HASSIBA BENBOUALI UNIVERSITY OF CHLEF
FACULTY OF SCIENCE
DEPARTMENT OF PHYSICS

A Thesis Submitted For Degree of Doctor in Physical Science
Presented By

HOURIA CHACHOU SAMET

DYNAMICS OF A TRAPPED BOSE GAS AT FINITE TEMPERATURE

Examining Committee:

Pr.Ali-Benamara Abdelkader,UHB-Chlef,Chairman

Pr.Kessal Salem,USTHB-Alger,Examiner

Pr.Bentaiba Mustapha,USD-Blida,Examiner

D.Muhammad Asad-uz-Zaman,NSU,Bangladesh,Invitee

Pr. Usama Al Khawaja ,UAE university
,Co-Supervisor

Pr.Benarous Mohamed,UHB-Chlef,Supervisor

September 2014



i



Contents

Nomenclature
Outline of the thesis
Resumé
Acknowledgments

1 General Introduction
1.1  Basic features of Bose-Einstein condensation. . . . . . . ... .. ... ..
1.1.1 Length and energy scales . . . . . . .. ... .. ... .. ......
1.1.2 BEC of composite bosons . . . . . .. ...
1.1.3 Bose-Einstein condensation as thermal equilibrium state . . . . . .
1.1.4 Macroscopic wavefunction . . . . . .. ... ... ... ... ...
1.1.5 Alkaliatoms . . . . . . .. . ...
1.2 Atom Cooling and Trapping . . . . . . . . . . .. .. ... ...
1.2.1 Doppler cooling . . . . . . . ...
1.2.2  Atom traps. . . . . ...
1.23  The MOT . . . . .. o
1.2.4 Evaporative cooling . . . . . . . .. .. oL
1.3  Weak interactions versus diluteness . . . . . . . .. ... . ... ... ...
1.4 Motivations . . . . . . . ...

I Static Properties of Trapped Bose gas at finite tempera-
tures

2 Background Theory and Experiment
2.1 Introduction . . . . . . . . . ...
2.2 History of BEC studies . . . . . . . . . .. ... ..
2.3  Bose Einstein Condensation and Solitons . . . . . . ... ... ... ...

3 Field Theory for Bose Gases
3.1 Introduction . . . . . . . . ...
3.2 Zero Temperature Mean Field Theory . . . . . . . .. ... ... ... ...
3.2.1 The Gross-Pitaevskii Equation. . . . . ... ... ... ... ....
3.3 The Bogoliubov approximation . . . . . . ... .. .. ... .. ......
3.4 finite Temperature Mean Field Theory . . . . . . ... .. ... ... ...
3.4.1 Popov approximation . . . . ... ..o

il

vii
1x
xi

xiii

11

17
17
17
20



3.4.2 Hartree-Fock-Bogoliubov approximation . . . . ... ... .. ... 31

3.4.3 Problemsof HFB . . . . .. . ... ... ... ... ... ... 32
3.4.4  Other finite temperature approaches . . . . . . ... .. ... ... 32
4 Time Dependent Hatree-Fock-Bogoliubov Theory For Trapped Bose
gases 35
4.1 Introduction . . . . . . . . ... 35
4.2 The Balian-Vénéroni variational principle and the TDHFB Equations. . . 36
4.3  The Static Solution . . . . . . . . ... ... 38
4.3.1 Results and Discussions . . . . . .. . .. ... L. 43

IT Solitonic Solutions of Higher-Order Nonlinear Schrodinger

equations and their Special cases 49
5 Soliton theory and nonlinear Schrodinger equation 53
5.1 Solitons, a brief history of . . . . . . . ... o0 53
5.2  different types of solitons . . . . . ..o 58
5.3 Optical Solitons . . . . . . . . .. 61
5.3.1 Introduction . . . . . . . . ... 61
5.3.2  Why temporal and spatial solitons are different? . . . . . . .. .. 63
5.3.3  Quantitative consideration . . . . . ... ... ... 63
5.3.4 Modulational instability and solitons . . . . . ... ... ... ... 65
5.3.5  Nonlinear Schrédinger equation and solitons . . . . . . . . . .. .. 67
5.4  Solitons in Bose Einstein Condensates . . . . . . . . .. ... ... .... 70
5.4.1 Interacting Bose system . . . . . . . ... ... . L. 70

5.4.2  Weakly interacting Bosons: Gross-Pitaevskii equation (GPE) for
the condensate order parameter . . . . . . . .. ... ... .. ... 70
5.4.3  Linear excitationsin GPE . . . . .. ... ... ... ... 71
5.4.4  Nonlinear excitations of the GPE . . . . . . ... ... ... . ... 72
6 Darboux transformation and Lax pairs: General formalism 73
6.1 Darboux transformation and Lax pair: General formalism . ... ... .. 73
6.1.1 Introduction . . . . . . . . ... 73

6.1.2 Darboux Transformation for Linear Ordinary Differential Equations 74
6.1.3 Darboux Transformation for Nonlinear Partial Differential Equations 75

7 Solitonic Solution of higher-order nonlinear Schrodinger equations 91
7.1 Introduction . . . . . . . . ... 91
7.2 A Systematic search approach to find the Lax pair . . . . . ... ... ... 91
7.3 Darboux transformation . . . . . . .. ... ... ... .. 95
7.4 Special cases . . . . . . .. 96
Conclusion 103

v



List of Figures

1.1

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8

4.9

5.1

0.2

2.3

7.1

7.2
7.3

7.4

Red-detuned lasers don’t affect an atom at rest (left) but will slow an atom

moving toward the light source (right). . . . . . ... ... ... ... ... 5
Solution of Eq. (4.17) vs. the dimensionless condensate density . . . . . . 40
Plot of the solution of Eq. (4.18) showing a typical linear behavior . . . . . 41
Noncondensate density vs. the radial distance . . . . . . .. ... .. ... 42
Anomalous density vs. the radial distance . . . . . ... ... ... .... 42
Condensate radius vs. the condensate fraction . . . . . .. .. .. ... .. 44
Central density vs. the condensate fraction . . . . . . .. ... .. .. ... 44
Condensate density vs. the radial distance for varying condensate fraction

for N =10° and a/ag=051073. . . . . .. ... ... 45
Noncondensate density vs. the radial distance for varying condensate frac-

tion for N =10° and a/ap =051073.. . . . . . . .. ... L. 45
Anomalous density vs. the radial distance for varying condensate fraction

for N =10° and a/ag=051073. . . . . .. ... 46

. A soliton collision via the KdV equation; Notice how the amplitude and
direction of the waves is the same before and after the collision, but phase

shift . . o 56
Do these ’animals’belong to the same soliton family? (the drawing made
by Marc Haelterman in 1989). . . . . . . . .. ... ... L. 62
Intensity and phase as functions of normalized coordinate x for bright (a),
black (b) and (c) gray solitons [adapted from Tomlinson et al. (1989)] . . . 66

(Color online) (a) Solitonic solution of HNSLE with constant coefficients,
a; = 1 and as = 1. (b) The solution of Eq. (9) with constant coefficients,
namely, a; = 1, as = 1, and az = 0.05. (c) Trigonometric time dependence

for a; = cos(t), as = cos(t) and constant third order dispersion a3 =
0.05. (d) All the three coefficients are trigonometric time dependent a; =
cos(t),as = cos(t), and az = 0.05 cos(t). . . . . .. ... ... 95
Solitonic solution of NLSE with constant coefficients,al =2,a2=1 . . .. 97
Solitonic solution of HE with constant coefficients,al = 1, a2 = 1 and
A3 =2 . 99
Solitonic solution of SSE with constant coefficients,a3 = 1, ab = 1, A3 =
5,61202:{33:1 ............................... 101



vi



Nomenclature

BEC: Bose Einstein Condensation.

TDHFB: Time Dependent Hertree-Fock-Bogoliubov.
BV: Balian Vénéroni variational principle.
TF: Thomas Fermi.

i the chemical potential.

V: the volume.

N: the particle number.

A(T): the thermal de Broglie wavelength.

d:  the average separation between particles.
a:  the s-wave scattering length.

\il: the Bose field operator.

U:  the field operators for the non-condensed atoms.
GPE : Gross-Pitaevskii Equation.

E: the energy.

Eyin:  the kinetic energy of the condensate.
E,: the trapping energy.

E;:  the interaction energy.

HFB: Hartree-Fock-Bogoliubov .

€,: the energy spectrum.

ZNG@G): Zaremba-Nikoni and Griffin.

ne:  the condensate density.

n:  the non-condensed density.

m:  the anomalous density.

HF: Hartree-Fock.

D(t): the gaussian density operator.

I: the Heisenberg parameter.

g: is the coupling constant.

Vexs(r):  the trapping potential.

KdV: Korteweg-de-Vries equation.

BT: ° Backlund transform.

SG: Sine-Gordon.

NLS: nonlinear Schrodinger equation.

RI : refractive index.

GSs: gap solitons.

SPM: self-phase modulation.

GVD: group-velocity-dispersion.

cw: continuous wave.

DS: dark soliton.

DNLSE: derivative nonlinear Schrodinger equation.
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HE: Hirota equation.

SSE: Sasa-Satsuma equation.

