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NOTATIONS

• Ω: Open set of Rn.

• X, Y : Banach spaces.

• ∥·∥X : Norm in X.

• H: Hilbert space.

• Γ: Euler’s Gamma function.

• L(X,Y ): The space of linear and continuous applications from X to Y .

• α is Multi-indices

• xα = xα1
1 xα2

2 · · · xαn
n and |α| =

∑n
i=1 αi with α is Multi-indices.

• ∂α = ∂|α|

∂α1x1∂α2x2···∂αnxn
= ∂α1x1∂

α2x2 · · · ∂αnxn a differntial operator of ored |α|

• C(Ω): The set of continuous functions u : Ω → R.

• Ck(Ω): The set of k-continuously differentiable functions u : Ω → R.

• C
(
[0, T ];X

)
The set of continuous functions u : [0, T ] → X

• Ck
(
[0, T ];X

)
The set of k-continuously differentiable functions u : [0, T ] → X

• Jµ: Bessel functions

• Eα : Mittag-Leffler function

• Eα,β :Generalization of Mittag-Leffler function
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Introduction

• Lp(Ω): {u : Ω → R, u measurable and
∫
Ω
|u(x)|p dx < ∞}, for 1 ≤ p < ∞.

• L∞(Ω): {u : Ω → R, u measurable and there exist a constant C ≥ 0 such that |u(x)| ≤ C

almost everywhere in Ω}.

• f ≲ g: means that there exists a constant C ≥ 0 such that f ≤ Cg, where f, g ∈ R+.

• ae :Almost Everywhere.
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INTRODUCTION

Fractional differential equations have gained considerable importance due to their wide-ranging

applications across various scientific disciplines, including quantum mechanics (Schrödinger equa-

tion), solid and fluid mechanics (Navier-Stokes equation), biology (Bertalanffy’s equation), elec-

tromagnetic fields (Maxwell’s equations), and many others. For further details, we refer the

reader to [7], [20], [21].

The historical development of weakly coupled semi-linear equations dates back to the late

19th and early 20th centuries, with pioneering contributions from mathematicians such as Henri

Poincaré. Their foundational work laid the groundwork for understanding nonlinear dynamics in

systems. Subsequent progress in reaction-diffusion equations and the development of advanced

mathematical methods have significantly advanced this field.

During the last decade, considerable progress has been achieved in the analysis of semi-linear

and quasi-linear σ−evolution equations with different types of damping. Among the most im-

portant classes of models are structurally damped σ−evolution equations and equations involv-

ing double damping mechanisms. These models typically exhibit hybrid parabolic–hyperbolic

behavior, leading to delicate mathematical difficulties. In particular, decay rates of solutions de-

pend strongly on the damping structure, the spatial dimension, and the regularity of initial data.

Another important research direction concerns weakly coupled systems of σ-evolution equa-

tions. Such systems naturally appear in models describing interacting physical quantities, cou-

pled wave propagation, and multi-component media, see for example, [3, 11, 12, 14, 15, 17, 18].

Compared with single equations, weakly coupled systems present additional mathematical chal-

lenges due to nonlinear interactions between components and possible imbalance between non-

linear powers.

Recently, few studies have been conducted regarding the fractional σ-evolution equations, we
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Introduction

refer for example to [4], [10] and [11].

The objective of this thesis is to investigate the global existence of solutions to the following

weakly coupled system of k−semi-linear fractional σ-evolution equations with mass terms and

distinct nonlinear memory terms:

∂1+α1
t u1 + (−∆)σ1u1 +m2

1u = Fµ1,p1(uk),

∂1+α2
t u2 + (−∆)σ2u2 +m2

2u2 = Fµ2,p2(u1),

.

.

∂1+αk
t uk + (−∆)σkuk +m2

kuk = Fµk,pk(uk−1)

uℓ(0, x) = u0l(x), ∂tuℓ(0, x) = 0, ℓ = 1, 2, ..., k

and to the following weakly coupled system of semi-linear fractional σ-evolution equations with-

out mass terms and with distinct power nonlinearities:{
∂1+α1
t u+ (−∆)σ1u = |v|p1 , u(0, x) = u0(x) ut(0, x) = 0,

∂1+α2
t v + (−∆)σ2v = |u|p2 , v(0, x) = v0(x), vt(0, x) = 0,

where k ≥ 2, and for l = 1, . . . , k, we have αl ∈ (0, 1), µl ∈ (0, 1), pl > 1, ml > 0, σl ≥ 1, and

(t, x) ∈ [0,∞)× Rn. The nonlinear memory term is defined as

Fµ,p(w)(t, x) :=

∫ t

0

(t− s)−µ|w(s, x)|p, ds.

The operator ∂1+αl
t u is understood as Dαl

t (ut), where Dαl
t denotes the Riemann–Liouville frac-

tional derivative:

Dαl
t (f) = ∂t

(
I1−αl
t f

)
, and Iβt f =

1

Γ(β)

∫ t

0

(t− s)β−1f(s), ds; ; for β > 0.

Here, Iβt is the fractional integral of order β, and Γ denotes Euler’s gamma function.

This thesis is organized into five chapters as follows.

In the first chapter, we discuss fundamental concepts in functional analysis, including the

structure of function spaces and the interplay between various norms, along with essential in-

equalities governing their relationships. Special attention is given to Lebesgue’s convergence the-

orems, which are indispensable when interchanging limits and integrals in mathematical analysis.

We also explore the Fourier transform, its fundamental properties, and its significance in solv-

ing partial differential equations (PDEs) and evolution problems. Several special functions—such

as modified Bessel functions and Mittag-Leffler functions—that frequently arise in fractional cal-

culus and related applications are revisited. At the end of this chapter, we introduce the concept
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of fractional derivatives, particularly in the Riemann–Liouville sense, thereby bridging the gap

between classical calculus and fractional analysis, and preparing the reader for their application

in fractional-order evolution equations and advanced models.

In the second chapter, we focus on the homogeneous problem associated with certain frac-

tional σ-evolution equations, both with and without mass terms. Using modified Bessel functions

and Mittag-Leffler functions, we establish polynomial decay estimates in Lp–Lq norms for solu-

tions to the linear fractional evolution equations related to our problem.

The third chapter is devoted to the study of global existence of solutions to weakly coupled

systems of k−semi-linear fractional σ-evolution equations with mass and different power nonlin-

earities. Our aim is to show the influence of the parameters and the regularity of the data on

the qualitative behavior of solutions. By using some fixed-point theory and Lr–Lq estimates of

the linear solution, we prove the global existence of solutions for our problem. In the chapter

four, we study of global existence of solutions to weakly coupled systems of semi-linear fractional

σ-evolution equations with out mass and different power nonlinearities. We demonstrate that the

absence of the mass terms complicates the study of the global existence. Finally, we conclude by

presenting auxiliary lemmas and theorems essential for the rigorous justification of our results.

8



CHAPTER 1

PRELIMINARIES

We begin by recalling the fundamental concepts and select classical results of analysis and frac-

tional calculus that will be employed in the execution of this undertaking.

1.1 The Lebesgue Lp(Ω) spaces

In this section we discuss an important construction, which is extremely useful in virtually all

branches of Analysis.

1.1.1 Definitions and basic properties

Definition 1.1 (see [1]) Let Ω an open set of Rn. If f : Ω → K is a measurable function, with

1 ≤ p < ∞, then we define

∥f∥Lp(Ω) :=

(∫
Ω

|f |p dµ
) 1

p

,

and

∥f∥L∞(Ω) = ∥f∥L∞ = esssupx∈Ω|f(x)| = inf {C | |f(x)| ≤ C a.e. on Ω} .

Definition 1.2 (see [1])

The space Lp(Ω) is the set:

Lp(Ω) = {f : Ω → K | ∥f∥Lp(Ω) < ∞} for p ∈ [1,∞[,

L∞(Ω) = {f : Ω → K | is measurable and there exists C ≥ 0 such that |f(x)| ≤ C a.e. on Ω} .

Proposition 1 The space Lp(Ω) for all p ≥ 1 is a vector space.

9



Chapter 1. Preliminaries

Hölder’s Inequality

Proposition 2 (see [1]) Let 1 < p < ∞, we denote by q the conjugate exponent of p, that is
1
p
+ 1

q
= 1. Assume that f ∈ Lp(Ω) and g ∈ Lq(Ω). Then fg ∈ L1(Ω) and we have the following

inequality: ∫
Ω

|f(x)g(x)| dx ≤
(∫

Ω

|f(x)|p dx
) 1

p
(∫

Ω

|g(x)|q dx
) 1

q

.

The previous inequality summarizes the inequality of Cauchy-Schwarz for p = 2 as:∫
Ω

|f(x)g(x)| dx ≤
(∫

Ω

|f(x)|2 dx
) 1

2
(∫

Ω

|g(x)|2 dx
) 1

2

.

Interpolation’s inequality

Proposition 3 Let u ∈ Lp∩Lq with 1 ≤ p ≤ q ≤ ∞. Then u ∈ Lr for all r ∈ [p, q] and we have

∥u∥Lr ≤ ∥u∥θLp∥u∥1−θ
Lq ,

Where 1
r
= θ

p
+ 1−θ

q
with θ ∈ [0, 1].

Fractional Gagliardo-Nirenberg inequality

Proposition 4 Let 1 < p, p0, p1 < ∞, σ > 0and s ∈ [0, σ),Then ,it holds for all u ∈ Lp0 ∩Hσ
p1

∥u∥Hs
p1

≲ ∥u∥1−θ
Lp0 ∥u∥θHs

p1
,

where

θ =

1
p0

− 1
p
+ s

n

1
p0

− 1
p1

+ σ
n

.

Fractional powers

Proposition 5 Let p > 1, p0, 1 < r < ∞,and u ∈ Hs
r ,where s ∈ (n

r
, p),Let us denote by F (u)

one of the functions |u|p,|u|p−1u. we have the following hold:

∥F (u)∥Hs
r
≲ ∥u∥p−1

L∞ ∥u∥Hs
r

and ∥F (u)∥Hs
r
≲ ∥u∥p−1

L∞ ∥u∥Hs
r
.

1.1.2 Lebesgue convergence theorems

In this subsection, we quickly review analysis results that will be used most frequently throughout

the rest.
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Chapter 1. Preliminaries

Let (X,µ) be a measure space. Most of the time, X will be an open subset of Rn, and µ the

Lebesgue measure, defined on the completion of the Borel sigma-algebra. At the foundation of

it all lies the following theorem, which is rarely used in its raw form.

Proposition 6 (Lebesgue’s Monotone Convergence Theorem) Let (fn)n∈N be an increasing se-

quence of measurable functions on X, with values in R+, this sequence converges pointwise to a

measurable function f , and we have:∫
X

fndµ →
∫
X

fdµ in n → ∞+.

Proposition 7 (Lebesgue’s Dominated Convergence Theorem)

Let (fn)n∈Nbe a sequence of measurable functions on X, with values in Rsuch that:

fn → f almost everywhere in X in n → ∞+,

and there exists a function g ∈ L1(X, dµ) (i.e integrable), such that |fn(x)| ≤ g(x) almost

everywhere on X. Then f is integrable and:∫
X

|fn − f |dµ → 0 in n → ∞+.

In particular:

lim
n→∞

∫
X

fndµ =

∫
X

lim
n→∞

fndµ =

∫
X

fdµ.

The dominated convergence theorem also exists in an Lp(X, dµ) version.

1.2 Fourier transformation

In this section, we introduce the notion of Fourier transform, which is used to solve our equations

by transforming them into the frequency face, where they become easier to analyze and solve.

1.2.1 Fourier transforms in L1(Rn)

Definition 1.3 (see [25]) Let be f ∈ L1(Rn). The Fourier transform of f is defined by:

F(f)(ξ) = f̂(ξ) =

∫
Rn

f(x)e−i(x·ξ) dx, ∀ξ ∈ Rn,

where x · ξ =
∑n

i=1 xiξi.

11



Chapter 1. Preliminaries

Example 1 The Fourier transform of function :

f(x) = exp(−α|x|) where α > 0.

We want to compute its Fourier transform :

F(ω) =

∫ ∞

−∞
f(x)e−iωx dt.

We separate the integral over the two domains:

F(ω) =

∫ 0

−∞
eαxe−iωx dt+

∫ ∞

0

e−αxe−iωx dx.

We can write it

F(ω) =

∫ 0

−∞
e(α−iω)x dt+

∫ ∞

0

e−(α+iω)x dx.

We compute each integral:∫ ∞

0

e−(α+iω)x dx =

[
−e−(α+iω)x

α + iω

]∞
0

=
1

α + iω
.

Adding both results:

F(ω) =
1

α− iω
+

1

α + iω
=

2α

α2 + ω2
.

Definition 1.4 (see [25]) The convolution product of f and g ∈ L1(Rn) denoted by f ∗ g, is the
function defined by:

(f ∗ g)(x) =
∫
Rn

f(x− y)g(y) dy.

1.2.2 Properties of the Fourier transform

Let f ∈ L1(Rn) and g ∈ L1(Rn):

• f̂ is a continuous function on Rn, lim
|ξ|→+∞

f̂(ξ) = 0 and we have :

∥f̂∥∞ ≤ ∥f∥1.

• F is a linear operator. That is for any f, g ∈ L1 and a, b ∈ C, we have:

F(af + bg) = aF(f) + bF(g).

• The Fourier transform of a translated and scaled function is given by:

F(f(bt− a))(λ) =
1

|b|
e−iλa/bF(f)

(
λ

b

)
, ∀a ∈ R, ∀b ∈ R∗.

12
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• F(f ∗ g) = F(f) · F(g).

• F(fg) = F(f) ∗ F(g).

Proof see [25]

Proposition 8 (Energy theorem) Suppose f(x) s real valued function defined over Rn.with

Fourier transform given as F(ξ) we have:∫
Rn

|f(x)|2dx =

∫
Rn

|F(x)|2dx

1.2.3 Inverse Fourier transform

(see [25]) Let f ∈ L1(Rn) and f̂ ∈ L1(Rn) . The inverse Fourier transform of a function f is

given by the formula:

F−1(f)(x) =
1

(2π)n

∫
Rn

f̂(ξ)eix·ξdξ, ∀x ∈ Rn.

1.2.4 Derivative of the Fourier transform

Proposition 9 see [25] Let f ∈ L1(R) such that x 7→ xf(x) ∈ L1(R). Then:

1. f̂ is continuously differentiable.

2. (F(f))′ (ξ) = −iF(xf)(ξ).

Proposition 10 (see [25]) Let f ∈ L1(Rn). If ∂β
x (x

αf(x)) ∈ L1(Rn) for any α, β ∈ Nn and

with |α| ≤ K, then

ξβ∂α
ξ f̂(ξ) = (−i)|α|+|β|F

(
∂β
x (x

αf(x))
)
(ξ).

1.3 Fractional derivatives within the meaning of Riemann-

Liouville

The definition of the Riemann1-Liouville2 fractional integral is a generalization of the real order α

of the Cauchy formula, established by Augustin-Louis Cauchy (1789−1857). This generalization

allows for the extension of integration to non-integer orders, thus offering a more general approach

for the calculation of integrals.

1Benard Riemann:(Hanovre 1826 -Italie 1866) fractional integral , is a allemand mathematician . He made

a significant contribution to analysis and differential geometry..
2Joseph Liouville:(Saint Omer 1809-Paris 1882) A French mathematician. Among his most famous works

are the discovery of transcendental numbers in 1844, and elliptic integrals.
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1.3.1 Gamma Function

The Euler’s Gamma function Γ(z) is among the fundamental functions within fractional calculus.

Definition 1.5 (see [1]) The Gamma function, denoted by Γ, is given by:

Γ(z) =

∞∫
0

tz−1e−tdt, for all z ∈ C with Re(z) > 0.

Which converges in the right half of the complex plane Re(z) > 0. Indeed, we have:

Γ(x+ iy) =

∞∫
0

tx−1+iye−tdt

=

∞∫
0

tx−1eiy log(t)e−tdt

=

∞∫
0

tx−1[cos(y log(t)) + i sin(y log(t))]e−tdt. (1.1)

The expression in the square brackets in (1.1) is bounded for all t, convergence at infinity is

provided by e−t, and for the convergence at t = 0 we must have x = Re(z) > 1.

Proposition 11

1- We have Γ(z) is defined and analytic in the region Re(z) > 0.

2- Γ(z + 1) = zΓ(z).

3- Γ(1− z)Γ(z) =
π

sin(πz)
.

4- Γ(z + 1) ≈
√
2πzz+

1
2 e−z for |z| large, Re(z) > 0.

In particular, n! ≈
√
2π nn+1/2e−n (Stirling’s formula).

1.3.2 Beta Function

In many cases it is more convenient to use the beta function instead of a certain combination of

values of the gamma function.For more details refer to [1]

Definition 1.6 The beta function, denoted by B, is given by :

B(z, w) =

∫ 1

0

tz−1(1− t)w−1dt ∀z, w ∈ C with Re(z) > 0 and Re(w) > 0.

(Euler’s beta function).

14
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Remark 1 To establish the relationship between the gamma function and the beta function we

will use the Laplace transform. and we will obtain this formula:

B(z, w) =
Γ(z)Γ(w)

Γ(z + w)
∀z, w ∈ C with Re(z) > 0 and Re(w) > 0.

from which it follows that :

B(z, w) = B(w, z).

1.3.3 Improved Bessel functions

The theory of Bessel functions is connected with Riccaati’s equations, in fact,Bessel functions

are defined as solutions of Bessel’s equation, Here we need some basic and basic properties of

the improved Bessel functions.

Definition 1.7 The Bessel functions of the first kind Jµ are defined from their power series

representation:

Jµ(s) =
∞∑
k=0

(−1)k

k!Γ(k + µ+ 1)

(s
2

)2k+µ

,

where µ > 0. The improved modified Bessel function J̃µ(s) is defined by J̃µ(s) =
Jµ(s)

sµ
.

Proposition 12 Assume that µ is a non-negative integer. We have the following properties:

1. sdsJ̃µ(s) = J̃µ−1(s)− 2µJ̃µ(s).

2. dsJ̃µ(s) = −sJ̃µ+1(s).

3. J̃− 1
2
(s) =

√
2
π
cos(s).

4. We investigate the asymptotic necessity of estimates involving modified Bessel functions:

|J̃µ(s)| ⩽ Ceπ|ℑµ| if |s| ⩽ 1,

and

J̃µ(s) = Cs−
1
2 cos(s− µ

2
π − π

4
) +O(|s|−

3
2 ) if |s| ⩾ 1.

5. J̃µ+1(r|s|) = − 1
r|s|2∂rJ̃µ(r|x|), r ̸= 0, s ̸= 0.

Proposition 13 Let f ∈ Lp(Rn) a radial function with p ∈ [1, 2], then the reverse of Fourier

transformation is also a radial function and it satisfies :

F−1(f)(x) =

∫ ∞

0

g(r)rn−1J̃n
2
−1(r|x|)dr, g(|x|) : = f(x). (1.2)

15
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Remark 1 (Equallity)

for µ = 1,we have this equallity :

J0(x) =
1

x
J1(x) +

d

dx
J1(x).

To prove this equallity we use this resultat from lemma xdxJ̃µ(x) = J̃µ−1(x)− 2µJ̃µ(x),

for µ = 1, we have :

xdxJ̃1(x) = J̃0(x)− 2J̃1(x),

xdx
(J1(x)

x

)
= J0(x,− 2

(J1(x)
x

)
,

x
(dxJ1(x)x− J1(x)

x2

)
= J0(x)−

2

x
J1(x),

dxJ1(x) = J0(x)−
1

x
J1(x).

then, we get our equallity J0(x) =
1
x
J1(x) +

d
dx
J1(x). Also, we can prove the equallity using the

definition of Bessel function and some proprities of Gamma function.

Mittag-Leffler function

The Mittag–Leffler function3 emerges as a natural mathematical tool in the formulation of so-

lutions to fractional integral equations (Saxena et al., 2002). It is particularly important in the

investigation of fractional kinetic models, random walks, Lévy flight processes, and anomalous

diffusion phenomena. Moreover, the standard and generalized forms of the Mittag–Leffler func-

tion bridge the gap between exponential laws and power-type behaviors characteristic of classical

kinetic equations and their fractional counterparts (Lang, 1999; Hilfer, 2000; Saxena et al., 2002).

Definition 1.8 (see [22]) The called funtions of the Mittag-Leffler type,play an important role

in the theory of fractional equations(FDEs), First we introduce a two parameter Mittag-Leffler

function defined by (1.3):

Eα,β(z) :=
∞∑
k=0

zk

Γ(αk + β)
,

(
α, β ∈ C, Re(α) > 0, Re(β) > 0

)
, (1.3)

and with β = 1

Eα(z) :=
∞∑
k=0

zk

Γ(αk + 1)
,

(
α ∈ C, Re(α) > 0

)
. (1.4)

3Gösta Mittag-Leffler (1846–1927) was a Swedish mathematician whose work in analytic function theory

led to the introduction of the function that now bears his name.
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The function Eα(z) was defined and studied by Mittag-Leffler in the year 1903. It is a direct

generalization of the exponential function. The function defined by (4.31) gives a generalization

of (1.4). This generalization was studied by Wiman in 1905, Agarwal in 1953 and Humbert and

Agarwal in 1953, and others.

Definition 1.9 The Mittag-Leffler function Eβ allows the following implicit definition:

λ

Γ(β)

t∫
0

(t− s)β−1Eβ(λs
β)ds = Eβ(λt

β)− 1. (1.5)

The Mittag-Leffler function Eβ(−tβ ⟨ξ⟩2m) with

Eβ(z) =
∞∑
k=0

zk

Γ(βk + 1)
, β ∈ C avec Reβ > 0.

