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NOTATIONS

Q. Open set of R™.

X, Y: Banach spaces.

|-]lx: Norm in X.

H: Hilbert space.

I': Euler’s Gamma function.

L(X,Y): The space of linear and continuous applications from X to Y.
« is Multi-indices

z® = xy? - x0 and |of = Y a; with « is Multi-indices.

o ol

= oo 5000, g = 010wy - - - 0"z, a differntial operator of ored |

C(Q2): The set of continuous functions u :  — R.

C*(2): The set of k-continuously differentiable functions u :  — R.

C([0,T]; X) The set of continuous functions u : [0,7] — X

Ck([(), T); X ) The set of k-continuously differentiable functions u : [0,7] — X
J,: Bessel functions

E,, : Mittag-Lefler function

E, 3 :Generalization of Mittag-Leffler function
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o L7(Q): {u:Q — R, u measurable and [, |u(x)[’ dz < oo}, for 1 < p < oo.

o L>®(Q): {u:Q — R, u measurable and there exist a constant C' > 0 such that |u(z)| < C

almost everywhere in 2}.
e f < ¢: means that there exists a constant C' > 0 such that f < Cg, where f,g € RT.

e ae :Almost Everywhere.



INTRODUCTION

Fractional differential equations have gained considerable importance due to their wide-ranging
applications across various scientific disciplines, including quantum mechanics (Schrédinger equa-
tion), solid and fluid mechanics (Navier-Stokes equation), biology (Bertalanffy’s equation), elec-
tromagnetic fields (Maxwell’s equations), and many others. For further details, we refer the
reader to [7], [20], [21].

The historical development of weakly coupled semi-linear equations dates back to the late
19th and early 20th centuries, with pioneering contributions from mathematicians such as Henri
Poincaré. Their foundational work laid the groundwork for understanding nonlinear dynamics in
systems. Subsequent progress in reaction-diffusion equations and the development of advanced
mathematical methods have significantly advanced this field.

During the last decade, considerable progress has been achieved in the analysis of semi-linear
and quasi-linear o—evolution equations with different types of damping. Among the most im-
portant classes of models are structurally damped o—evolution equations and equations involv-
ing double damping mechanisms. These models typically exhibit hybrid parabolic-hyperbolic
behavior, leading to delicate mathematical difficulties. In particular, decay rates of solutions de-

pend strongly on the damping structure, the spatial dimension, and the regularity of initial data.

Another important research direction concerns weakly coupled systems of o-evolution equa-
tions. Such systems naturally appear in models describing interacting physical quantities, cou-
pled wave propagation, and multi-component media, see for example, [3, 11, 12, 14, 15, 17, 18].
Compared with single equations, weakly coupled systems present additional mathematical chal-
lenges due to nonlinear interactions between components and possible imbalance between non-
linear powers.

Recently, few studies have been conducted regarding the fractional o-evolution equations, we



Introduction

refer for example to [4], [10] and [11].

The objective of this thesis is to investigate the global existence of solutions to the following
weakly coupled system of k—semi-linear fractional o-evolution equations with mass terms and

distinct nonlinear memory terms:

( (%Hallu + (=A)7 uy + miu = Fhuy o (uie),

atl—lebz + (—A)%uy + m%“Q = Fly o (w1),

atHakuk + (=A)7ruy, + miuy, = Flepr (Wi—1)
L w(0,2) = ug(z), Que(0,2) =0, £=1,2,...k

and to the following weakly coupled system of semi-linear fractional o-evolution equations with-

out mass terms and with distinct power nonlinearities:

Oy + (—A)7u = [ufPr, u(0,2) = ug(w) u (0, 2) =0,
0,20 4+ (=A)720 = |ulP2, v(0,z) = vo(z), v,(0,2) =0,

where k > 2, and for [ = 1,...,k, we have oy € (0,1), y € (0,1), py > 1, m; > 0, 0, > 1, and

(t,x) € [0,00) x R™. The nonlinear memory term is defined as

Fp(w)(t,z) = /0 (t —s) " w(s,x)|?, ds.

The operator 0} " u is understood as D (u;), where D denotes the Riemann-Liouville frac-

tional derivative:

DR =i g), e 12 = s [ =9, dssstor 5> 0.
Here, If is the fractional integral of order 3, and I' denotes Euler’s gamma function.

This thesis is organized into five chapters as follows.

In the first chapter, we discuss fundamental concepts in functional analysis, including the
structure of function spaces and the interplay between various norms, along with essential in-
equalities governing their relationships. Special attention is given to Lebesgue’s convergence the-
orems, which are indispensable when interchanging limits and integrals in mathematical analysis.

We also explore the Fourier transform, its fundamental properties, and its significance in solv-
ing partial differential equations (PDEs) and evolution problems. Several special functions—such
as modified Bessel functions and Mittag-Leffler functions—that frequently arise in fractional cal-

culus and related applications are revisited. At the end of this chapter, we introduce the concept
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of fractional derivatives, particularly in the Riemann—Liouville sense, thereby bridging the gap
between classical calculus and fractional analysis, and preparing the reader for their application
in fractional-order evolution equations and advanced models.

In the second chapter, we focus on the homogeneous problem associated with certain frac-
tional o-evolution equations, both with and without mass terms. Using modified Bessel functions
and Mittag-Lefler functions, we establish polynomial decay estimates in LP—L? norms for solu-
tions to the linear fractional evolution equations related to our problem.

The third chapter is devoted to the study of global existence of solutions to weakly coupled
systems of k—semi-linear fractional o-evolution equations with mass and different power nonlin-
earities. Our aim is to show the influence of the parameters and the regularity of the data on
the qualitative behavior of solutions. By using some fixed-point theory and L"-L? estimates of
the linear solution, we prove the global existence of solutions for our problem. In the chapter
four, we study of global existence of solutions to weakly coupled systems of semi-linear fractional
o-evolution equations with out mass and different power nonlinearities. We demonstrate that the
absence of the mass terms complicates the study of the global existence. Finally, we conclude by

presenting auxiliary lemmas and theorems essential for the rigorous justification of our results.



CHAPTER 1

PRELIMINARIES

We begin by recalling the fundamental concepts and select classical results of analysis and frac-

tional calculus that will be employed in the execution of this undertaking.

1.1 The Lebesgue L?({)) spaces

In this section we discuss an important construction, which is extremely useful in virtually all

branches of Analysis.

1.1.1 Definitions and basic properties

Definition 1.1 (see [1]) Let Q an open set of R™. If f : Q — K is a measurable function, with
1 < p < oo, then we define
ey = ( [ 177w

£l ooy = [1f]loe = esssupueal f(2)] = nf {C' [ |f(2)] < C a.e. on Q.

and

Definition 1.2 (see [1])

The space LP(QY) is the set:
LP(Q) = {f : Q@ = K[| flleo) < oo} for pel,o0],
L=(Q) ={f:Q — K| is measurable and there exists C' > 0 such that |f(x)| < C a.e. on Q}.

Proposition 1 The space LP(QY) for all p > 1 is a vector space.
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Holder’s Inequality

Proposition 2 (see [1]) Let 1 < p < oo, we denote by q the conjugate exponent of p, that is
% + % = 1. Assume that f € LP(Q) and g € LY(Q). Then fg € L*(Q) and we have the following

equality:
o [1r@awiae < ( [ |f(x)|”dx); (f \g(xwx);.

The previous inequality summarizes the inequality of Cauchy-Schwarz for p =2 as:

sl < ([ If(x)|2dx)% (f |g<x>|2dx)%.

Interpolation’s inequality
Proposition 3 Letu € LPN LY with1 <p < q<oo. Thenu € L" for all r € [p,q] and we have

o < [l llull 2",

[

Where + =

1_9
TP

+ =2 with 6 € [0,1].

Fractional Gagliardo-Nirenberg inequality

Proposition 4 Let 1 < p,po,p1 < 00,0 > 0and s € [0,0), Then ,it holds for all w € L N H}

lullzy, < Nl oo lull;
where
1 1 S
g mw _p
1 1 4+
Po pP1 n

Fractional powers

Proposition 5 Let p > 1,po,1 < r < oo,and u € H; ,where s € (%,p),Let us denote by F(u)

one of the functions |ulP,|ulP~ u. we have the following hold:

£ (w)]

iy S llull7 |l

we  and [|F(u)]

iy Sl ul

1.1.2 Lebesgue convergence theorems

In this subsection, we quickly review analysis results that will be used most frequently throughout
the rest.

10
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Let (X, ) be a measure space. Most of the time, X will be an open subset of R”, and u the
Lebesgue measure, defined on the completion of the Borel sigma-algebra. At the foundation of

it all lies the following theorem, which is rarely used in its raw form.

Proposition 6 (Lebesgue’s Monotone Convergence Theorem) Let (f,)nen be an increasing se-
quence of measurable functions on X, with values in R, , this sequence converges pointwise to a

measurable function f, and we have:
/ fndu—>/ fdu in  n—oo™.
b's X

Proposition 7 (Lebesgue’s Dominated Convergence Theorem)

Let (fn)nenbe a sequence of measurable functions on X, with values in Rsuch that:
fo— f almost everywhere in X in n — oo™,

and there exists a function g € LY(X,du) (i.e integrable), such that |fn(z)| < g(z) almost

everywhere on X. Then f is integrable and:

/|fn—f|du—>0 in n— oo,
X

In particular:
lim [ fudp = / lim fdys = / fdp.

The dominated convergence theorem also exists in an LP(X, du) version.

1.2 Fourier transformation

In this section, we introduce the notion of Fourier transform, which is used to solve our equations

by transforming them into the frequency face, where they become easier to analyze and solve.

1.2.1 Fourier transforms in L!(R")

Definition 1.3 (see [25]) Let be f € L'(R"). The Fourier transform of f is defined by:
FNO=FE = | Sy "dr, Vg

where x - § =" | x;&;.

11
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Example 1 The Fourier transform of function :

f(z) = exp(—alz|) where a > 0.

We want to compute its Fourier transform :
Flw) = / f(z)e ™" dt.

We separate the integral over the two domains:
0 ) o0 )
F(w) = / e e " dt +/ e e d.
—00 0

We can write it

0 00
Fw) = / ele=)T gy 4 / e~ (@) go.
0

—0o0

We compute each integral:

00 ' _ o —(atiw)z > 1
/ e—(a+lw)x dr = € : _ .
0 a+tw | a + 1w

1 1 2
Flw) = + = a

a—iw a+iw a2+ w?

Adding both results:

Definition 1.4 (see [25]) The convolution product of f and g € L*(R™) denoted by f * g, is the
function defined by:

(fxg)(z) = . flz —y)g(y) dy.

1.2.2 Properties of the Fourier transform
Let f € L}(R") and g € LY(R"):

e fis a continuous function on R, ‘ |lim F(€) = 0 and we have :
&l —+oo

1£llse < N1 £1I1-
e F is a linear operator. That is for any f,¢g € L! and a,b € C, we have:
Flaf +bg) =aF(f) +bF(g).

e The Fourier transform of a translated and scaled function is given by:

F(f(bt —a))(\) = %le”“/b}"(f) (%) . VaeR,VbeR".

12
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o F(fxg)=F(f) Fg)
o F(fg) = F(f)* Flg).
Proof see [25]

Proposition 8 (Energy theorem) Suppose f(z) s real valued function defined over R™. with

Fourier transform given as F (&) we have:

| e = [ (7@

1.2.3 Inverse Fourier transform

(see [25]) Let f € LY(R") and f € L'(R") . The inverse Fourier transform of a function f is
given by the formula:

1
2m)™ Jgn

FHf)(2) = f(&)eede, Va € R™

1.2.4 Derivative of the Fourier transform

Proposition 9 see [25] Let f € LY(R) such that x — zf(x) € L'(R). Then:
1. f 1s continuously differentiable.
2. (F(£)' (&) = —iF(zf)(&).

Proposition 10 (see [25]) Let f € LY(R"). If 9% (z“f(x)) € LY(R") for any a, 3 € N* and
with |o| < K, then

PORf(E) = (—i) P F (92 (2 f(2))) (£).

1.3 Fractional derivatives within the meaning of Riemann-

Liouville

The definition of the Riemann!-Liouville? fractional integral is a generalization of the real order «
of the Cauchy formula, established by Augustin-Louis Cauchy (1789 —1857). This generalization
allows for the extension of integration to non-integer orders, thus offering a more general approach

for the calculation of integrals.

!Benard Riemann:(Hanovre 1826 -Italie 1866) fractional integral , is a allemand mathematician . He made

a significant contribution to analysis and differential geometry..
2Joseph Liouville:(Saint Omer 1809-Paris 1882) A French mathematician. Among his most famous works

are the discovery of transcendental numbers in 1844, and elliptic integrals.

13
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1.3.1 Gamma Function

The Euler’'s Gamma function I'(2) is among the fundamental functions within fractional calculus.

Definition 1.5 (see [1]) The Gamma function, denoted by I, is given by:
['(z) = /tz_le_tdt, for all z € C with Re(z) > 0.

0
Which converges in the right half of the complex plane Re(z) > 0. Indeed, we have:

o

[(x+iy) = / o wetdy

0
00

_ / t:c—leiy lOg(t)e_tdt

_ / £ eos(ylog(t)) + i sin(y log(£) )] ~"dt. (1.1)

The expression in the square brackets in (1.1) is bounded for all t, convergence at infinity is
provided by e, and for the convergence at t = 0 we must have r = Re(z) > 1.

Proposition 11

1- We have I'(2) is defined and analytic in the region Re(z) > 0.

2- I'(z+1) = 2I'(2).

T

3-T(1—-2)I(2) =

sin(mwz)’
4- T(z+1) mV2rz"T2e™  for|z| large, Re(z) > 0.

In particular, n! = /2x n" 1/ 2e=" (Stirling’s formula,).

1.3.2 Beta Function

In many cases it is more convenient to use the beta function instead of a certain combination of

values of the gamma function.For more details refer to [1]

Definition 1.6 The beta function, denoted by B, is given by :
1
B(z,w) = / N1 -t tdt  Vz,w € C with Re(z) > 0 and Re(w) > 0.
0

(Euler’s beta function).

14
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Remark 1 7To establish the relationship between the gamma function and the beta function we
will use the Laplace transform. and we will obtain this formula:
I'(z)l(w)

Bz w) = I'(z4+w)

Vz,w € C with Re(z) > 0 and Re(w) > 0.

from which it follows that :
B(z,w) = B(w, 2).

1.3.3 Improved Bessel functions

The theory of Bessel functions is connected with Riccaati’s equations, in fact,Bessel functions
are defined as solutions of Bessel’s equation, Here we need some basic and basic properties of

the improved Bessel functions.

Definition 1.7 The Bessel functions of the first kind J, are defined from their power series

representation:

_ ad (—1)F s\ 2k+nu
Tuls) = kzg ET(k+p+1) (5) ’

. - J
where p > 0. The improved modified Bessel function J,(s) is defined by J,(s) = “<S).

SH

Proposition 12 Assume that p is a non-negative integer. We have the following properties:

1. sdoJ, () = Ju1(s) — 2ud,(s).

2. dyJ,(s) = —sJu1(5).

3. j_%(s) = \/gcos(s).

4. We investigate the asymptotic necessity of estimates involving modified Bessel functions:

| T.(s)] < Ce™™H i f || <1,

and
Ju(s) = C's™2 cos(s — gw . %) O(s|"2) if |s| > 1.
J. jl“rl(rls‘) = _r\iparjﬂ(ﬂx‘): r# 0,5 #0.

Proposition 13 Let f € LP(R") a radial function with p € [1,2], then the reverse of Fourier

transformation is also a radial function and it satisfies :

f_l(f)(x)Z/Ooog(r)fn_ljg—l(flml)dﬁ g(|z)): = f(x). (1.2)

15
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Remark 1 (Equallity)
for u = 1,we have this equallity :

To prove this equallity we use this resultat from lemma xd,J,(x) = J,_1(x) — 2], (),
for p =1, we have :

:dejl(x) = jo( ) — 2j1(x),

e (P2) (e, - (Jlf“”)),
x(dle('r)x_ Jl(x)) — JO(Q: _ _Jl( )

then, we get our equallity Jo(x) = %Jl(x) + %Jl(x). Also, we can prove the equallity using the

definition of Bessel function and some proprities of Gamma function.