HNLSE: higher-order nonlinear Schrodinger equation.
Constants

£(3) = 2,612 .
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Outline of the thesis

e In the first part we rely on a variational approach to derive a set of equations
governing the dynamics of trapped self-interacting Bose gas at finite temperature.
We analyze the static situation both at zero and finite temperature in the Thomas-
Fermi limit. We derive simple analytic expressions for the condensate properties
at finite temperature. The noncondensate and anomalous density profiles are also
analyzed in terms of the condensate fraction. The results are quite encouraging
owing to the simplicity of the formalism.

e In the second part we derive the solitonic solution of nonlinear Schrodinger equation
with cubic nonlinearity, complex potentials, and time-dependent coefficients using
the Darboux transformation and the Lax Pair. We establish the integrability con-
dition for the most general nonlinear Schrodinger equation with cubic nonlinearity
and discuss the effect of the coefficients of the higher order terms in the solitonic
solution. We find that the third-order dispersion term can be used to control the
soliton motion without the need for an external potential. We discuss the integra-
bility conditions and find the solitonic solution of some of the well known nonlinear
Schrodinger equations as special cases .
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Resumée

e Dans la premiere partie nous nous appuyons sur une approche variationnelle pour
driver un ensemble d'équations rgissant la dynamique des gaz de Bose piégé température
finie. Nous analysons la situation statique la fois zéro et température fini dans
la limite Thomas Fermi. Nous obtenons des expressions analytiques pour les pro-
prits du condensat température finie. Non condensat et la densité anormale sont
également analysés en termes de la fraction du condensat. Les rsultats sont assez
encourageants en raison de la simplicité du formalisme.

e Dans la deuxiéme partie, nous avons trouvé la solution solitonique de ['équation
de Schrédinger non linaire avec non-linarit cubique, potentiels complexes et des
coefficients dépendant du temps en utilisant la transformation de Darboux et Lax
Paire.

e Nous établissons aussi les conditions de l'intégrabilité pour l'équation de Schrodinger
non linéaire la plus générale avec non — linéarité cubique et discuter I'effet du co-
efficients des termes d’ordre supérieur aux solution solitonique. Nous constatons
que le terme de dispersion de troisieme ordre peut tre utilise pour contrler le mou-
vement du soliton sans la nécessite d’'un potentiel extérieur.

e Nous discutons aussi les conditions de l'intégrabilité et trouver la solution soli-
tonique de certains équations non linéaire comme cas particuliers de I'équation de
Schrodinger
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Chapter 1

General Introduction

The experimental realization in 1995 of Bose-Einstein condensation in dilute atomic gases
marked the beginning of a very rapid development in the study of quantum gases. The
initial experiments were performed on vapours of rubidium [121] , sodium [122], and
lithium [123]. have been demonstrated to undergo Bose-Einstein condensation. In re-
lated developments, atomic Fermi gases have been cooled to well below the degeneracy
temperature, and a superfluid state with correlated pairs of fermions has been observed.
Also molecules consisting of pairs of fermionic atoms such as 6L: or 40K have been ob-
served to undergo Bose Einstein condensation. Atoms have been put into optical lattices,
thereby allowing the study of many-body systems that are realizations of models used in
condensed matter physics. Although the gases are very dilute, the atoms can be made to
interact strongly, thus providing new challenges for the description of strongly correlated
many-body systems. In a period of less than ten years the study of dilute quantum gases
has changed from an esoteric topic to an integral part of contemporary physics, with
strong ties to molecular, atomic, subatomic and condensed matter physics. The dilute
quantum gases differ from ordinary gases, liquids and solids in a number of ways, as we
shall now illustrate by giving values of physical quantities. The particle density at the
centre of a Bose-Einstein condensed atomic cloud is typically 10 — 10%¢m™3. By con-
trast, the density of molecules in air at room temperature and atmospheric pressure is
about 10¥cm 3. In liquids and solids the density of atoms is of order 10*2¢m =3, while the
density of nucleons in atomic nuclei is about 10**cm=3. To observe quantum phenomena
in such low-density systems, the temperature must be of order 107°K or less. This may
be contrasted with the temperatures at which quantum phenomena occur in solids and
liquids. In solids, quantum effects become strong for electrons in metals below the Fermi
temperature, which is typically 10* — 10°K, and for phonons below the Debye tempera-
ture, which is typically of order 10K. For the helium liquids, the temperatures required
for observing quantum phenomena are of order 1K. Due to the much higher particle
density in atomic nuclei, the corresponding degeneracy temperature is about 10'' K. The
path that led in 1995 to the first realization of Bose-Einstein condensation in dilute gases
exploited the powerful methods developed since the mid 1970s for cooling alkali metal
atoms by using lasers. Since laser cooling alone did not produce sufficiently high den-
sities and low temperatures for condensation, it was followed by an evaporative cooling
stage, in which the more energetic atoms were removed from the trap, thereby cooling
the remaining atoms. Cold gas clouds have many advantages for investigations of quan-
tum phenomena. In a weakly interacting BoseEinstein condensate, essentially all atoms
occupy the same quantum state, and the condensate may be described in terms of a mean



field theory similar to the HartreeFock theory for atoms. +

1.1 Basic features of Bose-Einstein condensation

BEC in an ideal gas, described in various textbooks(e.g.[124]), is a paradigm of quantum
statistical mechanics which offers profound insight into macroscopic quantum phenomena.
We want to focus here on selected aspects of BEC pertaining to experiments in trapped
Bose gases.

1.1.1 Length and energy scales

BEC is based on the indistinguishability and wave nature of particles, both of which
are at the heart of quantum mechanics. In a simplified picture, atoms in a gas may be

regarded as quantum-mechanical wavepackets which have an extent on the order of a

27 h?
kaT

mass of the atom. A\zp can be regarded as the position uncertainty associated with the
thermal momentum distribution. The lower the temperature, the longer \;5 When atoms
are cooled to the point where \;p is comparable to the interatomic separation, the atomic
wavepackets overlap and the indistinguishability of particles becomes important. At this
temperature, bosons undergo a phase transition and form a Bose-Einstein condensate, a
coherent cloud of atoms all occupying the same quantum mechanical state. The transition
temperature and the peak atomic density n are related as n A3 = £(2) = 2.612. Bose-
Einstein condensation in gases allows for a first-principles theoretical description because
there is a clear hierarchy of length and energy scales . In a gas, the separation between
atoms n3 is much larger than the size of the atoms (characterized by the s-wave scattering
length a), i.e. the quantity na® < 1. In a Bose condensed gas, the separation between
atoms is equal to or smaller than the thermal de Broglie wavelength. The largest length
scale is the confinement, either characterized by the size of the box potential or by the

oscillator length apy, = 4/ % which is the size of the ground state wavefunction in a

thermal de Broglie wavelength \;p = where T' is the temperature and m the

harmonic oscillator potential with frequency w.

With each length scale [ there is an associated energy scale which is the kinetic en-
ergy of a particle with a de Broglie wavelength [. The energy scale associated with the
scattering length is the temperature below which s-wave scattering predominates. The
energy scale associated with the separation between atoms, n%l, is the BEC transition
temperature. The energy associated with the size of the confining potential is the en-
ergy spacing between the lowest levels. Atom-atom interactions are described by a mean
field energy g = %ﬂ The length scale associated with this energy is the healing length

& = (8ﬂna)%l.1n most experiments, kgT' > g, but the opposite case has also been
realized [125, 126]. In comparison, superfluid helium is a strongly interacting quantum
liquid, the size of the atom, the healing length, the thermal de Broglie wavelength and the
separation between the atoms are all comparable, creating a complex and rich situation.

1.1.2 BEC of composite bosons

Atoms are bosonic if they have integer spin, or equivalently, if the total number of elec-
trons, protons, and neutrons they contain is even [127, 128]. However, in the context
of BEC, we regard these composite particles as pointlike particles obeying Bose-Einstein



statistics. Under what conditions will this assumption break down and the composite
nature of the particles affect the properties of the system?

The composite nature manifests itself in internal excitations. If the energy necessary
for an internal excitation is much larger than kg7 , then the internal degree of freedom is
frozen out and inconsequential for describing thermodynamics at that temperature. For
molecules of mass m and size a, the lowest rotational levels are spaced by Tf; The first
mZZCLQ where m, is the electron mass. In any case, the
condition of diluteness na® < 1 guarantees that kgT, is much smaller than the internal
excitation energy. Therefore, the composite nature of particles cannot affect the properties
of a dilute Bose condensate.

electronically excited state is at

1.1.3 Bose-Einstein condensation as thermal equilibrium state

Bose-Einstein condensation occurs in thermal equilibrium when entropy is maximized by
putting a macroscopic population of atoms into the ground state of the system. It might
appear counter-intuitive that an apparently highly ordered state as the Bose condensate
maximizes entropy. However, only the particles in excited states contribute to the entropy.
Their contribution is maximized at a given total energy by forming a Bose condensate in
the ground state and distributing the remaining atoms among higher energy states.

1.1.4 Macroscopic wavefunction

In an ideal gas, Bose condensed atoms all occupy the same singleparticle ground-state
wavefunction. The many-body ground-state wavefunction is then the product of N iden-
tical single-particle ground-state wavefunctions. This single-particle wavefunction is there-
fore called the condensate wavefunction or macroscopic wavefunction. This picture retains
validity even when we include weak interactions. The ground-state many-body wavefunc-
tion is still, to a very good approximation, a product of N single-particle wavefunctions
which are now obtained from the solution of a non-linear Schrodinger equation.

1.1.5 Alkali atoms

One might ask why alkali gases are good systems for studying BEC. Experimentally,
this is so, because they can be laser-cooled to temperatures in the nK region. This is
based on sub-Doppler cooling methods (Castin et al. 1995)that rely on the ground state
hyperfine structure and provide the starting point for evaporative cooling (Ketterle et
van Druten 1996) that is used to cool the gas to even lower temperatures. When the
temperature decreases to about a few hundred nK, BEC occurs in sufficiently dilute
samples, which allow a clear observation of the quantum statistical effects. This is, of
course, very appealing to theoreticians, as it means we can use simple weakly-interac ting
Bose-gas theory and make direct predictions for the experiments.

1.2 Atom Cooling and Trapping

The discovery that laser light can cool atoms to less than a millionth of a degree above
absolute zero opened a new world of quantum physics. Previously, the speeds of atoms
due to their thermal energy were always so high that their de Broglie wavelengths were
much smaller than the atoms themselves. This is the reason why gases often behave like



classical particles rather than systems of quantum objects. At ultra-low temperatures,
however, the de Broglie wavelength can actually exceed the distance between the atoms.
In such a situation, the gas can abruptly undergo a quantum transformation to a state of
matter called a Bose-Einstein condensate. This section, we describe some of the techniques
for cooling and trapping atoms that have opened up a new world of ultracold physics.
The atom-cooling techniques enabled so much new science that the 1997 Nobel Prize was
awarded to three of the pioneers: Steven Chu, Claude Cohen-Tannoudji, and William D.
Phillips.