Basic calculate of Mittag-Leffler Function

As a consequence of the definitions (1.4) and (1.3) the following results hold:

Proposition 14 Show that the following relations hold :

i. Eα,β(z) = zEα,α+β(z) +
1

Γ(β)
.

ii. Eα,β(z) = βEα,β+1(z) + αz d
dz
Eα,β+1(z).

iii.
(

d
dz

)m[
zβ−1Eα,β(z

α)
]
= zβ−m−1Eα,β−m(z

α),
(
Re(β −m) > 0,m ∈ N

)
.

Proof:

i. we have

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
=

∞∑
k=−1

zk+1

Γ(αk + α + β)

= zEα,α+β(z) +
1

Γ(β)
, Re(β) > 0.

ii. we have

βEα,β+1(z) + αz
d

dz
Eα,β+1(z) = βEα,β+1(z) + αz

∞∑
k=0

zk

Γ(αk + β + 1)
,

= βEα,β+1(z) +
∞∑
k=0

(αk + β − β)zk

Γ(αk + β + 1)
,

= Eα,β(z).
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iii.

( d

dz

)m[
zβ−1Eα,β(z

α)
]
=

( d

dz

)m ∞∑
k=0

zαk+β−1

Γ(αk + β)
,

=
∞∑
k=0

zαk+β−m−1

Γ(αk + β −m)
, Re(β) > 0.

since ( d

dz

)m(
zαk+β−1

)
=

Γ(αk + β)

Γ(αk + β −m)
zαk+β−m−1,

= zβ−m−1Eα,β−m(z
α),

(
Re(β −m) > 0,m ∈ N

)
.

1.3.4 Riemann-Liouville Integral

Definition 1.10 (see [19]) Let f be a continuous function on [a, b], 0 < α < 1 and a ≤ x ≤ b.

The fractional integral of order α is defined by :

(Iαa f) (x) =
1

Γ(α)

x∫
a

(x− t)α−1f(t)dt. (1.6)

where α is a suitably chosen real (or even complex). Note that formula (1.6) is (at least formally)

a generalisation of the nth primitive with a non-integer α order of ”primitivation”.

Exemples 1.3.1 Consider the function

f(x) = (x− a)β ∈ L1([a, b],R), β ∈ C,

such that Re(β) > 0. Then:

Iαa (x− a)β =
1

Γ(α)

∫ x

a

(x− t)α−1(t− a)βdt. (1.7)

To evaluate this integral we set the change, t = a+ (x− a)τ .

Iαa (x− a)β =
(x− a)α+β

Γ(α)

∫ 1

0

(1− τ)α−1τβdτ

=
(x− a)α+β

Γ(α)
B(β + 1, α).

Iαa (x− a)β =
Γ(β + 1)

Γ(β + 1 + α)
(x− a)α+β (1.8)
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after using the Eulerian integral of the first kind ( Euler ’s beta function ). We can see that this

is a generalization of the case where α = 1

Iα1 (x− a)β =
Γ(β + 1)

Γ(β + 2)
(x− a)1+β

=
1

1 + β
(x− a)1+β

because of the relationship: Γ(z + 1) = zΓ(z).

Theorem 1 (see [19]) For n > 0, suppose (fk)
∞
k=1 is a uniformly convergent sequence of contin-

uous functions on [a, b]. Then, we can interchange the fractional integral operator and the limit

process almost everywhere: (
Ina lim

k→∞
fk

)
(x) =

(
lim
k→∞

Ina fk

)
(x).

Especially, the sequence of functions Ina (fk)
∞
k=1 is uniformly convergent.

Preuve . We denote the limit of the sequence (fk) by f . It is well known that f is continuous.

We then find

|Ina fk(x)− Ina f(x)| ≤ 1

Γ(n)

∫ x

a

|fk(t)− f(t)|(x− t)n−1dt

≤ 1

Γ(n)
||fk − f ||∞

∫ x

a

(x− t)n−1dt

=
1

Γ(n+ 1)
||fk − f ||∞(x− a)n

≤ 1

Γ(n+ 1)
||fk − f ||∞(b− a)n. (1.9)

Which converges to zero as (k −→ ∞) uniformly for all x ∈ [a, b].

Proposition 15 (see [19]) Let f ∈ Cn([a, b]). For x fixed, the map α 7−→ (Iαa f)(x) defined for

Re(α) > 0 is holomorphic and analytically extends to the domain Re(α) > −n.

Preuve . Remark that the application in question is well defined and holomorphic for Re(α) > 0.

Let us show the existence of the analytic continuation. In (1.6) we proceed by an integration by

part:

(Iαa f)(x) =
1

Γ(α)

x∫
a

f(t)d

[
−(x− t)α

α

]
dt =

(x− a)α

Γ(α + 1)
f(a) +

1

Γ(α + 1)

x∫
a

(x− t)αf ′(t) dt,

(Iαa f)(x) =
(x− a)α

Γ(α + 1)
f(a) + (Iα+1

a f ′)(x). (1.10)
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It is clear that the right-hand side of the preceding equality is holomorphic in the domain

Re(α) > −1 because the terms on the right-hand side are the product of a holomorphic

function and a holomorphic function, or the sum of two holomorphic functions. The first term,
(x−a)a

Γ(a+1)
f(a), is a holomorphic function because it is the product of a holomorphic function (the

integral operator) and another holomorphic function (the function f(a)). The second term

(Ia+1
a f ′)(x), is also a holomorphic function because it is the result of applying the integral

operator to the derivative of a holomorphic function. Since the sum of two holomorphic functions

is also holomorphic, the right-hand side of the equation is holomorphic in the domain Re(α) >

−1. This domain is chosen because it ensures that the integral operator Iαa f(x) is well-defined

and holomorphic. When Re(α) < −1, the integral operator may not converge, or it may converge

to a non-holomorphic function. By restricting the domain to Re(α) > −1, we can guarantee

that the integral operator produces a holomorphic function, which is essential for the proof of

the analytic continuation. Now the final result comes from a simple iteration of (1.10):

(Iαa f) (x) =
n−1∑
j=0

(x− a)α+j

Γ(α + 1 + j)
f (j)(a) +

(
Iα+n
a f (n)

)
(x), (1.11)

formula that is the expression of the analytical extension.

Proposition 16 (see [19]) Let f ∈ C0([a, b]). For α and β two complexes numbers such that

Re(α) > 0 and Re(β) > 0, we have:

Iαa (I
β
a f) = Iα+β

a f.

And if Re(α) > 1, then:
d

dx
Iαa f = Iα−1

a f.
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Preuve . Let f ∈ C0([a, b]) and α, β two valuer complex such as: Re(α) > 0 and Re(β) > 0.

For any x ∈ [a, b], we have :

[Iαa (I
β
a f)](x) =

1

Γ(α)

∫ x

a

(x− t)α−1(Iβa f)(t) dt

=
1

Γ(α)Γ(β)

∫ x

a

∫ t

a

(x− t)α−1(t− h)β−1f(h) dh dt

=
1

Γ(α)Γ(β)

∫ b

a

∫ b

a

(x− t)α−1(t− h)β−1f(h)χ]a,x[(t)χ]a,t[(h) dh dt

=
1

Γ(α)Γ(β)

∫ b

a

∫ b

a

(x− t)α−1(t− h)β−1f(h)χ]a,x[(t)χ]a,t[(h) dt dh (Fubini′s theorem)

=
1

Γ(α)Γ(β)

∫ b

a

f(h)

∫ b

a

(x− t)α−1(t− h)β−1χ]h,x[(t)χ]a,x[(h) dt dh

=
1

Γ(α)Γ(β)

∫ b

a

f(h)χ]a,x[(h)

∫ b

a

(x− t)α−1(t− h)β−1χ]h,x[(t) dt dh

=
1

Γ(α)Γ(β)

∫ x

a

f(h)

∫ x

h

(x− t)α−1(t− h)β−1 dt dh.

To evaluate this integral we set the change, t = h+ (x− h)λ

[Iαa (I
β
a f)](x) =

1

Γ(α)Γ(β)

∫ x

a

f(h)

∫ 1

0

(x− h)α−1+β−1(1− λ)α−1λβ−1(x− h) dλ dh

=
1

Γ(α)Γ(β)

∫ x

a

(x− h)α+β−1f(h)

∫ 1

0

(1− λ)α−1λβ−1 dλ dh

=
1

Γ(α)Γ(β)

∫ x

a

(x− h)α+β−1f(h)B(α, β) dh

=
B(α, β)

Γ(α)Γ(β)

∫ x

a

(x− h)α+β−1f(h) dh

=
1

Γ(α + β)

∫ x

a

(x− h)α+β−1f(h) dh

= [Iα+β
a f ](x).

So

[Iαa (I
β
a f)](x) = [Iα+β

a f ](x), ∀x ∈ [a, b].

In formula (1.10), which is valid for Re(α) > −1, let α = 0. We obtain :

(I0af)(x) = f(a) + (I1af
′)(x) = f(a) +

∫ x

a

f ′(t)dt = f(x). (1.12)

This shows that for the functions C1 at least we have I0af = f . In fact this identity remains

valid for continuous functions.
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1.3.5 Riemann-Liouville derivative

Definition 1.11 (see [19]) Let α ∈ [m − 1,m] such that, m ∈ N⋆.The derivative of order α in

the Riemann-Liouville sense is the function defined by:

RLDα
a f = DmIm−α

a f, (1.13)

and is called the Riemann-Liouville fractional differential operator of order α.

Exemples 1.3.2 Let f defined by f(x) = (x − a)β with β ∈ R and α ∈ [m − 1,m] such that,

m ∈ N⋆ . Then :

RLDα
a (x− a)β =

(
d

dx

)m (
Γ(β + 1)

Γ(β + 1 +m− α)
(x− a)β+m−α

)
=

Γ(β + 1)

Γ(β + 1− α)

Γ(β + 1 +m− α)

Γ(β + 1 +m− α)
(x− a)β−α

=
Γ(β + 1)

Γ(β + 1− α)
(x− a)β−α, (1.14)

where we used the formula(
d

dx

)p

(x− a)λ = λ(λ− 1) · · · (λ− p+ 1)(x− a)λ−p.

It is clear that the derivation formula(1.14) is reduced to α = 1

RLD1
a(x− a)β =

Γ(β + 1)

Γ(β)
(x− a)β−1 = β(x− a)β−1 =

d

dx
(x− a)β.

In the previous example if we take β = 0 we obtain the following result :

RLDα
a 1 =

1

Γ(1− α)
(x− a)−α.

That is, the Riemann-Liouville derivative of a constant is not zero!.

Lemma 1 (see [19]) Let α ∈]m− 1,m[ and f a function verifying RLDα
a f = 0. Then:

f(x) =
m−1∑
j=0

cj
Γ(j + 1)

Γ(j + 1 + α−m)
(x− a)j+α−m.

Where the cj are any complexe constants.

Preuve . Let’s start from RLDα
a f =

(
d

dx

)m

[Im−α
a f ] (x) = 0, so we have first:

[
Im−α
a f

]
(x) =

m−1∑
j=0

cj(x− a)j.

And by application of Iαa we get

[Ima f ] (x) =
m−1∑
j=0

cj
Γ(j + 1)

Γ(j + 1 + α)
(x− a)j+α.
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CHAPTER 2

LINEAR FRACTIONAL σ-EVOLUTION EQUATIONS WITH

AND WITH OUT MASS TERMS

In this chapter, we focus on the homogeneous problem to some fractional σ−evolution equations

involving mass terms and with out mass terms. We derive decay estimates for linear Cauchy

problem, where the decay behavior is examined in detail as part of a comprehensive analytical

study. To achieve polynomial decay in Lm − Lq estimates, we employ modified Bessel functions

and Mittag-Lefler functions, which play a central role in capturing the temporal decay properties

of the solution to the following problem∂1+α
t u+ (−∆)σu+m2u = 0,

u(0, x) = u0(x), ut(0, x) = 0,
(2.1)

where α ∈ (0, 1), m ≥ 0, p > 1, (t, x) ∈ [0,∞) × Rn, ∂1+α
t u = Dα

t (ut) with Dα
t (f) = ∂t(I

1−α
t f)

and

Iβt f =
1

Γ(β)

∫ t

0

(t− s)β−1f(s), for β > 0.

Dα
t (f) and Iβt f denote the fractional derivative and the fractional integral of Riemann-Liouville

respectively of f on [0, t] and Γ is Euler’s Gamma function. By the hypothesis ut(0, x) = 0, so

we can write the Cauchy problem (2.1) in the form of an integro-differential equation.∂u
∂t

= Iαt (−(−∆)σu−m2u) ,

u(0, x) = u0(x).
(2.2)

A solution to (2.1) is defined as a solution of (2.2). For this reason, we may restrict ourselves in

further considerations to the study of (2.2) to obtain results for (2.1).
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Chapter 2. Linear fractional σ-evolution equations with and with out mass terms

2.1 Some preliminary

The solution to Cauchy problem (2.2) with parameters σ ≥ 1 and m > 0 can be formally

expressed via an integral equation formulation, involving a properly defined kernel or memory

operator.

u(t, x) = (Gm
α,σ(t) ∗ u0)(t, x), (2.3)

with

G(t, x) =

∫
Rn

eix·ξEα+1

(
−tα+1⟨ξ⟩2m,σ

)
dξ, (2.4)

where {Gm
α,σ(t)}t≥0 denotes the semigroup of operators which is defined via Fourier transform by

( ̂Gm
α,σ(t) ∗ f)(t, ξ) = Eα+1

(
−tα+1⟨ξ⟩2m,σ

)
f̂ (ξ) with ⟨ξ⟩2m,σ = |ξ|2σ +m2.

Here

Eβ(z) =
∞∑
k=0

zk

Γ(βk + 1)
, β ∈ C with Re(β) > 0.

, where Eβ represents the Mittag-Leffler function.

A representation of solutions of the linear integro-differential equation associated to (2.2) or

(2.1) with σ ≥ 1 and m > 0 is given by

u(t, x) = (Gm
α,σ(t) ∗ u0)(t, x). (2.5)

Indeed, we put

v(t, ξ) = Fx→ξ(u(t, x))(t, ξ)

= Fx→ξ

(
(Gm

α,σ(t) ∗ u0)(t, x)
)
(t, ξ)

= Eα+1

(
−tα+1⟨ξ⟩2m,σ

)
û0(ξ).
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By using (2.2) and (5.13) we have :

F−1
ξ→x

{
Fx→ξ

(∫ t

0

Iαs
(
−(−∆)σu−m2u

)
(s, x) ds

)
(t, ξ)

}
(t, x)

= F−1
ξ→x

(
⟨ξ⟩2m,σ

∫ t

0

Iαs (
̂G(t, x)u0(ξ)) ds

)
(t, x)

= F−1
ξ→x

(⟨ξ⟩2m,σ

Γ(α)

∫ t

0

∫ s

0

(s− τ)α−1 ̂G(τ, x)u0(ξ) dτ ds
)
(t, x)

= F−1
ξ→x

(⟨ξ⟩2m,σ

Γ(α)

∫ t

0

∫ s

0

(s− τ)α−1Eα+1(−τα+1⟨ξ⟩2m,σ)û0(ξ) dτ ds
)
(t, x)

= F−1
ξ→x

(⟨ξ⟩2m,σ

Γ(α)

∫ t

0

∫ t

τ

(s− τ)α−1 dsEα+1(−τα+1⟨ξ⟩2m,σ)û0(ξ) dτ
)
(t, x)

= F−1
ξ→x

( ⟨ξ⟩2m,σ

Γ(α + 1)

∫ t

0

(t− τ)αEα+1(−τα+1⟨ξ⟩2m,σ)û0(ξ) dτ
)
(t, x)

= F−1
ξ→x

((
Eα+1(−tα+1⟨ξ⟩2m,σ)− 1

)
û0(ξ)

)
(t, x)

= F−1
ξ→x

(
Eα+1(−tα+1⟨ξ⟩2m,σ)û0(ξ)− û0(ξ)

)
(t, x)

= F−1
ξ→x

(
û(t, ξ)− û0(ξ)

)
(t, x) = u(t, x)− u0(x).

Consequently, we arrive at the following conclusion:

u = Gm
α,σ(t) ∗ u0

The presented results provide a formal solution to the stated equations

u = u0(x) +

∫ t

0

Iαs
(
−(−∆)σu−m2u

)
ds.

2.2 Lp estimates for model oscillating integrals

At first we derive Lp estimates for the model oscillating integral

F−1
ξ→x

(
E1+α(−t1+α|ξ|2σ)

)
.

Proposition 2.2.1 The following estimate holds in Rn for σ > 0, α ≥ 0:

∥F−1
ξ→x

(
E1+α(−t1+α|ξ|2σ)

)
∥Lp ≲ t−

n(1+α)
2σ

(1− 1
p
), (2.6)

for p ∈ [1,∞], t > 0 and for all n ≥ 1 satisfying n(1− 1
p
) < 2σ.

Proof 1 In a first step we estimate the following oscillating integrals:

F−1
ξ→x

(
e−c1t|ξ|2ρ cos(c2t|ξ|2ρ)

)
and F−1

ξ→x

(
e−τt|ξ|2ρ),
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where c1 = − cos( π
1+α

), c2 =
√
1− c21, ρ = σ

1+α
and τ > 0. We prove instead of (2.6) the

polynomial type decay estimates

∥F−1
ξ→x

(
e−c1t|ξ|2ρ cos(c2t|ξ|2ρ)

)
∥Lp ≲ t−

n(1+α)
2σ

(1− 1
p
), (2.7)

∥F−1
ξ→x

(
e−τt|ξ|2ρ)∥Lp ≲ (τt)−

n(1+α)
2σ

(1− 1
p
) (2.8)

for all p ∈ [1,+∞] and t > 0. Then, we deduce∥∥F−1
ξ→x

(
exp

(
a1+α(t

1+α
2 |ξ|σ)

)
+ exp

(
b1+α(t

1+α
2 |ξ|σ)

))∥∥
Lp ≲ t−

n(1+α)
2σ

(1− 1
p
) (2.9)

for all p ∈ [1,+∞] and t > 0. It remains to prove that∥∥F−1
ξ→x

(
l1+α(t

1+α
2 |ξ|σ)

)∥∥
Lp ≲ t−

n(1+α)
2σ

(1− 1
p
) (2.10)

for all p ∈ [1,+∞] and t > 0. Therefore we use the formula

l1+α(t
1+α
2 |ξ|σ) ∼

∫ ∞

0

exp
(
− t|ξ|

2σ
1+α s

1
1+α

)
s2 + 2s cos((1 + α)π) + 1

ds.

Taking account of the definition of modified Bessel functions we get

F−1
ξ→x

(
l1+α(t

1+α
2 |ξ|σ)

)
=

∫ ∞

0

(∫ ∞

0

exp
(
− tr

2σ
1+α s

1
1+α

)
s2 + 2s cos((1 + α)π) + 1

rn−1J̃n
2
−1(r|x|)dr

)
ds

=

∫ ∞

0

1

s2 + 2s cos((1 + α)π) + 1

(∫ ∞

0

exp
(
− tr

2σ
1+α s

1
1+α

)
rn−1J̃n

2
−1(r|x|)dr

)
ds

=

∫ ∞

0

1

s2 + 2s cos((1 + α)π) + 1

(
F−1
ξ→x

(
e−s

1
1+α t|ξ|

2σ
1+α

)
(x)

)
ds.

The estimate ∥∥F−1
ξ→x

(
e−s

1
1+α t|ξ|

2σ
1+α

)
(·)

∥∥
Lp ≲ s−

n
2σ

(1− 1
p
)t−

n(1+α)
2σ

(1− 1
p
).

implies ∥∥F−1
ξ→x

(
l1+α(t

1+α
2 |ξ|σ)

)∥∥
Lp

≲ t−
n(1+α)

2σ
(1− 1

p
)

∫ ∞

0

s−
n
2σ

(1− 1
p
)

s2 + 2s cos((1 + α)π) + 1
ds ≲ t−

n(1+α)
2σ

(1− 1
p
)

if n(1− 1
p
) < 2σ.

Now let us turn to Lp estimates for the model oscillating integral

F−1
ξ→x

(
E1+α(−t1+α⟨ξ⟩2m,σ)

)
.

At the first glance one might expect an exponential type decay estimate. We are able to prove

a potential type decay estimate only.
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Proposition 17 The following estimate holds in Rn for σ > 0, α ≥ 0, m > 0 and for all n ≥ 1:

∥F−1
ξ→x

(
E1+α(−t1+α⟨ξ⟩2m,σ)

)
∥Lp ≲ (1 + t)−(1+α) (2.11)

for p ∈ [1,∞] and t ≥ 0.

Proof 2 In a first step we estimate the following oscillating integrals:

F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
and F−1

ξ→x

(
e−τt⟨ξ⟩2κm,σ

)
,

where c = − cos( π
1+α

), κ = 1
1+α

∈ (1
2
, 1) and τ > 0. We prove instead of (??) the exponential type

decay estimate∥∥F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)∥∥
Lp +

∥∥F−1
ξ→x

(
e−τt⟨ξ⟩2κm,σ

)∥∥
Lp ≲ e−Ct (2.12)

with a suitable positive C = C(m,α), for p ∈ [1,∞] and t ≥ 0. By using modified Bessel

functions we have for n = 3

F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x) =

∫ ∞

0

e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)r2J̃ 1

2
(r|x|) dr

= − 1

|x|2

∫ ∞

0

e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)r∂rJ̃− 1

2
(r|x|) dr

= −
√
2√

π|x|2

∫ ∞

0

e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)r∂r(cos(r|x|)) dr.

