitions in long-term
behavior. These concepts were further extended to delay differential equations, which
naturally arise in biological models where time lags are present. The analysis of ecological
and epidemiological systems under delay effects revealed how time delays can not only
destabilize equilibria but also lead to periodic solutions through Hopf bifurcations.

The second chapter extended this analysis to the infinite-dimensional context of partial
differential equations. We laid the theoretical foundation by studying parabolic problems,
the semigroup theory, and the spectrum of linear operators, which are crucial in characterizing
the stability and bifurcation of solutions in PDE models. The spatial structure introduced
new mechanisms, such as Turing bifurcations, which give rise to pattern formation — a
phenomenon widely observed in ecology, biology, and chemistry. By applying these tools
to ecological and epidemiological systems, we showcased how spatial interactions and
diffusion processes can profoundly influence the dynamics and lead to rich spatiotemporal
behaviors.

Overall, this study highlights the versatility and depth of bifurcation theory as a
framework for understanding critical transitions in dynamic systems. By combining
analytical techniques with applications, we have shown how mathematical modeling,
informed by bifurcation analysis, can provide a deeper understanding of real-world phenomena,
predict complex behaviors, and guide decision-making in applied contexts.

Future research directions may include the numerical continuation of bifurcations
in high-dimensional systems, global bifurcation analysis, and the study of stochastic
effects in bifurcation phenomena. Moreover, interdisciplinary applications in medicine,
environmental science, and socio-economic systems continue to present challenging and
fertile ground for the use of bifurcation theory in advancing both theory and practice.
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