1.2.1 Doppler cooling

An atom that absorbs a photon recoils from the momentum kick, just as you experience
recoil when you catch a ball. Laser cooling manages the momentum transfer so that it
constantly slows the atom’s motion, slowing it down. In absorbing a photon, the atom
makes a transition from its ground state to a higher energy state. This requires that the
photon has just the right energy. Fortunately, lasers can be tuned to precisely match the
difference between energy levels in an atom. After absorbing a photon, an atom does not
remain in the excited state but returns to the ground state by a process called spontaneous
emission, emitting a photon in the process. At optical wavelengths, the process is quick,
typically taking a few tens of nanoseconds. The atom recoils as it emits the photon, but
this recoil, which is opposite to the direction of photon emission, can be in any direction.
As the atom undergoes many cycles of absorbing photons from one direction followed by
spontaneously emitting photons in random directions, the momentum absorbed from the
laser beam accumulates while the momentum from spontaneous emission averages to zero.
The process of photon absorption followed by spontaneous emission can heat the atoms
just as easily as cool them. Cooling is made possible by a simple trick: Tune the laser
so that its wavelength is slightly too long for the atoms to absorb. In this case, atoms
at rest cannot absorb the light. However, for an atom moving toward the laser, against
the direction of the laser beam, the wavelength appears to be slightly shortened due to
the Doppler effect. The wavelength shift can be enough to permit the atom to absorb
the light. The recoil slows the atom’s motion. To slow motion in the opposite direction,
away from the light source, one merely needs to employ a second laser beam, opposite
to the first. These two beams slow atoms moving along a single axis. To slow atoms in
three dimensions, six beams are needed (Figure 1.1). This is not as complicated as it
may sound: All that is required is a single laser and mirrors. Laser light is so intense
that an atom can be excited just as soon as it gets to the ground state. The resulting
acceleration is enormous, about 10,000 times the acceleration of gravity. An atom moving
with a typical speed in a room temperature gas, thousands of meters per second, can be
brought to rest in a few milliseconds. With six laser beams shining on them, the atoms
experience a strong resistive force no matter which way they move, as if they were moving
in a sticky fluid. Such a situation is known as optical molasses. As one might expect, laser
cooling cannot bring atoms to absolute zero. The limit of Doppler cooling is actually set
by the uncertainty principle, which tells us that the finite lifetime of the excited state due
to spontaneous emission causes an uncertainty in its energy. This blurring of the energy
level causes a spread in the frequency of the optical transition called the natural linewidth.
When an atom moves so slowly that its Doppler shift is less than the natural linewidth,
cooling comes to a halt. The temperature at which this occurs is known as the Doppler
cooling limit. The theoretical predictions for this temperature are in the low millikelvin

4
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Figure 1.1: Red-detuned lasers don’t affect an atom at rest (left) but will slow an atom
moving toward the light source (right).

regime. However, by great good luck, it turned out that the actual temperature limit was
lower than the theoretical prediction for the Doppler cooling limit. Sub-Doppler cooling,
which depends on the polarization of the laser light and the spin of the atoms, lowers the
temperature of atoms down into the microkelvin regime.

spontaneous emission

An atom in an excited state can decay down to a lower state by emitting a photon with
an energy equal to the difference between the initial, higher energy level and the final,
lower energy level. When this process takes place naturally, rather than being initiated
by disturbing the atom somehow, it is called spontaneous emission.

Doppler effect.

The Doppler shift is a shift in the wavelength of light or sound that depends on the
relative motion of the source and the observer. A familiar example of a Doppler shift is
the apparent change in pitch of an ambulance siren as it passes a stationary observer.
When the ambulance is moving toward the observer, the observer hears a higher pitch
because the wavelength of the sound waves is shortened. As the ambulance moves away
from the observer, the wavelength is lengthened and the observer hears a lower pitch.
Likewise, the wavelength of light emitted by an object moving toward an observer is
shortened, and the observer will see a shift to blue. If the light-emitting object is moving
away from the observer, the light will have a longer wavelength and the observer will
see a shift to red. By observing this shift to red or blue, astronomers can determine the
velocity of distant stars and galaxies relative to the Earth. Atoms moving relative to a
laser also experience a Doppler shift, which must be taken into account in atomic physics



experiments that make use of laser cooling and trapping.

Optical molasses.

Optical molasses is formed when laser beams for Doppler cooling are directed along each
spatial axis so that atoms are laser cooled in every direction. Atoms can reach microkelvin
temperatures in optical molasses. However, the molasses is not a trap, so the atoms can
still, for example, fall under the influence of gravity.

Doppler cooling.

Doppler cooling is a technique that uses laser light to slow, and thus cool, moving atoms.
An atom will absorb a photon that has an energy equal to the difference between two
energy levels in the atom. When the atom absorbs a photon, it also absorbs the photon’s
momentum and gets a push in the direction that the photon was traveling. If the photon
and atoms were traveling in opposite directions, the atom slows down. However, when
the atom is moving relative to the laser, the laser light is Doppler shifted in the atom’s
reference frame. To cool moving atoms, the laser must be tuned slightly to the red to
account for the Doppler shift of atoms moving toward the light source.

Natural linewidth.

The natural linewidth of an atomic energy level is the intrinsic uncertainty in its energy
due to the uncertainty principle.

Polarization.

The polarization of a wave is the direction in which it is oscillating. The simplest type
of polarization is linear, transverse polarization. Linear means that the wave oscillation
is confined along a single axis, and transverse means that the wave is oscillating in a
direction perpendicular to its direction of travel. Laser light is most commonly a wave
with linear, transverse polarization. If the laser beam travels along the x-axis, its electric
field will oscillate either in the y-direction or in the z-direction. Gravitational waves also
have transverse polarization, but have a more complicated oscillation pattern than laser
light.

1.2.2 Atom traps.

Like all matter, ultracold atoms fall in a gravitational field. Even optical molasses falls,
though slowly. To make atoms useful for experiments, a strategy is needed to support and
confine them. Devices for confining and supporting isolated atoms are called ”atom traps.”
Ultracold atoms cannot be confined by material walls because the lowest temperature walls
might just as well be red hot compared to the temperature of the atoms. Instead, the
atoms are trapped by force fields. Magnetic fields are commonly used, but optical fields
are also employed.

Magnetic traps depend on the intrinsic magnetism that many atoms have. If an atom
has a magnetic moment, meaning that it acts as a tiny magnet, its energy is altered when
it is put in a magnetic field. The change in energy was first discovered by examining the
spectra of atoms in magnetic fields and is called the Zeeman effect after its discoverer,
the Dutch physicist Pieter Zeeman.



Because of the Zeeman effect, the ground state of alkali metal atoms, the most common
atoms for ultracold atom research, is split into two states by a magnetic field. The energy
of one state increases with the field, and the energy of the other decreases. Systems tend
toward the configuration with the lowest accessible energy. Consequently, atoms in one
state are repelled by a magnetic field, and atoms in the other state are attracted. These
energy shifts can be used to confine the atoms in space.

Zeeman effect.

Each atomic energy level in which an atom has a non-zero spin splits into two or more
separate levels when the atom is placed in an external magnetic field. The splitting grows
with the strength of the external field. This effect is named the Zeeman effect after the
experimentalist who first studied it in the laboratory, Pieter Zeeman. He received the
1902 Nobel Prize for this work, along with Hendrik Lorentz, the theorist who explained
the effect.

1.2.3 The MOT .

The magneto-optical trap, or MOT, is the workhorse trap for cold atom research. In
the MOT, a pair of coils with currents in opposite direction creates a magnetic field that
vanishes at the center. The field points inward along the z-axis but outward along the
x- and y-axes. Atoms in a vapor are cooled by laser beams in the same configuration as
optical molasses, centered on the midpoint of the system. The arrangement by itself could
not trap atoms because, if they were pushed inward along one axis, they would be pushed
outward along another. However, by employing a trick with the laser polarization, it turns
out that the atoms can be kept in a state that is pushed inward from every direction.
Atoms that drift into the MOT are rapidly cooled and trapped, forming a small cloud
near the center.

1.2.4 Evaporative cooling

Gaseous Bose-Einstein condensates have so far only been obtained by evaporative cooling.
Evaporative cooling is done by continuously removing the high-energy tail of the thermal
distribution from the trap. The evaporated atoms carry away more than the average
energy, which means that the temperature of the remaining atoms decreases. The high
energy tail must be constantly repopulated by collisions, thus maintaining thermal equi-
librium and sustaining the cooling process. The essential condition for evaporative cooling
is a long lifetime of the atomic sample compared to the collisional thermalization time.
Trapped atom clouds are extremely dilute (about ten orders of magnitude less dense than
a solid or a liquid) and collisional thermalization can take seconds. A major step was
taken in May 1994 when the MIT and JILA groups combined laser cooling with evapora-
tive cooling, extending the applicability of evaporative cooling to alkali atoms [135, 136].
Evaporative cooling reduces the temperature of the atoms to nanokelvin.

1.3 Weak interactions versus diluteness

The condensation of conserved particles that obey the same statistics as photons was
predicted by Einstein in 1924 even before the concept of Fermi statistics was intro-
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duced(1926). Einsteins prediction was preceded by an ingenious conjecture of Bose, who
realized that black body radiation can be treated as a gas of indistinguishable photons.
Einstein generalized ideas of Bose to material particles and published two famous papers,
in which he developed what we now call Bose-Einstein statistics[167, 168]. The ideal gas
of Bose particles is remarkably the only example of a non-interacting system in condensed
matter physics that undergoes a phase transition upon decreasing the temperature. How-
ever, experimental realization of ideal Bose-Einstein condensates is extraordinarily diffi-
cult, since realistic systems always involve interactions. Largely for this reason Einsteins
ideas did not receive a wide recognition in the scientific community for many years as
being devoid of any practical significance. The condensation phenomenon did not even
appear in the textbooks, until in 1938 F. London recognized the analogy between super-
fluidity of liquid 4He, discovered by Kapitza [169](, and Allen and Misener [170]and an
ideal Bose gas and emphasized that Einsteins statement was erroneously discredited[171]
. In support of Londons phenomenological ideas, the first microscopic theory of superflu-
idity in a system of weakly-interacting Bose particles was introduced in a brilliant paper
by Bogoliubov [172]. Subsequent discussion about the connection between superfluidity
and Bose Einstein condensation led Penrose and Onsager [173] to formulate the gener-
alized criterion for BE condensation. This line of research culminated in a paper of C.
N. Yang, who in 1962 extended this criterion to superfluidity and superconductivity and
proposed the concept of off-diagonal long-range order (ODLRO)[174]. The condensed
phase is characterized then by a non-vanishing asymptotic of a one-body density matrix
at large distances. During the decades which followed the work of Bogoliubov,successful
field-theoretical approaches were developed and many important predictions about the
thermodynamics of the interacting Bose system were made. However, apart from the
successful observation of superfluidity in liquid Helium systems, the quest to create Bose-
Einstein condensates (BEC) proved unrewarding for several decades. Finally, in 1995
Bose-Einstein condensates were realized in a fascinating series of experiments on rubid-
ium and sodium vapours [175, 176]. The importance of this experimental achievement
was recognized in the 2001 Nobel Prize for Physics, shared by E. A. Cornell, W. Ketterle,
and E. Wieman. The experimental realization of BEC has offered a unique opportunity
to probe and control many interesting phenomena, not accessible or unstudied in the
field of superfluidity, such as dimensional transitions, the crossover from Bose Einstein
condensation to BCS pair condensation, interference effects, and disorder e?ects. Exotic
links to cosmology [177], quantum optics [178] (two-state atomic quantum dots within a
condensate), and even wetting phenomena [179] have been recently proposed. The grow-
ing interest in Bose systems has resulted in more than 600 studies per year. The actual
observation of condensation was hindered by enormous technical difficulties, so that even
15 years ago researchers dared not to believe that nature would ever provide them with
the right system. The main problem to overcome is the condensation of most systems into
a solid or liquid upon cooling to low temperatures, which by-passes the BEC transition.
In particular, the formation of clusters or molecules is driven by three body collisions.
The hard task for an experimentalist was therefore the creation of a gaseous system, in
which three body collisions occur much less frequently than two-body interactions. The
gas in which the two-body interactions prevail is called dilute. Diluteness implies a very
low density of the gas, so that the characteristic range a of the potential between the
Bose particles is small compared to the mean particle distance, proportional to n7s in
three dimensions (n = N/V being the density of the gas). The diluteness condition is
therefore equivalent to the requirement that the gas parameter ns be small nsa < 1 .