Using twice integration by parts we obtain

F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x)

= −
√
2√

π|x|4

∫ ∞

0

(
t
(
h1(r)r

2σ−2⟨r⟩4m,σ + h2(r)r
4σ−2⟨r⟩2m,σ + h3(r)r

6σ−2
)
⟨r⟩2κ−6

m,σ

+t2
(
h4(r)r

4σ−2⟨r⟩2m,σ + h5(r)r
6σ−2

)
⟨r⟩4κ−6

m,σ + t3h6(r)r
6σ−2⟨r⟩6κ−6

m,σ

)
×e−ct⟨r⟩2κm,σ cos(r|x|) dr,

(2.13)

where hi(r) = ai cos(g(r)) + bi sin(g(r)), i = 1, · · · , 6, g(r) = t⟨r⟩2κm,σ

√
1− c2 and ai, bi, i =

1, · · · , 6, are constants which depend on α and σ only.

To estimate (2.13) we use the inequality

⟨r⟩2κm,σ ≥ 2κ−1⟨r⟩2κ2−1/2m,σ + 2−1m2κ. (2.14)

Then, we get ∣∣F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x)

∣∣ ≲ e−
c
2
tm2κ

⟨x⟩4m
.
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For the oscillating integral F−1
ξ→x

(
e−τt⟨ξ⟩2κm,σ

)
we have

F−1
ξ→x

(
e−τt⟨ξ⟩2κm,σ

)
(x) =

∫ ∞

0

e−τt⟨r⟩2κm,σr2J̃ 1
2
(r|x|) dr

= − 1

|x|2

∫ ∞

0

e−τt⟨r⟩2κm,σr∂rJ̃− 1
2
(r|x|) dr = −

√
2√

π|x|2

∫ ∞

0

e−τt⟨r⟩2κm,σr∂r(cos(r|x|)) dr.

Using twice integration by parts we obtain

F−1
ξ→x

(
e−τt⟨ξ⟩2κm,σ

)
(x)

= −
√
2√

π|x|4

∫ ∞

0

(
− 2σ(4σ2 − 1)κτtr2σ−2⟨r⟩2κ−2

m,σ − 24σ3κ(κ− 1)τtr4σ−2⟨r⟩2κ−4
m,σ

− 8σ3κ(κ− 1)(κ− 2)τtr6σ−2⟨r⟩2κ−6
m,σ + 24σ3κ2τ 2t2r4σ−2⟨r⟩4κ−4

m,σ

+ 8σ3κ2(κ− 1)τ 2t2r6σ−2⟨r⟩4κ−6
m,σ − 8σ3κ3τ 3t3r6σ−2⟨r⟩6κ−6

m,σ

)
e−τt⟨r⟩2κm,σ cos(r|x|) dr.

This leads to the estimate ∣∣F−1
ξ→x

(
e−τt⟨ξ⟩2κm,σ

)
(x)

∣∣ ≲ e−
τ
2
tm2κ

⟨x⟩4m
.

Summarizing all estimates we proved the statement (2.12) in the case n = 3.

Now, let us study the case n odd and n ≥ 4. Then we carry out n+1
2

steps of partial integration.

We obtain after n−1
2

steps and by applying the rules

J̃µ+1(r|x|) = − 1

r|x|2
∂rJ̃µ(r|x|)

for real non-negative µ the relation

F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x) =

∫ ∞

0

e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1J̃n

2
−1(r|x|) dr

= (−1)
n−1
2

1

|x|n−1

∫ ∞

0

( ∂

∂r

1

r

)n−1
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
J̃− 1

2
(r|x|) dr

= (−1)
n−1
2

1

|x|n−1

∫ ∞

0

( ∂

∂r

1

r

)n−1
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
cos(r|x|) dr

= (−1)
n+1
2

1

|x|n+1

√
2

π

∫ ∞

0

( ∂2

∂r2

)( ∂

∂r

1

r

)n−1
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
cos(r|x|) dr.

All integrals have the form∫ ∞

0

⟨r⟩ρm,σr
δe−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2) cos(r|x|) dr

or

∫ ∞

0

⟨r⟩ρm,σr
δe−ct⟨r⟩2κm,σ sin(t⟨r⟩2κm,σ

√
1− c2) cos(r|x|) dr,
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where ρ is a negative integer depending on κ and n and δ is a non negative real depending on σ

and n. For this reason we conclude the estimate∣∣F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x)

∣∣ ≲ e−
c
2
tm2κ

⟨x⟩n+1
m

.

In the same way we obtain the same estimate for F−1
ξ→x

(
e−τt⟨ξ⟩2κm,σ

)
(x). All together implies the

statement (2.12) for odd n ≥ 4.

For n = 2 we have

F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x) =

∫ ∞

0

e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rJ̃0(r|x|) dr.

From the relation J0(s) =
1
s
J1(s) +

d
ds
J1(s) it follows that

J̃0(r|x|) = 2J̃1(r|x|) + r∂rJ̃1(r|x|) =
1

r
∂r(r

2J̃1(r|x|)).

Then, we get

F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x)

= −
∫ ∞

0

2κσtr4σ−1⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
J̃1(r|x|) dr

= −
∫ 1

|x|

0

2κσtr4σ−1⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
J̃1(r|x|) dr

−
∫ ∞

1
|x|

2κσtr4σ−1⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
J̃1(r|x|) dr.

Using the boundedness of J̃1(s) for s ∈ [0, 1] the first integral can be estimated by

e−
c
2
tm2κ⟨x⟩−(4σ+2κ−2)

m .

Remark that 4σ+ 2κ− 2 > 2. To estimate the second integral we apply the following asymptotic

formula for J̃1(s) for s ≥ 1:

J̃1(s) = cs−
3
2 cos

(
s− 3

4
π
)
+O(|s|−

5
2 ).

Consequently, the integral can be estimated as follows:∫ ∞

1
|x|

r4σ−1⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σO((r|x|)−

5
2 ) dr ≲ |x|−

5
2 e−

c
2
tm2κ

.

It remains to estimate

1

|x| 32

∫ ∞

1
|x|

r
8σ−5

2 ⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
cos(r|x|) dr,

1

|x| 32

∫ ∞

1
|x|

r
8σ−5

2 ⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
sin(r|x|) dr.
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We explain only the first integral because the second one can be treated in the same way. We

write the first integral as follows:

1

|x| 32

∫ ∞

1
|x|

r
8σ−5

2 ⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
cos(r|x|) dr

=
1

|x| 32

∫ 1

1
|x|

r
8σ−5

2 ⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
cos(r|x|) dr (2.15)

+
1

|x| 32

∫ ∞

1

r
8σ−5

2 ⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
cos(r|x|) dr. (2.16)

The integral in (2.15) is equal to

1

|x| 52

∫ 1

1
|x|

r
8σ−5

2 ⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ cos

(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
∂r(sin(r|x|)) dr. (2.17)

After partial integration and by using (4) the limit terms can be estimated by |x|− 5
2 e−

c
2
tm2κ

. The

new integral is equal to

1

|x| 52

∫ 1

1
|x|

(
c1r

8σ−7
2 ⟨r⟩2κ−2

m,σ cos
(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
+ c2r

12σ−7
2 ⟨r⟩2κ−4

m,σ cos
(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
+ c3r

12σ−7
2 ⟨r⟩4κ−4

m,σ sin
(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

)
+ c4r

12σ−7
2 ⟨r⟩4κ−4

m,σ cos
(
t⟨r⟩2κm,σ

√
1− c2 +

π

1 + α

))
e−ct⟨r⟩2κm,σ sin(r|x|) dr.

It can be estimated by |x|− 5
2 e−

c
2
tm2κ

, too. After integration by parts the integral in (2.16) can be

estimated by
1

|x| 52

∫ ∞

1

r
12σ−7

2 ⟨r⟩2κ−2
m,σ e−ct⟨r⟩2κm,σ dr.

The latter integral can be estimated by |x|− 5
2 e−

c
2
tm2κ

. Finally, we have for the oscillating integral

F−1
ξ→x

(
e−τt⟨ξ⟩2κm,σ

)
F−1(e−τt⟨ξ⟩2κm,σ)(x) =

∫ ∞

0

e−τt⟨r⟩2κm,σrJ̃0(r|x|) dr

=

∫ ∞

0

e−τt⟨r⟩2κm,σ∂r(r
2J̃1(r|x|)) dr =

∫ ∞

0

2σκτtr2σ+1⟨r⟩2κ−2
m,σ e−τt⟨r⟩2κm,σ J̃1(r|x|) dr.

Then, we derive the same estimates as we did before for estimating the oscillating integral

F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x). Summarizing all estimates yields the statement (2.12)

for n = 2.
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Now for the case of even n ≥ 4 we carry out n
2
− 1 steps of partial integration. In this way we

obtain

F−1
ξ→x

(
e−ct⟨ξ⟩2κm,σ cos(t⟨ξ⟩2κm,σ

√
1− c2)

)
(x)

=

∫ ∞

0

e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1J̃n

2
−1(r|x|) dr

=
1

|x|n−2

∫ ∞

0

( ∂

∂r

1

r

)n−2
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
J̃0(r|x|) dr

=
1

|x|n−2

∫ ∞

0

( ∂

∂r

1

r

)n−2
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)1
r
∂r(r

2J̃1(r|x|)) dr

=
1

|x|n−2

∫ ∞

0

( ∂

∂r

1

r

)n
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
r2J̃1(r|x|) dr

=
1

|x|n−2

∫ 1
|x|

0

( ∂

∂r

1

r

)n
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
r2J̃1(r|x|) dr (2.18)

+
1

|x|n−2

∫ ∞

1
|x|

( ∂

∂r

1

r

)n
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
r2J̃1(r|x|) dr. (2.19)

For the integral in (4.15) we are able to derive the following estimate:

∣∣∣ 1

|x|n−2

∫ 1
|x|

0

( ∂

∂r

1

r

)n
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
r2J̃1(r|x|) dr

∣∣∣
≲

1

|x|n−2
e−

c
2
tm2κ

∫ 1
|x|

0

r2σ+1⟨r⟩2κ−2
m,σ dr ≲ e−

c
2
tm2κ⟨x⟩−(n+2κ+2σ−2)

m .

For the integral in (4.17) we follow the same arguments to obtain the following estimate:∣∣∣ 1

|x|n−2

∫ ∞

1
|x|

( ∂

∂r

1

r

)n
2
(
e−ct⟨r⟩2κm,σ cos(t⟨r⟩2κm,σ

√
1− c2)rn−1

)
r2J̃1(r|x|) dr

∣∣∣
≲ e−

c
2
tm2κ⟨x⟩−(n+ 1

2
)

m .

In the same way we can estimate the oscillating integral F−1
ξ→x

(
e−τt⟨ξ⟩2κm,σ

)
(x). All together implies

the statement (2.12) for even n ≥ 4. To complete the proof it remains to show∥∥F−1
ξ→x

(
l1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp ≲ (1 + t)−(1+α)

for p ∈ [1,∞] and t ≥ 0. Therefore we use the formula

l1+α(t
1+α
2 ⟨ξ⟩m,σ) ∼

∫ ∞

0

exp
(
− t⟨ξ⟩

2
1+α
m,σ s

1
1+α

)
s2 + 2s cos((1 + α)π) + 1

ds.
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Taking account of the definition of modified Bessel functions we get

F−1
ξ→x

(
l1+α(t

1+α
2 ⟨ξ⟩m,σ)

)
=

∫ ∞

0

(∫ ∞

0

exp
(
− t⟨r⟩

2
1+α
m s

1
1+α

)
s2 + 2s cos((1 + α)π) + 1

rn−1J̃n
2
−1(r|x|) dr

)
ds

=

∫ ∞

0

1

s2 + 2s cos((1 + α)π) + 1

(∫ ∞

0

exp
(
− t⟨r⟩

2
1+α
m s

1
1+α

)
rn−1J̃n

2
−1(r|x|) dr

)
ds

=

∫ ∞

0

1

s2 + 2s cos((1 + α)π) + 1

(
F−1
ξ→x

(
e−s

1
1+α t⟨ξ⟩

2
1+α
m,σ

)
(x)

)
ds.

The estimate ∥∥F−1
ξ→x

(
e−s

1
1+α t⟨ξ⟩

2
1+α
m,σ

)
(·)

∥∥
Lp ≲ e−

1
2
s

1
1+α tm

2
1+α

implies ∥∥F−1
ξ→x

(
l1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp

≲
∫ ∞

0

1

s2 + 2s cos((1 + α)π) + 1

∥∥F−1
ξ→x

(
e−s

1
1+α t⟨ξ⟩

2
1+α
m,σ

)
(·)∥Lp ds

≲
∫ ∞

0

e−
1
2
s

1
1+α tm

2
1+α

s2 + 2s cos((1 + α)π) + 1
ds.

For t ∈ (0, 1] we may conclude∥∥F−1
ξ→x

(
l1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp ≲

∫ ∞

0

1

s2 + 2s cos((1 + α)π) + 1
ds ≲ 1.

For t ≥ 1 we have

∥∥F−1
ξ→x

(
l1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp ≲

∫ ∞

0

e−
1
2
s

1
1+α tm

2
1+α

s2 + 2s cos((1 + α)π) + 1
ds

≲
∫ ∞

0

exp
(
− C̃1ts

1
1+α

)
ds.

After the change of variables τ := ts
1

1+α it follows∥∥F−1
ξ→x

(
l1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp ≲

∫ ∞

0

exp
(
− C̃1ts

1
1+α

)
ds

≲ t−(1+α)

∫ ∞

0

τα exp
(
− C̃1τ

)
dτ ≲ t−(1+α).

We deduce for all p ∈ [1,∞] the estimate∥∥F−1
ξ→x

(
l1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp ≲ (1 + t)−(1+α) for all t ≥ 0.

32



Chapter 2. Linear fractional σ-evolution equations with and with out mass terms

Summarizing all the estimates we may conclude∥∥F−1
ξ→x

(
E1+α(−t1+α⟨ξ⟩2m,σ)

)∥∥
Lp

≲
∥∥F−1

ξ→x

(
exp

(
a1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp +

∥∥F−1
ξ→x

(
exp

(
b1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp

+
∥∥F−1

ξ→x

(
l1+α(t

1+α
2 ⟨ξ⟩m,σ)

)∥∥
Lp

≲ e−Ct + (1 + t)−(1+α) ≲ (1 + t)−(1+α).

This completes the proof.

2.3 Lm−Lq estimates for solutions to linear Cauchy prob-

lems

2.3.1 Linear Cauchy problems without any mass term

Proposition 18 Let u0 ∈ Lm(Rn), n ≥ 1, m ≥ 1 and α ∈ (0, 1). Then the solution of the linear

Cauchy problem

∂1+α
t u+ (−∆)σu = 0,

u(x, 0) = u0(x), ut(0, x) = 0
(2.20)

satisfies the following Lm − Lq estimates:

∥u(t, ·)∥Lq ≲ t−
n(1+α)

2σ
( 1
m
− 1

q
)∥u0∥Lm (2.21)

for all 1 ≤ m ≤ q ≤ ∞ provided that n( 1
m
− 1

q
) < 2σ.

Proof 3 The inequality (2.21) follows from Young’s inequality and Proposition 2.2.1.

Proposition 19 Let u0 ∈ Lr(Rn), n ≥ 1, r ≥ 1 and α ∈ (0, 1). Then the solution of the linear

Cauchy problem

∂1+α
t u+ (−∆)σu = 0,

u(x, 0) = u0(x), ut(0, x) = 0
(2.22)

satisfies the following estimate for any fixed δ > 0 small:

∥u(t, ·)∥Lq ≲ (1 + t)−βr,δ
α,q,σ(∥u0∥Lr + ∥u0∥Lq) for all q ∈ [r,∞], (2.23)

where

βr,δ
α,q,σ := min

{n(1 + α)

2σ

(1
r
− 1

q

)
; 1− δ

}
.
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Proof 4 For t ∈ (0, 1] we set m = q in (2.21) to get the Lq − Lq estimate

∥u(t, ·)∥Lq ≲ ∥u0∥Lq .

For t ≥ 1 we choose m = r in (2.21) if n(1
r
− 1

q
) < 2σ. Otherwise, in (2.21) the parameter m is

chosen as the solution to
n(1 + α)

2σ

( 1

m
− 1

q

)
= 1− δ

with a fixed sufficiently small positive δ. In this way, we may conclude the Lr − Lq estimate

∥u(t, ·)∥Lq ≲ t−βr,δ
α,q,σ∥u0∥Lr .

Gluing both estimates together we derive the desired estimate (2.23).

2.3.2 Linear Cauchy problems with a mass term

Proposition 2.3.1 Let w0 ∈ Lr(Rn), n ≥ 1, r ≥ 1 and α ∈ (0, 1). Then the solution of the

linear Cauchy problem

∂1+α
t w + (−∆)σw +m2w = 0,

w(x, 0) = w0(x), wt(0, x) = 0
(2.24)

satisfies the following Lr − Lq estimates:

∥w(t, ·)∥Lq ≲ (1 + t)−(1+α)∥w0∥Lr (2.25)

for all 1 ≤ r ≤ q ≤ ∞.

Proof: The estimate (2.25) is a direct consequence of the formula (2.11) and Young’s inequality.
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CHAPTER 3

WEAKLY COUPLED SYSTEMS OF k− SEMI-LINEAR

FRACTIONAL σ-EVOLUTION EQUATIONS WITH MASS AND

DIFFERENT NONLINEAR MEMORY TERMS

This chapter is devoted to the the weakly coupled system of k semi-linear fractional σ−evolution

equations with mass and different memory terms. We are interested to the global existence of

small data solutions to the following Cauchy problem, namely

∂1+α1
t u1 + (−∆)σ1uℓ +m2

1u = Fµ1,p1(uk),

∂1+α2
t u2 + (−∆)σ2u2 +m2

2u2 = Fµ2,p2(u1),

.

.

∂1+αk
t uk + (−∆)σkuk +m2

kuk = Fµk,pk(uk−1)

uℓ(0, x) = u0l(x), ∂tuℓ(0, x) = 0, ℓ = 1, 2, ..., k

(3.1)

where k ≥ 2, for l = 1, · · · , k, αl ∈ (0, 1), µl ∈ (0, 1), pl > 1, ml > 0, σl ≥ 1, (t, x) ∈ [0,∞)×Rn,

Fµ,p(w)(t, x) :=

t∫
0

(t− s)−µ|w(s, x)|pds, (3.2)

∂1+αl
t u = Dαl

t (ut) with

Dαl
t (f) = ∂t(I

1−αl
t f) and Iβt f =

1

Γ(β)

∫ t

0

(t− s)β−1f(s) ds for β > 0.

Dα
t (f) and Iβt f are defined as above.
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Our main results on global (in time) existence of small data Sobolev solutions are given in the

next section.

3.1 Main results

Theorem 1 (No loss of decay) (No loss of decay) Let us assume 0 < αℓ < 1, αℓ < µℓ < 1,

σℓ ≥ 1, rℓ ≥ 1 and mℓ > 0 for all ℓ = 1, ..., k. Assume that for all ϵ > 0

p1 > max
{rk
r1

− ϵ,
1

µk − αk

}
,

pℓ > max
{rℓ−1

rℓ
− ϵ,

1

µℓ−1 − αℓ−1

}
, for all ℓ = 2, ..., k − 1.

Then there exists a positive constant ε such that for any data (u01, .., u0k) ∈ Ak :=
∏k

ℓ=1 L
rℓ(Rn)

with ∥(u01, .., u0k)∥Ak
≤ ε, we have a uniquely determined global (in time) Sobolev solution

u ∈
k∏

ℓ=1

C
(
[0,∞), Lrℓ(Rn) ∩ L∞(Rn)

)
to the Cauchy problem (3.1). Moreover, the solution satisfies for all t ≥ 0 and l = 1, ..., k the

decay estimates

∥uℓ(t, ·)∥Lq ≲ (1 + t)αℓ−µℓ∥u0l∥Lrℓ for all q ∈ [rℓ,∞].

Theorem 2 ( Loss of decay) Let us assume 0 < αℓ < 1, αℓ < µℓ < 1, σℓ ≥ 1, rℓ ≥ 1 and mℓ > 0

for all ℓ = 1, ..., k. Assume that for all ϵ > 0

max
{
1,

α1 − µ1 + 1

µk − αk

,
rk
r1

− ϵ
}
< p1 <

1

µk − αk

,

,

max
{
1,

α2 − µ2 + 1

µ1 − α1 − γ
(µk)
(αk)

(p1)
,
r1
r2

− ϵ
}
< p2 <

1

µ1 − α1 − γ
(µk)
(αk)

(p1)

and for l = 3, · · · , k − 1

pℓ <
1

µℓ−1 − αℓ−1 − γ
(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1, ..., pℓ−1)

pl > max
{
1,

αℓ − µℓ + 1

µℓ−1 − αℓ−1 − γ
(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1, ..., pℓ−1)

,
rℓ−1

rℓ
− ϵ

}
and

pk > max
{ rk
rk−1

− ϵ,
1

µk−1 − αk−1 − γ
(µk,...,µk−2)

(αk,...,αk−2)
(p1, ..., pk−1)

}
,
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where, for l = 3, · · · , k − 1
γ
(µk)
(αk)

(p1) = 1− p1(µk − αk)

γ
(µk,µ1)
(αk,α1)

(p1, p2) = 1− p2(µ1 − α1) + p2γ
(µk)
(αk)

(p1)

γ
(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1, ..., pℓ) = 1− pℓ(µℓ − αℓ) + pℓγ

(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1, ..., pℓ−1).

(3.3)

Then there exists a positive constant ε such that for any data (u01, .., u0k) ∈ Ak :=
∏k

ℓ=1 L
rℓ(Rn)

with ∥(u01, .., u0k)∥Ak
≤ ε, we have a uniquely determined global (in time) Sobolev solution

u ∈
k∏

ℓ=1

C
(
[0,∞), Lrℓ(Rn) ∩ L∞(Rn)

)
to the Cauchy problem (3.1). Moreover, the solution satisfies for all t ≥ 0 and l = 2, · · · , k − 1,

the decay estimate

∥u1(t, ·)∥Lq ≲ (1 + t)α1−µ1+γ
µk
αk

(p1)∥u01∥Lr1 for all q ∈ [r1,∞],

∥uℓ(t, ·)∥Lq ≲ (1 + t)
αℓ−µℓ+γ

(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1,...,pℓ)∥u0ℓ∥Lrℓ for all q ∈ [rℓ,∞],

∥uk(t, ·)∥Lq ≲ (1 + t)αk−µk∥u0k∥Lrk for all q ∈ [rk,∞].