Mittag-Leffler function

The Mittag-Leffler function® emerges as a natural mathematical tool in the formulation of so-
lutions to fractional integral equations (Saxena et al., 2002). It is particularly important in the
investigation of fractional kinetic models, random walks, Lévy flight processes, and anomalous
diffusion phenomena. Moreover, the standard and generalized forms of the Mittag—Leffler func-
tion bridge the gap between exponential laws and power-type behaviors characteristic of classical

kinetic equations and their fractional counterparts (Lang, 1999; Hilfer, 2000; Saxena et al., 2002).

Definition 1.8 (see [22]) The called funtions of the Mittag-Leffler type,play an important role
in the theory of fractional equations(FDEs), First we introduce a two parameter Mittag-Leffler
function defined by (1.3):

ki:o; ok + 3)’ (o, B € C, Re(a) > 0, Re(B) > 0), (1.3)
and with =1
Z T ak 1) (o € C, Re(a) > 0). (1.4)
k=0

3Gosta Mittag-Leffler (1846-1927) was a Swedish mathematician whose work in analytic function theory

led to the introduction of the function that now bears his name.

16
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The function E,(z) was defined and studied by Mittag-Leffler in the year 1903. It is a direct
generalization of the exponential function. The function defined by (4.31) gives a generalization
of (1.4). This generalization was studied by Wiman in 1905, Agarwal in 1958 and Humbert and
Agarwal in 1953, and others.

Definition 1.9 The Mittag-Leffler function Eg allows the following implicit definition:

A e B g
w)/(t V1B (As?)ds = Es(M?) — 1. (15)

0

The Mittag-Leffler function Eg(—t? (€)2) with

gfﬁk—kl .8 € C avec Refs > 0.

Basic calculate of Mittag-Leffler Function

As a consequence of the definitions (1.4) and (1.3) the following results hold:

Proposition 14 Show that the following relations hold :
i. E,p5(2) = 2Eqa48(2) + ﬁ
ii. Eop(2) = BEapi1(2) + az L E,g.1(2).

iii. (L) [P B, 5(2*)] = 2P B, 5om(2%), (Re(B—m) >0,m €N).

dz
Proof:
i. we have
00 00 Skt
%Fak—kﬂ kz_lF(ak:+oz+ﬁ)
1
=2E,018(2) + ==, Re(B) > 0.
1i. we have
BE (z) + az 4 E (z) = BE, (z) + az N &
a,B+1 dz a,B+1 - a,B+1 L F(Ozk’ + ,6 + 1)7
= (ak+ 3 —p)zF
= Ea + )
Papnlz) ; (ak+5+1)
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iii.

d mr_pg—1 a\l __ d m N ZakJrBil
(E) (2771 Eap(2%)] = (@) —T(ak+B)’
[e'S) ZakJrﬁ*m*l
= Zf(ak—l—ﬁ—m)? el =0

since

d\m e - I'(ak + e —m—
_) (z k+p3 1) _ F(@}(CO;B _ﬁ)m)z k+8 1,

= 2" By pom(2%), (Re(B—m) > 0,m€N).

1.3.4 Riemann-Liouville Integral

Definition 1.10 (see [19]) Let f be a continuous function on [a,b], 0 < o < 1 and a < x <'b.
The fractional integral of order « is defined by :

xT

(12 f) (x) = ﬁ / (z — 0 f (1)t (1.6)

a

where « is a suitably chosen real (or even complez). Note that formula (1.6) is (at least formally)

a generalisation of the n'" primitive with a non-integer o order of “primitivation”.
Exemples 1.3.1 Consider the function
f(@)=(z—a)’ € L'({a,b],R), B € C,
such that Re(3) > 0. Then:
I%(z —a)’ = L/gc(x—t)o‘_l(t—a)ﬂdt. (1.7)
‘ I(a) Ja

To evaluate this integral we set the change, t = a + (x — a)T.

ax—aﬁz—(x_a)aw 1 — ) Bdr
e —a)’ = =05 / (1-7)*"'7%
B (x . a)a+5 N
= —F(Oé) B(B+1,a).
«@ . F(B + 1) —a o+
fa<:v—a)5——r(ﬁ+1+a)<x )+ (1.8)

18
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after using the Eulerian integral of the first kind ( Euler s beta function ). We can see that this

1s a generalization of the case where a = 1

« F(ﬂ 1) 1
]1 (lE—(l)’B = m(l'—a) +8
1 1
= 7 B(w—a) +8

because of the relationship: T'(z+4 1) = 2I'(z).

Theorem 1 (see [19]) Forn > 0, suppose (fr)i, is a uniformly convergent sequence of contin-
uous functions on |a,b]. Then, we can interchange the fractional integral operator and the limit

process almost everywhere:
([3 lim fk) (x) = <lim Igfk> (x).
k—o00 k—o0
FEspecially, the sequence of functions I17(fi)52, is uniformly convergent.

Preuve . We denote the limit of the sequence (fy) by f. It is well known that f is continuous.
We then find

17 i) — I (@) < L} / V) — FOl (@ — oyt

[(n
< ol flls [ @0
= T —
= F(n) k o) .
1 n
= m“fk — flloc(z — a)
1
N fu = Fllao(b—a)™ 1.9
Which converges to zero as (k — 00) uniformly for all x € [a, b]. =

Proposition 15 (see [19]) Let f € C"([a,b]). For z fized, the map oo — (12 f)(x) defined for
Re(a) > 0 is holomorphic and analytically extends to the domain Re(a) > —n.

Preuve . Remark that the application in question is well defined and holomorphic for Re(«) > 0.
Let us show the existence of the analytic continuation. In (1.6) we proceed by an integration by

part:

129)e) = s [ 100 |-EZ L] ae = 2+ s [e- oo
(x—a)"

mf(a) + (I f) (). (1.10)

(Ia f)(x) =

19
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It is clear that the right-hand side of the preceding equality is holomorphic in the domain
Re(a) > —1 because the terms on the right-hand side are the product of a holomorphic

function and a holomorphic function, or the sum of two holomorphic functions. The first term,

(x—a)®
T'(a+1)

integral operator) and another holomorphic function (the function f(a)). The second term

f(a), is a holomorphic function because it is the product of a holomorphic function (the

(I¢T1 f)(z), is also a holomorphic function because it is the result of applying the integral
operator to the derivative of a holomorphic function. Since the sum of two holomorphic functions
is also holomorphic, the right-hand side of the equation is holomorphic in the domain Re(a) >
—1. This domain is chosen because it ensures that the integral operator I¢ f(x) is well-defined
and holomorphic. When Re(a)) < —1, the integral operator may not converge, or it may converge
to a non-holomorphic function. By restricting the domain to Re(a) > —1, we can guarantee
that the integral operator produces a holomorphic function, which is essential for the proof of

the analytic continuation. Now the final result comes from a simple iteration of (1.10):

T —a)*v () Jotn £(n) 1.11
;Mﬂﬂf (@) + (1257 1) (@), (1.11)
formula that is the expression of the analytical extension. [

Proposition 16 (see [19]) Let f € C°([a,b]). For a and 8 two complezes numbers such that
Re(a) > 0 and Re(8) > 0, we have:

LIS = 1577 f.

And if Re(a) > 1, then:
d
— IS f =137
e
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Preuve . Let f € C%Ja,b]) and «, B two valuer complex such as: Re(a) > 0 and Re(3) > 0.

For any z € [a, b], we have :

@ = g [ =0T Do @
_ m / /:@ — 00N = B)P (k) dh dt
- /. b / (o= )7t B () () ()
T
= o)) / / (=)t = ) F (D) Xjaw (D) Xag(R) dt dh  (Fubini's theorem)
- fn) / (o 7 B () (1) i
- () (1) / (o= 0 = B ) di
_ m /:f(h) /hx(x — )Yt — b)YV dt dh.
To evaluate this integral we set the change, t = h + (z — h)A
N = w7 | 0 [ (o= B = AN (o — ) dAd
_ m/@ (1) /01(1 — NN N dh
_ m/(x — BT f(h)B(a, B) dh
— roses [ dn
~ g | @ man
= [ f).

So
(LI () = 180 f1(2), Vo € [a,b].

In formula (1.10), which is valid for Re(a) > —1, let o = 0. We obtain :
(Lo f)(@) = fla) + (Lo f)(x) = f(a) +/ f(t)dt = f(x). (1.12)

This shows that for the functions C! at least we have I°f = f. In fact this identity remains

valid for continuous functions. m
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1.3.5 Riemann-Liouville derivative

Definition 1.11 (see [19]) Let o € [m — 1,m] such that, m € N*.The derivative of order o in
the Riemann-Liouville sense is the function defined by:

RLpaf = prpmeey, (1.13)
and s called the Riemann-Liouville fractional differential operator of order c.

Exemples 1.3.2 Let f defined by f(x) = (x — a)® with B € R and o € [m — 1,m] such that,

m € N* . Then :
! _ d\" F(B + 1) m—o
MDJI_@B_(%J (F(ﬂ+1+m—oz>($_a)ﬁ+ )

F(B+1) T(B+1+m—a)

Bl iam
T
= F i )i (1.14)

where we used the formula

(%> (r—a) =AMA=1)--(A—p+ 1)@ — a) ™.

It is clear that the derivation formula(1.14) is reduced to o =1

r 1
MDY - @) = HE D e = = e - ) = - )
In the previous example if we take f = 0 we obtain the following result :
RLDal — —a)"
a 1’1(1 _ Oé) (x a’)

That is, the Riemann-Liouville derivative of a constant is not zero!.

Lemma 1 (see [19]) Let o €]m — 1,m[ and f a function verifying *L D% f = 0. Then:

o) = et e

j+l+a—m)

Where the c; are any complexe constants.

d m
Preuve . Let’s start from #2 D2 f = (—) (I f] () = 0, so we have first:

dx “
m—1
[ f] (@) = )_cj(z —a)
=0
And by application of IS we get
m _ = F(j + 1) +a
12910 = o e
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CHAPTER 2

LINEAR FRACTIONAL o-EVOLUTION EQUATIONS WITH
AND WITH OUT MASS TERMS

In this chapter, we focus on the homogeneous problem to some fractional c—evolution equations
involving mass terms and with out mass terms. We derive decay estimates for linear Cauchy
problem, where the decay behavior is examined in detail as part of a comprehensive analytical
study. To achieve polynomial decay in L™ — L? estimates, we employ modified Bessel functions
and Mittag-Lefler functions, which play a central role in capturing the temporal decay properties

of the solution to the following problem

O u 4+ (—A)7u +m?u = 0,
U(O, 1’) = uO(:U>7 ut(ov 33’) = 07

(2.1)

where a € (0,1), m >0, p > 1, (t,z) € [0,00) x R?, 8} *u = D(u;) with D&(f) = 9,(I}“f)

and . .
s, 1 N
Itf_r(ﬁ)/o(t s)’71f(s), for B >0.

D2(f) and I/ f denote the fractional derivative and the fractional integral of Riemann-Liouville
respectively of f on [0,¢] and T" is Euler’s Gamma function. By the hypothesis u;(0,z) = 0, so

we can write the Cauchy problem (2.1) in the form of an integro-differential equation.

G = I (—=(=0)7u—m?u),

u(0,z) = up(x).

(2.2)

A solution to (2.1) is defined as a solution of (2.2). For this reason, we may restrict ourselves in

further considerations to the study of (2.2) to obtain results for (2.1).
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Chapter 2. Linear fractional o-evolution equations with and with out mass terms

2.1 Some preliminary

The solution to Cauchy problem (2.2) with parameters ¢ > 1 and m > 0 can be formally
expressed via an integral equation formulation, involving a properly defined kernel or memory

operator.
u(t,z) = (Gga(t) * ug) (t, x), (2.3)
with
Gltia) = [ e B (—771(92,) de. (2.4)

where {G7},,(t) }>0 denotes the semigroup of operators which is defined via Fourier transform by

(G, (1) % F)(1,€) = Bar (—tH1(©)2,,) F(&) with ()2, = 6 +m?.

Here
C with R 0.
kgzo I ﬁk 0y’ BeC wi e(B) >

, Wwhere Eg represents the Mittag-Leffler function.
A representation of solutions of the linear integro-differential equation associated to (2.2) or

(2.1) with 0 > 1 and m > 0 is given by
u(t,z) = (Ggfa(t) * ug) (t, ). (2.5)
Indeed, we put

u(t,€) = Famse(u(t, 2))(¢,€)
F:c—)& ((Gm (t) * UO)(t,[I))) (t,f)
Eop1 (—t*7HE)2, ) 0 (8).

24



Chapter 2. Linear fractional o-evolution equations with and with out mass terms

By using (2.2) and (5.13) we have :
P, {FQHg /0 1 (— (= A)7u — mu) (s, 2) ds) 0 g)} (t,2)

(o [ 126 TTu0(E)) d5) .5)

FZ?)U /Ot/os(s — T)O‘*leuo(f) dr d8> (t,x)
)

2
3w
q

| /Ot Os(s — 1) B (—=mPHE)E, )0 () dr ds) (t, )

(. / [ = s B (- €0 Jale) ) (1.

s / (t = 1) Basa (-7 (€)2, ) 0(€) d7 ) ¢, 2)
B (<112 ) = 1)@ (©)) (t.2)
B (—t"71(©)2, ) 00(8) — @(€)) (t,2)

= Fe_,, (U(t,§) — 4o(§)) (t, ) = u(t, z) — uo(x).

E—x

~~

Consequently, we arrive at the following conclusion:
u=Gp,(t)* uo

The presented results provide a formal solution to the stated equations

u = up(x) + /0 I$ (—(=A)7u — m*u) ds.

2.2 L? estimates for model oscillating integrals

At first we derive LP estimates for the model oscillating integral

F—l (E1+a(_t1+a|€|20)) ]

E—x

Proposition 2.2.1 The following estimate holds in R™ for o0 >0, a > 0:

n(l4+o) (l—l)
p

IF s (Brea(=t 2P e St :
forp € [l,00], t >0 and for all n > 1 satisfying n(1 — zla) < 20.
Proof 1 In a first step we estimate the following oscillating integrals:

F! (e_c“'f‘% cos(cat|¢]*))  and ngz(e_ﬁ'ﬂ%),

E—a

25
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Chapter 2. Linear fractional o-evolution equations with and with out mass terms

e = 1—=¢,p =2 and 7 > 0. We prove instead of (2.6) the

where ¢; = — cos( e

1—|—oz>
polynomial type decay estimates

n(lt+a)
|1 Fe, (et cos(eat|e)) | < 5 075, (2.7)
n(l+a)
|Ft (e ) e S ()~ 507 (2.8)

for allp € [1,4+00] and t > 0. Then, we deduce

|F(exp (arealt £ [67) + exp (a5 €)) ||, < #5707 (2.9)
for allp € [1,+00] and t > 0. It remains to prove that
H §—>:c(l1+a Ha\§| )”Lp ~ "(12?‘)(1_%) (2.10)

for allp € [1,400] and t > 0. Therefore we use the formula

ot F17) ~ [ e
talt o 2+ 2scos((1+a)m)+1

Taking account of the definition of modified Bessel functions we get

Fe, (hia(t21E]7)
> < ex (—trl%su%a)
p -
- " dr) d
/0 </o 32+2300s((1+a)7r)+1r 21 (r|z]) 7’) s
N 1 = 20 1\ g%
_/o 82+2scos((1+a)7r)+1</0 exp (— tritasTia)r Jg_l(r|:1:|)dr> ds

> 1
= F-l (p—sTHatlegT+e ds.
/o s?2+2scos((14+ a)m) + 1 < §oe (e )(f’”)) §

The estimate

1+a

1 20 1+ 1
ems TTRETI =),

< S 20'(1_%)t_

H f—m( HLP ~

implies
H §—>x(l1+a 1+a|€| )HLP

t"(étﬂ)(lé)/ S 2 p ds < t,%uf%)
o s?+2scos((l+a)r)+1 ~

ifn(l— 1) <20
Now let us turn to L estimates for the model oscillating integral
F{—}z (El—l-a( t1+a <§>m 0'))

At the first glance one might expect an exponential type decay estimate. We are able to prove

a potential type decay estimate only.
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Chapter 2. Linear fractional o-evolution equations with and with out mass terms

Proposition 17 The following estimate holds in R™ for o > 0, a > 0, m > 0 and for alln > 1:
1F e (Brea(—t(€)7,0)) le S (14 1)7 0+ (2.11)

forp € [1,00] and t > 0.