Ultra low density of the system leads to extremely low condensation temperatures (in the
nanokelvin range), realization of which was another technical obstacle for the experimen-
talists. At low temperature the thermal velocity of the particles (v = — de ~ lmm/sec)
and at temperatures of the order of a few nK all the particles jump into a coherent ground
state. Sufficient diluteness of the gas is therefore one of the crucial conditions for BEC
to be observed in the experiment. In order to reach the required regime of temperature
and density, various cooling and trapping techniques have been developed [176]. Before
being cooled atoms are confined in an external potential created by an applied magnetic
field. The finite extent of the condensate cloud and its inherent inhomogeneity intro-
duce a number of important differences between BEC in a trap and uniform gas. For
example, a trapped gas of Bose atoms exhibits a BEC transition not only in momentum
space, but in coordinate space as well [180]. In practice however, condensates are so small
that the literal observation of their size and shape is limited by the resolution of exist-
ing experimental equipment. Nevertheless real space Bose condensates provide a novel
resource for exploring many interesting phenomena, such as quantum interference effects
and frequency dependent collective excitations.

1.4 Motivations

Indistinguishable particles with integer (bosons) and half-integer (fermions) spin differ in
how they occupy quantum states. While no more than one fermion can occupy each state
(known as the Pauli exclusion principle), the number of bosons in a state is unrestricted.
The difference becomes most apparent when one cools down a gas to low temperatures,
where the de Broglie wavelength, becomes the same order or larger than the distance
between particles. The system then enters a quantum degenerate regime. The most spec-
tacular manifestation of this occurs for bosons, which below a critical temperature T,
undergo a phase transition, or Bose Einstein Condensation (BEC), where particles tend
to macroscopically occupy a single quantum state(the condensate). Thus, at all tempera-
tures below T, a Bose-Einstein condensate co-exists with non-condensed particles, which
collectively make up a thermal cloud. For temperatures very close to zero the thermal
cloud can be, to some extent, neglected, leading to a relatively simple description in terms
of a nonlinear Schrédinger equation, also known as the Gross-Pitaevksii Equation . De-
spite its evident simplicity, this equation nonetheless contains much interesting physics
and provides a good description of many experiments, with much of the early theoretical
work in Bose-Einstein condensation focusing on solving the Gross-Pitaevskii Equation, an
effort that continues to the present day. Nevertheless, it is important to remember that
experiments actually take place at finite temperatures. A thermal cloud is always present,
and as one increases the temperature towards 7, the influence of this on the system be-
haviour will become progressively more important. In some situations the thermal cloud
is absolutely central, for instance in the problem of condensate growth, or the heating of
the gas under strong external perturbations. Future applications of Bose-Einstein con-
densation, such as precision measurements based on matter wave interferometry, would
also benefit from a good understanding of the behaviour of the system at finite tempera-
tures. A wide variety of different approaches to the theory of BEC were developed for the
homogeneous case and have now been extended to trapped gases. Such as Hartree-Fock-
Bogoliubov formalism, witch makes the assumption that most of the atoms are in the
same (ground) state and that these atoms may be represented classically in the form of a
complex-valued wave-function (the condensate wave-function), and treats the remainder
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as excitations of the ground state by means of a fluctuation operator. The assumption is
then made that these excited atoms (non-condensate) may be represented as collective ex-
citations in the form of non-interacting quasi-particles. To do this, one assumes that such
a quasi-particle basis exists, and makes a canonical transformation, known as the Bogoli-
ubov transformation. The condensate wave-function then obeys a wave equation similar
to the Gross-Pitaevskii equation, but with the effects of the non-condensate now included.
The transformation amplitudes for the quasi-particle creation and annihilation operators
satisfy the Bogoliubov-de Gennes equations. These equations are collectively known as the
Hartree-Fock-Bogoliubov equations. The problem with this approach is that in assuming
the presence of a condensate, the symmetry is broken. This implies by the Hugenholtz-
Pines theorem, that there must exist a zero-energy quasi-particle. This is known as the
Goldstone mode, and implies that the energy spectrum must be gapless. Unfortunately
in the above decomposition of the Bose field into a classical field, and a fluctuation oper-
ator which itself is represented in terms of a non-interacting quasi-particle basis, and in
taking quantum expectation values (the mean-field approximation), the condensate and
non-condensate are treated inconsistently, resulting in a non-zero lowest energy excita-
tion, and hence a gap in the excitation energy spectrum. Since there is no zero-energy
excitation, this implies there is no Goldstone mode, and therefore the Hugenholtz-Pines
theorem is violated. However, since this theory is also a variational theory, and hence
a conserving theory, all the physical conservation laws, for example number, both linear
and angular, and energy conservation, are satisfied. The energy gap problem may be cor-
rected in one of several ways by making a further approximation. In the so-called Popov
approximation, the anomalous density is ignored. This is justified along the lines that
two-body collisions are double-counted when one takes into account the 2-body T-matrix.
The result of this approximation is that the energy spectrum is now gapless, however the
number, both angular and linear momentum, and energy conservation laws are violated
in the time-dependent case. We stay in the same context and we focus in the first part
of our thesis to understand the static properties of BEC at zero and finite temperature
by using the time-dependent variational principle of Balian and Vénéroni together with
the trial Gaussian ansatz we got a set of equations governing the dynamics of a trapped
Bose gas at finite temperature namely time Dependent Hatree Fock Bogoliubov Equa-
tions (TDHFB)). We show that this dynamics generalizes the Gross-Pitaevskii equations
in that it introduces a consistent dynamical coupling between the evolution of the con-
densate density, the thermal cloud and the anomalous density. We have to mention at
this point that the equations that we have derived in our thesis are quite general and
fully consistent as they do not require any simplifying assumption on the noncondensed
or the anomalous densities. As shown by recent theoretical studies at zero temperature,
a weakly interacting BEC obeys a nonlinear wave equation that supports solitons, this
wave equation is known as the Gross-Pitaevskii equation so instead to continue work
on the dynamics properties of our system we prefer in the second part of our thesis to
understanding more the dynamics of this equation at zero temperature in mathematical
viewpoint. We use the Darboux transformation and Lax pair and we found solitonic solu-
tions for the higher-order nonlinear Schrodinger equation (HNLSE) and some of the most
well-known equation namely, Gross-Pitaevskii , Hirota, Sasa-Satsuma Equations. These
equations are considered to be special cases of the general HNLSE .
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Part 1

Static Properties of Trapped Bose
gas at finite temperatures
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Introduction

Bose-Einstein condensation (BEC) [167] was observed in 1995 in a remarkable series
of experiment on vapors of rubidium [141] and sodium [142] in which the atoms were
confined in magnetic traps and cooled down to extremely low temperature, of the order of
fractions of microkelvins.The first evidence for condensation emerged from time of flight
measurements. The atoms were left to expand by switching off the confining trap and
then imaged with optical methods. A sharp peak in the velocity distribution was then
observed below a certain critical temperature, providing a clear signature for BEC. In
the same year, first signatures of the occurrence of BEC in vapors of lithium were also
reported [143].

Through the experiment of 1995 on the alkalis should be considered a milestone in the
history of BEC, the experimental and the theoretical research on this unique phenomenon
predicted by quantum statistical mechanics is much older and has involved different areas
of physics.In particular, from the very beginning, superfluidity in helium was considered
by London(1938) as a possible manifestation of BEC.Evidences for BEC in helium have
later emerged from the analysis of the momentum distribution of the atoms measured in
neutron scatring experiment. In recent years, BEC has been also investigated in the gas
of paraexcitons in semiconductors but an unambigous signature for BEC in this system
has proven difficult to find.

Efforts to Bose condense atomic gases began with hydrogen more than 15 years ago.
In a series of experiments hydrogen atoms were first cooled in a dilution refrigerator, then
trapped by a magnetic field and further cooled by evaporation. This approach has come
very close to observing BEC, but is still limited by recombination of individual atoms
to form molecules [144] . The first observations of BEC in spin polarized hydrogen have
been reported. In the 80s laser-based techniques, such as laser cooling and magneto-
optical trapping, were developed to cool and trap neutral atoms [145]. Alkali atoms
are well suited to laser-based methods because their optical transitions can be excited
by available lasers and because they have a favorable internal energy-level structure for
cooling to very low temperatures. Once they are trapped, their temperature can be
lowered further by evaporative cooling [146]. By combining laser and evaporative cooling
for alkali atoms, experimentalists eventually succeeded in reaching the temperatures and
densities required to observe BEC.

It is worth noticing that, in these conditions, the equilibrium configuration of the
system would be the solid phase. Thus, in order to observe BEC, one has to preserve the
system in a metastable gas phase for a sufficiently long time. This is possible because
three-body collisions are rare events in dilute and cold gases, whose lifetime is hence long
enough to carry out experiments. So far BEC has been realized in 87Rb [121], in 23 Na
[122] and in 7Li [123]. The number of experiments on BEC in vapors of rubidium and
sodium is now growing fast. Meanwhile, intense experimental research is currently carried
out also on vapors of Caesium, Potassium and metastable Helium.
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One of the most relevant features of these trapped Bose gases is that they are inho-
mogeneous and finite-sized systems, the number of atoms ranging typically from a few
thousands to several millions. In most cases, the confining traps are well approximated

by harmonic potentials. The trapping frequency, wy, provides also a characteristic length

h
mwq’

scale for the system, ag = of the order of a few microns in the available samples.

Density variations occur on this scale. This is a major difference with respect to other
systems, like for instance superfluid helium, where the effects of inhomogeneity take place
on a microscopic scale fixed by the interatomic distance. In the case of 87 Rb and 23
Na, the size of the system is enlarged as an effect of repulsive two-body forces and the
trapped gases can become almost macroscopic objects, directly measurable with optical
methods. A sequence of in situ images of an oscillating condensate of sodium atoms was
taken at the Massachusetts Institute of Technology (MIT), where the mean axial extent
is of the order of 0.3 mm.