We suppose r1 = r2 = 1 in the following result.

Theorem 3 ( Loss of decay) Let us assume 0 < αℓ < 1, αℓ < µℓ < 1, σℓ ≥ 1, mℓ > 0 for all

ℓ = 1, ..., k. Assume that for all ϵ > 0

p1 =
1

µk − αk

.

pℓ =
1

µℓ−1 − αℓ−1

. ℓ = 2, ..., k − 1

pk >
1

µk−1 − αk−1 − ϵγ(pk−1)
,

where {
γ(p1) = 1

γ(pl) = 1 + plγ(pl−1), for l = 2, · · · , k − 1.
(3.4)

Then there exists a positive constant ε such that for any data

(u01, .., u0k) ∈ Ak =
k∏

ℓ=1

L1(Rn) with ∥(u01, .., u0k)∥Ak
≤ ε
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we have a uniquely determined global (in time) Sobolev solution

u ∈
k∏

ℓ=1

C
(
[0,∞), L1(Rn) ∩ L∞(Rn)

)
to the Cauchy problem (3.1). Moreover, the solution satisfies, for l = 1, · · · , k − 1 and for all

t ≥ 0, the decay estimate

∥uℓ(t, ·)∥Lq ≲ (1 + t)αℓ−µℓ
(
ln(e+ t)

)γ(pl)∥u0l∥L1 for all q ∈ [1,∞],

∥uk(t, ·)∥Lq ≲ (1 + t)αk−µk∥u0k∥L1 for all q ∈ [1,∞].

Remark 1 The nonlinear term Fµ,p(t, w) in (3.2) may be written as

Fµ,p(t, w) = Γ(1− µ)I1−µ
t (|w|p)

where Γ is the Euler Gamma function, and I1−µ
t (|w|p) is the fractional Riemann-Liouville in-

tegral of |w|p in [0, t]. Therefore, it is reasonable to expect relations with the case of a powers

nonlinearities introduced in [11] as µl tends to 1, for all l = 1, · · · , k and k = 2.

3.2 Treatment of the weakly coupled linear systems

We will apply the decay estimates for solutions to

∂1+α1
t u1 + (−∆)σ1u1 +m2

1u = 0,

∂1+α2
t u2 + (−∆)σ2u2 +m2

2u2 = 0,

.

.

∂1+αk
t uk + (−∆)σkuk +m2

kuk = 0,

uℓ(0, x) = uℓ,0(x), ∂tuℓ(0, x) = 0, ℓ = 1, 2, ..., k

(3.5)

to prove the global (in time) existence of small data Sobolev solutions to the weakly coupled

systems of semi-linear models (4.14). We write their solutions in the following form:

uln
l (t, x) := Gml

αl,σl
(t, x) ∗(x) u0l(x), for all l = 1, · · · , k. (3.6)

Proposition 20 Let u0l ∈ Lrl with rl ≥ 1 for all l = 1, · · · , k and . Then the solution of the

linear Cauchy problem (4.14) satisfies the following Lrl − Lq estimates :∥∥uln
l (t, ·)

∥∥
Lq ≲ (1 + t)−(1+αl)∥u0l∥Lrl for all q ∈ [rl,∞].

Applying Duhamel’s principle gives the formal integral formulation of solutions to (4.1) as follows

u1(t, x) := uln
1 (t, x) +

∫ t

0
Gm1

α1,σ1
(t− τ, ·) ∗(x) Fµ1,p1(uk)dτ = (uln

1 + unl
1 )(t, x),

ul(t, x) := uln
l (t, x) +

∫ t

0
Gml

αl,σl
(t− τ, ·) ∗(x) Fµl,pl(ul−1)dτ = (uln

l + unl
l )(t, x).

(3.7)

for all l = 2, · · · , k.
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3.3 Proof of main results

Before showing our results we recall the following lemma from [2].

Lemma 2 Suppose that θ ∈ [0, 1), a ≥ 0 and b ≥ 0. Then there exists a constant C =

C(a, b, θ) > 0 such that for all t > 0 the following estimate holds:∫ t

0
(t− τ)−θ(1 + t− τ)−a(1 + τ)−b dτ

≤


C(1 + t)−min{a+θ,b} if max{a+ θ, b} > 1,

C(1 + t)−min{a+θ,b} ln(e+ t) if max{a+ θ, b} = 1,

C(1 + t)1−a−θ−b if max{a+ θ, b} < 1.

(3.8)

3.3.1 Proof of Theorem 4.2

we introduce for all T > 0 the following spaces Xk(T ):

Xk(T ) :=
k∏

ℓ=1

C
(
[0, T ], Lrℓ(Rn) ∩ L∞(Rn)

)
endowed with the corresponding norms as follows:

∥u∥Xk(T ) := ∥(u1, u2, ..., uk)∥Xk(T ) := sup
0⩽t⩽T

{ k∑
ℓ=1

Mℓ(t, ul),
}
,

where

Mℓ(t, ul) = 1 + t)µℓ−αℓ
(
∥uℓ(t, ·)∥Lrℓ + ∥uℓ(t, ·)∥L∞ ,

and the operator N by

N : u = (u1, u2, ..., uk) ∈ Xk(T ) → N(u) = N(u)(t, x) := uln(t, x) + unl(t, x).

To get the global (in time) existence and uniqueness of Sobolev solutions in Xk(T ) . We will

show that the operator N fulfills the following two inequalities:

∥N(u)∥Xk(T ) ≲ ∥(u01, u02, ...u0k)∥Ak
+

ℓ=k∑
ℓ=1

∥u∥pℓ
Xk(T )

, (3.9)

∥N(u)−N(u)∥Xk(T ) ≲ ∥u− u∥Xk(T )

ℓ=k∑
ℓ=1

(
∥u∥pℓ−1

Xk(T )
+ ∥u∥pl−1

Xk(T )

)
(3.10)

Then, we can conclude global existence results of small data solution by applying Banach’s fixed

point theorem. At first,Using the definition of the norm in Xk(T ) and the Propositions 21,we

heve:

∥uln∥Xk(T ) ≲ ∥(u01, u02, ..., u0k)∥Ak
.
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Hence, we continus to complete the proof of (4.19) it is reasonable to we shall show the following

inequality

∥unl∥Xk(T ) ≲
ℓ=k∑
ℓ=1

∥u∥pℓ
Xk(T )

.

If u := (u1, u2, · · · , uk) ∈ Xk(T ), at the first stage by interpolation we derive for l = 1, · · · , k

∥uℓ(t, ·)∥Lq ≲ (1 + t)(αℓ−µℓ)∥u∥Xk(T ) for all q ∈ [rℓ,∞].

On the other hand, we get

∥unl
1 (t, ·)

∥∥∥
Lq

≲
∥∥∥∫ t

0

Gm1
α1,σ1

(t− τ, ·) ∗(x) Iα1
s (Fµ1,p1(uk))dτ∥Lq

≲
∫ t

0

(1 + t− τ)−(1+α1)

∫ τ

0

(τ − s)α1−1

∫ s

0

(s− ρ)−µ1∥uk(ρ, ·)∥p1Lp1q dρ ds dτ

≲ ∥u∥p1
Xk(T )

I1(t) for all t ∈ [0, T ] and p1q ∈ [rk,∞],

where

I1(t) =

∫ t

0

(1 + t− τ)−(1+α1)

∫ τ

0

(τ − s)α1−1

∫ s

0

(s− ρ)−µ1(1 + ρ)−p1(µk−αk) dρ ds dτ. (3.11)

We are interested to estimate the right-hand side of (5.9). For this we need the Lemma 2. We

put

ω(s) =

∫ s

0

(s− ρ)−µ1(1 + ρ)−p1(µk−αk) dρ.

Thanks to Lemma 2 we obtain ω(s) ≲ (1+s)−µ1 , if we assume that p1 >
1

µk−αk
. On other hands,

the conditions q ∈ [r1,∞] and p1q ∈ [rk,∞] implies that p1 ≥ rk
r1
.

Once more we apply Lemma 2 to obtain

I1(t) ≲
∫ t

0

(1 + t− τ)−(1+α1)

∫ τ

0

(τ − s)α1−1(1 + s)−µ1 ds dτ

≲
∫ t

0

(1 + t− τ)−(1+α1)(1 + τ)α1−µ1 dτ

≲ (1 + t)α1−µ1 .

For l = 2, · · · , k and q ∈ [rl,∞] In the same manner, one also concludes that,

∥unl
ℓ (t, ·)∥Lq ≲ ∥u∥pℓ

Xk(T )
Iℓ(t) for all t ∈ [0, T ] and pℓq ∈ [rℓ−1,∞],

Analogously, we arrive at

Iℓ(t) =

∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1

∫ s

0

(s− ρ)−µℓ(1 + ρ)−pℓ(µℓ−1−αℓ−1) dρ ds dτ. (3.12)
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On the other hand, we have We are interested to estimate the right-hand side of (3.12). For this

we need the Lemma 2. We put

ω(s) =

∫ s

0

(s− ρ)−µℓ(1 + ρ)−pℓ(µℓ−1−αℓ−1) dρ.

Thanks to Lemma 2 we obtain ω(s) ≲ (1 + s)−µℓ , if we assume that pℓ >
1

µℓ−1−αℓ−1
. On other

hands, the conditions q ∈ [rℓ,∞] and pℓq ∈ [rℓ−1,∞] implies that pℓ ≥ rℓ−1
rℓ

.

Once more we apply Lemma 2 to obtain

Iℓ(t) ≲
∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1(1 + s)−µℓ ds dτ

≲
∫ t

0

(1 + t− τ)−(1+αℓ)(1 + s)αℓ−µℓ dτ

≲ (1 + t)αℓ−µℓ .

To prove (4.27) we assume that u and ũ are two vector-function belonging to Xk(T ). Then, we

get

N(u)−N(ũ)

=
(∫ t

0

Gm1
α1,σ1

(t− s) ⋆ Iα1
s (

∫ s

0

(s− ρ)−µ1

(
|uk(ρ, ·)|p1 − |ũk(ρ, ·)|p1

)
dρ)(t, s, x) ds, · · · ,∫ t

0

Gmk
αk,σk

(t− s) ⋆ Iαk
s (

∫ s

0

(s− ρ)−µk

(
|uk−1(ρ, ·)|pk − | ˜uk−1(ρ, ·)|pk

)
dρ)(t, s, x) ds

)
.

We estimate, for q ∈ [r1,∞]∥∥∥∫ t

0

Gm1
α1,σ1

(t− s) ⋆ Iα1
s (

∫ s

0

(s− ρ)−µ1

(
|uk(ρ, ·)|p1 − |ũk(ρ, ·)|p1

)
dρ)(t, s, ·) ds

∥∥∥
Lq

≲
∫ t

0

(1 + t− τ)−(1+α1)

∫ τ

0

(τ − s)α1−1

∫ s

0

(s− ρ)−µ1
∥∥|uk(ρ, ·)|p1 − |ũk(ρ, ·)|p1

∥∥
Lqdρ dsdτ.

Using Hölder’s inequality implies the estimate∥∥|uk(s, ·)|p1 − |ũk(s, ·)|p1
∥∥
Lq

≲
∥∥uk(s, ·)− ũk(s, ·)

∥∥
Lqp1

(
∥uk(s, ·)∥p1−1

Lqp1 + ∥ũk(s, ·)∥p1−1
Lqp1

)
.

By using the definition of the norm of the solution space Xk(T ) we obtain for p1 ≥ rk
r1

and

0 ⩽ s ⩽ t the following estimates:∥∥uk(s, ·)− ũk(s, ·)
∥∥
Lqp1

≲ (1 + s)αk−µkM2(s, uk − ũk),∥∥uk(s, ·)∥p1−1
Lqp1 ≲ (1 + s)(p1−1)(αk−µk)∥u∥p1−1

Xk(T )
,∥∥ũk(s, ·)

∥∥p1−1

Lqp1
≲ (1 + s)(p1−1)(αk−µk)∥u∥p1−1

Xk(T )
.
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Hence, we get∥∥|uk(s, ·)|p1−|ũk(s, ·)|p1
∥∥
Lq

≲ (1 + s)−p1(µk−αk)Mk(s, uk − ũk)
(
∥u∥p1−1

Xk(T )
+ ∥ũ∥p1−1

Xk(T )

)
.

By the same argument, we obtain for pℓ ≥ rℓ−1

rℓ
l = 2, ..., k. and 0 ⩽ s ⩽ t the following

estimate ∥∥|uℓ(s, ·)|pℓ − |ũℓ(s, ·)|pℓ
∥∥
Lq

≲ (1 + s)pℓ(αℓ−µℓ)M1(s, uℓ−1 − ˜uℓ−1)
(
∥(u)∥pℓ−1

Xk(T )
+ ∥ũ∥pℓ−1

Xk(T )

)
.

So, for p1 >
1

µk−αk
and pl >

1
µl−1−αl−1

for all l = 2, · · · , k, we obtain the desired estimate (4.20).

Remark 2 All estimates (4.19) and (4.20) are uniformly with respect to T ∈ (0,∞) if p1 >

max{ r2
r1
− ϵ; 1

µ2−α2
} and p2 > max{ r1

r2
− ϵ; 1

µ1−α1
}, for all ϵ > 0.

From (4.19) it follows that N maps Xk(T ) into itself for all T and for small data. By standard

contraction arguments, the estimates (4.19) and (4.20) lead to the existence of unique solution

to u = N(u) and, consequently, to (3.1), that is, the solution of (3.1) satisfies the desired decay

estimate. Since all constants are independent of T , after letting T tend to ∞ we obtain a global

(in time) existence result for small data solutions to (3.1). This completes the proof.

3.3.2 Proof of Theorem 4.4

We introduce for all T > 0 the space Xk(T ) as follows:

Xk(T ) :=
k∏

ℓ=1

C
(
[0, T ], Lrℓ(Rn) ∩ L∞(Rn)

)
with the norm

∥u∥Xk(T ) := sup
0⩽t⩽T

{
(1 + t)

−γ
(µk)

(αk)
(p1)M1(t, u1) +

k−1∑
l=2

(1 + t)
−γ

(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1,...,pℓ)Mℓ(t, ul)

+Mk(t, uk)
}
,
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where

Mk(t, uk) := (1 + t)µk−αk
(
∥uk(t, ·)∥Lrk + ∥uk(t, ·)∥L∞ ,

Mℓ(t, ul) = (1 + t)µℓ−αℓ
(
∥uℓ(t, ·)∥Lrℓ + ∥uℓ(t, ·)∥L∞ ,

.



γ
(µk)
(αk)

(p1) = 1− p1(µk − αk)

γ
(µk,µ1)
(αk,α1)

(p1, p2) = 1− p2(µ1 − α1) + p2γ
(µk)
(αk)

(p1)

γ
(µk,µ1,µ2)
(αk,α1,α2)

(p1, p2, p3) = 1− p3(µ2 − α2) + p3γ
(µk,µ1)
(αk,α1)

(p1, p2)

.

.

.

γ
(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1, ..., pℓ) = 1− pℓ(µl−1 − αl−1) + pℓγ

(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1, ..., pℓ−1),

for l = 3, · · · , k − 1. and the operator N by

N : u = (u1, u2, ..., uk) ∈ Xk(T ) → N(u) = N(u)(t, x) := uln(t, x) + unl(t, x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X(T ), we can

consider a global (in time) Sobolev solution to (3.1) as a fixed point of the operator N . We

will prove that the operator N satisfies for u = (u1, u2, ..., uk); u = (u1, u2, ..., uk) in Xk(T ), the

following two inequalities:

∥N(u)∥Xk(T ) ≲ ∥(u01, u02, ...u0k)∥Ak
+

ℓ=k∑
ℓ=1

∥u∥pℓ
Xk(T )

, (3.13)

∥N(u)−N(u)∥Xk(T ) ≲ ∥u− u∥Xk(T )

ℓ=k∑
ℓ=1

(
∥u∥pℓ−1

Xk(T )
+ ∥u∥pl−1

Xk(T )

)
(3.14)

Using the definition of the norm in Xk(T ) and the Propositions 21, we may conclude:

∥uln∥Xk(T ) ≲ ∥(u01, u02, ..., u0k)∥Ak
.

Hence, in order to complete the proof of (4.19) it is reasonable to we shall show the following

inequality

∥unl∥Xk(T ) ≲
ℓ=k∑
ℓ=1

∥u∥pℓ
Xk(T )

.

If u := (u1, u2, · · · , uk) ∈ Xk(T ), then by interpolation we derive for l = 2, · · · , k − 1

∥u1(t, ·)∥Lq ≲ (1 + t)
(α1−µ1)+γ

(µk)

(αk)
(p1)∥u∥Xk(T ) for all q ∈ [r1,∞]

∥uℓ(t, ·)∥Lq ≲ (1 + t)
(αℓ−µℓ)+γ

(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1,...,pℓ)∥u∥Xk(T ) for all q ∈ [rℓ,∞],

∥uk(t, ·)∥Lq ≲ (1 + t)αk−µk∥u∥Xk(T ) for all q ∈ [rk,∞].
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On the other hand, for q ∈ [r1,∞], we have

∥unl
1 (t, ·)∥Lq ≲ ∥u∥p1X(T )I1(t) for all t ∈ [0, T ] and p1q ∈ [rk,∞],

where

I1(t) =

∫ t

0

(1 + t− τ)−(1+α1)

∫ τ

0

(τ − s)α1−1

∫ s

0

(s− ρ)−µ1(1 + ρ)−p1(µk−αk) dρ ds dτ. (3.15)

We are interested to estimate the right-hand side of (3.15). For this we need the Lemma 2. We

put

ω(s) =

∫ s

0

(s− ρ)−µ1(1 + ρ)−p1(µk−αk) dρ.

Thanks to Lemma 2 we obtain ω(s) ≲ (1 + s)1−µ1−p1(µk−αk), if we assume that p1 <
1

µk−αk
.

Once more we apply Lemma 2 to obtain

I1(t) ≲
∫ t

0

(1 + t− τ)−(1+α1)

∫ τ

0

(τ − s)α1−1(1 + s)1−µ1−p1(µk−αk) ds dτ

≲
∫ t

0

(1 + t− τ)−(1+α1)(1 + τ)1+α1−µ1−p1(µk−αk) dτ

≲ (1 + t)1+α1−µ1−p1(µk−αk)

≲ (1 + t)α1−µ1+γ
µk
αk

(p1).

On other hands, the conditions q ∈ [r1,∞] and p1q ∈ [rk,∞] implies that p1 ≥ rk
r1
.

For l = 2 and q ∈ [r2,∞], we have

∥unl
2 (t, ·)∥Lq ≲

∫ t

0

(1 + t− τ)−(1+α2)

∫ τ

0

(τ − s)α2−1∥|u1(s, ·)|p2∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−(1+α2)

∫ τ

0

(τ − s)α2−1

∫ s

0

(s− ρ)−µ2∥u1(ρ, ·)∥p2Lp2q dρ ds dτ

≲ ∥u∥p2X(T )I2(t) for all t ∈ [0, T ] and p2q ∈ [r1,∞],

where

I2(t) =

∫ t

0

(1 + t− τ)−(1+α2)

∫ τ

0

(τ − s)α2−1

×
∫ s

0

(s− ρ)−µ2(1 + ρ)
−p2(µ1−α1)+p2γ

(µk)

(αk)
(p1) dρ ds dτ. (3.16)

On the other hand, we have We are interested to estimate the right-hand side of (3.16). For this

we need the Lemma 2. We put

ω(s) =

∫ s

0

(s− ρ)−µ2(1 + ρ)
−p2(µ1−α1)+p2γ

(µk)

(αk)
(p1) dρ.
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Thanks to Lemma 2 we obtain

ω(s) ≲ (1 + s)
1−µ2−p2(µ1−α1)+p2γ

(µk)

(αk)
(p1),

if we assume that p2 <
1

µ1−α1−γ
(µk)

(αk)
(p1)

and p1 >
1+α1−µ1

µk−αk
.

Once more we apply Lemma 2 to obtain

I2(t) ≲
∫ t

0

(1 + t− τ)−(1+α2)

∫ τ

0

(τ − s)α2−1(1 + s)
1−µ2−p2(µ1−α1)+p2γ

(µk)

(αk)
(p1) ds dτ

≲
∫ t

0

(1 + t− τ)−(1+α2)(1 + τ)
1+α2−µ2−p2(µ1−α1)+p2γ

(µk)

(αk)
(p1) dτ

≲ (1 + t)
1+α2−µ2−p2(µ1−α1)+p2γ

(µk)

(αk)
(p1)

≲ (1 + t)
1+α2−µ2−p2(µ1−α1)+p2γ

(µk)

(αk)
(p1)

≲ (1 + t)
α2−µ2+γ

(µk,µ1)

(αk,α1)
(p1,p2).

On other hands, the conditions q ∈ [r2,∞] and p2q ∈ [r1,∞] implies that p2 ≥ r1
r2
.

For l = 3, · · · , k − 1 and q ∈ [rl,∞], we have

∥unl
ℓ (t, ·)∥Lq ≲

∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1∥|uℓ−1(s, ·)|pℓ∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1

∫ s

0

(s− ρ)−µℓ∥uℓ−1(ρ, ·)∥pℓLpℓq dρ ds dτ

≲ ∥u∥pℓX(T )Iℓ(t) for all t ∈ [0, T ] and pℓq ∈ [rℓ−1,∞],

where

Iℓ(t) =

∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1

×
∫ s

0

(s− ρ)−µℓ(1 + ρ)
−pℓ(µℓ−1−αℓ−1)+pℓγ

(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1,...,pℓ−1) dρ ds dτ. (3.17)

On the other hand, we have We are interested to estimate the right-hand side of (3.17). For this

we need the Lemma 2. We put

ω(s) =

∫ s

0

(s− ρ)−µℓ(1 + ρ)
−pℓ(µℓ−1−αℓ−1)+pℓγ

(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1,...,pℓ−1) dρ.