Proof 2 In a first step we estimate the following oscillating integrals:

F! (e’cﬂé)macos(t(g)% 1—¢?) and F_!

E—x m,o E—z

( *Tﬂ&)%ﬁq)

Y

K= € (3,1) and 7 > 0. We prove instead of (?7) the exponential type

where ¢ = — cos(117), e

decay estimate

P (e e cos{tlg VT= @) + |, (7)), S 22

~Y

Iz
with a suitable positive C = C(m,«), for p € [1,00] and t > 0. By using modified Bessel
functions we have forn =3

Fg_lm (e“:t@m o cos(t(ﬁ)f,f’gvl — 02)) () = / e~ Hrmo cos(t(r >f,’fo 1 —c2)r? ]y
0 2
1 & o
= ——/ e~ eHro cos(t(rﬁfzgv 2)ro, J (7“|x\)

z[2 Jo

\/§ OO —ct(r)2r K
= _W/o e~trmo cos(t(r) 2 V1 — 2)ro,(cos(r|z|)) dr

Using twice integration by parts we obtain

(rfx]) dr

ngw (e—ct<§>m o cos(t(ﬁ)%fzg 1-— 62)) (x)
—%/0 (t(h1 (7“)7“2"_2<7‘>fn70 + h2(7’)r4"_2<r>$n70 + hg(r)rﬁ"_Q) <T>$:7;6
2 (ha(r)rto 2002, o 4 hs ()0 2) () + B (r)r®e (),

x e~ U cos(r|z|) dr,

(2.13)

where hi(r) = a;cos(g(r)) + bisin(g(r)), i = 1,---,6, g(r) = t(r)2,v1—c and a;,b;, i =
1,---,6, are constants which depend on o and o only.

To estimate (2.13) we use the inequality

Py > 2n T p)2E L 27 im 2.14
m,o /mo
Then, we get
—C¢m2k
— —C K €2
‘Fi—lm( Heime cos(t(&)mo V1 — 02))@)‘ N (x4
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Chapter 2. Linear fractional o-evolution equations with and with out mass terms

For the oscillating integral F;_. (6_7t<§>$'7"’) we have

— —T 2Kk & T ,',.2,% ~
F§—1>z(e t<§>m,a)(x) — /0 e t( >m,UT2J%(r’x|> dr

1 e K T 2 - .
- / e, T (rla]) dr = —% / e 0o 1), (cos(r|])) dr.
)% Jo 2 X" Jo

Using twice integration by parts we obtain

Rl (e ™9 )
V2

= — / < — 20 (40% — V) krtr? 2(r)25~2 2403k (k — 1)7trto =2 ()24
0

\/7_T|[L'|4 mo m,o

—80%k(k — 1)(k — 2)Ttr% 2 <r>,2£;6 + 2403 K222 T2 (p) A

m,o

+ 80 K% (K — 1) 722072 ()56 803/137'31537"6”_2(7“)6"‘_6) e~ cos(rlz)) dr.

m,o m,o

This leads to the estimate

|F—1 (6—7t<§>%’f,0> ("L‘)‘ < e*%tm%
e SlEH

Summarizing all estimates we proved the statement (2.12) in the case n = 3.

Now, let us study the case n odd and n > 4. Then we carry out ”T“ steps of partial integration.

We obtain after an steps and by applying the rules

~ 1

Jusa(r]z]) = Oy, (r|))

- rfaf?

for real non-negative u the relation

P e costl gV T= @) ) = [ e oot VT el
0

no1 1 *ro1l anl —ct(r)2e 2K n—1\7
— (-1)" W/o <EF> (e "3k cos(t(r)2 VT — )r )J_%(r|xl)dr
n— 1 e 1 "gl 2K
= (—1)21||—1/ <§_> e~ tMmo cos(t(r)2e /1 — 02)7””’1) cos(r|x|) dr
z|" " Jo rr ’

All integrals have the form
/ <7‘>ﬁw7“56_d<r>350 cos(t(rﬂq’igv 1 — ¢?) cos(r|x|) dr
0
or / <r>ﬁwr‘$e’d<r>3’fﬁ sin(t(r)?,’igv 1 — ¢?) cos(r|x|) dr,
0
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where p is a negative integer depending on k and n and 0 is a non negative real depending on o

and n. For this reason we conclude the estimate

[P (79 cos(t(€) i, VT = ) ()] S

e—gtm%
{@)mt
In the same way we obtain the same estimate for Fix (e_”@%ﬁd)(x). All together implies the

statement (2.12) for odd n > 4.

For n =2 we have

F! (e‘cﬂg)%ﬁv cos(t(&)ar V1 —c2))(z) = / ¢t cos(t(r)m V1 — 2)rJy(r|z|) dr
0

{—x m,o

From the relation Jo(s) = 1Jy(s) + & Ji(s) it follows that

jo('r\x|) = 2j1(r]:c|) + r@rjl(ﬂx]) = %ar(r2j1(r|a:])).

Then, we get
— —cC 2K K
F (e cos(t(€) 7, V1 = ) (2)
= —/ 2%0”’4071(7”%2;;2676” e cos ( (r >$,fg\/702 + —)j (r|z|) dr
0
1
Il ~
= —/ 2/@0tr4"’1(r>727§g2e’“< e cos < (ry25 /1 —c2+ L) Ji(r|x|) dr
0 ’ 1 + «
- / 2kotrio 1 r) 22t cog (t(r)fyfav 1—c+ %) Ji(r|z]) dr
1 ’ ’ Q

IEl
Using the boundedness of Ji(s) for s € [0,1] the first integral can be estimated by

e—gtm% <£U>T—n(40'+2/£—2)‘

Remark that 40 + 2k — 2 > 2. To estimate the second integral we apply the following asymptotic
formula for Jy(s) for s > 1:

3 3 s
Ji(s) = cs™ 2 cos (s — Z’/T) + O(|s|72).

Consequently, the integral can be estimated as follows:

o)
PO )it T O (rfal) 2 dr S | Rem
1

Tal

2K

It remains to estimate

1 s
F / TST<T)2“ 20=¢t(r)7o cos < (ry25 /1 —c2+ N i
1 ’

a> cos(r|z|) dr

‘x|§ ! m,o

1 X g
| ‘3/ T (r>f,’5026_6t< Mo cos ( (r )f,ﬁfgx/l -2 —i— ) sin(r|x|) dr
|2

29



Chapter 2. Linear fractional o-evolution equations with and with out mass terms

We explain only the first integral because the second one can be treated in the same way. We

write the first integral as follows:

1  goo
3/ 7“8725(r>2”_26_0t< e cos ( (r )3,’;0\/702%-
1
1 /1

) cos(r|z|) dr

3 m,o
]2

= 3/ TSUT<T>2H 2,—ct(r)2, cos( (r)2r V1—c2+ : il )cos(r|x|)dr (2.15)
’ «

ol "
1 g
+\w!3/ P ()20 2 el >mocos(<>3,*;g\/ — - )cos<r\x|)dr. (2.16)
1

The integral in (2.15) is equal to

1, /17”802<r>f,'50266t< e cos < (r )f,ifa\/l — 2+ —) - (sin(r|x|)) dr (2.17)

jz|2

Stm?2s

After partial integration and by using (4) the limit terms can be estimated by |x|_ge_2 . The

new integral is equal to

I o

5 / Gl QCOS(H%?U -
1
Taf

|z[2
120 — 2;4 4 2n 2 m
toeor 2 cos (t(r)ms V1 —c% +
1+«
_|_63r12(; 7 4/4 4Sln (t 3:0,/1 — 24+ >
I+«
(6

It can be estimated by \x!’ge’gtm%, too. After integration by parts the integral in (2.16) can be
estimated by

15/ r%@ﬁ)%{ 2,—ctr2 o g

ol "
The latter integral can be estimated by |x|~ Semstm™ . Finally, we have for the oscillating integral
F_l (e_Tt< )?nm,o)

E—x

2K

P (0% ) (1) = / e~ e Jo () dr
0
- / T 0, (r2 i (r[a]) dr = / 20k7tr* ()T 2 T, (r|]) dr
0 0

Then, we derive the same estimates as we did before for estimating the oscillating integral
F ! (e’d@%ﬁ cos(t(&) 2 V1 — c2))(x). Summarizing all estimates yields the statement (2.12)

E—x

forn = 2.
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Chapter 2. Linear fractional o-evolution equations with and with out mass terms

Now for the case of even n > 4 we carry out § — 1 steps of partial integration. In this way we

obtain

Fl, (e 9 cos(t(6)r, VT = 2)) (x)
_/0 e cos(t(r) 2 VT = AV ey (rf]) dr

_ 1 o1l an? —ct(r) 2K o2N,.n—1\ 7T
— ]96\”2/0 <E;> < cos(t(r) o V1 —c2)r ) o(r|z]) dr
1 X0 INT i . a1 1
— |x|n_2/0 (5;) (e cos(t(r) 2, VT = @) ~0, (2 (rfa])) dr
— 1 T 1yz ct(r)?2 2K 2N\,.n—1Y,27
- |x|”—2/0 <§;> (e cos(t(r)m, V1 —c)r )r 1(r|x|) dr

For the integral in (4.15) we are able to derive the following estimate:

1 2K ~
/ (aa ) (e_Cth’ cos(t(r)? /1 — 02)7“”_1)7’2J1(r|x|) dr
0 rr :

|x|n—2
1

Tal
e—gtm2"~/ * r20+1<7,,>2f$ 2 dr < o5t 2“( >—(n+25+20—2).
m
0

~ ’x‘nf2

For the integral in (4.17) we follow the same arguments to obtain the following estimate:

]_ o 8 ]. % 2K 4
‘H—Q/ <c9__> (e’CtM’n»f’ cos(t{r)2 /1 — 02)7”"’1)7’2& (r|z|) dr‘
") L rr ’

[z

< e—%tm% <x>;z(”+ 2 ) )

(e=HOWe) (x). All together implies

the statement (2.12) for even n > 4. To complete the proof it remains to show

In the same way we can estimate the oscillating integral Fé o

1+a

” §—>;c(ll+a t2 () mo) )HLP < (1 4¢) 1)

forp € [1,00] and t > 0. Therefore we use the formula

2

e * oxp (= t&)ms sT7)
Lot (Qme) ~ /0 s2 4+ 2scos((1 +a)m) + 1 ds.
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Chapter 2. Linear fractional o-evolution equations with and with out mass terms

Taking account of the definition of modified Bessel functions we get

1+

F, (ot (€)m)
[ e (—HnETsHe)
:/0 </0 52 +I;s(cosz.f((1+a)7r)llr Jg_l(r|x|)dr> ds
- /0 52 4 2s cos((ll +a)m) +1 (/0 exp (—tlr >71n+“51+a) "—1j%_1(7~|x|) dr) ds

o 1 T
= Fil —slte t<£>m,o' ) d .
/0 s?2+2scos((14+ a)m) + 1 ( o (e )(37) S

The estimate

2
1 =

F—l —sTHat(&) iy (. < —%sli%atml"%
[Fea (e JOlz Se

implies

” §—>z<ll+a L<€>m0 )HLP
< fsﬁt@ﬂ;?)( | z» ds

N/O 52—|—28COS( a) —i—l” 5_’3”(
l

_1lg

< / ds.
~Jo s?2+2scos((1+ oz)7r) +1

Fort € (0,1] we may conclude

-1 Lta < o 1 -
||Fax(l1+a(t <€>m,0))HLp ~ /0 82 + %2 COS((l + Oé)’]T) T 1 ds ~ 1.

Fort > 1 we have

14+

|wgmw@w&wmms/ ds
0

s?2 +2scos((1 4+ a)m) + 1
< / exp ( — C’ltslfa) ds.
0

After the change of variables T := tsTHa it follows

[P bsat™s ©ma)) [, [ exp (= Cutstie)ds
0
< e / T exp (— élT)dT < ¢~
0
We deduce for all p € [1,00] the estimate

1+a

1P (a2 (Qmo) || S L+ )70 forall ¢ > 0.
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Summarizing all the estimates we may conclude

H §—>x(E1+a t1+a<€>72n,0))||Lp
SE, (exp (ar4alt (€ ma)) || 1o + 1 FL (exD (brrat = (€)mo)) ||

HIFE (110 )L
S e (L 1)) S (14 =0+,

This completes the proof.

2.3 L™M— LY estimates for solutions to linear Cauchy prob-

lems

2.3.1 Linear Cauchy problems without any mass term

Proposition 18 Letuy € L™(R"), n > 1, m > 1 and o € (0,1). Then the solution of the linear

Cauchy problem
O u + (—=A)u =0,

(2.20)
u(z,0) = ug(x), u(0,2)=0
satisfies the following L™ — L9 estimates:
_n+e) 11
lult, Ylre St 2 S ugl| o (2.21)

for all1 <m < q < oo provided that n(+ — %) < 20.
Proof 3 The inequality (2.21) follows from Young’s inequality and Proposition 2.2.1.

Proposition 19 Let ug € L"(R"), n > 1, r > 1 and « € (0,1). Then the solution of the linear

Cauchy problem
O u + (—=A)u = 0,

(2.22)
u(z,0) = ug(x), u(0,2) =0
satisfies the following estimate for any fixed § > 0 small:
7,6
lu(t, lzs S (L +8)7 e ([lugllr + uollza)  for all g € [, 00], (2.23)

where

o {2 (L1

a,q,0 20-
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Proof 4 Fort e (0,1] we set m = q in (2.21) to get the LY — L7 estimate

[ult, )llze S lluollze-

Fort > 1 we choose m =1 in (2.21) if n(: — %) < 20. Otherwise, in (2.21) the parameter m is

chosen as the solution to
n(1+a)(1 1)—1—6

20 \m ¢

with a fized sufficiently small positive 6. In this way, we may conclude the L™ — L9 estimate

7,0
lut, e S 770 fu]| -

Y

Gluing both estimates together we derive the desired estimate (2.23).

2.3.2 Linear Cauchy problems with a mass term

Proposition 2.3.1 Let wy € L"(R"), n > 1, r > 1 and a € (0,1).

linear Cauchy problem
O w + (—A)7w + m?w = 0,
w(z,0) = wo(x), w(0,2) =0

satisfies the following L™ — L7 estimates:

lw(t, e <

~Y

(14 6) 0 o |-

foralll <r <gqg<oo.

Then the solution of the

(2.24)

(2.25)

Proof: The estimate (2.25) is a direct consequence of the formula (2.11) and Young’s inequality.
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CHAPTER 3

WEAKLY COUPLED SYSTEMS OF k— SEMI-LINEAR
FRACTIONAL o-EVOLUTION EQUATIONS WITH MASS AND
DIFFERENT NONLINEAR MEMORY TERMS

This chapter is devoted to the the weakly coupled system of k£ semi-linear fractional c—evolution
equations with mass and different memory terms. We are interested to the global existence of

small data solutions to the following Cauchy problem, namely

( O,y + (—A) Ty + miu = Fpiy pn (ug),

0; F2uy + (—A)72up + miuy = Fpig p (1),

O, Py, + (= AR uy, + miuy, = Fy o, (ug_1)
L w(0,2) = ug(z), Que(0,2) =0, £=1,2,...k

Wherek22u fOI‘lzl,'-- 7k) o € (0,1),[,&[ € (Ov]-)?pl > 17 my >O, o = 17 (t,I) S [O7OO)><R”)

t

Fp(w)(t,z) = /(t — ) Mw(s,x)|Pds, (3.2)

0
9,y = D (uy) with

DY(f) =8,(I*f) and I'f = %,B)/Ot(t —5)P71f(s)ds for B> 0.

Do(f) and I’ f are defined as above.
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Our main results on global (in time) existence of small data Sobolev solutions are given in the

next section.