The fact that these gases are highly inhomogeneous has several important conse-
quences. First BEC shows up not only in momentum space, as happens in superfluid he-
lium, but also in co-ordinate space. This double possibility of investigating the effects of
condensation is very interesting from both the theoretical and experimental points of view
and provides novel methods of investigation for relevant quantities, like the temperature
dependence of the condensate, energy and density distributions, interference phenomena,
frequencies of collective excitations, and so on. Another important consequence of the
inhomogeneity of these systems is the role played by two-body interactions. The main
point is that, despite the very dilute nature of these gases (typically the average distance
between atoms is more than ten times the range of interatomic forces), the combination
of BEC and harmonic trapping greatly enhances the effects of the atom-atom interactions
on important measurable quantities. For instance, the central density of the interacting
gas at very low temperature can be easily one or two orders of magnitude smaller than the
density predicted for an ideal gas in the same trap. Despite the inhomogeneity of these
systems, which makes the solution of the many-body problem nontrivial, the dilute nature
of the gas allows one to describe the effects of the interaction in a rather fundamental way.
In practice a single physical parameter, the s-wave scattering length, is sufficient to obtain
an accurate description. The recent experimental achievements of BEC in alkali vapors
have renewed a great interest in the theoretical studies of Bose gases. A rather massive
amount of work has been done in the last couple of years, both to interpret the initial
observations and to predict new phenomena. In the presence of harmonic confinement,
the many-body theory of interacting Bose gases gives rise to several unexpected features.
This opens new theoretical perspectives in this interdisciplinary field, where useful con-
cepts coming from different areas of physics (atomic physics, quantum optics, statistical
mechanics and condensed matter physics) are now merging together. The natural starting
point for studying the behavior of these systems is the theory of weakly interacting bosons
which, for inhomogeneous systems, is described by the Gross-Pitaevskii approximation.
This is a mean field approach for the order parameter associated with the condensate.
It provides closed and relatively simple equations for describing the relevant phenomena
associated with BEC. In particular, it reproduces typical properties exhibited by super-
fuild systems, like the propagation of collective excitations and the interference effects
originating from the phase of the order parameter. The theory is well suited to describing
most of the effects of two-body interactions in these dilute gases at zero temperature and
can be extended to explore also thermal effects. In the following,we outline the remaining
chapters of this part
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e We will begin this part by general notions about the utracold Bose gases, where we
give a short history and background of the domain. This includes a discussion of
the early experiments. We also discuss the relation between BEC and Solitons.

e In chapter 3, we present the second-quantized description of a quantum many body
system of interacting bosons and systematically derive the set of mean-field equa-
tions that describe the condensate field and the quantum fluctuations of the dilute,
interacting Bose gas at zero-temperature.

e Chapter 4 is devoted to review the main steps used to derive the Time dependent
Hartree-Fock-Bogoliubov (TDHFB) equations from the Balian-Vénéroni variational
principle. The TDHFB equations are applied to a system of self-interacting trapped
bosons to derive a coupled dynamics of the condensate, the non condensate and the
anomalous densities. Then, we present the static solutions of the system and discuss
their properties at zero temperature. At finite temperature, the equations are much
more involved and require a careful analysis. In the TF limit, we present a sim-
ple method which allows for a self-consistent determination of the various density
profiles as well as some other static properties of the condensate such as the chem-
ical potential and the condensate radius. Indeed, the TF approximation obviously
provides simple enough analytical expressions since it amounts to neglecting the sec-
ond order derivatives thus yielding algebraic equations instead of partial differential
equations. This is the main advantage of our method which yields the most impor-
tant qualitative features without having to handle highly non-linear self-consistent
equations.

We present the results of our calculations. We plot first the condensate radius and
the central density as functions of the condensate fraction and note in particular the
compression effect of the condensate due to the thermal cloud. Moreover, we discuss
the TF profile obtained for the condensate density even at low condensate fraction.
The noncondensate density profile is also plotted for a wide range of condensate
fraction and shows a good qualitative agreement with experiments. Finally, the
anomalous density, although not yet measured experimentally, is shown to behave
in a quite intuitive way.

e Some concluding remarks and improvements of our method are given in the conclu-
sion.
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Chapter 2

Background Theory and Experiment

2.1 Introduction

One of fundamental results of the quantum theory was the prediction of the Bose
Einstein statistics in a gas of boson particles at zero temperature. Such a state of matter
in the form of the Bose Einstein condensate (BEC) remained a theoretical concept during
seventy years after it had been predicted. A breakthrough, which has turned out to be,
arguably, the greatest achievement in the field of fundamental physics in the course of the
past fifteen years, was the creation of BEC in ultracold gases of alkali metals, which was
reported in 1995 by Anderson et al. (in the gas of atoms of 87Rb ), Bradley et al. (in
23Na), and Davis et al. (in 7Li). In these celebrated experiments, the gas composed of
several thousands of atoms was chilled, by means of a combination of the laser cooling and
evaporation techniques, to temperatures on the order of fractions of nano Kelvin. One of
milestones in the subsequent experimental work on BEC was the creation of effectively
one dimensional bright(i.e., localized) matter-wave solitons in the condensate of 7Li atoms
trapped in ”cigar-shaped” configurations [166]. In particular, multi-soliton trains have
been created in the former work, in addition to single soliton modes. Later, similar
solitons were also created in a post collapse state of the 85Rb condensate by Cornish,
Thompson, and Wieman, 2006 (the collapse was caused by the switch of the interaction
from repulsive to attractive by means of the FR). A fundamental theoretical model of the
matter-wave dynamics in BEC, including the description of solitons, is provided, with a
very good accuracy, by the Gross-Pitaevskii equation(GPE), which is based on the mean
field approximation , and a more review of nonlinear aspects of the matter-wave dynamics
and solitons [138]. Various aspects of the matter wave dynamics, both theoretical and
experimental, have been thoroughly reviewed in a recent collection of articles edited by
Kevrekidis, Frantzeskakis, and Carretero-Gonzlez, 2008 [139].

2.2 History of BEC studies

It is useful to first give a brief history of BEC studies, starting with the initial prediction
of Einstein in 1925 [167] for the case of a non-interacting gas of Bose atoms .Atoms with
an even number of neutrons satisfy Bose statistics, which accounts for about 70 of the
atoms in the periodic table[168].

The momentum distribution of an ideal uniform Bose gas is given by

1
folen) = a1 (2.1)
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where ¢, = %, = kBLT and p is the chemical potential determined by the condition

that the sum over all possible states equals the total number of particles V. In a system
of macroscopic size, the sum can be converted into an integral

N = futa) = [ Die)fate)de. (2.2
k

where the density of states D(e) goes as ~ /e in 3D. If the volume V' and the particle
number N are fixed, the (negative)chemical potential y increases as the temperature T'
decreases. At a certain temperature T, u reaches zero, the maximum value it can reach
in an ideal Bose gas, and thus the integral in Eq. (2.2)gives

N = 2.612V\¥(T,), (2.3)
where the thermal de Broglie wavelength \(T) is

NT) = (),

N|=

(2.4)

One may view T, defined by Eq. (2.3)as equivalent to the condition that the thermal
de Broglie wave length A(T') becomes comparable to the average separation d between
particles(d ~ n_?l) In this case, the quantum mechanical wave nature of the particles
leads to all atoms becoming increasingly correlated.This is the essential physics behind
BEC in an ideal Bose gas. As T goes lower than T,, u is pinned at zero, and the right-
hand side of Eq. (2.3)becomes smaller than N. As Einstein [167] first pointed out, the
additional particles enter the ground state to form what is now called the Bose-Einstein
condensate. The number of particles in this lowest state is given by

No=N —2612VX¥T.) > 0if T <T,, (2.5)
From Eq. (2.3)and Eq. (2.5), one obtains the temperature-dependent condensate frac-

tion

No(T)

N )2, (2.6)

It is immediately seen that Ng = N at T' = 0, that is, all the atoms are in the lowest
single-particle state (k = 0). Bose-Einstein statistics described by Eq. (2.1)predicts that at
a finite temperature given by Eq. (2.3), the lowest state becomes macroscopically occupied
and a transition occurs to a new phase of matter characterized by the condensate fraction.
It is the only phase transition in condensed matter physics that can occur in the absence
of interactions being entirely due to quantum mechanical effects related to Bose statistics.

At the time of Einstein’s prediction, the nature of second-order phase transitions
was not yet understood, and Uhlenbeck (a graduate student of Paul Ehrenfest) criticized
Einstein’s analysis in his thesis in 1927. In his article he explained that mathematically the
condensation could not occur in the fundamental mode because the process gas saturation
was not valid; simply varying the temperature to change the particle density and vice
versa. Uhlenbeck criticism was generally accepted.
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It was only in 1937 that Uhlenbeck’s objections to a phase transition in an ideal Bose
gas was shown to be incorrect. Around the same time, superfluidity had been just discov-
ered in liquid He below 2.17K. Fritz London[169] immediately made the bold conjecture
that this superfluidity was related to a form of Bose-Einstein condensation, suitably gen-
eralized to a liquid. The basis of London’s argument was that He was a Bose atom (S = 0)
and moreover if liquid He was treated as an ideal gas, with the density 2.20 x 10°? 222%2 jts
BEC transition temperature given by Eq. (2.3) would be 3.15K. This is remarkably close
to the observed superfluid transition temperature. Essentially, London and Tiza argued
that the superfluid characteristics were related to the motion of the Bose condensate, mov-
ing as a whole. The development and conformation of these ideas about superfluid He
took many years. They remain controversial since the successful work of Landau[170]of
the low-temperatures properties of superfluid He.Indeed based on a phenomenological
model of a weakly interacting gas of phonon-roton excitations,it made no explicit ref-
erence to any role of the Bose statistics, let alone a Bose condensate. In view of the
difficulties in dealing with a strongly interacting, dense system like superfluid He, it is not
surprising that since 1960s, there has been an increasing experimental effort to achieve
BEC in a dilute Bose gas. At the low temperature needed for BEC, most system will form
condensed phase(liquid or solid) due to the attractive inter-atomic interaction.Thus, one
requires conditions that allow Bose condensation to occur rapidly, relative to the longer
time scales needed for the competing phase change.

In 1957 a theory proposed by John Bardeen, Leon Neil Cooper, and John Robert
Schrieffer called BCS theory in which pairs of electrons forme composite bosons in su-
perconductors, linking superconductivity to phenomena very similar to Bose-Einstein
condensation|[171].

Beliaev in 1958 [173] presented an approach forming the basis of the systematic appli-
cation of the quantum field theory methods to bose systems with condensate, including
anomalous propagators representing two particles going into or out of the condensate. In
1959, this approach was developed further by Hugenholtz and-Pines [174, 175], and was
thoroughly reexamined in 1963 by Gavoret and Noziéres[176, 177]. They showed that the
singular character of the interactions in a Bose system with condensate remarked by Bo-
goliubov manifests itself in divergences of perturbation theory at small momenta (infrared
divergences). Gavoret and Nozieres scrutinized this question inspired by the higher-order
calculations by Beliaev [173] and Hugenholtz-Pines [173, 174]. They showed that infrared
divergences cancel out in all physical quantities; the energy gap in elementary excita-
tion spectrum vanishes to all order of perturbation theory. For further developments see
(178, 179].