Thanks to Lemma 2 we obtain

ω(s) ≲ (1 + s)
1−µℓ−pℓ(µℓ−1−αℓ−1)+pℓγ

(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1,...,pℓ−1),

if we assume that

pℓ <
1

(µℓ−1 − αℓ−1)− γ
(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1, ..., pℓ−1)
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and

pl−1 >
1 + αl−1 − µl−1

µℓ−2 − αℓ−2 − γ
(µk,...,µℓ−3)

(αk,...,αℓ−3)
(p1, ..., pℓ−2)

On other hands, the conditions q ∈ [rℓ,∞] and pℓq ∈ [rℓ−1,∞] implies that pℓ ≥ rℓ−1
rℓ

.

Once more we apply Lemma 2 to obtain

Iℓ(t) ≲
∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1(1 + s)
1−µℓ−pℓ(µℓ−1−αℓ−1)+pℓγ

(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1,...,pℓ−1) ds dτ

≲
∫ t

0

(1 + t− τ)−(1+αℓ)(1 + s)
αℓ−µℓ+1−pℓ(µℓ−1−αℓ−1)+pℓγ

(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1,...,pℓ−1) dτ

≲ (1 + t)
αℓ−µℓ+1−pℓ(µℓ−1−αℓ−1)+pℓγ

(µk,...,µℓ−2)

(αk,...,αℓ−2)
(p1,...,pℓ−1)

≲ (1 + t)
αℓ−µℓ+γ

(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1,...,pℓ)

Finally, for q ∈ [rk,∞], we have

∥unl
k (t, ·)∥Lq ≲

∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1∥|uk−1(s, ·)|pk∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1

∫ s

0

(s− ρ)−µk∥uk−1(ρ, ·)∥pkLpkq dρ ds dτ

≲ ∥u∥pkX(T )Ik(t) for all t ∈ [0, T ] and pkq ∈ [rk−1,∞],

where

Ik(t) =

∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1

×
∫ s

0

(s− ρ)−µk(1 + ρ)
−pk

(
µk−1−αk−1−γ

(µ1,...,µk−2)

(α1,...,αk−2)
(p1,...,pk−1)

)
dρ ds dτ. (3.18)

We are interested to estimate the right-hand side of (3.18). For this we need the Lemma 2. We

put

ω(s) =

∫ s

0

(s− ρ)−µk(1 + ρ)
−pk

(
µk−1−αk−1−γ

(µ1,...,µk−2)

(α1,...,αk−1)
(p1,...,pk−1)

)
dρ.

Thanks to Lemma 2 we obtain ω(s) ≲ (1 + s)−µk , if we assume that

pk >
1

µk−1 − αk−1 − γ
(µk,...,µk−2)

(αk,...,αk−2)
(p1, ..., pk−1)

and

µk−1 − αk−1 − γ
(µk,...,µk−2)

(αk,...,αk−2)
(p1, ..., pk−1) > 0

wich equivalent to

pk−1 >
αk−1 − µk−1 + 1

(µk−2 − αk−2)− γ
(µk,...,µk−3)
αk,...,αk−3 (p1, ..., pk−2)

.
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Once more we apply Lemma 2 to obtain

Ik(t) ≲
∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1(1 + s)−µk dρ ds dτ

≲
∫ t

0

(1 + t− τ)−(1+αk)(1 + τ)αk−µk dτ

≲ (1 + t)αk−µk

The proof of (4.27) is similar to the proof of (4.20) of Theorem 4.2. This completes the proof.

3.3.3 Proof of Theorem 4.6

We introduce for all T > 0 the space Xk(T ) as follows:

Xk(T ) :=
k∏

ℓ=1

C
(
[0, T ], L1(Rn) ∩ L∞(Rn)

)
with the norm

∥u∥Xk(T ) := sup
0⩽t⩽T

{ k−1∑
l=1

(1 + t)−γ(pl)Ml(t, ul) +Mk(t, uk)
}
,

where, for l = 1, · · · , k

Mℓ(t, ul) = (1 + t)µℓ−αℓ
(
∥uℓ(t, ·)∥L1 + ∥uℓ(t, ·)∥L∞ ,{

γ(p1) = 1

γ(pl) = 1 + plγ(pℓ−1), for l = 2, · · · , k − 1.

The operator N is defined by

N : u = (u1, u2, ..., uk) ∈ Xk(T ) → N(u) = N(u)(t, x) := uln(t, x) + unl(t, x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X(T ), we can

consider a global (in time) Sobolev solution to (3.1) as a fixed point of the operator N . We

will prove that the operator N satisfies for u = (u1, u2, ..., uk); u = (u1, u2, ..., uk) in Xk(T ), the

following two inequalities:

∥N(u)∥Xk(T ) ≲ ∥(u01, u02, ...u0k)∥Ak
+

ℓ=k∑
ℓ=1

∥u∥pℓ
Xk(T )

, (3.19)

∥N(u)−N(u)∥Xk(T ) ≲ ∥u− u∥Xk(T )

ℓ=k∑
ℓ=1

(
∥u∥pℓ−1

Xk(T )
+ ∥u∥pl−1

Xk(T )

)
(3.20)
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Using the definition of the norm in Xk(T ) and the Propositions 21, we may conclude:

∥uln∥Xk(T ) ≲ ∥(u01, u02, ..., u0k)∥Ak
.

Hence, in order to complete the proof of (4.41) it is reasonable to we shall show the following

inequality

∥unl∥Xk(T ) ≲
ℓ=k∑
ℓ=1

∥u∥pℓ
Xk(T )

.

If u := (u1, u2, · · · , uk) ∈ Xk(T ), then by interpolation we derive for l = 1, · · · , k − 1

∥uℓ(t, ·)∥Lq ≲ (1 + t)(αℓ−µℓ)+γ(pℓ)∥u∥Xk(T ) for all q ∈ [1,∞],

∥uk(t, ·)∥Lq ≲ (1 + t)αk−µk∥u∥Xk(T ) for all q ∈ [1,∞].

On the other hand, for q ∈ [1,∞], we have

∥unl
1 (t, ·)∥Lq ≲ ∥u∥p1X(T )I1(t) for all t ∈ [0, T ],

where

I1(t) =

∫ t

0

(1 + t− τ)−(1+α1)

∫ τ

0

(τ − s)α1−1

∫ s

0

(s− ρ)−µ1(1 + ρ)−p1(µk−αk) dρ ds dτ. (3.21)

We are interested to estimate the right-hand side of (3.21). For this we need the Lemma 2. We

put

ω(s) =

∫ s

0

(s− ρ)−µ1(1 + ρ)−p1(µk−αk) dρ.

Thanks to Lemma 2 we obtain ω(s) ≲ (1 + s)−µ1 ln(1 + s), if we assume that p1 =
1

µk−αk
.

Once more we apply Lemma 2 to obtain

I1(t) ≲ ln(e+ t)

∫ t

0

(1 + t− τ)−(1+α1)

∫ τ

0

(τ − s)α1−1(1 + s)−µ1 ds dτ

≲
∫ t

0

(1 + t− τ)−(1+α1)(1 + τ)α1−µ1 dτ

≲ (1 + t)α1−µ1 ln(e+ t)

≲ (1 + t)α1−µ1
(
ln(e+ t)

)γ(p1).
For l = 2, · · · , k − 1 and q ∈ [1,∞], we have

∥unl
ℓ (t, ·)∥Lq ≲

∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1∥|uℓ−1(s, ·)|pℓ∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1

∫ s

0

(s− ρ)−µℓ∥uℓ−1(ρ, ·)∥pℓLpℓq dρ ds dτ

≲ ∥u∥pℓX(T )Iℓ(t) for all t ∈ [0, T ] and pℓq ∈ [rℓ−1,∞],
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where

Iℓ(t) =

∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1

×
∫ s

0

(s− ρ)−µℓ(1 + ρ)−pℓ(µℓ−1−αℓ−1)
(
ln(1 + ρ)

)pℓγ(pℓ−1) dρ ds dτ. (3.22)

Remark that

Iℓ(t) ≲
(
ln(e+ t)

)pℓγ(pℓ−1)
∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1

×
∫ s

0

(s− ρ)−µℓ(1 + ρ)−pℓ(µℓ−1−αℓ−1) dρ ds dτ. (3.23)

On the other hand, we have We are interested to estimate the right-hand side of (3.23). For

this we need the Lemma 2. We put

ω(s) =

∫ s

0

(s− ρ)−µℓ(1 + ρ)−pℓ(µℓ−1−αℓ−1) dρ.

Thanks to Lemma 2 we obtain

ω(s) ≲ (1 + s)−µℓ ,

if we assume that

pℓ =
1

µℓ−1 − αℓ−1

.

Once more we apply Lemma 2 to obtain

Iℓ(t) ≲
(
ln(e+ t)

)pℓγ(pℓ−1)
∫ t

0

(1 + t− τ)−(1+αℓ)

∫ τ

0

(τ − s)αℓ−1(1 + s)−µℓ ds dτ

≲
(
ln(e+ t)

)pℓγ(pℓ−1)
∫ t

0

(1 + t− τ)−(1+αℓ)(1 + τ)αℓ−µℓ dτ

≲ (1 + t)αℓ−µℓ
(
ln(e+ t)

)pℓγ(pℓ−1)

Finally, for q ∈ [1,∞], we have

∥unl
k (t, ·)∥Lq ≲

∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1∥|uk−1(s, ·)|pk∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1

∫ s

0

(s− ρ)−µk∥uk−1(ρ, ·)∥pkLpkq dρ ds dτ

≲ ∥u∥pkX(T )Ik(t) for all t ∈ [0, T ]

where

Ik(t) =

∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1

×
∫ s

0

(s− ρ)−µk(1 + ρ)−pk(µk−1−αk−1)
(
ln(1 + ρ)

)pkγ(pk−1) dρ ds dτ. (3.24)
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We are interested to estimate the right-hand side of (3.25). Let ϵ > 0 small enough and we use

the fact that ln(e+ t) ≲ (1 + t)ϵ to obtain

Ik(t) ≲
∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1

×
∫ s

0

(s− ρ)−µk(1 + ρ)−pk(µk−1−αk−1−ϵγ(pk−1)) dρ ds dτ. (3.25)

For this we need the Lemma 2. We put

ω(s) =

∫ s

0

(s− ρ)−µk(1 + ρ)−pk(µk−1−αk−1−ϵγ(pk−1)) dρ

Thanks to Lemma 2 we obtain ω(s) ≲ (1 + s)−µk , if we assume that

pk >
1

µk−1 − αk−1 − ϵγ(pk−1)
.

Once more we apply Lemma 2 to obtain

Ik(t) ≲
∫ t

0

(1 + t− τ)−(1+αk)

∫ τ

0

(τ − s)αk−1(1 + s)−µk dρ ds dτ

≲
∫ t

0

(1 + t− τ)−(1+αk)(1 + τ)αk−µk dτ

≲ (1 + t)αk−µk .

The proof of (4.42) is similar to the proof of (4.20) of Theorem 4.2. This completes the proof.
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CHAPTER 4

WEAKLY COUPLED SYSTEMS OF SEMI-LINEAR

FRACTIONAL σ−EVOLUTION EQUATIONS WITH OUT MASS

AND DIFFERENT POWER NONLINEARITIES

The main purpose of this chapter is to study global (in time) existence of small data Sobolev

solutions to the Cauchy problem for the following weakly coupled systems of semi-linear fractional

σ−evolution equations with different power nonlinearities, namely{
∂1+α1
t u+ (−∆)σ1u = |v|p1 , u(0, x) = u0(x) ut(0, x) = 0,

∂1+α2
t v + (−∆)σ2v = |u|p2 , v(0, x) = v0(x), vt(0, x) = 0,

(4.1)

where for i = 1, 2, αi ∈ (0, 1), σi ≥ 1, (t, x) ∈ [0,∞)× Rn, ∂1+αi
t u = Dαi

t (ut) with

Dαi
t (f) = ∂t(I

1−αi
t f) and Iβt f =

1

Γ(β)

∫ t

0

(t− s)β−1f(s) ds for β > 0.

The notations Dα
t (f) and Iβt f are defined as above.

By using Lr−Lq estimates of Sobolev solutions to related linear models with vanishing right-

hand side , We explain connections between the fractional orders α1, α2 and the exponents (p1, p2)

in (4.1), which allow to prove the global (in time) existence of small-data Sobolev solutions by

applying the fixed-point argument.
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4.1 Main results

4.1.1 The case n ≥ max
{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
Theorem 4.1 Let us assume 0 < α1, α2 < 1, σ1, σ2 ≥ 1 and r1, r2 ≥ 1. We assume that

n ≥ max
{

2σ1r1
1+α1

, 2σ2r2
1+α2

}
. Moreover, for all ϵ > 0 the exponents p1 and p2 satisfy the conditions

p1 > pr1,r2α2,σ2
(n, ϵ) := max

{
pr2α2,σ2

(n);
1

1− α2

,
r2
r1

− ϵ
}

and

p2 > pr1,r2α1,σ1
(n, ϵ) := max

{
pr1α1,σ1

(n);
1

1− α1

,
r1
r2

− ϵ
}
,

where

prα,σ(n) := 1 +
(n(r − 1) + 2σr)(1 + α)

(n− 2σr)(1 + α) + 2σr
.

Then there exists a positive constant ε such that for any data

(u0, v0) ∈ Ar2
r1
:= Lr1(Rn)×

(
Lr2(Rn),

with ∥(u0, v0)∥Ar2
r1
≤ ε, we have a uniquely determined global (in time) Sobolev solution

(u, v) ∈ C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)

)
× C

(
[0,∞), Lr2(Rn) ∩ L∞(Rn)

)
to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for

any t ≥ 0 and for all sufficiently small δ > 0 :

∥u(t, ·)∥Lq ≤ C(1 + t)−β
r1,δ
α1,q,σ1

+α1∥u0∥Lr1 for all q ∈ [r1,∞], (4.2)

∥v(t, ·)∥Lq ≤ C(1 + t)−β
r2,δ
α2,q,σ2

+α2∥v0∥Lr2 for all q ∈ [r2,∞], (4.3)

where

βr,δ
α,q,σ := min

{n(1 + α)

2σ

(1
r
− 1

q

)
; 1− δ

}
.

The constant C is independent of u0 and v0.

Theorem 4.2 (Loss of decay) Let us assume 0 < α1, α2 < 1, σ1, σ2 ≥ 1 and r1, r2 ≥ 1. We

assume that n ≥ max
{

2σ1r1
1+α1

, 2σ2r2
1+α2

}
. Moreover, for all ϵ > 0 the exponents p1 and p2 satisfy the

conditions

p1 < pr1,r2α2,σ2
(n, ϵ) := max

{
pr2α2,σ2

(n);
1

1− α2

}
p1 > max

{(α1 + 1)(−n+ 2σ1r1)

2σ1r1(1− α2)
;

α1

1− α2

;
2σ2r2α1 + r2n(1 + α2)

n(1 + α2)− 2σ2r2
;

r2
n[(1 + α2)σ1r1 − (1 + α1)σ2] + 2σ1r1(α1 + 1)σ2

σ1r1(n(1 + α2)− 2α2σ2r2
;
r2
r1

− ϵ; 1
}
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and

p2 > pr1,r2α1,σ1
(n, ϵ) := max

{
p̄
(r1,r2)
(α1,α2),(σ1σ2)

(n, p1);
1

1− α1

,
r1
r2

− ϵ
}
,

where

prα,σ(n) := 1 +
(n(r − 1) + 2σr)(1 + α)

(n− 2σr)(1 + α) + 2σr
.

p̄
(r1,r2)
(α1,α2),(σ1σ2)

(n, p1) = max
{ 2σ2r2
n(α1 + 1)(p1 − r2)− 2σ2r2(α1 + p1α2)

;

1

p1(1− α2)− α1

;
2σ1r1 + n(α1 + 1)r1

(α1 + 1)(n− 2σ1r1) + 2p1σ1r1(1− α2)
;

σ2r2
2σ1r1 + nr1(α1 + 1)

n[σ2r2(α1 + 1) + σ1r1(α2 + 1)(p1 − r2)]− 2σ2r2σ1r1[(α1 + 1) + p1α2)]

}
Then there exists a positive constant ε such that for any data

(u0, v0) ∈ Ar2
r1
:= Lr1(Rn)× Lr2(Rn),

with ∥(u0, v0)∥Ar2
r1
≤ ε, we have a uniquely determined global (in time) Sobolev solution

(u, v) ∈ C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)

)
× C

(
[0,∞), Lr2(Rn) ∩ L∞(Rn)

)
to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for

any t ≥ 0 and for all sufficiently small δ > 0 :

∥u(t, ·)∥Lq ≤ C(1 + t)−β
r1,δ
α1,q,σ1

+α1+γ
r2,δ
α2,p1,σ2∥u0∥Lr1 for all q ∈ [r1,∞], (4.4)

∥v(t, ·)∥Lq ≤ C(1 + t)−β
r2,δ
α2,q,σ2

+α2∥v0∥Lr2 for all q ∈ [r2,∞], (4.5)

where

γr2,δ
α2,p1,σ2

= 1− p1(β
r2,δ
α2,p1,σ2

− α2)

and

βr,δ
α,q,σ := min

{n(1 + α)

2σ

(1
r
− 1

q

)
; 1− δ

}
.

The constant C is independent of u0 and v0.

4.1.2 The case 1 ≤ n < min
{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
Theorem 4.3 Let us assume 0 < α1, α2 < 1, 1 ≤ σ1 < 1+α1

2α1
, 1 ≤ σ2 < 1+α2

2α2
, 1 ≤ r1 < 1+α1

2α1σ1

and 1 ≤ r2 < 1+α2

2α2σ2
. We assume that 1 ≤ n < min

{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
. Moreover, for all ϵ > 0 the

exponents p1 and p2 satisfy the conditions

p1 > pr1,r2α2,σ2
(n) := max

{
pr2α2,σ2

(n);
r2
r1

− ϵ
}
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and

p2 > pr1,r2α1,σ1
(n) := max

{
pr1α1,σ1

(n);
r1
r2

− ϵ
}
,

where

prα,σ(n) := 1 +
(n(r − 1) + 2σr)(1 + α)

(n− 2σr)(1 + α) + 2σr
.

Then there exists a positive constant ε such that for any data

(u0, v0) ∈ Ar2
r1
:= Lr1(Rn)× Lr2(Rn),

with ∥(u0, v0)∥Ar2
r1
≤ ε, we have a uniquely determined global (in time) Sobolev solution

(u, v) ∈ C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)

)
× C

(
[0,∞), Lr2(Rn) ∩ L∞(Rn)

)
to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for

any t ≥ 0 and for all sufficiently small δ > 0 :

∥u(t, ·)∥Lq ≤ C(1 + t)−β
r1
α1,q,σ1

+α1∥u0∥Lr1 for all q ∈ [r1,∞], (4.6)

∥v(t, ·)∥Lq ≤ C(1 + t)−β
r2
α2,q,σ2

+α2∥v0∥Lr2 for all q ∈ [r2,∞], (4.7)

and where

βr
α,q,σ :=

n(1 + α)

2σ

(1
r
− 1

q

)
.

The constant C is independent of u0 and v0.

Theorem 4.4 (Loss of decay) Let us assume 0 < α1, α2 < 1, 1 ≤ σ1 ≤ 1+α1

2α1
, 1 ≤ σ2 <

1+α2

2α2
,

1 ≤ r1 ≤ 1+α1

2α1σ1
and 1 ≤ r2 <

1+α2

2α2σ2
. We assume that 1 ≤ n < min

{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
. Moreover, for

all ϵ > 0 the exponents p1 and p2 satisfy the conditions

max
{
1; r2

n[(1 + α2)σ1r1 − (1 + α1)σ2] + 2σ1r1(α1 + 1)σ2

σ1r1(n(1 + α2)− 2α2σ2r2)
;
r2
r1

− ϵ
}
< p1 < pr2α2,σ2

(n)

and

p2 > pr1,r2(α1,α2),(σ1σ2)
(n) := max

{
p̄
(r1,r2)
(α1,α2),(σ1σ2)

(n, p1);
r1
r2

− ϵ
}
,

where

prα,σ(n) := 1 +
(n(r − 1) + 2σr)(1 + α)

(n− 2σr)(1 + α) + 2σr
.

and

p̄
(r1,r2)
(α1,α2),(σ1σ2)

(n, p1) =

σ2r2
2σ1r1 + nr1(α1 + 1)

n[σ2r2(α1 + 1) + σ1r1(α2 + 1)(p1 − r2)]− 2σ2r2σ1r1[(α1 + 1) + p1α2)]
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Then there exists a positive constant ε such that for any data

(u0, v0) ∈ Ar2
r1
:= Lr1(Rn)× Lr2(Rn),

with ∥(u0, v0)∥Ar2
r1
≤ ε, we have a uniquely determined global (in time) Sobolev solution

(u, v) ∈ C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)

)
× C

(
[0,∞), Lr2(Rn) ∩ L∞(Rn)

)
to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for

any t ≥ 0 and for all sufficiently small δ > 0 :

∥u(t, ·)∥Lq ≤ C(1 + t)−β
r1
α1,q,σ1

+α1+γ
r2
α2,p1,σ2∥u0∥Lr1 for all q ∈ [r1,∞], (4.8)

∥v(t, ·)∥Lq ≤ C(1 + t)−β
r2
α2,q,σ2

+α2∥v0∥Lr2 for all q ∈ [r2,∞], (4.9)

where

γr2
α2,p1,σ2

= 1− p1(β
r2
α2,p1,σ2

− α2)

and

βr
α,q,σ :=

n(1 + α)

2σ

(1
r
− 1

q

)
.