3.1 Main results

Theorem 1 (No loss of decay) (No loss of decay) Let us assume 0 < ay < 1, ay < py < 1,
or>1,ry>1and mg >0 foralll =1,.... k. Assume that for all ¢ > 0

Tk 1
p1>max{——e, },

1 Mk — O
_ 1
pg>max{W 1—6, }, forall ¢=2,...k—1.
T'¢ He—1 — Qg1

Then there exists a positive constant € such that for any data (uoy, .., ugx) € Ag := Hle L (R™)

with ||(uor, .., uok) || 4, < €, we have a uniquely determined global (in time) Sobolev solution

k
we [[C(0,00), L*(R") N L=(R"))

=1
to the Cauchy problem (3.1). Moreover, the solution satisfies for allt > 0 and l = 1,....k the

decay estimates
[e(t, Moo S (L + ) Nual[Lre  for all - q € [re, 00].

Theorem 2 ( Loss of decay) Let us assume 0 < ay <1, ap < pp <1, 00> 1,17, >1 andmy >0
forall 0 =1,...) k. Assume that for all e > 0

— 1 1
max{l,w,r—k—e}<p1< ,
Hi — O T M — Qg
g — g + 1 r 1
maX{l’ — (1) ’_1_6} < P2 < (1x)
fir— o1 = Yo, (P1) T2 fir = a1 = Y (1)
and forl=3,--- |k —1
< 1
Pe
Jom1 — Opmy — Y ()
ap — e+ 1 Ty
b= max{l’ Z (Hszﬁ#e&) ’ — - 6}
fie—1 = Qo1 = Vg ay 0y (PL s Peo1) T
and
Tk 1
Pr = max {r e T T T ) }
k=1 k=1 = Q=1 = Vo o2y (P15 - Pi—1)
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where, forl =3,--- k—1

v((Z,’ji(pl) =1—pi(p — )
V) (o1, p2) = 1= papn — ) + poy () (1) (3.3)

Y (py o pe) = 1= pelpte — ) + Pyt (py, e P

Then there ezists a positive constant € such that for any data (ue1, .., uor) € Ay == Hif:l L (R™)

with ||(uot, .., uok) || 4, < €, we have a uniquely determined global (in time) Sobolev solution

ue [](0.00). () 0 L¥(®"))

(=1

to the Cauchy problem (3.1). Moreover, the solution satisfies for allt >0 and l =2,--- k —1,

the decay estimate

Jun(t,)llno S (146550 Jugy oy for all g € [r1, 00],

(Bgs-eeskp—1)

lwe(t, Yze < (A +1)" Y (g 1>(p1""’pé)|\uoe||yg for all q € [ry, 0],
[ (t, Moe S (L4 |luok|[re for all g € [ry, oc].
We suppose r; = r9 = 1 in the following result.

Theorem 3 ( Loss of decay) Let us assume 0 < oy < 1, ap < g < 1, o0 > 1, my > 0 for all
(=1,....k. Assume that for all € >0

k-1 — -1 — €Y (pre_1)’

where

7(pl) =1 +pl/y(pl—1)a fO?"l = 27 T 7k — L

Then there exists a positive constant € such that for any data

(wot, - uor) € Ay, = HL (R")  with ||(uo1, .., uok) |4, < €
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we have a uniquely determined global (in time) Sobolev solution
k

ue [[C(l0,00), L'(R™) N L¥(R™))
=1
to the Cauchy problem (3.1). Moreover, the solution satisfies, for | = 1,--- k — 1 and for all
t >0, the decay estimate
et Yer S (4 0% (In(e +0) P lluall - for all g € [1,00],
[ur(t, )L S (14 0)** 7 lugrllr for all g € 1, 00].
Remark 1 The nonlinear term F), ,(t,w) in (3.2) may be written as

Fup(t,w) = T(1 = p) I " (Jwl?)

where T is the Euler Gamma function, and I "(|w[P) is the fractional Riemann-Liouville in-
tegral of |w|P in [0,t]. Therefore, it is reasonable to expect relations with the case of a powers

nonlinearities introduced in [11] as y; tends to 1, for alll =1,---  k and k = 2.

3.2 Treatment of the weakly coupled linear systems

We will apply the decay estimates for solutions to

( O uy + (—A)71uy +miu =0,
07Uy + (—A)72uy + miug = 0,

O % ug + (—A) 7y, + miug = 0,
[ we(0,2) = uro(w), Opue(0,2) =0, £=1,2,...k

to prove the global (in time) existence of small data Sobolev solutions to the weakly coupled

systems of semi-linear models (4.14). We write their solutions in the following form:

ut(t,x) == G (t,x) %) uo(z), forall [=1,--- k. (3.6)

ay,07
Proposition 20 Let uy € L™ with rp > 1 for alll = 1,--- ,k and . Then the solution of the
linear Cauchy problem (4.14) satisfies the following L™ — L9 estimates :

(¢ )| 0 < @+ 0otz for all g € [ri, o0].
Applying Duhamel’s principle gives the formal integral formulation of solutions to (4.1) as follows

ul(tam) - ul t 1’ + fo ngllal (t - T, ) *(x) Fm,pl (uk)dT = (ulln + u?l)(t, :L’),

ul(tvx) - ul t $ + fo Gzlaz t -7 ) * (@) FHZ»PZ (ul*1>d7— = (uén + u?l)(tv x)
foralll=2,--- k.

(3.7)
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3.3 Proof of main results

Before showing our results we recall the following lemma from [2].

Lemma 2 Suppose that 8 € [0,1),a > 0 and b > 0. Then there exists a constant C' =
C(a,b,0) > 0 such that for all t > 0 the following estimate holds:

C(1 + ¢)~ minfat6.b} if max{a+6,b} > 1, (3.8)
< C(1+t) mindattB n(e +¢)  if max{a+6,b} =1, '
C(1+t)ta-0-b if max{a+6,b} < 1.

3.3.1 Proof of Theorem 4.2

we introduce for all T > 0 the following spaces X*(T):

XK1y =] C(o, 7], L (R") N L=(R™))

(=1

endowed with the corresponding norms as follows:

N

lull xrery = [[(ur, ug, .oy ug) || xr () == sup {ZMg(t,ul), },

0<t<T —1

where

M(t, ) = 1+ )"~ (JJug(t, -)

wre + [lue(t,)llzes,
and the operator N by
N u=(u1,ug,...,u) € XF(T) = N(u) = N(u)(t,z) := u"™(t,x) +u"(t,z).

To get the global (in time) existence and uniqueness of Sobolev solutions in X*(T) . We will

show that the operator N fulfills the following two inequalities:

{=k
IN ()l xkry S Nl (uors oz, o) [Lag + Y 1l (3.9)
/=1
l=k
IN(u) = N@)|lxxry S llw = llxrery Y <||U||_'§§Z(1T) + ||ﬂ||§ék_(l;p)> (3.10)
(=1

Then, we can conclude global existence results of small data solution by applying Banach’s fixed
point theorem. At first,Using the definition of the norm in X*(T) and the Propositions 21,we
heve:

||uln”Xk(T) f, ||(U017U02, -~-7U0k)||Ak-
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Hence, we continus to complete the proof of (4.19) it is reasonable to we shall show the following

inequality
=k
lu™ | k() [Jul|%x
=
If u:= (uy,us, -+ ,up) € X¥(T), at the first stage by interpolation we derive for [ =1,--- |k

e (t, )| re S (1+ t)(a"_“‘)HuHXk(T) for all ¢ € [ry, o0].
On the other hand, we get
0., 5| [ Gt = 0 22 B il
< / (1t = 1) 00 [t [ = ) o, b dpds s
0 0 0
< HuH’;k(T)Il(t) forall t€[0,7] and piq € [ry, o<,
where
L) = /t(1 . T)<1+a1>/T(T _ gyt /S(s o) (L4 p) P dpdsdr. (3.11)
0 0 0

We are interested to estimate the right-hand side of (5.9). For this we need the Lemma 2. We
put

w(s) = [ (5= p) (1t ) 00
0

Thanks to Lemma 2 we obtain w(s) < (1+s)~
the conditions ¢ € [ry, 00] and p1q € [rg, 0o] implies that p; > >

Once more we apply Lemma 2 to obtain

L(t) < /t(l +t— T)_(l+al)/T(T —8)M N1+ s) M dsdr
0 0
< /t(l +t—7) 01 4 )i dr
0
S (L mo,
For [ =2,--- k and ¢ € [r;, 00] In the same manner, one also concludes that,
N (t, )|ze < H“”Xk(:r) o(t) forall tel0, 7] and peq € [re—1,00],

Analogously, we arrive at

t T s
I,(t) = / (1+t— 7')_(1+‘”)/ (1 — ) ! / (5 — p) (1 4 p) Pelrer=e- qpdsdr.  (3.12)
0 0 0
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On the other hand, we have We are interested to estimate the right-hand side of (3.12). For this
we need the Lemma 2. We put

w(s) = / (s —p) "1+ p>_pZ(N€—1—ch_1) dp.
0

Thanks to Lemma 2 we obtain w(s) < (1 + s)7#, if we assume that p, > m On other
hands, the conditions ¢ € [ry, oo] and pyq € [r,_1,00] implies that p, > = 1.

Once more we apply Lemma 2 to obtain
L) < /t(1 . T)<1+af>/T<T _ )N (L4 s) e dsdr
0 0
< /t(l +t — )" a1 4 g)vere dr
0
S (1 py

To prove (4.27) we assume that u and @ are two vector-function belonging to X*(T'). Then, we

get
N(u) - N(@)
= ([ Gmate=s [ 5= 0 (o = o ) do)it 5,00,
[ Gate= syt [ = 07 (a0 = sl )P di)it 5, ).
We estimate, for ¢ € [r1, 00|
| [ @it =y 15[ 6= o (o = (o) s, )]
< [asemn 0o [T gm [ o o, = it )P | do i

~Y

Using Holder’s inequality implies the estimate

[[Twr(s, )P = (s, )™,

< s, ) = (s, )| o (s, M + (s, ) 1)

Tk

By using the definition of the norm of the solution space X*(T) we obtain for p; > = and

0 < s <t the following estimates:
||uk($7 ) - uk( ||Lqp1 ~ (1 + S)Oék MkMQ(S U — uk)
1 Qg —p 1
(s, ) Fps S (14 )@ Dlowmimed [y BT )

~ 1 « 1
s, [ S (14 8ok
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Hence, we get

[ (s, )P =l (s, ) ]|

< (1) P00 s e — i)l + 2 )

By the same argument, we obtain for p, > WJ [l =2,..,k and 0 < s < t the following

estimate
H|u£(37')|p1Z - |Uj€( |p1}HLq
5(1+$”wfwmﬁ@ﬂw4—ULﬂOK)Wél4WWW£1>

So, for p; > o - and py > for all [ =2,---  k, we obtain the desired estimate (4.20).

Remark 2 All estimates (4.19) and (4.20) are uniformly with respect to T € (0,00) if p1 >
max{?> — €; }, for all e > 0.

} and py > max{7* — ¢

7#2 g ’ma

From (4.19) it follows that N maps X*(T) into itself for all 7" and for small data. By standard
contraction arguments, the estimates (4.19) and (4.20) lead to the existence of unique solution
to u = N(u) and, consequently, to (3.1), that is, the solution of (3.1) satisfies the desired decay
estimate. Since all constants are independent of 7', after letting 7" tend to oo we obtain a global

(in time) existence result for small data solutions to (3.1). This completes the proof.

3.3.2 Proof of Theorem 4.4

We introduce for all ' > 0 the space X*(T') as follows:

XK1y =] C(0. 7], L (R") N L=(R™))

/=1
with the norm
k-1
~ (eE)  (Bgearg 1)
HuHXk(T) = sup {(1 +1) ’Y(ak)(pl)Ml(t,ul) + Z(l + 1) Vagr.oag_q) Pl pl)Mg(t,Ul)
0<t<T —
+ Mt uk)},
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where

Mic(t,up) == (1+ )" (Jlun(t, ) llzme + lJur(t, ) [l

Mi(t,w) = (L+ )" (lug(t, e + Nue(t, )z,

Y (1) = 1= pa (e — )
VI (1, pa) = 1= pa(pin — o) + pay e (py)

(Bokosti1,112) (kk 1)

Vg1 o) (P15 P2, P3) = 1 = p3(piz — @2) + P34, oy (P15 P2)

| A (1 pe) = 1= pelir — 01o1) + P (o, peca),

forl =3,--- ,k — 1. and the operator N by
N u= (up,ug,...,ur) € X*(T) — N(u) = N(u)(t,z) = u'"(t,2) + u"(t,x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X (77), we can
consider a global (in time) Sobolev solution to (3.1) as a fixed point of the operator N. We
will prove that the operator N satisfies for u = (u1, ug, ..., ux); U = (U, Us, ..., Ux) in X*(T), the

following two inequalities:

=k
IN sy S 11 or, won, i) L, + D 1l (3.13)
(=1
l=k
IN ) = N@llxkcry S =l xery S (el + 1250 (3.14)
=1

Using the definition of the norm in X*(T) and the Propositions 21, we may conclude:

™| xrry S [l (w0, oz, -, o) 4, -

Hence, in order to complete the proof of (4.19) it is reasonable to we shall show the following

inequality
=k
™ lxkery S D Ml
=1
If w = (uy,ug, - ,ux) € X*(T), then by interpolation we derive for [ = 2,--- ,k —1
(k)
lea e, e S (14000 uf gy forall g € [y, o]

[[ee(t, )| o
[k (2, ) o

1 (ae*#e)JrV((a e ;(pl, -De)
(1+1) oot |ul|xry forall g€ [r,o00],

<
S L+ 0™ ™ |fullxker) forall g € [ry,00].
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On the other hand, for ¢ € [ry, 00|, we have

it (t, e < [ull L1 (t) forall te€[0,T] and piq € [ry, oo,
where

t T s
L(t) = / (1+t— 7')_(1+C”)/ (1 —s)m! / (s — p) M (1 + p)Pre=2n) dp ds dr. (3.15)
0 0 0

We are interested to estimate the right-hand side of (3.15). For this we need the Lemma 2. We
put

w(9) = [ (s py (1 gy dp
0

Thanks to Lemma 2 we obtain w(s) < (1 + s)!~#17P1ls=) i we assume that p; < —1

pr—ag

Once more we apply Lemma 2 to obtain

t T
I(t) < / (141t — 7-)(1+al)/ (1 — S)a1*1<1 + S)lfmfm(uk*ak) ds dr
0 0

~

t
< / (1 4+t — T)—(1+0<1)(1 + T)l+oz1—u1—p1(uk—ak) dr
0

5 (1 + t)lJral*#l*pl(Mk*ak)

<1+ t)al—m-&-'ygﬁ (p1)

On other hands, the conditions ¢ € [ry, 00| and p1q € [ry, oo implies that p; > ;—’;

For [ = 2 and ¢ € [rq, 0], we have
t T
e R e Ry O e ORI PR
0 0
t T s
S [semm e [oosget [ oo, ) dpdsdr
0 0 0
Sl ryl2(t) forall te€[0,7] and psq € [r1, 0],
where
t T
L(t) = / (41— T)<1+a2>/ (r — syt
0 0
$ (kg)
X / (s —p) (1 + p)_pz(m_al)ﬂﬂ(“;(pl) dpdsdr. (3.16)
0

On the other hand, we have We are interested to estimate the right-hand side of (3.16). For this
we need the Lemma 2. We put

(b))

w(s) = [ (5= p)va(1e p) TP g
0
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Thanks to Lemma 2 we obtain

w(s) < (1+ 8)1_H2_P2(Hl—al)"’]’EV((::;(pl)

Y

1 1+ar1—m
(rg) and p; >

ﬂl—al_’}’(ak)(pl) =k
Once more we apply Lemma 2 to obtain

if we assume that py <

t T ( )
]2<t) § / (1 4t 7_)—(1+a2)/ (7_ . 8)0{2—1(1 + S)l—uz—p2(ul—a1)+p27(gz)(Pl) ds dr
0 0

HE)

t
5/ (1_i_t_T)f(lJraz)(l+7_)1+a2*#2*p2(#1fa1)+p2‘réak)(p1)dT
0

<(1+ t)1+a2*/¢2*p2(u17041)+p27((525(Pl)

<(1+ t)1+O¢2*#2*p2(u1*al)+p2'¥((f::;(Pl)

_ (Hg>m1)
< <1+t)oc2 u2+7(ak,a1)(m,p2)'

On other hands, the conditions ¢ € [ry, 00| and paq € [r1, oo] implies that py > s
For [ =3,--- ,k—1 and ¢ € [r;, 0], we have

t T
g (6, oo < / (14— )+ / (7 — ) ugr (5, )P | ds dr
0 0

t T s

S [t o0 [t [ gy s (. o dpds i
0 0 0

Sl Le(t) forall ¢t €[0,T] and  peq € [re—1,00],

where

t T
I(t) = / (1+t— T)_(Haf)/ (1 —s)x?
0 0
’ —pe(pe—1—0cu 1)+pé’7(uk AAAAA Wz_2)(101 csPe—1)
X/ (s —p) "(1+p) o (g0 —2) W d g d s dT (3.17)
0

On the other hand, we have We are interested to estimate the right-hand side of (3.17). For this
we need the Lemma 2. We put

(Bgs-eskp—2)

U-’(S) B / (5 — p)*“‘f(l + p)_Pe(Ma—azfﬂ-i—pﬂ(% ,,,,, ap_y) PLysPe-1) dp.
0

Thanks to Lemma 2 we obtain

(Hfgseeesbp—2)
T—pg=pe(pe—1—0e—1)+PeY 0, o o) (P1seDe—1)
('“(S> S (1 + 5) (@hoe—2) >

if we assume that .