A key development relevant to trapped gases was due to Pitaevskii. Many of us now are
very familiar with the famous Gross-Pitaevskii equation[180, 181]. However, Pitaevskii’s
real contribution was not this particular equation rather it lies more in introducing the
whole idea of a macroscopic wavefunction which could depend on both position and time.
Pitaevskii’s work, of course, was inspired by the use of a similar wavefunction by Ginzburg
and Landau in their pioneering theory of spatially inhomogeneous superconductors[182].
In 1963, the HugenholtzPines-Gavoret-Noziéres theorem was discovered by Bogoliubov
under the name 2/1 k theorem. Instead of perturbation theory, Bogoliubov’s proof of
this theorem is based on local gauge transformations. He showed [183, 184] that the
appearance of a gap in some models is a consequence of the lack of local gauge invariance

In 1965, Popov [185, 186] proposed a generalization of the Bogoliubov theory for T # 0
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in which the density of thermal component can be taken into account. This theory gives
the elementary excitation spectrum similar to that for 7= 0 , but now with temperature-
dependent condensate. This leads to the collapse of the low phonon- spectrum to free
particles as T — T, . A craze for low dimensions started at this period by M. Girardeau in
1960 [187] in his study on the impenetrable one dimensional Bose gas. Furthermore, Lieb
and Liniger[188] solved exactly the zero-temperature interacting Bose gas with repulsive
delta function potential and showed that the derived ground state properties agree with
Bogoliubov’s perturbation theory only in the limit of very weak coupling constant. The
time-dependent thermodynamic behavior for the Lieb-Liniger model was presented by
Yang and Yang [189] through the use of the Bethe ansatz. Regarding the case of a
gas without interactions, all began with H. Casimir in 1968 [190] who studied the Bose-
Einstein condensation of an ideal gas Bose in anisotropic boxes .

2.3 Bose Einstein Condensation and Solitons

The term soliton, i.e., a stable solitary wave propagating in a nonlinear medium, was
coined by Zabusky and Kruskal about 50 years go. These authors were not the first to
notice the remarkable properties of solitary waves, whose first known description in the
scientific literature, in the form of ”a large solitary elevation, a rounded, smooth and well
defined heap of water”, goes back to the historical observation made in a canal near Ed-
inburgh by John Scott Russell in the 1830s. In the course of the nearly five decades that
have elapsed since the publication of the paper by Zabusky and Kruskal (1965), the the-
oretical and experimental studies of solitary waves have seen an astonishing proliferation
and penetration into many branches of science, from applied mathematics and physics
to chemistry and biology. Several celebrated equations, in both their canonical and ex-
tended forms, emerge as universal models of solitons. These include Korteweg de Vries
and modified Korteweg de Vries, nonlinear Schrodinger (with two opposite signs of the
nonlinearity), sine-Gordon, Landau-Lifshitz, Kadomtsev-Petviashvili and several other
classical equations. The specific features of the evolution and interactions of solitons in
these models are intimately related to the integrability of the above-mentioned equations.
Diverse factors that in practice often break the integrability should be taken into regards,
which naturally leads to the perturbation theory for solitons in nearly integrable sys-
tem [191]. A very significant contribution to the experimental and theoretical studies of
solitons was the identification of various forms of robust solitary waves in nonlinear op-
tics. Optical solitons may be naturally subdivided into three broad categories temporal,
spatial, and spatiotemporal ones. They may exist in the form of one-dimensional (1D)
or multi-dimensional objects.One-dimensional temporal solitons in optical fibers with a
cubic (Kerr) nonlinearity were predicted by Hasegawa and Tappert (1973), and observed
experimentally by Mollenauer, Stolen, and Gordon (1980), while stable self-trapping of
light in the spatial domain was first observed in planar waveguides by Maneuf, Desailly,
and Froehly (1988). Spatial two-dimensional (2D) solitary waves were first observed in
photorefractive crystals, which feature a saturable nonlinearity [192], and in optical me-
dia with a quadratic nonlinearity [193]. Effectively two-dimensional spatio-temporal self-
trapping of light into quasi-soliton objects was observed by Liu, Qian, and Wise (1999)
also in quadratic nonlinear media. Stable fully three-dimensional (3D) solitons, or light
bullets (LBs) in quadratic media were predicted almost three decades ago [194]. How-
ever, to date, experimental generation of such long-lived 3D solitons remains elusive. In
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a landmark observation, the signature of 3D soliton formation was achieved recently by
Minardi et al. (submitted) in an artificial optical material with cubic nonlinearity. An-
other species of robust solitary waves in optics occurs in the form of gap solitons (GSs),
that are supported by the interplay of an appropriate lattice structure (alias grating),
embedded into an optical medium, and nonlinearity. The observation of the first optical
GSs in fiber Bragg gratings was reported by Eggleton et al. (1996).

A milestone achievement of modern physics, the creation of Bose-Einstein condensates
(BECs) in ultracold vapors of alkali metals [195, 196, 197], was shortly followed by the
creation of dark solitons of matter waves in BEC with repulsion between atoms [198]
and, eventually, by the creation of bright 1D matter-wave solitons in BEC with attractive
interatomic interactions [199, 200]. This was followed by the generation of one-dimensional
GSs in condensates with repulsive interactions between atoms loaded into a periodic
potential induced by an optical lattice (OL),i.e., the pattern created by the interference
of counter-propagating coherent laser beams illuminating the condensate [201].
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Chapter 3

Field Theory for Bose Gases

3.1 Introduction

When describing a many-particle system, like the dilute Bose gas in a trap, it is impossible
in practice to take the motion of every single particle into account. A characteristic of
the phenomenon of Bose- Einstein condensation is the occurrence of a macroscopically
occupied state that can be described by a classical wave function. At temperatures well
below the critical temperature, where the phase transition to Bose- Einstein condensation
occurs, this is an excellent description of the condensed state. Even at higher temperatures
one can treat the thermal atoms as fluctuations of this classical field to a very good
approximation. Important properties of the condensate, like its shape and its momentum
distribution, can be described by a non-linear Schrodinger equation. The interactions
between the atoms are accounted for by a term proportional to the condensate density|®|?.
Let us consider a system of trapped bosons interacting via a two-body potential. The
grand canonical Hamiltonian may be written in the form

H= /dr\11+ rt) hPU(F //drd?’\lf* (7' ) UHF ) V(FE 7)) (7, t).
(3.1)

Where h*? = —J2 A 4 V,,4(7) is the single particle Hamiltonian,V (7,7") is the two-body
interaction potential, and V,.(7) the external confining field. W () and W(7) are the cre-
ation and annihilation operators satisfying the usual commutation relations.

[(7), TF (rt)] = 6(F, 7). (3.2)

(U (7), U (7)] = (& (7), ¥ (7). (3-3)

This Hamiltonian is the starting point for all theoretical treatments of dilute Bose
gases, and includes both thermal and quantum fluctuations. All theories appearing in
the literature arise from distinct approximations for this Hamiltonian. For dilute gases at
very low temperature, the usual procedure is to make a contact interaction approximation

VI(F, 7" = gd(r, 7). (3.4)
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The potential Eq. (3.4)) means that the two atoms undergo perfectly elastic local col-
lisions, like two billiard balls. The strength of the interaction is given byg = % , where
a is the s-wave scattering length for a particular atomic species, which can be determined
from experiments. This is a somewhat idealized scenario, which can nonetheless be put
on firm ground by a more careful treatment - the origin and validity of this approximation
will be discussed later. Substitution into the Hamiltonian Eq. (3.1)) then gives:

H= / APV (rt) h*PU (7, 1) +§ / AP U (7, 8) U (7, ) U (7, ) U (7, ). (3.5)

The starting point for the dynamics of ultracold gases is to consider the equation[218]
governing the evolution of the bosonic field operator|¥ (7, t)], i.e. the so-called equation
of motion. The second-quantized form of the appropriate equation can be analyzed in
one of three distinct pictures, known as the Schrodinger, Heisenberg and the the inter-
action pictures, depending on whether the state-vectors, the operators corresponding to
system observables, or both are time-dependent [295, 296]. In the Schrédinger picture,
the state vectors are time-dependent and the operators are time-independent; in this pic-
ture, the solution of the Schrodinger equation at time ¢ , given the initial solution at ¢,
is given by unitary transformation |Wg(t)) = exp M |Wo(t)) where H does not con-
tain any explicit time-dependence, and the subscript S has been introduced to denote the
Schrodinger picture. In the interaction picture, both operators and state vectors depend
on time. Finally, in the Heisenberg picture the state vectors, which can be constructed

from the corresponding Schradinger picture state vectors via |V (t)) = exp ”gt |Wy(t)),
are time-independent and all time dependence is contained in the operators. While all
three pictures can be used interchangeably, most subsequent discussion will be given in

the Heisenberg picture in which the equation of motion of a general operator On obeys

1h—=2 =[Oy, H]. (3.6)

In studying the system dynamics, we will actually be concerned with the equations
of motion of the Bose field operator W. For the Hamiltonian of Eq. (3.6)), this evolves
according to the Heisenberg equation of motion

d (7, t)

h
T

= [U(F,t), H] = hPU(F,t) + g O+ (F, )0 (7, 1) U(F, 1). (3.7)

In order to extract information from this equation, it is convenient to separate the
condensate contribution, which corresponds to the macroscopic occupation of a single
quantum state, from the remaining part of the Bose field operator. Hence the Bose field
operator is divided into two parts [297, 298|

U(F, 1) = O(F, t) + B (7 1). (3.8)

corresponding respectively to a field operator for the condensate, ® and one for the non-
condensed atoms, ¥. These could either correspond to thermally-excited atoms, quantum-
mechanical fluctuations, or atoms promoted into higher energy states due to interactions.
It is important to notice at this level that the condensate is described by a classical
function and not by a field operator. This approximation is well justified since the ground
state is macroscopically occupied [299]. Then we break down the full system Hamiltonian
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into various contributions based on the number of condensate and non-condensate factors
contained in each of them. In particular, substitution of Eq. (3.8)) into the system
Hamiltonian Eq. (3.5)) leads to

H=Hy,+ H, + Hy+ Hs + Hy. (3.9)
Where

Hy = [ d7[®*h™ o+ 4|9, _

Hy = [ dF[U*(h? 4 g|0?))  + &*(h + g|B2|) V],

Hy = dF[\if*(ifp+2g]<I>2])\I!+%(?*Q\If\iur 2 Wt )], (3.10)

Hy =g [dF[®VH U+ ¥+ @+ U+ 0,

Hy =1 [divtot vy

Hj has no ’hat’ as there are no operators within it (it is a purely classical quantity
represented by a complex function).