The constant C is independent of u0 and v0.

4.1.3 The case min
{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
≤ n < max

{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
In the next section, we suppose that 2σ1r1

1+α1
< 2σ2r2

1+α2

Theorem 4.5 Let us assume 0 < α1, α2 < 1, σ1 ≥ 1, 1 ≤ σ2 <
1+α2

2α2
, r1 ≥ 1 and 1 ≤ r2 <

1+α2

2α2σ2
.

We assume that 2σ1r1
1+α1

≤ n < 2σ2r2
1+α2

. Moreover, for all ϵ > 0 the exponents p1 and p2 satisfy the

conditions

p1 > pr1,r2α2,σ2
(n, ϵ) := max

{
pr2α2,σ2

(n);
r2
r1

− ϵ
}

and

p2 > pr1,r2α1,σ1
(n, ϵ) := max

{
pr1α1,σ1

(n);
1

1− α1

;
r1
r2

− ϵ
}
,

where

prα,σ(n) := 1 +
(n(r − 1) + 2σr)(1 + α)

(n− 2σr)(1 + α) + 2σr
.

Then there exists a positive constant ε such that for any data

(u0, v0) ∈ Ar2
r1
:= Lr1(Rn)× Lr2(Rn),

with ∥(u0, v0)∥Ar2
r1
≤ ε, we have a uniquely determined global (in time) Sobolev solution

(u, v) ∈ C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)

)
× C

(
[0,∞), Lr2(Rn) ∩ L∞(Rn)

)
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to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for

any t ≥ 0 and for all sufficiently small δ > 0 :

∥u(t, ·)∥Lq ≤ C(1 + t)−β
r1,δ
α1,q,σ1

+α1∥u0∥Lr1 for all q ∈ [r1,∞], (4.10)

∥v(t, ·)∥Lq ≤ C(1 + t)−β
r2
α2,q,σ2

+α2∥v0∥Lr2 for all q ∈ [r2,∞], (4.11)

where

βr,δ
α,q,σ := min

{n(1 + α)

2σ

(1
r
− 1

q

)
; 1− δ

}
and

βr
α,q,σ :=

n(1 + α)

2σ

(1
r
− 1

q

)
.

The constant C is independent of u0 and v0.

Theorem 4.6 (Loss of decay) Let us assume 0 < α1, α2 < 1,σ1 ≥ 1, 1 ≤ σ2 < 1+α2

2α2
, and

1 ≤ r2 <
1+α2

2α2σ2
, We assume that 2σ1r1

1+α1
< n < 2σ2r2

1+α2
. Moreover, for all ϵ > 0 the exponents p1 and

p2 satisfy the conditions

p1 < pr2α2,σ2
(n)

p1 > max
{2σ2r2(δ + α1) + n(1 + α2)r2

n(1 + α2)− 2σ2r2α2

;
r2
r1

− ϵ, 1

r2
n[(1 + α2)σ1r1 − (1 + α1)σ2] + 2σ1r1(α1 + 1)σ2

σ1r1(n(1 + α2)− 2α2σ2r2)

}
,

and

p2 > pr1,r2(α1,α2),(σ1σ2)
(n) := max

{
p̄
(r1,r2)
(α1,α2),(σ1σ2)

(n, p1);
r1
r2

− ϵ
}
,

where

prα,σ(n) := 1 +
(n(r − 1) + 2σr)(1 + α)

(n− 2σr)(1 + α) + 2σr
.

and

p̄
(r1,r2)
(α1,α2),(σ1σ2)

(n, p1) = max
{ 2σ2r2
n(α2 + 1)(p1 − r2)− 2σ2r2(α1 + p1α2)

; σ2r2
2σ1r1 + nr1(α1 + 1)

n[σ2r2(α1 + 1) + σ1r1(α2 + 1)(p1 − r2)]− 2σ2r2σ1r1[(α1 + 1) + p1α2)]

}
,

Then there exists a positive constant ε such that for any data

(u0, v0) ∈ Ar2
r1
:= Lr1(Rn)× Lr2(Rn),
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with ∥(u0, v0)∥Ar2
r1
≤ ε, we have a uniquely determined global (in time) Sobolev solution

(u, v) ∈ C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)

)
× C

(
[0,∞), Lr2(Rn) ∩ L∞(Rn)

)
to the Cauchy problem (4.1). Moreover, the solution satisfies the following decay estimate for

any t ≥ 0 and for all sufficiently small δ > 0 :

∥u(t, ·)∥Lq ≤ C(1 + t)−β
r1,δ
α1,q,σ1

+α1+γ
r2
α2,p1,σ2∥u0∥Lr1 for all q ∈ [r1,∞], (4.12)

∥v(t, ·)∥Lq ≤ C(1 + t)−β
r2
α2,q,σ2

+α2∥v0∥Lr2 for all q ∈ [r2,∞], (4.13)

where

γr2
α2,p1,σ2

= 1− p1(β
r2
α2,p1,σ2

− α2)

and

βr,δ
α,q,σ := min

{n(1 + α)

2σ

(1
r
− 1

q

)
; 1− δ

}
.

The constant C is independent of u0 and v0.

4.2 Treatment of the weakly coupled linear systems

we consider the following two Cauchy problems{
∂1+α1
t u+ (−∆)σ1u = 0, u(0, x) = u0(x) ut(0, x) = 0,

∂1+α2
t v + (−∆)σ2v = 0, v(0, x) = v0(x), vt(0, x) = 0,

(4.14)

to prove the global (in time) existence of small data Sobolev solutions to the weakly coupled

systems of semi-linear models (4.1). we write their solutions in the following form:

uln(t, x) := Gσ1
α1
(t, x) ∗(x) u0(x), vln(t, x) := Gσ2

α2
(t, x) ∗(x) v0(x). (4.15)

Proposition 21 Let u0 ∈ Lr1, v0 ∈ Lr2, r1, r2 ≥ 1. Then the solution of the linear Cauchy

problem (4.14) satisfies the following Lr − Lq estimates with r = r1 or r = r2:∥∥uln(t, ·)
∥∥
Lq ≲ (1 + t)−β

r1,δ
α1,q,σ1 (∥u0∥Lr1 (Rn) + ∥u0∥Lq(Rn)) for all q ∈ [r1,∞],∥∥vln(t, ·)∥∥

Lq ≲ (1 + t)−β
r2,δ
α2,q,σ2 (∥v0∥Lr2 (Rn) + ∥v0∥Lq(Rn)) for all q ∈ [r2,∞]. (4.16)

Now, due to the Duhamel formula, we can recover equation (4.1) in the following equivalent form

u(t, x) := uln(t, x) +
∫ t

0
Gσ1

α1
(t− τ, ·) ∗(x) |v(τ, ·)|p1dτ = (uln + unl)(t, x),

v(t, x) := vln(t, x) +
∫ t

0
Gσ2

α2
(t− τ, ·) ∗(x) |u(τ, ·)|p2dτ = (vln + vnl)(t, x).

(4.17)
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4.3 Proof of main results

4.3.1 Proof of main results fo the case n ≥ max
{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
Proof of Theorem 4.1

Let i = 1; 2. For any n ≥ 2σiri
1+αi

and δ ∈ (0, 1) is sufficiently small, there exists a parameter

qi = qi(δ) ∈ (ri,∞) such that

n(1 + αi)

2σi

( 1

ri
− 1

qi

)
= 1− δ. (4.18)

We define for all T > 0 the space X(T ) as follows:

X(T ) := C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)× C

(
[0,∞), Lr2(Rn)

)
∩ L∞(Rn)

)
with its corresponding norm

∥(u, v)∥X(T ) := sup
0⩽t⩽T

{
M1(t, u) +M2(t, v)

}
,

where

M1(t, u) := (1 + t)−α1∥u(t, ·)∥Lr1 + (1 + t)1−δ−α1
(
∥u(t, ·)∥Lq1 + ∥u(t, ·)∥L∞

)
,

M2(t, v) = (1 + t)−α2∥v(t, ·)∥Lr2 + (1 + t)1−δ−α2
(
∥v(t, ·)∥Lq2 + ∥v(t, ·)∥L∞

)
,

We define a mapping the operator N by

N : (u, v) ∈ X(t) → N(u, v) = N(u, v)(t, x) := (u, v)ln(t, x) + (u, v)nl(t, x).

In order to conclude the uniquenessand the global (intime)existence of small data solutions to

(4.1)as a fixed point of the operator N ,We will prove that the operator N satisfies the following

two inequalities:

∥N(u, v)∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
+ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ), (4.19)

∥N(u, v)−N(u, v)∥X(T ) ≲ ∥(u, v)− (u, v)∥X(T )

(
∥(u, v)∥p1−1

X(T ) + ∥(u, v)∥p1−1
X(T )

+∥(u, v)∥p2−1
X(T ) + ∥(u, v)∥p2−1

X(T )

)
(4.20)

for any (u, v) and (u, v) ∈ X(T ), uniformly with respect to T ∈ [0,∞). The estimates (4.19),

(4.20) lead to a local (in time) well-posedness result for large data Sobolev solutions and a global

(in time) well-posedness result for samll data Soboelv solutions as well.

Using the definition of the norm in X(T ) and Proposition 21, we may conclude

∥(u, v)ln∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
.
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Hence, in order to complete the proof of (4.19) it is reasonable to show the following inequality:

∥(u, v)nl∥X(T ) ≲ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ).

If (u, v) ∈ X(T ), then by interpolation we derive

∥u(t, ·)∥Lq ≲ (1 + t)α1−β
r1,δ
α1,q,σ1∥(u, v)∥X(T ) for all t ∈ [0, T ] and q ∈ [r1,∞],

∥v(t, ·)∥Lq ≲ (1 + t)α2−β
r2,δ
α2,q,σ2∥(u, v)∥X(T ) for all t ∈ [0, T ] and q ∈ [r2,∞].

On the other hand, we obtain

∥|u(t, ·)|p2∥Lq ≤ ∥u(t, ·)∥p2Lp2q ≲ (1 + t)−p2(β
r1,δ
α1,p2q,σ1

−α1)∥(u, v)∥p2X(T )

≲ (1 + t)−p2(β
r1,δ
α1,p2,σ1

−α1)∥(u, v)∥p2X(T )

,

(4.21)

for any q such that p2q ∈ [r1,∞] and due to βr1,δ
α1,p2q,σ1

≥ βr1,δ
α1,p2,σ1

.

Also

∥|v(t, ·)|p1∥Lq ≤ ∥v(t, ·)∥p1Lp1q ≲ (1 + t)−p1(β
r2,δ
α2,p1q,σ2

−α2)∥(u, v)∥p1X(T )

≲ (1 + t)−p1(β
r2,δ
α2,p1,σ2

−α2)∥(u, v)∥p1X(T )

(4.22)

for any q such that p1q ∈ [r2,∞] and due to βr2,δ
α2,p1q,σ2

≥ βr2,δ
α2,p1,σ2

. Thanks to (4.22) we have for

q ∈ [r1,∞] the estimates

∥unl(t, ·)∥Lq ≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥|v(s, ·)|p1∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥v(s, ·)∥p1Lp1q ds dτ

≲ ∥(u, v)∥p1X(T )I1(t) for all t ∈ [0, T ] and p1q ∈ [r2,∞],

where

I1(t) =

∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2,δ
α2,p1,σ2

−α2) ds dτ. (4.23)

We are interested in estimating the right-hand side of (4.23). For this we apply Lemma 2. We

put

ω(τ) =

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2,δ
α2,p1,σ2

−α2) ds.

Thanks to Lemma ?? we obtain ω(τ) ≲ (1 + τ)α1−1 if we assume that p1(β
r2,δ
α2,p1,σ2

−α2) > 1. We

notice that p1(β
r2,δ
α2,p1,σ2

− α2) > 1 if and only if

p1 > max
{
pr2α2,σ2

(n);
1

1− δ − α2

}
.
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On other hand, the conditions q ∈ [r1,∞] and p1q ∈ [r2,∞] imply p1 ≥ r2
r1
.

Hence,

I1(t) ≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1ω(τ) dτ ≲

∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1 (1 + τ)α1−1 dτ. (4.24)

Once more we use Lemma 2 to estimes (4.24) then we have I1(t) ≲ (1 + t)α1−β
r1,δ
α1,q,σ1 .

Hence,

∥(unl, 0)∥X(T ) ≲ ∥(u, v)∥p1X(T ).

Summarizing, from both estimates we may conclude for all q ∈ [r2,∞]

∥vnl(t, ·)∥Lq ≲ ∥(u, v)∥p2X(T )I2(t) for all t ∈ [0, T ] and p2q ∈ [r1,∞],

where

I2(t) =

∫ t

0

(1 + t− τ)−β
r2,δ
α2,q,σ2

∫ τ

0

(τ − s)α2−1(1 + s)−p2(β
r1,δ
α1,p2,σ1

−α1) ds dτ. (4.25)

we same way and under the condition p2 > max
{
pr1α1,σ1

(n); 1
1−δ−α1

}
, then I2(t) ≲ (1+t)α2−β

r2,δ
α2,q,σ2 .

Hence,

∥((0, vnl)∥X(T ) ≲ ∥(u, v)∥p2X(T ).

Also, the conditions q ∈ [r2,∞] and p2q ∈ [r1,∞] imply p2 ≥ r1
r2
.

To prove (4.20) we assume that (u, v) and (ũ, ṽ) are two vector-function belonging to X(T ).

Then, we have

N(u, v)−N(ũ, ṽ)

=
(∫ t

0

Gσ1
α1
(t− s) ∗(x) Iα1

s (|v(s, ·)|p1 − |ṽ(s, ·)|p1)(t, s, x) ds,∫ t

0

Gσ2
α2
(t− s) ∗(x) Iα2

s (|u(s, ·)|p2 − |ũ(s, ·)|p2)(t, s, x) ds
)
.

We estimate for q ∈ [r1,∞] as follows:∥∥∥∫ t

0

Gσ1
α1
(t− s) ∗(x) Iα1

s (|v(s, ·)|p1 − |ṽ(s, ·)|p1)(t, s, ·) ds
∥∥∥
Lq

≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1
∥∥|v(s, ·)|p1 − |ṽ(s, ·)|p1

∥∥
Lq dsdτ.

By apply Hölder’s inequality ,we may show the estimates∥∥|v(s, ·)|p1 − |ṽ(s, ·)|p1
∥∥
Lq

≲
∥∥v(s, ·)− ṽ(s, ·)

∥∥
Lqp1

(
∥v(s, ·)∥p1−1

Lqp1 + ∥ṽ(s, ·)∥p1−1
Lqp1

)
.
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By using the definition of the norm of the solution space X(T ) we obtain for p1 ≥ r2
r1

and

0 ⩽ s ⩽ t we derive the following estimates:∥∥v(s, ·)− ṽ(s, ·)
∥∥
Lqp1

≲ (1 + s)α2−β
r2,δ
α2,p1,σ2M2(s, v − ṽ),∥∥v(s, ·)∥p1−1

Lqp1 ≲ (1 + s)(p1−1)(α2−β
r2,δ
α2,p1,σ2

)∥(u, v)∥p−1
X(T ),∥∥ṽ(s, ·)∥∥p1−1

Lqp1
≲ (1 + s)(p1−1)(α2−β

r2,δ
α2,p1,σ2

)∥(u, v)∥p−1
X(T ).

Hence, we write∥∥|v(s, ·)|p1 − |ṽ(s, ·)|p1
∥∥
Lq

≲ (1 + s)−p1(β
r2,δ
α2,p1,σ2

−α2)M2(s, v − ṽ)
(
∥(u, v)∥p1−1

X(T ) + ∥(ũ, ṽ)∥p1−1
X(T )

)
≲ (1 + s)−p1(β

r2,δ
α2,p1,σ2

−α2)∥(u, v)− (ũ, ṽ)∥X(T )

(
∥(u, v)∥p1−1

X(T ) + ∥(ũ, ṽ)∥p1−1
X(T )

)
.

Using the same approach, we obtain for p2 ≥ r1
r2

and 0 ⩽ s ⩽ t we may conclude:∥∥|u(s, ·)|p2 − |ũ(s, ·)|p2
∥∥
Lq

≲ (1 + s)−p2(β
r1,δ
α1,p2,σ1

−α1)∥(u, v)− (ũ, ṽ)∥X(T )

(
∥(u, v)∥p2−1

X(T ) + ∥(ũ, ṽ)∥p2−1
X(T )

)
.

So, for

p1 > max
{
pr2α2,σ2

(n);
1

1− δ − α2

;
r2
r1

− ϵ
}

and

p2 > max
{
pr1α1,σ1

(n);
1

1− δ − α1

;
r1
r2

− ϵ
}

we obtain the desired estimate (4.20).

Notice that

p1 > max
{
pr2α2,σ2

(n);
1

1− δ − α2

;
r2
r1

− ϵ
}

and

p2 > max
{
pr1α1,σ1

(n);
1

1− δ − α1

;
r1
r2

− ϵ
}

for all δ > 0 if and only if

p1 > pr1,r2α2,σ2
(n, ϵ) := max

{
pr2α2,σ2

(n);
1

1− α2

;
r2
r1

− ϵ
}

and

p2 > pr1,r2α1,σ1
(n, ϵ) := max

{
pr1α1,σ1

(n);
1

1− α1

;
r1
r2

− ϵ
}
.

Remark 3 All estimates (4.19) and (4.20) are uniformly with respect to T ∈ (0,∞) if p1 >

pr1,r2α2,σ2
(n, ϵ) and p2 > pr1,r2α1,σ1

(n, ϵ) for all ϵ > 0.
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From (4.19) it follows that N maps X(T ) into itself for all T and for small data. By standard

contraction arguments, the estimates (4.19) and (4.20) lead to the existence of a unique fixed

point for (u, v) = N(u, v). Consequently, we arrive at well-posedness of Sobolev solutions to (4.1)

satisfying the desired decay estimates. Since all constants are independent of T , after letting T

tend to ∞ we obtain a global (in time) well-posedness result for small data Sobolev solutions to

(4.1). This completes the proof.

Proof of Theorem 4.2

We introduce for all T > 0 the space X(T ) as follows:

X(T ) := C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)× C

(
[0,∞), Lr2(Rn)

)
∩ L∞(Rn)

)
with the norm

∥(u, v)∥X(T ) := sup
0⩽t⩽T

{
M1(t, u) +M2(t, v)

}
,

where

M1(t, u) = (1 + t)−α1−γ
r2,δ
α2,p1,σ2∥u(t, ·)∥Lr1 + (1 + t)1−δ−α1−γ

r2,δ
α2,p1,σ2

×
(
∥u(t, ·)∥Lq1 + ∥u(t, ·)∥L∞

)
,

M2(t, v) = (1 + t)−α2∥v(t, ·)∥Lr2 + (1 + t)1−δ−α2
(
∥v(t, ·)∥Lq2 + ∥v(t, ·)∥L∞

)
,

where q1 and q2 are defined as in the proof of Theorem 4.1. Finally, the operator N by

N : (u, v) ∈ X(t) → N(u, v) = N(u, v)(t, x) := (u, v)ln(t, x) + (u, v)nl(t, x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X(T ), we can

consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N . We will

prove that the operator N satisfies the following two inequalities:

∥N(u, v)∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
+ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ), (4.26)

∥N(u, v)−N(u, v)∥X(T ) ≲ ∥(u, v)− (u, v)∥X(T )

(
∥(u, v)∥p1−1

X(T ) + ∥(u, v)∥p1−1
X(T )

+∥(u, v)∥p2−1
X(T ) + ∥(u, v)∥p2−1

X(T )

)
(4.27)

for any (u, v) and (u, v) ∈ X(T ), uniformly with respect to T ∈ [0,∞). The estimates (4.26),

(4.27) lead to a local (in time) well-posedness result for large data Sobolev solutions and a global

(in time) well-posedness result for samll data Soboelv solutions as well.

Using the definition of the norm in X(T ) and Proposition 21, we may conclude

∥(u, v)ln∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
.
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Hence, in order to complete the proof of (4.26) it is reasonable to show the following inequality:

∥(u, v)nl∥X(T ) ≲ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ).

If (u, v) ∈ X(T ), then by interpolation we derive for all t ≥ 0

∥u(t, ·)∥Lq ≲ (1 + t)α1−β
r1,δ
α1,q,σ1

+γ
r2,δ
α2,p1,σ2∥(u, v)∥X(T ) for all q ∈ [r1,∞],

∥v(t, ·)∥Lq ≲ (1 + t)α2−β
r2,δ
α2,q,σ2∥(u, v)∥X(T ) for all q ∈ [r2,∞].

On the other hand, we have

∥|u(t, ·)|p2∥Lq ≤ ∥u(t, ·)∥p2Lp2q ≲ (1 + t)−p2(β
r1,δ
α1,p2q,σ1

−α1−γ
r2,δ
α2,p1,σ2

)∥(u, v)∥p2X(T )

≲ (1 + t)−p2(β
r1,δ
α1,p2,σ1

−α1−γ
r2,δ
α2,p1,σ2

)∥(u, v)∥p2X(T )

,

(4.28)

for any q such that p2q ∈ [r1,∞] and due to βr1,δ
α1,p2q,σ1

≥ βr1,δ
α1,p2,σ1

.