Pe <

(Bkoseeesbte—2)

(,Me—1 - 046—1) - 7(%__70%_2)(]91, ~~-7pé—1)
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and
1+ai1 —

o—a — Qg — YT (py, L pps)

Pi—1 >

On other hands, the conditions ¢ € [ry, 0o] and peq € [ry_1, 00| implies that p, > ™
Once more we apply Lemma 2 to obtain

(Bgsereskp—2)

t T
Ii(t) S / (1+t—7)(1+a0/ (T—S)arl(l—i-S)l He=Pe(Be1 == 4PV (g ag_g) (PLiPE=1) g g
0 0

Y
(fgseeesttp—2)

t
5 / (1—|—t_7—)_(1+ocz)(1_|_ )oce po+1—pp(po—1—crp— 1)+pw<ak ''''' op 2>(p1,...,pe l)d
0

(Bgs--skp—2)

)ae pretL=pe(pe—1=0e—1) TPV (o, | 0y y) PLoPL—1)

S+t

(Bgseesbp—1)
S (1 +t)ae HZ+’y(ak ,,,,, ap_ 1)(p11'“7pl)

Finally, for ¢ € [ry, 00, we have

$)**  ug—1(s, ) |P* || Lo ds dr

t
g (6, )l < / (14— )+
0

t S
< / (14t — )~ / (5 — p) *[ugr(p, | Zea dp ds dr
0 0

Sl In(t)  forall t€[0,T] and  pyg € [rp—1, 00,

el
e

where

t T
I(t) = / (I+t— T)_(H%)/ (1 — )~
0 0
’ 7pk</ik71*04k—1*'y(ﬂl """ Nk%)(pl Dh— 1)
X / (s =p) " (1+p) (@1oreneg—g) dpdsdr. (3.18)
0

We are interested to estimate the right-hand side of (3.18). For this we need the Lemma 2. We
put

(B1sesbp—2)

W(S) :/ (S_p)_uk(l+p)_pk(/—’4k—1—ak—1—7(al """" g 1)(1717 ©Pk— 1)) dp
0

Thanks to Lemma 2 we obtain w(s) < (1 + s)7#, if we assume that

1

pk = ()u“k:r“uu'k72)

HPg—1 — Q-1 — ’Y(akmaH)(pla ---vpk71>

and

Pt — Ot — Y (py ) > 0

wich equivalent to
Q-1 — fg—1+ 1

(g—2 — ag—2) — ’Yéf,ﬁk ,ézl;k 33)(1917 ooy Dk—2)

Pk—1 >
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Once more we apply Lemma 2 to obtain

t T
Ii(t) S / (1+t- 7')_(1+a’“)/ (1 —8)* Y1+ s) " dpdsdr
0 0
t
g/ (14t —7)"UFe (L 7)) # dr
0
5 (1 + t)ak—,uk

The proof of (4.27) is similar to the proof of (4.20) of Theorem 4.2. This completes the proof.

3.3.3 Proof of Theorem 4.6
We introduce for all 7' > 0 the space X*(T') as follows:

T):= [ c(o, 7], L'R") N L=(R™))

(=1

with the norm

k—1
]| xeqry == sup {Z (1+ )M (E w) + Mi(t, uk)},

0<t<T =1

where, for [ =1, --- |k

My(t,up) = (L+ )" (ug(t, )l + lue(t, )|z,

Y(p1) =1
Y(p) = 1+ piy(pe-1), forl =2,--- k1.

The operator N is defined by
N u=(u1,ug,...,u;) € XF(T) = N(u) = N(u)(t,z) := u"™(t,x) + u"(t, ).

To get the global (in time) existence and uniqueness of Sobolev solutions in X (77), we can
consider a global (in time) Sobolev solution to (3.1) as a fixed point of the operator N. We
will prove that the operator N satisfies for u = (uy, us, ..., ux); U = (U, Uy, ..., Uy) in X*(T), the

following two inequalities:

{=k

[V ()| xx(ry S |l (o, woz, - Uok) [ 4, + Z [ _Z;ffk(T), (3.19)
(=1
/=
IN () = N@)erry S llu = lxsery 3 (Il + IR (3.20)
(=1
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Using the definition of the norm in X*(T") and the Propositions 21, we may conclude:

™| xeery S [l(tor, oz, - ok ) || 4, -

Hence, in order to complete the proof of (4.41) it is reasonable to we shall show the following

inequality
=k
lw™ | k() Z [l %
=
If u:= (uy,ug, - ,u,) € X¥(T), then by interpolatlon we derive for [ =1,--- ,k—1

et )| o

< (1 +t)(a‘ re)+(pe) |ul| xrery forall q e [1,00],
ur(t, e S (L +8)**|lul| xrery forall ¢ e [1,00].

On the other hand, for ¢ € [1, 0], we have

i (8, 2o S Nl i(t) forall ¢ € (0,7,
where
t T s
L(t) = / (1+t— 7')_(1+C”)/ (1 —s)a! / (s — p) M (1 + p) Pre=on) dp ds dr. (3.21)
0 0 0

We are interested to estimate the right-hand side of (3.21). For this we need the Lemma 2. We
put

w(s) = [ (5= p) (1t ) P00
0

Thanks to Lemma 2 we obtain w(s) < (14 s) " In(1 + s), if we assume that p; =

Hgp—ag
Once more we apply Lemma 2 to obtain

t T
Li(t) < In(e+ t)/ (1+t— T)_(Ho‘l)/ (1 —8) Y1+ s) " dsdr
0 0
t
< / (1+¢t—7) 01 4 r)a=m dr
0
S (L4+ ) Ine + 1)

S (1467 (In(e + 1)) "*.

Forl=2,--- [ k—1and ¢ € [1,00], we have

t T
BIITES / (14— )+ / (7 — ) Jugs (5, )P | o ds dr
0 0
t T S
S [t e [ oot [ = oy ues(o. ) e dpds dr
0 0 0

S lullryle(t) forall ¢ €0,T] and  peg € [re—1,00],
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where

s — p)—mg(l + p)—pz(w—1—a4—1)(1n(1 —+ p))pM(m*l) dp ds dT. (3.22)

I(t) = /Ot(l +t— T)(1+ae>/07(7 _g)eet
X /Os(

Remark that

t T
L(t) < (In(e + t))pmm_l)/ (1+1¢t— 7')(”‘”)/ (1 — )t
0

0

X / (s—p) 1+ p)_pf(“‘*—l_w—l) dpdsdr. (3.23)
0

On the other hand, we have We are interested to estimate the right-hand side of (3.23). For
this we need the Lemma 2. We put

w(s) = / (s —p) (1 + p)*pﬁ(ﬂiflfaéfl) dp.
0

Thanks to Lemma 2 we obtain
w(s) S (L+s)7H,

if we assume that .

pp=—————
He—1 — Oy—1

Once more we apply Lemma 2 to obtain

t T
I(t) S (In(e + 1)) %" / (L4t —r) e / (r — $)71(1 + 5) 7% ds dr
0 0
t
< (ln(e—f—t))péwp[l)/ (1—|—t—7')_(1+a")(1+7')w_“5 dr

0
< (14 t)xe e ( In(e + t))}?w(pz_ﬂ

Finally, for ¢ € [1, 00], we have

)5 wg—1(s, )P* || Lo ds dr

t
g (6, ) oo < / (141 —r)-Otes

/O _
t S
S [ae—nyten [ g / (s = p) " up—1(p, ) [P5ns dp ds dr
0 0
S Nl e(t)  forall ¢ e[0T

where

Li(t) = /Ot(1+t—7)(1+ak)/07(7_8)ak1

X / (s — p) M (1 + p)Prlbe-1—ar-1) (In(1+ p))pm(pk*l) dpdsdr. (3.24)
0
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We are interested to estimate the right-hand side of (3.25). Let ¢ > 0 small enough and we use

the fact that In(e +t) < (14 ¢)¢ to obtain

t T
In(t) < / (1+1t— 7—)—(1+Otk)/ (1 — S)ak—l
0 0

% / (s —p) (1 + p>_Pk(ﬂkfl_akfl_f'Y(pkfl)) dpds dr. (3.25)
0
For this we need the Lemma 2. We put
w(s) = /S<S —p) (1 + p)*Pk(Nk—l*Oékflff'Y(pk—l)) dp
0

Thanks to Lemma 2 we obtain w(s) < (1 4 s)7#*, if we assume that

1
Hek—1 — Op—1 — 67(]%—1)'

Dk >
Once more we apply Lemma 2 to obtain
t T
(1) 5/ (1+t— T)<1+ak>/ (1 —8) Y1+ s) " dpdsdr
0 0

¢
< / (1+t— T)_(1+a’°)(1 + 7)) THE dr
0
S+

The proof of (4.42) is similar to the proof of (4.20) of Theorem 4.2. This completes the proof.
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CHAPTER 4

WEAKLY COUPLED SYSTEMS OF SEMI-LINEAR
FRACTIONAL c—EVOLUTION EQUATIONS WITH OUT MASS
AND DIFFERENT POWER NONLINEARITIES

The main purpose of this chapter is to study global (in time) existence of small data Sobolev
solutions to the Cauchy problem for the following weakly coupled systems of semi-linear fractional

o—evolution equations with different power nonlinearities, namely

{ Ot (=) = ol u(0,2) = up(x) u(0,7) =0, (4.1

OFr 20 + (=A)720 = |ulP2, v(0, x) = vo(z), v¢(0,2) =0,

where for i = 1,2, a; € (0,1), o; > 1, (t,x) € [0,00) x R?, 9} T%u = D (u,) with

D (f) =01 f) and []f = ﬁ /ot@ — )" f(s)ds for B> 0.

The notations D?(f) and I} f are defined as above.

By using L™ — L? estimates of Sobolev solutions to related linear models with vanishing right-
hand side , We explain connections between the fractional orders oy, as and the exponents (py, po)
in (4.1), which allow to prove the global (in time) existence of small-data Sobolev solutions by

applying the fixed-point argument.
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Chapter 4. Weakly coupled systems of semi-linear fractional o—evolution equations with out mass
and different power nonlinearities

4.1 Main results

4.1.1 The case n > max {2201, 2002}

Theorem 4.1 Let us assume 0 < aq, a0 < 1, 01,00 > 1 and ri,7ro > 1. We assume that

n > max %, %} Moreover, for all € > 0 the exponents py and py satisfy the conditions

1 T
P> i (n,€) = max {2, (n) 2l

; 1— 062’ T1
and 1
1,7 L r . 1
P2 > P2 (n, €) i= max {pa11,01 (n); o 6}7
where
n(r—1)4+20r)(1+ «
Pao (1) =14 0D J(1+a)

(n—20r)(1 4+ a) + 201"
Then there exists a positive constant € such that for any data
(uo,v0) € A2 := L™ (R™) x (L"*(R"),
with ||(u0,vo)||A;§ < e, we have a uniquely determined global (in time) Sobolev solution
(u,v) € C([0,00), L™ (R™) N L=(R™)) x C([0,00), L"(R™) N L>(R™))

to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for
any t > 0 and for all sufficiently small 6 > 0 :

71,0

lu(t, )||lpe < C(1+ t)fﬂallvq"’1+a1|\u0||y1 for all q € [ry, 00], (4.2)
79,0

lo(t, e < C(1+ t)fﬂa%vq"’2+a2]\vo|]m for all q € [ry, 0], (4.3)

where

AR mm{M(i — l);l —5}.

a,q,0 20-

The constant C' is independent of ug and vg.

Theorem 4.2 (Loss of decay) Let us assume 0 < ag, a0 < 1, 01,090 > 1 and r1,m9 > 1. We

assume that n > max { 2201 M} Moreover, for all e > 0 the exponents py and py satisfy the

1+a1’ 1+as
conditions
1
P1 < poyz(n, €) i= max {pﬁim (n); —}
1-— (6]
{ (Oél + 1)(—71 + 20’17"1) a1 20’27’2@1 -+ Tgn(l + Ckg)
p1 > max ; ; ;
20171 (1 — ay) l—ay n(l+ay)—209m
n[(1+ ag)orrs — (14 aq)oz] + 20171 (aq + 1)og 19 }
- i — =61
0'17”1(71(1 -+ 042) — 20&20'27’2 T1
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and .
1,7 L _(r1,72) . st
Do > pal1,0?1 (n7 E) — max {p(al,az),(UlUQ)(n7p1)7 1 — 041’ E - 6}7
where
n(r—1)+ 2o0r)(1 + «
14 (1l =) 201 )
’ (n—207r)(1+ a) + 207
_(r1,r2) o { 20’27”2 .
n, = max :
Plasattoron) - P1) n(on +1)(p1 — r2) — 209r2(01 + prov)
1 ‘ 2011 + n(a; + 1)ry ‘
pi(l—ag) —ay’ (a1 +1)(n—201r1) + 2prori (1 — ag)’
o 20171 + nri(aq + 1) }
22 nlogra(ar + 1) + oy (ag + 1) (pr — 72)] — 2090171 [(0 + 1) + prag)]

Then there exists a positive constant € such that for any data
(ug,v0) € A2 := L™ (R™) x L™(R"),
with H(uo,vo)HA:? < ¢, we have a uniquely determined global (in time) Sobolev solution
(u,v) € C([0,00), L (R™) N L®(R™)) x C([0,00), L"*(R™) N L>(R™))

to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for
any t > 0 and for all sufficiently small 6 > 0 :

71,0 79,0
lu(t, )|pe < C(1+ t)Feramtertvedoen |lug|| Ly for all q € [r1, 00], (4.4)
79,8
lo(t, ) lze < C(1+ t)_ﬁaévq’“2+a2||vo||m for all q € [rq, 00, (4.5)
where
,77“2,5 — 1 _pl( 7‘2,5 _ 062)
«2,pP1,02 «2,p1,02
and

The constant C' is independent of ug and vg.

4.1.2 The case 1 < n < min {—?1102 , —f‘f;“j}

Theorem 4.3 Let us assume 0 < aj,as < 1, 1 <oy < B4 1 < gy < B2 ] <y < 0
o751 a2 Q101

and 1 < ry < 2““& We assume that 1 < n < min {220 M} Moreover, for all € > 0 the
Q09 1+a1’ 14as ’

exponents p1 and po satisfy the conditions

T2
P1 > poy'a,(n) == max {pg;@ (n); o e}
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and
71,7 r ™
P2 > pols (n) := max {pO}M71 (n); E — e},
where
n(r—1)+20r)(1+ «
B e 20 LR

(n—20r)(14 a) + 201"
Then there exists a positive constant € such that for any data
(ug,v0) € A2 := L™ (R") x L"™(R"),
with ||(uo,vo)||A;§ < ¢, we have a uniquely determined global (in time) Sobolev solution
(u,v) € C([0,00), L' (R™) N L*®(R™)) x C([0,00), L"(R™) N L™(R™))

to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for
any t > 0 and for all sufficiently small 6 > 0 :

lu(t, )]s < C(1+ t)fﬂgllvq’”lmlHuoHLrl for all q € [ry, 00, (4.6)
[o(t, Yza < C(1+t) Pwazt2| gl 1y for all g € [ra, 00), (4.7)

and where

g n(1+a)<1 1>
®Le T 9g r q/

The constant C' is independent of uy and vy.