3.2 Zero Temperature Mean Field Theory

we focuses in this section on the simplest possible mean field theory. This is based on
the approximation H =~ Hj, in which the non-condensate field operator is neglected
completely. This gives rise to the well-known Gross-Pitaevskii equation, which is valid
at T'= 0 and in the limit of negligible quantum fluctuations. By linearization we then
derive equations for the collective modes around the ground state. These are shown to
be identical to the modes of Bogoliubov quasiparticles found by diagonalization of the
first three terms of the Hamiltonian, i.e. H ~ (Hy+ H; + Hz). We start by the zero
temperature formalism to understand well the finite temperature.

3.2.1 The Gross-Pitaevskii Equation

In the T" = 0 limit, all of the particles are in the condensate, so that N = N, and
the non condensate operator can be neglected (\if = gt = 0); in other words, we set
\TJ(F, t) — ®(r,t). Hence, Pt — o*(7,t), so in this case we consider only Hy. The exact
Heisenberg equation of motion Eq. (3.6)reduces then to the so-called Gross-Pitaevskii
Equation (GPE)[300, 301]

= (P71 + g | B, D] B, 1) = [ V2 4 Voo (7 ) + g |07, )] B(7 1)

2m
(3.11)

dO(F, 1)

h
B

This equation is a nonlinear Schrodinger equation, corresponding to the zero temper-
ature hydrodynamic description of Bose gases, first introduced to study vortex lines in an
imperfect Bose gas. This equation is mathematically analogous to a Ginzburg-Landau-
type approach [302], valid near the critical regime although the origin of the various con-
tributions and the physical interpretation here is actually quite distinct. Remarkably, the
GPE, which was first numerically implemented for dilute weakly-interacting trapped Bose
gases was undertaken by Mark Edwards, Keith Burnett and collaborators[227, 228, 229],
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provides a good description of the dynamics of a Bose-Einstein condensate for a wide class
of problems at temperatures as high as T ~ % The GPE can be used, at low temper-
ature, to explore the macroscopic behavior of the system, characterized by variations of
the order parameter over distances larger than the mean distance between atoms.

One can find static solutions by eliminating the time-dependence via the transforma-
tion:

—1ut
O(7, 1) = B(7) exp TM (3.12)

where g is the chemical potential (which is equal to the energy per particle only for non-
interacting particles). Substituting Eq. (3.12) into Eq. (3.11) yields the time-independent
GPE:

2

pu®(r) = [iV2 + Veut (T, 1) + g |@(7, 1) |*] D(7, 1). (3.13)

2m

In the form given above, the wavefunction is normalized to the total number of particle,
ie [ |®(F,t)]*d7 = N. Alternatively, the Gross-Pitaevskii equation Eq. (3.11) can also
be obtained using a variational procedure:

dd JOF
h— = . 3.14
U0 T o (3.14)
where the energy functional E is given by
h?
E[®] = / dr[—%w@\z + Vet (1) | @ + g|c1>y4] = Eyin + Ep + Eipe. (3.15)

The first term in the integral Eq. (3.15) is the kinetic energy of the condensate Ej;,, the
second is the trapping energyE, , while the last one is the mean field interaction energy
E;ni. In the case of nonnegative and finite-range interatomic potentials, rigorous bounds
for this term have been obtained by Dyson [230], and Lieb and Yngvason [231].
Ground state Solution of GPE in Thomas-Fermi limit :
In the case of atoms with repulsive interaction (a > 0) the limit c]LVTZ >> 1 is par-

ticularly interesting, since this condition is well satisfied by the parametersV,a and ag,
used in most of current experiments. Moreover, in this limit the predictions of mean-field
theory take a rather simple analytic form (Edwards and Burnett [232]; Baym and Pethick
)[233]. As regards the ground state, the atoms are pushed outwards, the central density
becomes rather flat, and the radius grows. As a consequence, the kinetic term in the
Gross-Pitaevskii takes a significant contribution only near the boundary and becomes less
and less important with respect to the interaction energy. If one neglects completely the
kinetic term in Eq. (3.13) , one gets the density profile in the form

- ‘/ez r
n(r) = L et® (3.16)
)
Note that chemical potential 2% turns out to be £ = (2). in the region where p1 > Vip(r).

This is often referred to as Thomas Fermi (TF) approximation. The normalization con-
dition on n(r) provides the relation between chemical potential and number of particles:

B ﬁ_w(15Na
N 2 ag,

[ )5. (3.17)

26



This energy is the sum of the interaction and oscillator energies, since the kinetic energy
gives a vanishing contribution for large N. The density profile Eq. (3.16) has the form
of an inverted parabola, which vanishes at the classical turning point R defined by the
conditiony = V4 (R). For a spherical trap, this implies p = me’ B and, using the result
Eq. (3.17) for u , one finds the following expression for the radius of the condensate

15N a

o,

S

) (3.18)

Rrp = GHO(

which grows with N. It is interesting to note at this stage that the application of
the TF approximation to the trapped Bose gases was pioneered by the earlier work of
Goldman, Silvera and Legget[234], by Oliva [235] and by Chou, Yang, and Yu [236],
by Timmermans, Tommasini and K. Huang [237]and P. Schuck et al [238]. It is worth
mentioning that a finite temperature version of the Thomas- Fermi approximation was also
investigated by using the Time dependent HartreeFock-Bogoliubov equations [243], where
in particular extended analytic expressions for the condensate, the non condensate and
anomalous densities are derived. The exploration of these equations at finite temperature
leads to the fact that all the thermodynamics quantities deviate from the standard values
in the TF regime.The results are quite encouraging owing to the simplicity of the formalism
[244].

3.3 The Bogoliubov approximation

The Hamiltonian of Eq. (3.1) thus represents, in the occupation number representation of
second quantization the basic system Hamiltonian corresponding to the original position
representation. For a uniform gas occupying a volume , the field operator @(F) can be
expanded by plane waves:

A‘il(F) =Yt exp(z/&? ag, (3.19)
PR =t exp(—ikR)at |
which are summed over the complete set of single-particle quantum numbers. Upon
plugging Eq. (3.18) in Eq. (3.1), we get

- R E? . 1 ~ At At A A
H = Z alag+ v Z V(cf)aa al agpag. (3.20)
K

Here V(7) = [ V() exp (—2§7) dF'is the fourier transform of the two body scattering
potential.

In real systems V() always contains a short-range term, which makes it difficult to
solve the Schrodinger equation at the microscopic level. However, by virtue of the above
assumptions on dilute and cold gases, one can conclude that the actual form of V() is
not important for describing the macroscopic properties of the gas, as far as the assumed
fictitious potential V.;r(7) gives the correct value for the low momentum value of its
Fourier transform . It is therefore convenient to replace the actual potentialV (7) with
an effective, smooth potential. Since the macroscopic properties of the system depend
on V(q = 0) = g , this procedure will provide the correct answer to this complicated
many-body problem as far as the system is dilute and cold.
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Replacing f/(q =0) = g in Eq. (3.20), yields a new simpler Hamiltonian
2

Since the lowest energy state is macroscopically occupied , one can neglect the quantum
fluctuation of this state and replace the operator ay by a c-number: ag ~ af ~ VN .
The Hamiltonian Eq. (3.21) separates into eight distinct parts

@>
4

N g A A
ag —Vzl;f ]%L_qa,;a,—c». (3.21)

E

13

Ey, = %Vn2 (0),
Vi =503, Vig)aga g,

i (VA (3.22)
Vi =1n ¥, V0)atar,
Vi = &0 o V() dgig
Vo = %1 Zk‘g V(q)@gqulﬂq*’

/\+ /\J’_ A A

‘/7 2V n Zk,k’,q (Q)ag+(ja];,:gﬁal§

We note that in H there is no term containing a single because these would violate
momentum conservation. By using the normalization relation,

afay = N.=N =3, &
(a5 a0)®> = (N — Zk;«éo ay a)* ~ N*—2N Zk;é[) ay, ar,

Substitution of Eq. (3.22) and Eq. (3.23) into Eq. (3.21)yields the following expression
for the Hamiltonian:

(3.23)

1+

~ 1 k2 . T R
H = 3 gnN + Z o 07 gnz alap+a’al +aga g (3.24)
v F40

The third term of this Hamiltonian represents the self-energy of the excited state due to
the interaction, simultaneous creation of the excited states of momenta and simultaneous
annihilation of the excited states, respectively . Eq. (3.24) can be diagonalized by the
following linear transformation

ag :ukb,g—vb

. - -
a’t. =ubT. — b
i kP g

k (3.25)
Kby,

which is known as the Bogoliubov transformation. The two parameters, u; and vy ,
are determined uniquely by the following requirements. The quasi particles, described by
the new operators bﬂ and b+ are sometimes called bogolons. They are assumed to obey
the same bosonic commutatlon relation as the real particle operators

b bl = 051 (3.26)
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This commutation relation imposes the following constraint for the two parameters ug
nd v
i

2

up —vp =1, (3.27)

or equivalently uy = cosh 6 and v, = sinh 6;. Then the Hamiltonian Eq. (3.24) writes

~ 1 h2k? h2k? o
H= 3 gn N + Z[%vﬁ + gn(vi — upvr)] + Z[%(Ug +ui) + gn(vi +ui — Qukvk)]bgbg
F#0 F£0
h2k? 1, A
+ Z[ 5V + 5 (0 + = 2uvn)) (07 0k + bpb ) (3.28)
F£0

The value of 6 must be chosen in order to make the coefficients of the non-diagonal terms
b; and bg in Eq. (3.28)vanish. This condition is rewritten as

1, /B €
g, v = 5y /6—: + /E’;), (3.29)

where the Bogoliubov spectrum is

€k = 1/ Ei + 2gnEk, (330)

and By = % is the free particle energy. Eq. (3.30) is the famous Bogoliubov excitation

spectrum. Substituting Eq. (3.30) and Eq. (3.29) into Eq. (3.28), the resulting diagonal
Hamiltonian is

k0

where the ground state energy is

1
Eq = —gnN + Z (ex —gn + Ex), (3.32)

2 —~
g
3.4 finite Temperature Mean Field Theory

We now extend the formalism to finite temperatures, by explicitly retaining the non-
condensate operator W(7,t) in Eq. (3.8). We proceed via the technique of Hamiltonian
diagonalization already discussed in this section. In order to go beyond the zero temper-
ature discussion, we must additionally include the remaining contributions Hs + Hj of
equation Eq. (3.9) to the system Hamiltonian. This Section discusses their approximate
mean field inclusion, which amounts to a static thermal cloud approximation. In order
to reduce the full Hamiltonian of Eq. (3.9) to a desired quadratic form, one may use
Wick’s theorem for the non-condensate operators in H, [239, 240], which states that at
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equilibrium, an average over multiple operators can be approximated by sums of averages
of pairwise contracted operators, i.e.