Also

∥|v(t, ·)|p1∥Lq ≤ ∥v(t, ·)∥p1Lp1q ≲ (1 + t)−p1(β
r2,δ
α2,p1q,σ2

−α2)∥(u, v)∥p1X(T )

≲ (1 + t)−p1(β
r2,δ
α2,p1,σ2

−α2)∥(u, v)∥p1X(T )

(4.29)

for any q such that p1q ∈ [r2,∞] and due to βr2,δ
α2,p1q,σ2

≥ βr2,δ
α2,p1,σ2

. Thanks to (4.22) we have for

q ∈ [r1,∞] the estimates

∥unl(t, ·)∥Lq ≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥|v(s, ·)|p1∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥v(s, ·)∥p1Lp1q ds dτ

≲ ∥(u, v)∥p1X(T )I1(t) for all t ∈ [0, T ] and p1q ∈ [r2,∞],

where

I1(t) =

∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2,δ
α2,p1,σ2

−α2) ds dτ. (4.30)

We are interested in estimating the right-hand side of (4.30). For this we apply Lemma 2. We

put

ω(τ) =

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2,δ
α2,p1,σ2

−α2) ds.

Thanks to Lemma 2 we obtain ω(τ) ≲ (1 + τ)α1−p1(β
r2,δ
α2,p1,σ2

−α2) if we assume that p1(β
r2,δ
α2,p1,σ2

−
α2) < 1. We notice that p1(β

r2,δ
α2,p1,σ2

− α2) < 1 if and only if

p1 < max
{
pr2α2,σ2

(n);
1

1− δ − α2

}
.
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On other hand, the conditions q ∈ [r1,∞] and p1q ∈ [r2,∞] imply p1 ≥ r2
r1
.

Hence,

I1(t) ≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1ω(τ) dτ

≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1 (1 + τ)α1−p1(β

r2,δ
α2,p1,σ2

−α2) dτ. (4.31)

Once more we apply Lemma 2 to (4.31) to obtain

I1(t) ≲ (1 + t)α1−β
r1,δ
α1,q,σ1

+1−p1(β
r2,δ
α2,p1,σ2

−α2).

Hence,

∥(unl, 0)∥X(T ) ≲ ∥(u, v)∥p1X(T ).

By the same way, we have for q ∈ [r2,∞]

∥vnl(t, ·)∥Lq ≲ ∥(u, v)∥p2X(T )I2(t) for all t ∈ [0, T ] and p2q ∈ [r1,∞],

where

I2(t) =

∫ t

0

(1 + t− τ)−β
r2,δ
α2,q,σ2

∫ τ

0

(τ − s)α2−1(1 + s)−p2(β
r1,δ
α1,p2,σ1

−α1−1+p1(β
r2,δ
α2,p1,σ2

−α2)) ds dτ. (4.32)

If

p2(β
r1,δ
α1,p2,σ1

− α1 − 1 + p1(β
r2,δ
α2,p1,σ2

− α2)) > 1,

then I2(t) ≲ (1 + t)α2−β
r2,δ
α2,q,σ2 .

Hence,

∥((0, vnl)∥X(T ) ≲ ∥(u, v)∥p2X(T ).

The condition

p2(β
r1,δ
α1,p2,σ1

− α1 − 1 + p1(β
r2,δ
α2,p1,σ2

− α2)) > 1,

is equivalent to

p2 > max
{ 2σ2r2
n(α1 + 1)(p1 − r2)− 2σ2r2(δ + α1 + p1α2)

;
1

−δ − α1 + p1(1− δ − α2)

; σ2r2
2σ1r1 + nr1(α1 + 1)

n[σ2r2(α1 + 1) + σ1r1(α2 + 1)(p1 − r2)]− 2σ2r2σ1r1[(α1 + 1) + p1α2)]
;

2σ1r1 + n(α1 + 1)r1
(α1 + 1)(n− 2σ1r1) + 2p1σ1r1(1− δ − α2)

}
and

p1 > max
{(α1 + 1)(−n+ 2σ1r1)

2σ1r1(1− δ − α2)
;

δ + α1

1− δ − α2

;
2σ2r2(δ + α1) + r2n(1 + α2)

n(1 + α2)− 2σ2r2
;

r2
n[(1 + α2)σ1r1 − (1 + α1)σ2] + 2σ1r1(α1 + 1)σ2

σ1r1(n(1 + α2)− 2α2σ2r2

}
.
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Also, the conditions q ∈ [r2,∞] and p2q ∈ [r1,∞] imply p2 ≥ r1
r2
.

The proof of (4.27) is similar to the proof of (4.20) of the proof to Theorem 4.1. This completes

the proof.

4.3.2 Proof main results for the case n < min
{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
Proof of Theorem 4.3

If 1 ≤ n < min
{

2σ1r1
1+α1

, 2σ2r2
1+α2

}
, then for all i = 1; 2 and for all q ∈ [ri,∞] we obtain

n(1 + αi)

2σi

( 1

ri
− 1

q

)
< 1− n(1 + αi)

2qσi

≤ 1. (4.33)

Hence, we can choose a positive δ such that there does not exist any q ∈ [ri,∞] which satisfies

(4.18). For this reason,

βri,δ
αi,q,σi

= βri
αi,q,σi

:=
n(1 + αi)

2σi

( 1

ri
− 1

q

)
.

We introduce for all T > 0 the space X(T ) as follows:

X(T ) := C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)× C

(
[0,∞), Lr2(Rn)

)
∩ L∞(Rn)

)
with the norm

∥(u, v)∥X(T ) := sup
0⩽t⩽T

{
M1(t, u) +M2(t, v)

}
,

where

M1(t, u) := (1 + t)−α1∥u(t, ·)∥Lr1 + (1 + t)β
r1
α1,∞,σ1

−α1∥u(t, ·)∥L∞ ,

M2(t, v) = (1 + t)−α2∥v(t, ·)∥Lr2 + (1 + t)β
r2
α2,∞,σ2

−α2∥v(t, ·)∥L∞ ,

where βr
α,∞,σ = n(1+α)

2σr
. For any (u, v) ∈ X(T ) the operator N

N : (u, v) ∈ X(t) → N(u, v) = N(u, v)(t, x) := (u, v)ln(t, x) + (u, v)nl(t, x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X(T ), we can

consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N . We will

prove that the operator N satisfies the following two inequalities:

∥N(u, v)∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
+ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ), (4.34)

∥N(u, v)−N(u, v)∥X(T ) ≲ ∥(u, v)− (u, v)∥X(T )

(
∥(u, v)∥p1−1

X(T ) + ∥(u, v)∥p1−1
X(T )

+∥(u, v)∥p2−1
X(T ) + ∥(u, v)∥p2−1

X(T )

)
(4.35)
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for any (u, v) and (u, v) ∈ X(T ), uniformly with respect to T ∈ [0,∞). The estimates (4.34),

(4.35) lead to a local (in time) well-posedness result for large data Sobolev solutions and a global

(in time) well-posedness result for samll data Soboelv solutions as well.

Using the definition of the norm in X(T ) and Proposition 21, we may conclude

∥(u, v)ln∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
.

Hence, in order to complete the proof of (4.26) it is reasonable to show the following inequality:

∥(u, v)nl∥X(T ) ≲ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ).

If (u, v) ∈ X(T ), then by interpolation we derive

∥u(t, ·)∥Lq ≲ (1 + t)α1−β
r1
α1,q,σ1∥(u, v)∥X(T ) for all t ∈ [0, T ] and q ∈ [r1,∞],

∥v(t, ·)∥Lq ≲ (1 + t)α2−β
r2
α2,q,σ2∥(u, v)∥X(T ) for all t ∈ [0, T ] and q ∈ [r2,∞].

On the other hand, we have

∥|u(t, ·)|p2∥Lq ≤ ∥u(t, ·)∥p2Lp2q ≲ (1 + t)−p2(β
r1
α1,p2q,σ1

−α1)∥(u, v)∥p2X(T )

≲ (1 + t)−p2(β
r1
α1,p2,σ1

−α1)∥(u, v)∥p2X(T )

,

(4.36)

for any q such that p2q ∈ [r1,∞] and due to βr1
α1,p2q,σ1

≥ βr1
α1,p2,σ1

.

Also

∥|v(t, ·)|p1∥Lq ≤ ∥v(t, ·)∥p1Lp1q ≲ (1 + t)−p1(β
r2
α2,p1q,σ2

−α2)∥(u, v)∥p1X(T )

≲ (1 + t)−p1(β
r2
α2,p1,σ2

−α2)∥(u, v)∥p1X(T )

(4.37)

for any q such that p1q ∈ [r2,∞] and due to βr2
α2,p1q,σ2

≥ βr2
α2,p1,σ2

. Thanks to (4.37) we have for

q ∈ [r1,∞] the estimates

∥unl(t, ·)∥Lq ≲
∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥|v(s, ·)|p1∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥v(s, ·)∥p1Lp1q ds dτ

≲ ∥(u, v)∥p1X(T )I1(t) for all t ∈ [0, T ] and p1q ∈ [r2,∞],

where

I1(t) =

∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2
α2,p1,σ2

−α2) ds dτ. (4.38)

We are interested in estimating the right-hand side of (4.38). For this we apply Lemma 2. We

put

ω(τ) =

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2
α2,p1,σ2

−α2) ds.
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Thanks to Lemma 2 we obtain ω(τ) ≲ (1 + τ)α1−1 if we assume that p1(β
r2
α2,p1,σ2

− α2) > 1. We

notice that p1(β
r2
α2,p1,σ2

− α2) > 1 if and only if

p1 > pr2α2,σ2
(n) := 1 +

(n(r2 − 1) + 2σ2r2)(1 + α2)

(n− 2σ2r2)(1 + α2) + 2σr2

under the assumptions 1 ≤ σ2 <
1+α2

2α2
and 1 ≤ r2 <

1+α2

2α2σ2
.

On other hand, the conditions q ∈ [r1,∞] and p1q ∈ [r2,∞] imply p1 ≥ r2
r1
.

Hence,

I1(t) ≲
∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1ω(τ) dτ ≲

∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1 (1 + τ)α1−1 dτ. (4.39)

Once more we apply Lemma 2 to (4.39) to obtain I1(t) ≲ (1 + t)α1−β
r1
α1,q,σ1 .

Hence,

∥(unl, 0)∥X(T ) ≲ ∥(u, v)∥p1X(T ).

By the same way, we have for q ∈ [r2,∞]

∥vnl(t, ·)∥Lq ≲ ∥(u, v)∥p2X(T )I2(t) for all t ∈ [0, T ] and p2q ∈ [r1,∞],

where

I2(t) =

∫ t

0

(1 + t− τ)−β
r2
α2,q,σ2

∫ τ

0

(τ − s)α2−1(1 + s)−p2(β
r1
α1,p2,σ1

−α1) ds dτ. (4.40)

If

p2 > pr1α1,σ1
(n) := 1 +

(n(r1 − 1) + 2σ1r1)(1 + α1)

(n− 2σ1r1)(1 + α1) + 2σr1
,

then

I2(t) ≲ (1 + t)α2−β
r2
α2,q,σ2 .

Hence,

∥((0, vnl)∥X(T ) ≲ ∥(u, v)∥p2X(T ).

Also, the conditions q ∈ [r2,∞] and p2q ∈ [r1,∞] imply p2 ≥ r1
r2
.

The proof of (4.35) is similar as the proof of (4.20) of Theorem 4.1.

The proof is complete.

Proof of Theorem 4.4

We introduce for all T > 0 the space X(T ) as follows:

X(T ) := C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)× C

(
[0,∞), Lr2(Rn)

)
∩ L∞(Rn)

)
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with the norm

∥(u, v)∥X(T ) := sup
0⩽t⩽T

{
M1(t, u) +M2(t, v)

}
,

where

M1(t, u) := (1 + t)−α1−γ
r2
α2,p1,σ2∥u(t, ·)∥Lr1 + (1 + t)β

r1
α1,∞,σ1

−α1−γ
r2
α2,p1,σ2∥u(t, ·)∥L∞ ,

M2(t, v) = (1 + t)−α2∥v(t, ·)∥Lr2 + (1 + t)β
r2
α2,∞,σ2

−α2∥v(t, ·)∥L∞ ,

where βr
α,∞,σ = n(1+α)

2σr
,γr2

α2,p1,σ2
= 1− p1(β

r2
α2,p1,σ2

− α2) .

For any (u, v) ∈ X(T ) the operator N

N : (u, v) ∈ X(t) → N(u, v) = N(u, v)(t, x) := (u, v)ln(t, x) + (u, v)nl(t, x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X(T ), we can

consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N . We will

prove that the operator N satisfies the following two inequalities:

∥N(u, v)∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
+ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ), (4.41)

∥N(u, v)−N(u, v)∥X(T ) ≲ ∥(u, v)− (u, v)∥X(T )

(
∥(u, v)∥p1−1

X(T ) + ∥(u, v)∥p1−1
X(T )

+∥(u, v)∥p2−1
X(T ) + ∥(u, v)∥p2−1

X(T )

)
(4.42)

for any (u, v) and (u, v) ∈ X(T ), uniformly with respect to T ∈ [0,∞). The estimates (4.41),

(4.42) lead to a local (in time) well-posedness result for large data Sobolev solutions and a global

(in time) well-posedness result for samll data Soboelv solutions as well.

Using the definition of the norm in X(T ) and Proposition 21, we may conclude

∥(u, v)ln∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
.

Hence, in order to complete the proof of (4.41) it is reasonable to show the following inequality:

∥(u, v)nl∥X(T ) ≲ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ).

If (u, v) ∈ X(T ), then by interpolation we derive for all t ≥ 0

∥u(t, ·)∥Lq ≲ (1 + t)α1−β
r1
α1,q,σ1

+γ
r2
α2,p1,σ2∥(u, v)∥X(T ) for all q ∈ [r1,∞],

∥v(t, ·)∥Lq ≲ (1 + t)α2−β
r2
α2,q,σ2∥(u, v)∥X(T ) for all q ∈ [r2,∞].

On the other hand, we have

∥|u(t, ·)|p2∥Lq ≤ ∥u(t, ·)∥p2Lp2q ≲ (1 + t)−p2(β
r1
α1,p2q,σ1

−α1−γ
r2
α2,p1,σ2

)∥(u, v)∥p2X(T )

≲ (1 + t)−p2(β
r1
α1,p2,σ1

−α1−γ
r2
α2,p1,σ2

)∥(u, v)∥p2X(T ),
(4.43)
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for any q such that p2q ∈ [r1,∞] and due to βr1
α1,p2q,σ1

≥ βr1
α1,p2,σ1

.

Also

∥|v(t, ·)|p1∥Lq ≤ ∥v(t, ·)∥p1Lp1q ≲ (1 + t)−p1(β
r2
α2,p1q,σ2

−α2)∥(u, v)∥p1X(T )

≲ (1 + t)−p1(β
r2
α2,p1,σ2

−α2)∥(u, v)∥p1X(T )

(4.44)

for any q such that p1q ∈ [r2,∞] and due to βr2
α2,p1q,σ2

≥ βr2
α2,p1,σ2

. Thanks to (4.44) we have for

q ∈ [r1,∞] the estimates

∥unl(t, ·)∥Lq ≲
∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥|v(s, ·)|p1∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥v(s, ·)∥p1Lp1q ds dτ

≲ ∥(u, v)∥p1X(T )I1(t) for all t ∈ [0, T ] and p1q ∈ [r2,∞],

where

I1(t) =

∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2
α2,p1,σ2

−α2) ds dτ. (4.45)

We are interested in estimating the right-hand side of (4.45). For this we apply Lemma 2. We

put

ω(τ) =

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2
α2,p1,σ2

−α2) ds.

Thanks to Lemma 2 we obtain ω(τ) ≲ (1 + τ)α1−p1(β
r2
α2,p1,σ2

−α2) if we assume that p1(β
r2
α2,p1,σ2

−
α2) < 1. We notice that p1(β

r2
α2,p1,σ2

− α2) < 1 if and only if

p1 < pr2α2,σ2
(n) := 1 +

(n(r2 − 1) + 2σ2r2)(1 + α2)

(n− 2σ2r2)(1 + α2) + 2σr2

under the assumptions 1 ≤ σ2 <
1+α2

2α2
and 1 ≤ r2 <

1+α2

2α2σ2
.

On other hand, the conditions q ∈ [r1,∞] and p1q ∈ [r2,∞] imply p1 ≥ r2
r1
.

Hence,

I1(t) ≲
∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1ω(τ) dτ

≲
∫ t

0

(1 + t− τ)−β
r1
α1,q,σ1 (1 + τ)α1−p1(β

r2
α2,p1,σ2

−α2) dτ. (4.46)

Once more we apply Lemma 2 to (4.46) to obtain

I1(t) ≲ (1 + t)α1−β
r1
α1,q,σ1

+1−p1(β
r2
α2,p1,σ2

−α2) ≲ (1 + t)α1−β
r1
α1,q,σ1

+γ
r2
α2,p1,σ2 .

Hence,

∥(unl, 0)∥X(T ) ≲ (1 + t)α1−β
r1
α1,q,σ1

+γ
r2
α2,p1,σ2∥(u, v)∥p1X(T ).
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By the same way, we have for q ∈ [r2,∞]

∥vnl(t, ·)∥Lq ≲ ∥(u, v)∥p2X(T )I2(t) for all t ∈ [0, T ] and p2q ∈ [r1,∞],

where

I2(t) =

∫ t

0

(1 + t− τ)−β
r2
α2,q,σ2

∫ τ

0

(τ − s)α2−1(1 + s)−p2(β
r1
α1,p2,σ1

−α1−γ
r2
α2,p1,σ2

) ds dτ. (4.47)

If

p2(β
r1
α1,p2,σ1

− α1 − 1 + p1(β
r2
α2,p1,σ2

− α2)) > 1, (4.48)

Then

I2(t) ≲ (1 + t)α2−β
r2
α2,q,σ2 .

The condition (4.48) is equivalent to

p1 > r2
n[(1 + α2)σ1r1 − (1 + α1)σ2] + 2σ1r1(α1 + 1)σ2

σ1r1(n(1 + α2)− 2α2σ2r2)

and

p2 >
1

2σ1

2σ1 + n(1 + α1)

n[(1 + α1)σ2r2 + σ1r1(1 + α2)(p1 − r2)]− 2σ1r1σ2r2(p1 + α1 + 1)
.

Hence,

∥((0, vnl)∥X(T ) ≲ ∥(u, v)∥p2X(T ).

Also, the conditions q ∈ [r2,∞] and p2q ∈ [r1,∞] imply p2 ≥ r1
r2
.

The proof of (4.42) is similar as the proof of (4.20) of Theorem 4.1.

The proof is complete.

4.3.3 Proof main results for the case min
{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
≤ n < max

{
2σ1r1
1+α1

, 2σ2r2
1+α2

}
Proof of Theorem 4.5

For any n ≥ 2σ1r1
1+α1

and δ ∈ (0, 1) is sufficiently small, there exists a parameter q1 = q1(δ) ∈ (r1,∞)

such that
n(1 + α1)

2σ1

( 1

r1
− 1

q1

)
= 1− δ. (4.49)

If n < 2σ2r2
1+α2

, then for all q ∈ [r2,∞] we obtain

n(1 + α2)

2σ2

( 1

r2
− 1

q

)
< 1− n(1 + α2)

2qσ2

≤ 1. (4.50)
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Hence, we can choose a positive δ such that there does not exist any q ∈ [r2,∞] which satisfies

(4.18). For this reason,

βr2,δ
α2,q,σ2

= βr2
α2,q,σ2

:=
n(1 + α2)

2σ2

( 1

r2
− 1

q

)
.

We introduce for all T > 0 the space X(T ) as follows:

X(T ) := C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)× C

(
[0,∞), Lr2(Rn)

)
∩ L∞(Rn)

)
with the norm

∥(u, v)∥X(T ) := sup
0⩽t⩽T

{
M1(t, u) +M2(t, v)

}
,

where

M1(t, u) := (1 + t)−α1∥u(t, ·)∥Lr1 + (1 + t)1−δ−α1
(
∥u(t, ·)∥Lq1 + ∥u(t, ·)∥L∞

)
,

M2(t, v) = (1 + t)−α2∥v(t, ·)∥Lr2 + (1 + t)β
r2
α2,∞,σ2

−α2∥v(t, ·)∥L∞ ,

where βr
α2,∞,σ2

= n(1+α2)
2σr2

, and the operator N by

N : (u, v) ∈ X(t) → N(u, v) = N(u, v)(t, x) := (u, v)ln(t, x) + (u, v)nl(t, x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X(T ), we can

consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N . We will

prove that the operator N satisfies the following two inequalities:

∥N(u, v)∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
+ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ), (4.51)

∥N(u, v)−N(u, v)∥X(T ) ≲ ∥(u, v)− (u, v)∥X(T )

(
∥(u, v)∥p1−1

X(T ) + ∥(u, v)∥p1−1
X(T )

+∥(u, v)∥p2−1
X(T ) + ∥(u, v)∥p2−1

X(T )

)
(4.52)

The proof of (4.51) and (4.52) is similar to the proof in Theorem 4.1 and Theorem 4.3. This

completes the proof.

Proof of Theorem 4.6

We introduce for all T > 0 the space X(T ) as follows:

X(T ) := C
(
[0,∞), Lr1(Rn) ∩ L∞(Rn)× C

(
[0,∞), Lr2(Rn)

)
∩ L∞(Rn)

)
with the norm

∥(u, v)∥X(T ) := sup
0⩽t⩽T

{
M1(t, u) +M2(t, v)

}
,
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where

M1(t, u) := (1 + t)−α1−γ
r2
α2,p1,σ2∥u(t, ·)∥Lr1 + (1 + t)1−δ−α1−γ

r2
α2,p1,σ2

×
(
∥u(t, ·)∥Lq1 + ∥u(t, ·)∥L∞

)
,

M2(t, v) := (1 + t)−α2∥v(t, ·)∥Lr2 + (1 + t)β
r2
α2,∞,σ2

−α2∥v(t, ·)∥L∞ ,

where βr
α2,∞,σ2

= n(1+α2)
2σr2

. The operator N is defined by

N : (u, v) ∈ X(t) → N(u, v) = N(u, v)(t, x) := (u, v)ln(t, x) + (u, v)nl(t, x).