Theorem 4.4 (Loss of decay) Let us assume 0 < oy, <1, 1 <op < 5% 1 <0y < %,

2001
1<r <33 and 1 <ry < 5222 . We assume that 1 < n < min {322 222221 Moreover, for
101 20002 14a1’ 14a2 ’

all € > 0 the exponents p1 and ps satisfy the conditions

n[(1+ as)orrs — (14 aq)oo] + 20171 (ay + 1)og 72
1; T2 } _ <
max { T2 o1r1(n(l 4+ ag) — 2a20913) " € D1 < Do (n)
and
71,72 L _(7.1’7‘2) ‘ Tl
D2 > p(a1,a2)a(a102)(n) = max P(ah%),(ng)(n,pl), r_2 — €,
where
r - (n(r —1) +207)(1 + )
pa,o‘(n) T 1 + .
(n—20r)(1+a)+ 207
and

_(r1,r2)

p(OZl,OtQ),(O'lO'Q)(n7p1) =
20171 + nri(ay + 1)
nloara(an +1) + orri(as + 1)(p1 — r2)] — 209m201m1[(01 + 1) + prov)]

09272
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Then there exists a positive constant € such that for any data
(ug,v0) € A2 := L™ (R™) x L"(R"),
with || (uo, v0)||A;% < e, we have a uniquely determined global (in time) Sobolev solution
(u,v) € C([0,00), L™ (R™) N L=(R™)) x C([0,00), L"(R™) N L>(R™))

to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for
any t > 0 and for all sufficiently small 6 > 0 :

ult, Yoo < C(1 + ) Peraertartr@ o |fug|| 1y for all q € [ry,00), (4.8)
lo(t, )lze < C(1+ t)_ﬁ‘%’q"’2+a2||vo||m for all q € [ry, 0], (4.9)
where
7222,:01702 =1 _pl( 222,171,02 - OQ)
and

g ._n(1+a)(1 1)
®eo T 9y r q/

The constant C' is independent of ug and vy.
: 20’17’1 2027’2 20’17’1 2027’2
4.1.3 The case min {—1+a1 : —1+a2} < n < max {—1+a1 : —1+a2}

: 20111 20912
In the next section, we suppose that Tror < Tias

Theorem 4.5 Let us assume 0 < aq,as < 1,01 > 1,1 <0y < 1220;2, rir>landl <ry < 21;%

We assume that 2271 < n < 292272 Moreover, for all € > 0 the exponents p; and py satisfy the

1+ 14+a2
conditions
ry
71,72 [ 72 .
P> P (nse) = max {pi o, (n): = — e |
1
and
]. ™
71,72 R 71 . .
P2 > po)s (n,€) := max {pawl (n); P—= — e},
1-— a1 T9
where

(n(r—1) +20r)(1 + )
(n—20r)(1 4+ a) + 201"

p;’g(n) =1+
Then there exists a positive constant € such that for any data
(ug,v0) € A2 := L™ (R™) x L"(R"),
with || (uo, UO)HAif < e, we have a uniquely determined global (in time) Sobolev solution

(u,v) € C([0,00), L™ (R™) N L=(R™)) x C([0,00), L™ (R™) N L*(R™))
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to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for

any t > 0 and for all sufficiently small 6 > 0 :

llu(t, )||Le < C(1+ t)fﬂgllg"’1+°‘1Hu0||Lr1 for all q € [ry, 0], (4.10)
o, Yoo < O+ 8y FFamste|lug s for all g € [, o0], (4.11)
where
2";0 = min{w<1 — 1>;1 —5}
b 20 r o q
and

n(l—i—oz)(l 1>.

627‘170- = 20-

The constant C' is independent of uy and vy.

Theorem 4.6 (Loss of decay) Let us assume 0 < aj,ay < l,op > 1, 1 < 09 < 1;7‘;2, and
1 <ry< 292 We agssume that 220 < n < 2222 Moreover, for all € > 0 the exponents p1 and

2000072 1401 14as

po satisfy the conditions

P1 < Py (M)
20912(0 + o) + (1l + ag)ry 7
n(1+ ag) — 2099009 "ry
n[(1+ ag)orry — (1 + aq)oz] + 20171 (aq + 1)oy
o1 (n(l + ag) — 2a509719) }’

p1>max{ —e1

]

and

71,72 _(r1,r2)

1
P2 = p(al’O‘?)’(UlUZ)(n) - max {p(a1,a2),(0102)(n7p1>; 7’_2 - 6}7

where

(n(r—1)+20r)(1 + a)
(n—20r)(1 4+ a) + 201

Pao(n) =1+

and

20’2’/’2
g + 1)(p1 — 12) — 20972(01 + praa)
20111 + nri(aq + 1) }
nlogra(an + 1) + orri(ae + 1) (pyr — 12)] — 209r2017m1 (0 + 1) + praw)]

—(r1,7m2) B
p(al,OLQ),(OjO'Q)(n?pl) = max { m

; 0272

Then there exists a positive constant € such that for any data

(UQ,’Uo) S A:? =L (Rn) x L™ (Rn),
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with ||(uo, vo)|| a2 < &, we have a uniquely determined global (in time) Sobolev solution
(u,v) € C([0,00), L' (R™) N L®(R™)) x C([0,00), L"(R™) N L™(R™))

to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for
any t > 0 and for all sufficiently small 6 > 0 :

71,0 T
[u(t, )|re < C(L+ t)Pevamteortiodma|lyg| 1y for all q € [ry, 00, (4.12)
lv(t, e < C(1+ t)7,33227q,02+a2|‘00“y2 for all q € [ry, 00], (4.13)
where
7:;22,171,02 =1 _pl( s DP1,02 042)
and

5;’7‘;70 = Inin{n(g—ja)(1 - l>§1 —5}-

The constant C' is independent of uy and vg.

4.2 'Treatment of the weakly coupled linear systems

we consider the following two Cauchy problems

(4.14)

at1+a1u + (_A)O'lu =0, u(07x) = uO(ZE) Ut(O,ZE) =0,
@HQQU + (—A)U2U — O7 U(O, ;L‘) = ?}0(?[3), Ut(oyx) = Oa

to prove the global (in time) existence of small data Sobolev solutions to the weakly coupled

systems of semi-linear models (4.1). we write their solutions in the following form:
uln(t7x) = Ggll <t7l‘) *(x) U()(Qf), Uln(t7x) = ngz <t71‘) *(x) UO(‘T)' (415)
Proposition 21 Let ug € L™, vg € L™, r1,r9 > 1. Then the solution of the linear Cauchy

problem (4.14) satisfies the following L™ — L9 estimates with r =1y or r = ry:

71,0
[ ()] o S (L) P50 ([fug s an) + o] ageny) for all q € [y, 00,

~Y

79,0
[ (¢, )] o S (14 8) P2 (g | ramy + ool o)) for all g € [r2, o0]. (4.16)

~Y

Now, due to the Duhamel formula, we can recover equation (4.1) in the following equivalent form

u(t,z) :=u )+ fo GOt —7,-) *() |v(T, ) [PrdT = (ul™ +u)(t, ),

4.17
v(t,x) == )+ fo G (t —7,-) %) |u(r, ) [P2dT = (v + o) (¢, ). (4.17)
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4.3 Proof of main results

20’17‘1 20’2’/‘2 }

4.3.1 Proof of main results fo the case n > max { 73},
oaq? 1+as

Proof of Theorem 4.1

Let ¢ = 1;2. For any n > fi—’a” and § € (0,1) is sufficiently small, there exists a parameter

G = Gi(0) € (r;,00) such that
n(l+ «;) (l _ l) —1_3s. (4.18)
We define for all 7" > 0 the space X (7T') as follows:
X(T) := C([0,00), L' (R™) N L=(R™) x C([0, 00), L"*(R™)) N L®(R™))
with its corresponding norm

| (u,v)|| x (1) := sup {Ml(t,u) +M2(t,v)},

0<t<T

where

Mi(t,u) == (1+ )7 ult, o + (1 + 677 (Jult, )l g+l )lle=),
My(t,0) = (L+8)72[u(t, ) [[pr2 + (146072 (ot )l g + lo(E, )llz=),

We define a mapping the operator N by
N : (u,v) € X(t) = N(u,v) = N(u,v)(t,x) := (u,v)"(t, ) + (u,v)" (t,x).

In order to conclude the uniquenessand the global (intime)existence of small data solutions to
(4.1)as a fixed point of the operator N,We will prove that the operator N satisfies the following

two inequalities:

1N (w, )l xery S 1o, vo)llagz + 1w )l oy + 11w, )% ), (4.19)
IN (1, v) = N(@,)l|xer) S 1w, v) = @ 0) lxr (1w, 0) IR ) + 1@ D) 1Ry
HI(w, )5 + 1@ D)%) (4.20)

for any (u,v) and (w,v) € X(7T), uniformly with respect to 7' € [0,00). The estimates (4.19),
(4.20) lead to a local (in time) well-posedness result for large data Sobolev solutions and a global
(in time) well-posedness result for samll data Soboelv solutions as well.

Using the definition of the norm in X (7") and Proposition 21, we may conclude

(s )" xry < Nl (o, v0)||arz-
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Hence, in order to complete the proof of (4.19) it is reasonable to show the following inequality:

Gt ) ey S MG )y + 1 (s 0) 1
If (u,v) € X(T), then by interpolation we derive

71,0
ut, Yz S (14 t)* Porea||(u,v)|| x(ry forall ¢t€[0,7] and gq € [ry,o0],

~Y

9,0
[o(t, )za S (14 8)2"F2ae2|(u,0) || x(ry forall te[0,T] and g€ [ry, o).

~Y

On the other hand, we obtain

Hu(t, P2 lee < flult, ). S S (14 £) P2 edpanns =) u, % )
5 <1+t) pQ(ﬂal P2,01 061)|‘(U7U)||I))(2(T) (421)

Y

T17 /87'1>
ai1,p2q,01 — M a1,p2,01°

for any ¢ such that psg € [r1, 00| and due to f

Also
ol < ot M S (14 D2 Oy o
< (4 0o 0,0) B
for any ¢ such that p;q € [rs, 00] and due to 222’7‘;1(1702 > 222’131 .- Thanks to (4.22) we have for
q € [r1,00] the estimates
t 1.6 T
ot )l S [ (e = ) [ s, )P s dsdr
0 0
t - T
< / (1+t— 7')5“174*”1/ (7 —8) (s, ) ||orq ds dr
0 0
S w5 i) forall ¢ €[0,T] and pig € [ra, o0,
where .
-k " a;—1 —p1(BLE 5 op—2)
L(t)=[| (1+t—7)Peven [ (7 —5)"(1+5) 2:P1,92 dsdr. (4.23)
0 0
We are interested in estimating the right-hand side of (4.23). For this we apply Lemma 2. We
put
o) = [ (r = o)1 5y P g,
0
Thanks to Lemma ?? we obtain w(7) < (1+7)* ! if we assume that py (5729 ,, —az) > 1. We
notice that pi (6729, ,, — @2) > 1 if and only if
p1 > max {p’""’ (n); ;}
R R
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On other hand, the conditions ¢ € [ry, 00| and p1q € [r2, o0] imply p; > 2.

Hence,
t 71,0 t 71,0 1
L(t) < / (14t —7)Poaniy(r)dr < / (14t — 1) Poraor (14 7)1 dr. (4.24)
0 0

Once more we use Lemma 2 to estimes (4.24) then we have I;(¢) < (1 + t)al_ﬁgll’>(‘s¥v01.

Hence,
1™, 0)llxzy S 11w, 0) % -

Summarizing, from both estimates we may conclude for all ¢ € [ry, o]
™t e < M(u, 0) [y I2(t) forall ¢ €[0,T] and  pag € [r1,00],
where

t T
L(t) = / (I+t— T)_Ba%,’i’(’?/ (1 —s)2 11+ s)_pQ(ﬁ"ll”i%"l_o‘l) dsdr. (4.25)
0 0

79,0
we same way and under the condition ps > max {pgllm (n); w—a} then Ip(t) < (1+4t)*2 Fezars,

Hence,
100, v™ ) Ixcry S 1w, )%y

Also, the conditions ¢ € [rg, 00| and poq € [r1, oo| imply py > .
To prove (4.20) we assume that (u,v) and (a,?) are two vector-function belonging to X (7).

Then, we have

N(u,v) — N(@,7)

= ([ Gt = 1o, = 065, 15,0 s,

/ GE2(t = 8) ey 122 (fus, )P = (s, )P2) (0, 5,2) ds).
We estimate for ¢ € [ry, 00| as follows:
| [ Gt =s) o 120t = s ) s,
< / (14t r>—ﬂ%¢?ffl / (= 9l P — [5G, )P, s
0 0

By apply Holder’s inequality ,we may show the estimates

[[o(s, ) = 1o s, )Pl .,

S ols,) = (s, )| yamn (l0(s, )i + 155, ) It
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By using the definition of the norm of the solution space X(7') we obtain for p; > 22 and

0 < s <t we derive the following estimates:

066 ) = 352 ) | o, (0 + )2 B2 (s,0 = 5),
oo, i S (1 ) =D0er 0w, )]

LaP1 ~o

[, ) [ S (14 5) D) )

Lar1 ~~

Hence, we write

H|’U S, _)|p1 - |2~)( |p1HLq
< (L ) P e My 5,0 — ) (| (w0357 + 1 D))
S (1 )P =), ) — (@, 9) |y (1 0 IR) + 11 D)) ).

Using the same approach, we obtain for py > :—; and 0 < s <t we may conclude:

H|U(S, |p2 - |1~L( |p2HLq

< (L 8) P2, ) = (@, 9) ey (s 0) 1555 + NG D)7 )

So, for

1 9
> o Iy S be }
p1 > max {pa%@(n) —o—arr €

and

p >max{pr1 (n);ﬂ—e}
2 1,91 7].—(5—041 T9

we obtain the desired estimate (4.20).
Notice that

1 T2
> ma 2 (n); ———; — — e}
P1 X{pag,ag( ) 1 — 5 —as' T

and

1 T
>maxqpt (n);——; — — 6}
b2 {pal,ol( ) 1—-§— ay’ T

for all 4 > 0 if and only if

1 T2
pr > L €)= ma {37 () =i 2 — ]

and

1 7"1
po > pgll’;fl (n,€) ;== max {pgllm (n); o 7”_2 — e}

Remark 3 All estimates (4.19) and (4.20) are uniformly with respect to T € (0,00) if p1 >

"2 (nye) and pe > pht"2 (n,€) for all € > 0.

paZ 02 1,01
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From (4.19) it follows that N maps X (7') into itself for all 7" and for small data. By standard
contraction arguments, the estimates (4.19) and (4.20) lead to the existence of a unique fixed
point for (u,v) = N(u,v). Consequently, we arrive at well-posedness of Sobolev solutions to (4.1)
satisfying the desired decay estimates. Since all constants are independent of 7', after letting T
tend to oo we obtain a global (in time) well-posedness result for small data Sobolev solutions to
(4.1). This completes the proof.

Proof of Theorem 4.2

We introduce for all 7" > 0 the space X (7") as follows:
X(T) :=C([0,00), L™ (R™) N L™(R™) x C([0,00), L"*(R")) N L™(R™))
with the norm

| (u,v)|| x(ry := sup {Ml(t,u) +M2(t,v)},

0<t<T
where
Myt u) = (14 £)~ 8 |u(t, )| + (14 ¢) 017 e
x (Ilult, )lpar + llult, )lr),
Mp(t,v) = (L+8)"2ot, e + L+ )72 ([Jolt, )| + ol )lz=),
where ¢ and g3 are defined as in the proof of Theorem 4.1. Finally, the operator N by

N : (u,v) € X(t) = N(u,v) = N(u,v)(t,x) := (u,v)"™(t, ) + (u,v)" (t,x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X (7'), we can
consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N. We will

prove that the operator IV satisfies the following two inequalities:

IV (s 0)llxery S Nl o, vo) a2 + [l (s 0) R oy + 11 0) 1Ry (4.26)
IN(u,v) = N@0) | xr) S (,0) = (@ 5)||xery (1w, 0) 5 + 1@ 0
+(w, o)) + 1@ )% 7) (4.27)

for any (u,v) and (@,7) € X(T), uniformly with respect to T" € [0,00). The estimates (4.26),
(4.27) lead to a local (in time) well-posedness result for large data Sobolev solutions and a global
(in time) well-posedness result for samll data Soboelv solutions as well.

Using the definition of the norm in X (7") and Proposition 21, we may conclude

(s )" xry < Nl (o, v0)||arz-
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Hence, in order to complete the proof of (4.26) it is reasonable to show the following inequality:
o) ey S I 0) Iy + Gty )2,
If (u,v) € X(T), then by interpolation we derive for all ¢ > 0

71,0 79,0
u(t, Mpa S (1 + t) 0 Perentiedones | (u,v) || xr) for all g € [ry,00],

~

79,0
o, e S (1+8)%2 P20z (u, 0)|[x(ry for all g € [rs,00].

On the other hand, we have

Nt )Pl < s ) e S (1 + 1) P2 anms =1 2880003) | (u, 0) [

< (L4 1) P b, ) (4.25)
for any ¢ such that paq € [r1, 00| and due to ﬁgll’m vor = 5211’7172701
Also
) |p1 < p1 Y wap——y p1
oG, )PHlze < ol )lZee S (1) Fezmarae2) | (u, v) [ ) (4.20)
< (L4 1) P00 () [
for any ¢ such that p1q € [z, 00] and due to 829 > gr29 . Thanks to (4.22) we have for
q € [r1,00] the estimates
t 1.6 T
™ (t, ) |pe S / (1+t— T)_Balvq"’l/ (7 — &) |v(s, ) [P*|| e ds dr
0 0
t - T
S [rem i [ ool ), dsdr
0 0
S w5 i) forall ¢ €[0,T] and  pig € [ra, 00,
where . T
e a;—1 — (6T2’5 —az2)
Lt)= [ (14t—7)Pedaor [ (7 —s)1 (14 5) P1Bdpr02—02) g dr, (4.30)
0 0

We are interested in estimating the right-hand side of (4.30). For this we apply Lemma 2. We
put
w(T) = / (1 —s) 11+ S)_pl(ﬂg‘%’vilvUZ_O@) ds.
0

79,0 .
Thanks to Lemma 2 we obtain w(7) < (1 4 7)* P1(Fa3p1.02792) if we assume that p( T2 oy —

az) < 1. We notice that pi (629 ,, — az) < 1if and only if
< ma { 2 (n) _ }
X ; .
P Pazoa\W)s 77657 Qg
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On other hand, the conditions g € [ry, 00] and p1q € [rg, 00| imply p; > =2

_,,,1'

Hence,
t 71,0
L(t) S / (14t —7) Peraory(r)dr
0
t
< / (14t —7) 40 (1 4 7)o@ P EEnm—02) g, (4.31)
0

Once more we apply Lemma 2 to (4.31) to obtain

L) < (14 t)Fakiae +1-p1 (B 00 —a2),

Hence,
1™, 0)llxry S 11w, 0) % -

By the same way, we have for ¢ € [ry, o]
o™ (t, )|z < [(u, V) I% () L2(t) forall t€[0,T] and paq € [r1, 0],
where
L(t) = / 0 bt ) PR / (7 — 8)o (1 4 ) P e =1 B 0 =02)) s g7 (4.32)
0 0

If

71,0 72,0

Po(Boypnor — 1 = L+ pi(Bep 00 — 2)) > 1,
then I(t) < (1 4 )22 F3los
Hence,

100, ™) I x ey S 1w )% -

The condition

Pa( 3;11’,(;2,01 —a; — 14+ pi( 222’3,1702 —ay)) > 1,
is equivalent to

20979 . 1
ar + 1) (p1 — r2) — 2097r2(0 + a1 + praz)’ —0 —ag +pi1(1 — 8§ — )
20111 + nri(ag + 1) .
nloare(ar + 1) + o171 (g + 1) (p1 — 12)] — 20920171 [(a1 + 1) + pras)]’
2011 +n(ag + 1)ry }
(o1 + 1)(n — 20171) + 2p1oyr1(1 — 0 — an)

P2 > maX{
n(

;02T

and
(a1 +1)(=n+201m1)  O0+oar  209m2(0 + ) +ran(l + )
2001 (1 —0 —ag) "1—0—ay’ n(1l+ ag) — 20919
n[(1+ ag)orry — (1 + aq)oz] + 20171 (aq + 1)os
o1 (n(l + ag) — 2a509719 }

p1 > max{

()
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Also, the conditions g € [rq, 00] and paq € [r1, 00| imply pe > =

_,,,2'

The proof of (4.27) is similar to the proof of (4.20) of the proof to Theorem 4.1. This completes
the proof.

20'17"1 20’2T2 }

4.3.2 Proof main results for the case n < min { o Tra

Proof of Theorem 4.3

If 1 <n < min {%, %}, then for all ¢ = 1;2 and for all ¢ € [r;, 00| we obtain
z@i&2<1 1)<1_29i32<1, (4.33)

20, g 2qo;

Hence, we can choose a positive § such that there does not exist any g € [r;, oo] which satisfies

(4.18). For this reason,
b o (14 ) (1 1)

@i,q,00 — Fa,q,05 T 20; T_z o a
We introduce for all 7" > 0 the space X (7") as follows:
X(T) := C([0,00), L' (R™) N L=(R™) x C([0, 00), L"*(R™)) N L®(R"))

with the norm

(o)l = sup {Ma(tu) + Mat,v) },

o<t<T
where
M(tu) i= (14 8)" fut, )| + (14 % =n = u(t, )| e,
Ma(t,v) = (14 1) [o(t, 1 + (1 + 1) o2 fo(t, )| 1oc,
where 3, ., = "(21;:‘) . For any (u,v) € X(T') the operator N

N : (u,v) € X(t) = N(u,v) = N(u,v)(t,x) := (u,v)"(t,2) + (u,v)" (t,x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X (7"), we can
consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N. We will

prove that the operator IV satisfies the following two inequalities:

[N (w, 0) || x(ry < [[(wo, vo)[lLazz + 1w, v)I% y + [1(w, VI 7y (4.34)
I, 0) %) + 1@ ) %) (4.35)
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for any (u,v) and (u,v) € X(7'), uniformly with respect to 7" € [0,00). The estimates (4.34),
(4.35) lead to a local (in time) well-posedness result for large data Sobolev solutions and a global
(in time) well-posedness result for samll data Soboelv solutions as well.

Using the definition of the norm in X (7") and Proposition 21, we may conclude

1w, 0)™ |xcry < Nl (o, vo) | agz-

Hence, in order to complete the proof of (4.26) it is reasonable to show the following inequality:

1, ) ey S M1, )y + (2, 0) % -
If (u,v) € X(T), then by interpolation we derive

Jut Ml S (L8 P0|(u,0)|xr) forall ¢€[0,T] and g€ [r1,00],

~Y

lo(t, Mea S (14 1) 520 | (u,0)|[x(r) forall t€[0,T] and g€ [rs,00].
On the other hand, we have

et VP2 llze < flult, e S (14 1) 7P2Eehran=en)]| (u, 0) [,

S (1 + t)—pZ(,BZzlLPQ’Ul —a1) || (u) U)HZ)?(T) (436)
for any ¢ such that paq € [ry, 00] and due to B3} ., = Bal 0
Also
(872 —a
P e S (/P
< (4 0) P s |, )]
for any ¢ such that p1q € [ry,00] and due to 82, , 5, = B2 .0, Thanks to (4.37) we have for
q € [r1, 0] the estimates
t T
™ (t, ) |pe S / (1+t— T)*Ballvq"l/ (7 —8)* " |v(s, )P || e ds dr
0 0
t T
S / (1+¢- T)_Ball’q’”/ (7= ) Ho(s, ) 7ha ds dr
0 0
S w5 i) forall ¢ €[0,T] and  pig € [ra, 00,
where
t ™1 T T2
Li(t) = / (14t —71)Poran / (1 — 8) 711 + 5) P Pezmne2=2) g5 7. (4.38)
0 0

We are interested in estimating the right-hand side of (4.38). For this we apply Lemma 2. We
put
w(T) = / (7= 8)"1 71 (1 + 5) 7 Pohrnnam02) g,
0
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Thanks to Lemma 2 we obtain w(7) < (1 +7)* 7! if we assume that pi (872, ,, — @2) > 1. We
notice that py (852, 5, — @2) > 1 if and only if

(n(’l“g — 1) + 20’2’/“2)(1 + Oég)
(n — 20979)(1 + ag) + 2079

PL> P2 g, (n) =1+

14+a2

under the assumptions 1 < gy < l;ﬂ and 1 <1y < )
asg 2a202

On other hand, the conditions g € [ry, 00] and p1q € [re, 00| imply p; > 2

_,,,.1'

Hence,
t - t r
L(t) < / (1+t— T)_’Bo‘l’q"’lw(T) dr < / (1+t— T)_ﬁo‘lv‘“’l (1+7)"tdr. (4.39)
0 0

Once more we apply Lemma 2 to (4.39) to obtain I;(t) < (1 + t)* falae

Hence,
1™, 0)llxry S 11w, )% -

By the same way, we have for g € [ry, o0]

™t e S M, )7y 12(t) forall ¢ €[0,T] and  pag € [r1,00],

where
t ro T -
L(t) = / (14— 7) P / (1 — 8) (1 + 8) P2 Ehmer =) dodr.  (4.40)
0 0
' (nfr — 1) + 20r)(1+ )
nry — 1) +201r1)(1 + o
> pit =1 ,
P2 > Py (1) * (n —20111)(1 + 1) + 201
then
I(t) S (L 1) Fhnee,
Hence,

10€0, ™) x(zy S M1, 0) 1%y

Also, the conditions ¢ € [rs, 00] and paq € [r1, 00] imply py > =

_T‘Q'

The proof of (4.35) is similar as the proof of (4.20) of Theorem 4.1.

The proof is complete.

Proof of Theorem 4.4

We introduce for all 7' > 0 the space X (7') as follows:

X(T) := C([0,00), L' (R™) N L>(R™) x C([0, 00), L"*(R™)) N L®(R"))
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with the norm

(e, 0) ey = sup {Ma(tu) + Ma(t,v) },

o<t<T
where
My () i= (14 )" B wiez u(t, ) || gy + (1 4+ t)Pioem ==z |yt -) | oo,
My(t,v) = (1+8)7°2[[u(t, )|z + (1 + )53m0 (¢, )| poc,
where Bgz,oo,a = %77@2@1,02 =1- pl( gézg,pl,o'g - a2) .

For any (u,v) € X(T') the operator N
N : (u,v) € X(t) = N(u,v) = N(u,v)(t,z) := (u,v)™(t, ) + (u,v)"(t, ).

To get the global (in time) existence and uniqueness of Sobolev solutions in X (7'), we can
consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N. We will

prove that the operator N satisfies the following two inequalities:

IV (o)l S llato, v0)Lacz + [, 0) 1%y + 12t )2, (4.41)
IN(w,v) = N(@5)lxery S ws0) = @9) L (1 0) 1325 + 1@, 9) 37
I, o)l + 1 D)) (4.42)

for any (u,v) and (@,7) € X(T), uniformly with respect to T € [0,00). The estimates (4.41),
(4.42) lead to a local (in time) well-posedness result for large data Sobolev solutions and a global
(in time) well-posedness result for samll data Soboelv solutions as well.

Using the definition of the norm in X (7") and Proposition 21, we may conclude

(s )" xry < Nl (0, v0)[|azz-

Hence, in order to complete the proof of (4.41) it is reasonable to show the following inequality:

s )" xcry S (s )15 iy + (s 0) [ -
If (u,v) € X(T), then by interpolation we derive for all ¢ > 0

u(t, Mea S 1+ By FebamiT0bores||(u, v) | xry  for all g € [rr,00)],
ot, ) lze <

~Y

(14 )2 Paes||(u, )| xry for all g € [ry, 00].
On the other hand, we have

u(t, VP2l < [Jut, )5, < (1 +t)—p2(6211’102%o1—al—'y<222’171702)H(u’U)HI)J(Q(T)

: . 4.43
S (1+ 1) PR =110 (4, )| )

|p2
X(T)
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1
041 ,p29,01 — Mo,p2,01°

for any ¢ such that paq € [r1, 00| and due to
Also

ot )P s < ol e S (1 +8) 77 Eoman =02 (u, 0) 7

(4.44)
S (L) ke, 0) [

for any ¢ such that p,q € [rq, 00| and due to Thanks to (4.44) we have for

CYZ yP19,02 — a2 »P1,02°

q € [r1, 0] the estimates
™ (t, Y| pe < /t(1 +t— T)—BZﬁ,q,al/T(T — )Y |u(s, )P || o ds dT
0 0
S [ t—m e [T tols, )b ds i
0 0
< |[(w,v)] X(T)Il( ) forall te€[0,7] and piq € [ry, 0],

where . .
Li(t) = / (1+¢t— 7‘)62117‘1*"1/ (1 —s) 11+ 3)*”1(&:224’17"2*“2) dsdr. (4.45)
0 0

We are interested in estimating the right-hand side of (4.45). For this we apply Lemma 2. We
put
OJ(T) = / (’7‘ — S)al_l(l -+ 3)_171(5;22,?1’02_0‘2) ds.
0

Thanks to Lemma 2 we obtain w(r) < (1 4 7)® 71 1.00792) if we assume that p; (5

O‘Q »P1,02
ap) < 1. We notice that p; (872, ,, — a2) < 1 if and only if
n(reg — 1) 4+ 2097r2) (1 + oy
P1L < DR 4, (n) = 1+( ( ) ) )
(n — 20919)(1 4+ ag) + 2075
under the assumptions 1 < gy < 1;& 2and 1 <ry < —21;0;22
On other hand, the conditions ¢ € [ry, 00| and p1q € [r2, o0] imply p; > H
Hence,
t .
Li(t) S / 1+t —7) Prenw(r)dr
0
t . )
5 / (1 +t— 7')_’3;‘11“1"71 (1 + 7—)041—171(,8&22,;,1,172—@2) dr. (446)
0

Once more we apply Lemma 2 to (4.46) to obtain

I (t) 5 (1 + t)al_ﬁgll’q‘”1+l_p1(ﬁg‘%’pl‘”_az) 5 (1 + t)al_ﬁ‘gllqu°1+7:¥22vp1yd2.

Hence,
_3"1 T2
(™, 0)[x¢ry S (14 ) Peraertrezmnes | (u, 0) [
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By the same way, we have for ¢ € [ry, o0]
[0 (Mo S (w, 0) [y L2(t) for all ¢ €[0,T] and  pag € [r1, o),
where
L(t) = /t(l +t— 7')_5‘2227‘1"’2 /T(T —5)*2 (1 4 3)_’)2(6‘211’7)2"’1_al_”??'m"v) dsdr. (4.47)
0 0
If

p2( gll,pg,dl - Oél - 1 +p1( 042 ,P1,02 - a2)) > 17 (448)

Then
Iy(t) S (14 1) P,

The condition (4.48) is equivalent to

n[(1+ ag)orry — (1 + aq)oz] + 20171 (aq + 1)oy

>
P 2 0'17”1(Tl<1 -+ 042) — 20&20'27’2)
and
- 1 201 +n(l+ay)
P — )
2 201 n[(1 4+ aq1)oary + o1ri (1 + o) (p1 — 72)] — 20110922 (p1 + @1 + 1)
Hence,

1000, o™ lxery S 11w, )% -

Also, the conditions g € [r2, 00] and paq € [r1, 00] imply py > .

The proof of (4.42) is similar as the proof of (4.20) of Theorem 4.1.

The proof is complete.

. . 201711 20’27“2} 20971 2027“2}
4.3.3 Proof main results for the case min { 3£, 77272y < n < max {247, 7752

Proof of Theorem 4.5

For any n > 27t and § € (0, 1) is sufficiently small, there exists a parameter g = q;(0) € (r1, 00)

1+

such that . ) .