To get the global (in time) existence and uniqueness of Sobolev solutions in X(T ), we can

consider a global (in time) Sobolev solution to (4.1) as a fixed point of the operator N . We will

prove that the operator N satisfies the following two inequalities:

∥N(u, v)∥X(T ) ≲ ∥(u0, v0)∥Ar2
r1
+ ∥(u, v)∥p1X(T ) + ∥(u, v)∥p2X(T ), (4.53)

∥N(u, v)−N(u, v)∥X(T ) ≲ ∥(u, v)− (u, v)∥X(T )

(
∥(u, v)∥p1−1

X(T ) + ∥(u, v)∥p1−1
X(T )

+∥(u, v)∥p2−1
X(T ) + ∥(u, v)∥p2−1

X(T )

)
(4.54)

If (u, v) ∈ X(T ), then by interpolation we derive for all t ≥ 0

∥u(t, ·)∥Lq ≲ (1 + t)α1−β
r1,δ
α1,q,σ1

+γ
r2
α2,p1,σ2∥(u, v)∥X(T ) for all q ∈ [r1,∞],

∥v(t, ·)∥Lq ≲ (1 + t)α2−β
r2
α2,q,σ2∥(u, v)∥X(T ) for all q ∈ [r2,∞].

On the other hand, we have

∥|u(t, ·)|p2∥Lq ≤ ∥u(t, ·)∥p2Lp2q ≲ (1 + t)−p2(β
r1,δ
α1,p2q,σ1

−α1−γ
r2
α2,p1,σ2

)∥(u, v)∥p2X(T )

≲ (1 + t)−p2(β
r1,δ
α1,p2,σ1

−α1−γ
r2
α2,p1,σ2

)∥(u, v)∥p2X(T )

,

(4.55)

for any q such that p2q ∈ [r1,∞] and due to βr1,δ
α1,p2q,σ1

≥ βr1,δ
α1,p2,σ1

.

Also

∥|v(t, ·)|p1∥Lq ≤ ∥v(t, ·)∥p1Lp1q ≲ (1 + t)−p1(β
r2
α2,p1q,σ2

−α2)∥(u, v)∥p1X(T )

≲ (1 + t)−p1(β
r2
α2,p1,σ2

−α2)∥(u, v)∥p1X(T )

(4.56)

for any q such that p1q ∈ [r2,∞] and due to βr2
α2,p1q,σ2

≥ βr2
α2,p1,σ2

. Thanks to (4.56) we have for

q ∈ [r1,∞] the estimates

∥unl(t, ·)∥Lq ≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥|v(s, ·)|p1∥Lq ds dτ

≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1∥v(s, ·)∥p1Lp1q ds dτ

≲ ∥(u, v)∥p1X(T )I1(t) for all t ∈ [0, T ] and p1q ∈ [r2,∞],
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where

I1(t) =

∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2
α2,p1,σ2

−α2) ds dτ. (4.57)

We are interested in estimating the right-hand side of (4.57). For this we apply Lemma 2. We

put

ω(τ) =

∫ τ

0

(τ − s)α1−1(1 + s)−p1(β
r2
α2,p1,σ2

−α2) ds.

Thanks to Lemma 2 we obtain ω(τ) ≲ (1 + τ)α1−p1(β
r2
α2,p1,σ2

−α2) if we assume that p1(β
r2
α2,p1,σ2

−
α2) < 1. We notice that p1(β

r2
α2,p1,σ2

− α2) < 1 if and only if

p1 < pr2α2,σ2
(n) := 1 +

(n(r2 − 1) + 2σ2r2)(1 + α2)

(n− 2σ2r2)(1 + α2) + 2σ2r2

under the assumptions 1 ≤ σ2 <
1+α2

2α2
and 1 ≤ r2 <

1+α2

2α2σ2
.

On other hand, the conditions q ∈ [r1,∞] and p1q ∈ [r2,∞] imply p1 ≥ r2
r1
.

Hence,

I1(t) ≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1ω(τ) dτ

≲
∫ t

0

(1 + t− τ)−β
r1,δ
α1,q,σ1 (1 + τ)α1−p1(β

r2
α2,p1,σ2

−α2) dτ. (4.58)

Once more we apply Lemma 2 to (4.58) to obtain

I1(t) ≲ (1 + t)α1−β
r1,δ
α1,q,σ1

+1−p1(β
r2
α2,p1,σ2

−α2) ≲ (1 + t)α1−β
r1,δ
α1,q,σ1

+γ
r2
α2,p1,σ2 .

Hence,

∥(unl, 0)∥X(T ) ≲ (1 + t)α1−β
r1,δ
α1,q,σ1

+γ
r2
α2,p1,σ2∥(u, v)∥p1X(T ).

By the same way, we have for q ∈ [r2,∞]

∥vnl(t, ·)∥Lq ≲ ∥(u, v)∥p2X(T )I2(t) for all t ∈ [0, T ] and p2q ∈ [r1,∞],

where

I2(t) =

∫ t

0

(1 + t− τ)−β
r2
α2,q,σ2

∫ τ

0

(τ − s)α2−1(1 + s)−p2(β
r1,δ
α1,p2,σ1

−α1−γ
r2
α2,p1,σ2

) ds dτ. (4.59)

If

p2(β
r1,δ
α1,p2,σ1

− α1 − 1 + p1(β
r2
α2,p1,σ2

− α2)) > 1, (4.60)
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then

I2(t) ≲ (1 + t)α2−β
r2
α2,q,σ2 .

The condition (4.60) is equivalent to

p1 > max
{2σ2r2(δ + α1) + n(1 + α2)r2

n(1 + α2)− 2σ2r2α2

;
r2
r1

− ϵ; 1

; r2
n[(1 + α2)σ1r1 − (1 + α1)σ2] + 2σ1r1(α1 + 1)σ2

σ1r1(n(1 + α2)− 2α2σ2r2)

}
,

and

p2 > max
{ 2σ2r2
n(α2 + 1)(p1 − r2)− 2σ2r2(δ + α1 + p1α2)

; σ2r2
2σ1r1 + nr1(α1 + 1)

n[σ2r2(α1 + 1) + σ1r1(α2 + 1)(p1 − r2)]− 2σ2r2σ1r1[(α1 + 1) + p1α2)]

}
,

The proof of (4.54) is similar as the proof of (4.20) of Theorem 4.6
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CHAPTER 5

APPENDIX

In this chapter we present results that we have already used in the proof of results of the

previous chapters.

5.0.1 Useful Lemmas

Lemma 3 (see [2])Let g be a function defined on R+ with real values. Suppose there exist two

positive constants α1 and α2 such that :f(t) ≤ C0 if 0 ≤ t ≤ t0

f(t) ≤ C1t
−α if t ≥ t0.

Where α and t0 are positive reals. So there is a positive constant C2 = (α, t0, C0, C1) such that:

f(t) ≤ C2(1 + t)−α

Proof: in first the case : If 0 ≤ t ≤ t0. Then we get :

t ≤ t0 ⇒ (1 + t0)
−α ≤ (1 + t)−α

⇒ 1 ≤ (1 + t0)
α(1 + t)−α

⇒ C0 ≤ C0(1 + t0)
α(1 + t)−α

⇒ f(t) ≤ C0(1 + t0)
α(1 + t)−α

⇒ f(t) ≤ C3(1 + t)−α,

with C3 = C0(1 + t0)
α.
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in the second case : If t ≥ t0.Consequently, we obtain

t ≥ t0 ⇒ 1

t
≤ 1

t0
⇒

(
1 +

1

t0

)−α

≤
(
1 +

1

t

)−α

⇒ t−α ≤
(
1 +

1

t0

)α

(1 + t)−α

⇒ f(t) ≤ C1

(
1 +

1

t0

)α

(1 + t)−α

⇒ f(t) ≤ C4(1 + t)−α,

where C4 = C1

(
1 + 1

t0

)α

. So, it is sufficient to take C2 = max{C3, C4}.

Lemma 4 [2] Let 0 ≤ θ < 1, a ≥ 0, and b ≥ 0. Then there exists a constant C > 0 depending

only on a, b, and θ such that for all t > 0, the following inequality holds:

t∫
0

(t− τ)−θ(1 + t− τ)−a(1 + τ)−b dτ

≤


C(1 + t)−min{a+θ,b}, if max{a+ θ, b} > 1,

C(1 + t)−min{a+θ,b} ln(2 + t), if max{a+ θ, b} = 1,

C(1 + t)1−a−θ−b, if max{a+ θ, b} < 1.

(5.1)

Proof: First, we assume that t ≤ 2, Then :

t∫
0

(t− τ)−θ(1 + t− τ)−a(1 + τ)−bdτ ≤
t∫

0

(t− τ)−θdτ =
t1−θ

1− θ
≤ 21−θ

1− θ
. (5.2)

Next, we assume t ≥ 2. Then :

t∫
0

(t− τ)−θ(1 + t− τ)−a(1 + τ)−b dτ =

t
2∫

0

+

t∫
t
2

.

For the first integral on the right side, we have :

t
2∫

0

(t− τ)−θ(1 + t− τ)−a(1 + τ)−bdτ ≤



(
t

2

)−(a+θ) ∞∫
0

(1 + τ)−bdτ, if b > 1,

(
t

2

)−(a+θ)

ln

(
1 +

t

2

)
, if b = 1,

1

1− b

(
t

2

)−(a+θ) (
1 +

t

2

)1−b

, if b < 1.

(5.3)
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For the second integral, we have :

t∫
t
2

(t− τ)−θ(1 + t− τ)−a(1 + τ)−bdτ ≤
(
1 +

t

2

)−b
t∫

t
2

(t− τ)−θ(1 + t− τ)−adτ

=
1

1− θ

(
t

2

)1−θ (
1 +

t

2

)−a−b

+
a

1− θ

(
1 +

t

2

)−b
t
2∫

0

τ 1−θ(1 + τ)−a−1dτ

≤ 1

1− θ

(
t

2

)1−θ (
1 +

t

2

)−a−b

+
a

1− θ

(
1 +

t

2

)−b
t
2∫

0

(1 + τ)−a−θdτ

≤



1

1− θ

(
t

2

)1−θ−a−b

+
a

1− θ

(
t

2

)−b ∞∫
0

(1 + τ)−a−θdτ, if a+ θ > 1,

1

1− θ

(
t

2

)1−θ−a−b

+
a

1− θ

(
t

2

)−b

ln

(
1 +

t

2

)
, if a+ θ = 1,

1

1− θ

(
t

2

)1−θ−a−b

+
a

(1− θ)(1− θ − a)

(
1 +

t

2

)1−θ−a−b

, if a+ θ < 1.

(5.4)

Now,(5.1)follows easily from (5.2)-(5.4).Q.E.D.

5.0.2 Some fixed point arguments

Proposition 22 The operator N admits a unique fixed point u ∈ X(t) when the following

conditions hold:

||Nu||X(T ) ≤ C0(t)||(u0, u1)||A + C1(t)||u||pX(T ), (5.5)

||Nu−Nv||X(T ) ≤ C2||u− v||X(T )

(
||u||p−1

X(T ) + ||v||p−1
X(T )

)
, (5.6)

Where C0(t), C1(t), C2(t) −→ 0 for t −→ +0 and C0(t), C1(t), C2(t) ≤ C for all t ∈ [0,∞)

Proof: Let L(t) := ||u||X(T ). We prove that for any ξ ∈ [0, ξ0[ we have

L(t) ≤ C0ξ + C1(L(t))
p implies L(t) ≤ 2C0ξ.

Let ϕ(x) = x − C1x
p.Then ϕ(x) ≤ x for any x ≥ 0 and ϕ′(x) ≥ 1

2
for x ∈ [0, x], where

x = (
1

2C1p
)

1
p−1 . Consequently,

ϕ(x) ≤ x ≤ 2ϕ(x) for x ∈ [0, x].
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Let ξ0 = min(x, x
2C0

). Then L(0) ≤ x for ||(u0, u1)||A = ξ. Thanks to (5.5) we get

ϕ(L(t)) ≤ C0ξ ≤ C0ξ0 ≤
x

2
≤ ϕ(x).

So, L(t) ∈ [0, x] and L(t) ≤ 2ϕ(L(t)) ≤ 2C0ξ. This proves that N maps X(t) into itself

Let us define the sequence (uj)j≥0 inductively by

u0 ≡ 0 and uj ≡ N(uj−1).

Then ||uj||X(T ) ≤ 2C0ξ = Cξ, where ξ ∈ [0, ξ0] and C is independent of t. Applying (5.6) we

have for ξ ≤ 1
2C

sufficiently small the following estimate:

||uj+1 − uj||X(T ) = ||N(uj)−N(uj−1)||X(T )

≤ 1

2
||uj − uj−1||X(T ) ≤ · · · ≤ 1

2j
||u1||X(T ).

This implies that (uj)j is a Cauchy sequence in the Banach space X(T ). This sequence converges

to the unique fixed point N(u) = u.

5.0.3 Useful inequalities

Young’s inequality

Lemma 5 Let be f ∈ Lp(Rn) and g ∈ Lr(Rn) with 1 ≤ p, r ≤ ∞ then f ∗ g ∈ Lq(Rn). Where:

1 + 1
q
= 1

p
+ 1

r
and

||f ∗ g||Lq ≤ ||f ||Lp||g||Lr

.

5.0.4 Duhamel’s principle

(see [23]) The classical Duhamel principle reduces the Cauchy problem for an inhomogeneous

partial differential equation to Cauchy problem for corresponding homogeneous equation. In

[23, 24], authors have established fractional analog of Duhamel principle. Here we introduce a

simple version of fractional Duhamel principle that helps us to reduce the problem (5.7) to an

equivalent integral equation. ∂1+α
t u+ (−∆)σu+m2u = |u|p,

u(0, x) = u0(x), ut(0, x) = 0.
(5.7)

where α ∈ (0, 1), m > 0, p > 1, (t, x) ∈ [0,∞)× Rn, ∂1+α
t u = Dα

t (ut) with

Dα
t (f) = ∂t(I

1−α
t f) and Iβt f =

1

Γ(β)

∫ t

0

(t− s)β−1f(s), for β > 0.
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for any fractional numbers σ ≥ 1 and for the nonlinearities with powers p, q > 1. The operator

(−∆)σ is defined by

((−∆)σu))(x) = F−1
ξ→x(|ξ|

2σFx→ξ(u)(ξ))(x),

where F represents the usual Fourier transform in L1.

Consider the initial value problem for linear inhomogeneous diffusion-wave equation (5.7) By

linear properties of the operator Lu := ∂1+α
t u(x, t)+(−∆)σu(x, t)+m2u(x, t) the solution u(x, t)

of (5.7) is the sum of solutions v(x, t) and w(x, t) of problems∂1+α
t v(x, t) + (−∆)σv(x, t) +m2v(x, t) = 0,

v(0, x) = u0(x), vt(0, x) = 0.
(5.8)

and ∂1+α
t w(x, t) + (−∆)σw(x, t) +m2w(x, t) = |u|p,

w(0, x) = 0, wt(0, x) = 0.
(5.9)

The representation of the solution of the linear integro-differential equation associated to (5.8)

with σ ≥ 1 and m ≥ 0 (and without the term |u|p) is given by

v(t, x) = (Gm
α,σ(t) ∗ u0)(t, x). (5.10)

Consider the cauchy problem (5.9) with homogeneous initial conditions

Further, let a sufficiently smooth function q(x, t, τ), t ≥ τ , τ ≥ 0, x ∈ Rn, be for t > τ a

solution of the homogeneous equation

∂1+α
t q(x, t, τ) + (−∆)σq(x, t, τ) +m2q(x, t, τ) = 0, (5.11)

satisfying the following conditions ; Where F (x, t) = |v|p:

q(x, t, τ)|t=τ = 0,
∂q

∂t
(x, t, τ)|t=τ = Iατ (F (x, τ)). (5.12)

Then a solution of the Cauchy problem (5.9) is given by means of the Duhamel’s integral

w(x, t) =

∫ t

0

q(x, t, τ) dτ.

The formulated statement has been entitled as the ”Duhamel’s principle”.

A function u ∈ X, where X is a suitable space, is a solution to (5.7) if, and only if, it satisfies

the equality u(t, x) = uln(t, x) + unl(t, x), inX, where we set uln = uhom = v, unl = w, so that

unl(t, x) =

∫ t

0

(G(t− s) ∗ Iαs (|u|p)) (t, s, x)ds.
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with

G(t, x) =

∫
Rn

eix·ξEα+1

(
−tα+1⟨ξ⟩2m,σ

)
dξ,

where {Gm
α,σ(t)}t≥0 denotes the semigroup of operators which is defined via Fourier transform by

( ̂Gm
α,σ(t) ∗ f)(t, ξ) = Eα+1

(
−tα+1⟨ξ⟩2m,σ

)
f̂ (ξ) with ⟨ξ⟩2m,σ = |ξ|2σ +m2.

Here

Eβ(z) =
∞∑
k=0

zk

Γ(βk + 1)
, β ∈ C with Re(β) > 0.

5.0.5 Some properties of Mittag-Leffler function

The Mittag-Leffler function Eβ allows the following implicit definition:

λ

Γ(β)

t∫
0

(t− s)β−1Eβ(λs
β)ds = Eβ(λt

β)− 1. (5.13)

The Mittag-Leffler function Eβ(−tβ ⟨ξ⟩2m) with

Eβ(z) =
∞∑
k=0

zk

Γ(βk + 1)
, β ∈ C avec Reβ > 0,

can be decomposed in the following form :

Eβ(−tβ ⟨ξ⟩2m) =
1
β

(
exp(aβ(t

β
2 ⟨ξ⟩m)) + exp(bβ(t

β
2 ⟨ξ⟩m))

)
+ lβ(t

β
2 ⟨ξ⟩m).

Or

aβ(y) = y
2
β exp(

πi

β
) for y ⩾ 0,

bβ(y) = y
2
β exp(−πi

β
) for y ⩾ 0,

and

lβ(y) =


sin(βπ)

π

∫∞
0

y2sβ−1 exp(−s)

s2β + 2y2sβ cos(βπ) + y4
ds = sin(βπ

βπ

∫∞
0

exp(−y
2
β s

1
β )

s2 + 2s cos(βπ) + 1
ds for y > 0,

1− 2
β
for y = 0.

(5.14)

β = 1 + α The proof is found in the document [8].
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Remark 2 We have also the relation

exp
(
aβ(t

β
2 ⟨ξ⟩m)

)
+ exp

(
bβ(t

β
2 ⟨ξ⟩m)

)
= 2et⟨ξ⟩

2
1+α
m cos( π

1+α
) cos

(
t⟨ξ⟩

2
1+α
m sin

( π

1 + α

))
= 2e−ct⟨ξ⟩

2
1+α
m cos

(
t⟨ξ⟩

2
1+α
m

√
1− c2

)
, where c = − cos

( π

1 + α

)
.
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Abstract

Abstract

In this theisis, we are interested to study Global existence of small data solutions to some semi-

linear σ-evolution models. The main goal of this study is to clarify the effect of the influence of

parameters and the data onthe rang and qualitative properties of solutions. Using modified Bessel

functions and the Mittag-Leffler function, we show some polynomial decay Lm −Lq estimates of

Sobolev solutions to related linear models with vanishing right-hand side. We explain connections

between the fractional orders and the exponents, which allow to prove the global (in time)

existence of small-data Sobolev solutions by applying the fixed-point argument.

�
	
jÊÖÏ @

�
éJ
¢

	
mÌ'@ éJ.

�
� h.

	
XAÒ

	
JË @

	
�ªJ. Ë

�
èQ�


	
ª�Ë@

�
HA

	
KAJ
J. Ë @ ÈñÊmÌ ú



Î¾Ë@ Xñk. ñË@

�
é�@PYK. Õ

�
æî
	
E ,

�
ékðQ£



B@ è

	
Yë ú




	
¯

�
�A¢

	
� úÎ«

�
HA

	
KAJ
J. Ë @ð

�
HCÓAªÖÏ @ Q�


�
K


A
�
K iJ


	
�ñ

�
K ñë

�
é�@PYË@ è

	
Yë 	áÓ ú



æ�J




KQË @

	
¬YêË@ . AÒ

	
ªJ
� ¨ñ

	
K 	áÓ Pñ¢

�
JÊË

�
èXYª

�
JÓ

�
H@QK
Y

�
®
�
JË @

	
�ªK.

	
�Qª

	
K , QÊ

	
®J
Ê

	
«A
�
JJ
Ó

�
éË @Xð

�
éËYªÖÏ @ É��
K. È@ðX Ð@Y

	
j
�
J�AK. .

�
éJ
«ñ

	
JË @ ÈñÊmÌ'@ �



�A�

	
kð

l�
	
�ñ

	
K . ÐðYªÓ 	áÖß




@

	
¬Q£ ©Ó

�
éÊ�Ë@

�
H@

	
X

�
éJ
¢

	
mÌ'@ h.

	
XAÒ

	
JÊË

	
­J
ËñK. ñ� ÈñÊmÌ Lm − Lq

¨ñ
	
JË @ 	áÓ XðYmÌ'@

	
­J
ËñK. ñ� ÈñÊmÌ ( 	áÓ 	QË @

�
éJ.�

	
�ËAK.) ú



Î¾Ë@ Xñk. ñË@

�
HAJ.

�
KA


K. iÒ��
 AÜØ ,��



B@ð

�
éK
Qå�ºË@ I.

�
KQË @

	á�
K. ¡�. @ðQË@

.
�
é
�
JK. A
�
JË @

�
é¢

�
®
	
JË @ i. î

	
DÓ

�
�J
J.¢

�
� ÈC

	
g 	áÓ

�
èQ�


	
ª�Ë@

�
HA

	
KAJ
J. Ë @

�
H@

	
X

85