E(—igl—)(-——:):1—5. (4.49)
204 1 q1

If n < %, then for all ¢ € [ry, 00| we obtain

n(1+a2)<1 1><1_n(1+a2)

209 s q 2q0

<1. (4.50)
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Hence, we can choose a positive § such that there does not exist any g € [ry, oo| which satisfies
(4.18). For this reason,

r2,0 _
@2,q,02 @2,q,02 °

. o n(1+a2)(1 1)

209 5_5

We introduce for all 7' > 0 the space X(7") as follows:
X(T) := C([0,00), L' (R™) N L=(R™) x C([0, 00), L"*(R™)) N L®(R™))
with the norm

(e, 0) ey = sup {Ma(tu) + Ma(t,v) },

0<t<T
where
My(t,u) = (L 07 ult, e+ 0+ (fult, o + [ult,)llz),
My(t,v) = (L+1)"2o(t, 1 + (1 +1)22m 7 o (t, )| e,
where 3" = n0+92) and the operator N by

2,00,02 2012
N : (u,v) € X(t) = N(u,v) = N(u,v)(t,z) := (u,v)™(t, ) + (u,v)"(t, ).
To get the global (in time) existence and uniqueness of Sobolev solutions in X (7'), we can

consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N. We will

prove that the operator IV satisfies the following two inequalities:

[N (w, 0) || x(ry S (o, vo)llazz + 1w, V)% iy + [1(w, VI 7 (4.51)
I 0) %) + 1@ ) %) (4.52)

The proof of (4.51) and (4.52) is similar to the proof in Theorem 4.1 and Theorem 4.3. This

completes the proof.

Proof of Theorem 4.6

We introduce for all 7' > 0 the space X (7') as follows:
X(T) :=C([0,00), L™ (R™) N L=(R™) x C([0,00), L"*(R")) N L=(R™))
with the norm

| (u,v)|| x(ry := sup {Ml(t,u) +M2(t,v)},

0<t<T
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where
Ma(t,w) = (14 0) e uft, ) + (14 )51 ks
s (e, Yl + ult, o),
My(t,v) i= (L4 6) " o(t, )| + (L+ )%= fu(t, )| e,
where 07, o ,, = ”(21(7;;;2) The operator NV is defined by

N : (u,v) € X(t) = N(u,v) = N(u,v)(t,z) := (u,v)™(t, ) + (u,v)"(t, ).

To get the global (in time) existence and uniqueness of Sobolev solutions in X (7'), we can
consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N. We will

prove that the operator IV satisfies the following two inequalities:

1N, )1y S Neao, w0) Lz + 1ty 0) 1By + 11, 0) 1%, (4.53)
IN(u,0) = N@, )l S 1) = @9)xen (1 o) [R5 + 1@ 3) 175
I, )25 + 1, 2) 12255 (4.54)

If (u,v) € X(T), then by interpolation we derive for all ¢ > 0
lut, Yoo S (14 1) Pamhones | (u,0) |y for all g € [, 00],
lo(t)|zs S (1+ )% P2z | (u,0) | x(r) forall g € [z, 00].

On the other hand, we have

lluCt P2llze < fudts e < (1+1) (e~ ) | (u, 0) [

(]_ + t) pZ(Bal ,po,01 1T 'Yozg Pl 0'2)” (u U)||p2 (455)
for any ¢ such that pyq € [r1, 00| and due to 70111”‘;2(1701 > 211”‘;2’01.

Also

ot ) Pllze < ol e S (L) P Eman =02 (u,0)|[]

4.56
S (140 oo, 0) o

for any ¢ such that p1q € [re, o0] and due to Thanks to (4.56) we have for

Ozz ,P14,02 — 042 »P1,02°

q € [r1,00] the estimates
t
||u”l(t,-)||m§/(1+t—r ﬁ/ — ) Y u(s, )P || e ds dT
0 0
t
5/(1+t—T 5/ 1 [o(s, )|[Poya ds dr
0 0

S w05 i) forall ¢ €[0,T] and  pig € [ra, 00,
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where

t T
L) = / (14t — 7)Feen / (1 — 5) (1 + 8) P BBrroa=o) dodr.  (457)
0 0

We are interested in estimating the right-hand side of (4.57). For this we apply Lemma 2. We
put
o) = [ e g,
0

Thanks to Lemma 2 we obtain w(7) < (1 + 7)1 7153 p1.02722) if we assume that py (372

@2,p1,02 -
ag) < 1. We notice that pi (532, ,, — a2) < 1 if and only if
n(re — 1) + 20912)(1 + «
P1 < Pty () =14 (n(r; — 1) + 2097)(1 1 0)
’ (n — 2097r2)(1 + ag) + 20979
under the assumptions 1 < g9 < 1;7“22 and 1 <7y < 21:{%
On other hand, the conditions ¢ € [ry, 00| and p1q € [r2, o0] imply p; > =,
Hence,
¢ 71,0
L(t) < / (14t — 1) Pveor(r) dr
0
¢ 71,0 7
S / (1+t—7) Podao (14 7)1 P m0a=) g7, (4.58)
0
Once more we apply Lemma 2 to (4.58) to obtain
L) < (14 )2 Peluor H1=m (B0 =02) < (1 4 )1 —Fokluon +ekmos
Hence,
n a1 — ;176 o 22 o
1™, 0) xry S (14 ) Fhon s | (u, 0) 2,
By the same way, we have for g € [ry, o0]
o, Mz S 1, )2y a(t) forall ¢ [0,T] and pag € 1, o),
where
t T T 71,0 T
L(t) = / (14t — 1) Padaes / (1 — 5)°271(1 4 5) P2 Baibrcr =125 m102) s I, (4.59)
0 0
If
2B — 01 = L+ D1(B2 50, — 02)) > 1, (4.60)
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then
Iy(t) S (14 1) P,

The condition (4.60) is equivalent to

2 ) 1
> max{ 0'27”2( + Oél) +n( + @2)7”2; T_Q —e 1
n(l + CKQ) — 20’27’20&2 (&1
n[(1+ ag)orry — (1 + aq)os] 4+ 20171 (g + 1)02}

o1 (n(1 + ag) — 2a50971)

)
and
20’27’2

as + 1)(p1 — re) — 20919(d + a1 + pra)
20’17’1 -+ n'r’l(ozl —+ 1)

p2 > max{
n(

;0272

The proof of (4.54) is similar as the proof of (4.20) of Theorem 4.6
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CHAPTER 5

APPENDIX

In this chapter we present results that we have already used in the proof of results of the

previous chapters.

5.0.1 Useful Lemmas

Lemma 3 (see [2])Let g be a function defined on R™ with real values. Suppose there exist two

positive constants ay and oo such that :

f(t) < Co if 0 <t <t
f(t) < Cit=  ift >t

Where « and ¢, are positive reals. So there is a positive constant Cy = (a, tg, Co, C1) such that:
ft) < Ca(l+1)7°
Proof: in first the case : If 0 <t < ty. Then we get :

t <t

Y

(IT4+t) < (1+1¢)°

1< (1+t)*(1+¢)"°

Co < Co(l+to)*(1+1t)™“
f(t) < Co(1+to)*(1+¢)°
) < Cs(1+0)7,

¢l

with 03 = Oo(l + to)a.
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in the second case : If t > t3.Consequently, we obtain

P>ty = <142 o 4! h
=0 t = to to = t

_ 1\ _
= t“§(1+t—) (1+t)
0

= f)<C (1 + tl) (1+t)™

= f<t> < 04(1 + t>_a7

where Cy = C, (14 L) . So, it is sufficient to take Cy = max{C5, Cy4}.
to

Lemma 4 [2] Let 0 <0 <1,a >0, and b > 0. Then there exists a constant C' > 0 depending

only on a, b, and 6 such that for allt > 0, the following inequality holds:
t
/(t — )1+t —7)" (1L +7)dr
0
C(1 4 )~ min{a+0.b} if max{a+6,b} > 1,

< QO+ ¢)" a0 In(2 + 1), if max{a+0,b} =1,
C(1+t)t-a-0=t if max{a +0,b} < 1.

Proof: First, we assume that ¢t < 2, Then :

! ! 1-6 o1 0
- _
/(t—r)_e(l—|—t—7')_“(1+7)_bd7'S/(t—r)_edT: TG < L
0 0

Next, we assume t > 2. Then :

t

/(t—T)_e(l+t—7')_“(1+7)_bd7=/;—i—/t.

0

For the first integral on the right side, we have :

( t —(a+0)
(—) [(1+7)bdr, ifh>1,
2 0
’ —(a+9)
R e e 1 € Y (T2 A R T
0
—(a+0) 1-b
1 t t
— |z 1+ - if 1.
1= <2> ( + 2> , ifb <

(5.1)
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For the second integral, we have :

t t

/(t )t -1 7)< (1 4 %)b/(t )t T)

N+
G

( £\ 1-b-ab a £\ b oo
N - —a—0 :
1—6(2) +1_9(2) 0f(1+7') dr, ifa+6>1,
1 ¢ 1—-0—a—b a ¢ —b ¢
<K< - [z Z Z i — 5.4
< 1_0<2> +1_0<2) ln(1+2), ifa+60=1, (5.4)
1 ¢ 1—-0—a—b a ¢ 1—0—a—b
— | = 1+ - if 0 < 1.
@—9(2) +(1—0)(1—0—a)( +2> , Ha+b<

Now,(5.1)follows easily from (5.2)-(5.4).Q.E.D.

5.0.2 Some fixed point arguments

Proposition 22 The operator N admits a unique fized point v € X(t) when the following

conditions hold:
[[Nullx(ry < Co(®)][(o, ur)|la + CL(O)[ul 57, (5.5)
N6 = Nellxry < Call = olleeny (lelldy + lellZd). (56)
Where Cy(t), Cy(t), Co(t) — 0 for t — +0 and Cy(t), C1(t), Co(t) < C for all t € [0, 00)

Proof: Let L(t) := ||u||x(r). We prove that for any £ € [0, [ we have

L(t) < Coé + C1(L(t))? implies L(t) < 2CH€.

Let ¢(z) = x — Cya?.Then ¢(z) < x for any = > 0 and ¢'(z) > 3 for z € [0,7], where
1

2Cp

T = ﬁ Consequentl
( ) quently,

o(r) < x <24(x) for x € [0,7].

7
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Let & = min(T, 35). Then L(0) <7 for [|(ug, u1)||a = €. Thanks to (5.5) we get

T _
O(L(1)) < Cof < Cobo < 5 < 6(T).
So, L(t) € [0,7] and L(t) < 2¢(L(t)) < 2Co¢. This proves that N maps X (¢) into itself
Let us define the sequence (u;);>o inductively by
up = 0 and u; = N(uj_q).
Then ||u;]|xm) < 200§ = C¢, where £ € [0,&)] and C is independent of . Applying (5.6) we
have for £ < % sufficiently small the following estimate:

w1 — wjl|xcr) = |IN(uz) — N(uj—1)||x(7)

1
< Sl = wjmallxeny < - < Fllwllxe).-

This implies that (u;); is a Cauchy sequence in the Banach space X (7"). This sequence converges

to the unique fixed point N(u) = u.

5.0.3 Useful inequalities
Young’s inequality
Lemma 5 Let be f € LP(R™) and g € L"(R") with 1 < p,r < oo then f* g € LI(R™). Where:
I+ o=+ and
1 gllee < I 1eellgll -

5.0.4 Duhamel’s principle

(see [23]) The classical Duhamel principle reduces the Cauchy problem for an inhomogeneous
partial differential equation to Cauchy problem for corresponding homogeneous equation. In
[23, 24], authors have established fractional analog of Duhamel principle. Here we introduce a
simple version of fractional Duhamel principle that helps us to reduce the problem (5.7) to an

equivalent integral equation.

O u + (—A)u + m2u = |ul?,

u(0,2) = ug(x), u(0,2)=0.

(5.7)

where a € (0,1), m >0, p > 1, (t,r) € [0,00) x R", 9} T*u = D (u;) with
1

DY (f) = 0,1} *f) and I]f = W /Ot(t — 51 f(s), for B>0.
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for any fractional numbers ¢ > 1 and for the nonlinearities with powers p,q > 1. The operator
(—A)7 is defined by
(=A)7u) (@) = F, (6] Famse(u) () (),
where I represents the usual Fourier transform in L!.
Consider the initial value problem for linear inhomogeneous diffusion-wave equation (5.7) By
linear properties of the operator Lu := 8; "*u(x,t) + (—A)%u(z, t) + m?u(z, t) the solution u(z,t)

of (5.7) is the sum of solutions v(z,t) and w(z,t) of problems

O v(w,t) + (=A)v(x,t) + m?v(x,t) = 0,
v(0,2) = up(z), v:(0,2)=0.

(5.8)

and
O w(x,t) + (—A)w(x,t) + mw(z,t) = |ul?,

w(0,2) =0, w(0,2)=0.

(5.9)

The representation of the solution of the linear integro-differential equation associated to (5.8)

with 0 > 1 and m > 0 (and without the term |u|?) is given by
v(t, ) = (Go,(t) * up)(t, ). (5.10)

Consider the cauchy problem (5.9) with homogeneous initial conditions
Further, let a sufficiently smooth function ¢(z,¢,7),t > 7,7 > 0, x € R", be for t > 7 a

solution of the homogeneous equation
oitq(z,t,7) + (=A)7q(z,t,7) + m?q(z,t,7) = 0, (5.11)
satisfying the following conditions ; Where F(z,t) = |v|?:

9
g(z,t,7)ier = 0, a—z(x,t,f)hj = [%(F(z,7)). (5.12)

Then a solution of the Cauchy problem (5.9) is given by means of the Duhamel’s integral

w(z, ) = /th(m,t,T) i

The formulated statement has been entitled as the ”Duhamel’s principle”.

A function u € X, where X is a suitable space, is a solution to (5.7) if, and only if, it satisfies
!

hom

the equality u(t, z) = u™(t,x) + u"(t, x), in X, where we set v/ = "™ = v, u™ = w, so that

u"(t,x) = /0 (G(t —s) = I (Jul?)) (t,s,x)ds.
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with
Glt.a) = [ B (17 e1,) d

where {G »(t) }+>0 denotes the semigroup of operators which is defined via Fourier transform by

(G ) % F)(E,€) = Basr (—571(€)2,) F(6) with (€)2,, = |¢[* +m?.

Here

ZF5k+1 , 3 €C with Re(B) > 0.

k=0
5.0.5 Some properties of Mittag-Leffler function

The Mittag-Leffler function Ejs allows the following implicit definition:

t

A B (s ds — 8y _
F(ﬁ)/(t V1B (As?)ds = Es(M?) — 1. (5.13)

0

The Mittag-Leffler function Eg(—t? (€)?)) with

gl“ﬂk‘qu , 8 € C avec Rep > 0,

can be decomposed in the following form :

Ba(~7 (€)2) = & (exp(as(t5 (€),0)) + exp(bs(t? (€),,))) + Ia(t

[Nl

(E)m)-

Or

ag (y)_yﬁexp(ﬁ) fory >0,

2 ¥/

bs(y) =y eXp(_F) fory >0,

and
2.8-1 _ 21
sin(Bm) oo y-s eXp( 5) o sm(ﬁﬂ- eXp( yﬁsﬁ) d
- > 0,
l,@(Q) — s fo 826 + 2y286 COS(/B ) + y fO 82 + 28 COS(B’]T) + 1 S fOTy
1—-3 for y = 0.
(5.14)

f =1+ « The proof is found in the document [8].
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Remark 2 We have also the relation

2

9t E)m * cos(T13) cog (ﬂf)rlniaSin(lI ))
a

[¥]ie

B
2

exp (ag(t2(€)m)) + exp (bs(t2 (€)m))

- 2
= 27O cog <t<§)}n+“ 1- 02), where ¢ = — cos < T >
1+«
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Abstract

Abstract

In this theisis, we are interested to study Global existence of small data solutions to some semi-
linear og-evolution models. The main goal of this study is to clarify the effect of the influence of
parameters and the data onthe rang and qualitative properties of solutions. Using modified Bessel
functions and the Mittag-Lefller function, we show some polynomial decay L™ — L9 estimates of
Sobolev solutions to related linear models with vanishing right-hand side. We explain connections
between the fractional orders and the exponents, which allow to prove the global (in time)

existence of small-data Sobolev solutions by applying the fixed-point argument.
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