EW
*GH>
ok
Elb
ST

(T* )= (U Y00+ 20+ D) (D) (3.33)
The above approximation maintains correlations of non-condensate operators only to
quadratic order. One may thus also wish to approximate products of three noncondensate
operators appearing in Hs by their corresponding quadratic form,
=2{¥" >a+< (3.34)
= (Ut U U 42

Since by construction (\i/) = <\i/+> = 0 the approximation of Eq. (3.34) implies
that (U U+ W) = 0. We have already seen that the system may be split into two
sub-components, namely the condensate contribution,n. = |¢[? and the thermal cloud

n= (\I/Jr \If> satisfying:n = n. + n Similarly, the approximations of Eq. (3.33),Eq. (3.34)

motivate the definition of an additional mean field contribution m = <\Il \If> . This is often
referred to as the pair anomalous average.

3.4.1 Popov approximation

In this crude approximation one of tem neglects the anomalous average m = (@\i’) [241,
242]. The condensate wavefunction is coupled only to the noncondensed density

wo = [—h—QA + Ve (7) + g(ne + 20)] P, (3.35)

2m

The usual Bogoliubov transformation ¥ = > oelu(O)r be — vi(7) b Jleads to the coupled
Bogoliubov-de Gennes equation

(w0 ) = () (3:30)

where L = —%A + Vet (7) — s M = g®? and n = n, + 7 is the total density The
equilibrium thermal cloud density is given by

1 Er + gn. €k
n_2§k:[ - coth (577) — 1] (3.37)

The Popov approximation is a finite temperature approximation, since it endows con-
densate interactions with both condensate and thermal atoms. The set of equations
Eq. (3.32) predicts excitations at finite temperatures with no gap in the energy spectrum
for uniform gas. We use the term gapless theory. The advantage is that they are in
agreement with Goldstones theorem.
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3.4.2 Hartree-Fock-Bogoliubov approximation

The Bogoliubov approximation [245, 246] is valid for low temperatures and weak interac-
tions. A more general approximation, that would be valid for all temperatures and any
interaction strength, is the Hartree-Fock-Bogoliubov (HFB)approximation. Early works
employing this approximation, confronted the inconsistency problem, which will be dis-
cussed in the next section, because of an unphysical gap in the particle spectrum. In the
frame of HFB formalism, the condensate wave function is defined within the generalized
Gross-Pitaevskii equation. In this approximation, the condensate wavefunction is coupled
to the noncondensed density via the generalized Gross-Pitaevskii equation

h2
po = =g~ A+ Veu(7) + g(ne +20)]® + g mP”, (3.38)

Using the above Bogoliubov transformation, we get the generalized coupled Bogoliubov-de
Gennes equations

Liry — M(r) u(r) ug(r)
. N = 3.39
( —M*(r) —L*(r) vk (r) N\ ) (3:39)
where [ = —%A—H/m(f') —u, M=g® M=y (®%+1) and n = n.+n is the total
density. These equations define the Bogoliubov energy spectrum ¢, and the quasiparticle
amplitudes ugand vg. Once these quantities have been determined, the noncondensed

and the anomalous densities for a homogeneous Bose gas are obtained from the following
expressions

P — %Z[E’“ + QSZC =) oth (o)~ 1] (3.40)
e Z[@ coth (+5) (3.41)
k
Where
e = [(Ej + 2gn — p)? — ¢*(n. +m)?)2 (3.42)

Making use of the HFB chemical potential p given by Equation Eq. (3.38)

p=g(n+n+m) (3.43)
one sees that there is a finite energy gap atk = 0.

e =2g+/|mn.| (3.44)

Clearly the HFB does not satisfy the Hugenholtz-Pines theorem. The spectrum Eq. (3.42)
be not gapless in the long wavelength limit. To correct this inconsistency ad hoc
procedure [247] for the chemical potential was proposed.

p=gn+n—rm) (3.45)
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3.4.3 Problems of HFB
The difficulties of the generalized HFB theory are summarized in the following:

1. The anomalous pair average is ultraviolet divergent. Physically this comes from
the approximate parameterization of collisions through a hard sphere interaction
potential, which treats collisions of different momenta with the same probability.
In reality, however, collisions with high energies are much more unlikely in the
Bose condensed system and this unequal treatment leads to the divergence in the
anomalous average.

2. The HFB theory is not gapless. The excitation spectrum contains a finite energy
gap (ex = 2g+/|mn.|, which is a relic of divergences in the homogeneous case at
low momenta.

3.4.4 Other finite temperature approaches

In order to circumvent the well-known HFB problems, many approaches were proposed
in these two last decades. Among them we can cite, the so-called selfconsistent, coupled
Gross-Pitaevskii-Boltzmann approach, which is often referred as the Zaremba-Nikuni and
Griffin (ZNG) theory [250, 251]. In such approach, the thermal cloud itself is described
by a quantum Boltzmann equation self-consistently coupled to the condensate [251].
This method reproduces the two-fluid hydrodynamics in the collisional and hydrody-
namic regime[252, 253|, and has been tested successfully against experiment for collective
modes[253, 254, 255, 256] and macroscopic excitations [257, 258]. Despite their elegant
formulation, kinetic theories based on mean field potentials have the drawback in lower
dimensions of not fully capturing the large phase fluctuations in the quasi-condensate.
In addition, so called anomalous averages (or pair correlations) in the thermal cloud,
typically omitted in such approaches, are expected to become particularly relevant at
lower dimensions. It is not entirely clear,however, how to obtain a gapless excitation
spectrum for the system in the homogeneous limit, as required by the Hugenholtz-Pines
theorem|[259].

Classical field methods have been developed to simulate numerically those modes of the
system that feature a macroscopic occupation. These methods rely upon the observation
that for highly occupied modes, the field operator can be replaced by a classical complex
field which evolves in time according to the GPE [260, 261]. This description extends the
T = 0 GPE, by adding stochastic elements that describe fluctuations of the condensate
modes; these may be further coupled to the thermal cloud where the mean occupation
numbers are small. (In fact, too small to be treated in the classical field approximation
and more appropriately described by quantum Boltzmann equations [262].) Within the
class of classical field techniques, we mention the projected GPE [263, 264], the truncated
Wigner method[265, 266] the stochastic Gross-Pitaevskii equation[267, 268, 269, 271] ,
when implemented in the classical limit and closely related to classical field methods.
Hybrid simulation techniques were also recently developed that attempt to go beyond the
classical limit.

In the stochastic approaches, the relation between them and other kinetic theories and
their respective applications have been reviewed in Refs [271, 272, 273]. A key appeal is
that they provide an approximation to the full distribution function of the ultracold gas
and give access to physics beyond the mean field. They have been used, e.g., to probe
the large critical fluctuations near the phase transition [274, 275], to study dynamical
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effects of fluctuations on condensate growth and macroscopic excitations[276, 277, 278].
Another quantity of interest is the counting statistics of the condensate mode [279, 280],
which is analogous to the photon number distribution in quantum laser theory [281,
282]. Another kind of finite temperature approximation was proposed by Yukalov. Such
approach based on the general notion of representative statistical ensembles [283] which
is formulated for arbitrary statistical systems, equilibrium or not. The main idea of this
notion is the necessity of taking into account all imposed conditions that uniquely define
the given statistical system. Employing such a representative ensemble for Bose condensed
systems removes all paradoxes, yielding both conserving and gapless in any approximation.
This theory has been used to study the static and the dynamics spectrum behavior of
the normal and anomalous densities [283]. System of Bose-Einstein condensed gases in
random potentials is also investigated in the context of this theory [284]. In addition, this
theory has been used to analyze the behavior of the Bose-Einstein condensates in optical
lattices[284].
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Chapter 4

Time Dependent
Hatree-Fock-Bogoliubov Theory For
Trapped Bose gases

4.1 Introduction

Much work has been devoted to the properties of condensed gases at very low tempera-
tures (much smaller than the critical temperature 7, )where the non-condensed fraction is
negligible. In the so called Thomas-Fermi (TF) regime, the dynamic behavior of the con-
densate is essentially determined by the interplay between the trapping potential and the
atomic interactions. At higher temperatures, less than but comparable to T, a significant
thermal component is also present, having its own dynamics and typically much more
dilute than the condensate. Therefore one can not consider this non condensed phase as
a static bath where the condensate lives. For reasons, one recalls the successful two fluid
approach of Khalafnikov et al., where the two phases are treated as two fluids moving in
a common field In this situation, the kinetic energy per thermal atom is larger than the
mean-field energy, and deviations from ideal gas behavior are small.

Static as well as dynamic properties of Bose-Einstein Condensate (BEC) are now in-
tensively studied, both experimentally and theoretically, in order to apprehend the way
the BEC forms, develops and vanishes. Various theoretical techniques have been used
successfully, predicting correctly a great number of experimental results. Among these
techniques, some are widely used, such as the Bogoliubov[285], the Beliaev [286, 287]
and the Hartree-Fock-Bogoliubov [288, 289, 290]| approximations. Some other methods,
such as Monte-Carlo simulations [291] are rising interest since they tend to solve the
exact quantum many-body problem. Although being extremely precise in the static sit-
uations, the approximations mentioned above all adopt ad-hoc assumptions about the
various quantities such as the order parameter ® (or the condensate density n.), the
non-condensed density or thermal cloud n or the anomalous density m. We will rely
on a different approach, based on the time-dependent variational principle of Balian and
Venéroni (BV)[292, 293]. Not only does this method retain the essential features of the
physics behind the previous approximations, but it also allows one to bypass some (if
not all) of the ad-hoc assumptions. Indeed, being variational, the formalism generates a
consistent dynamics for the quantities ®, n.,n and m by choosing a certain class of trial
spaces. This well-known advantage of this (and any) variational principle faces however
a major difficulty related to the choice of the trial spaces. A (difficult) compromise must
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be found between a correct description of the physics on one hand, and the tractability of
the calculations on the other. In this order of ideas, the BV variational principle requires
to specify two objects: a density-like operator and a measured observable. Our choice
for the variational spaces consists of a gaussian time-dependent density-like operator and
a single-particle operator for the observable. This last quantity turns out to be of no
interest in our particular case but it may play a major role in other situations especially
when one intends to calculate correlation functions[294, 295]. The machinery we are dis-
cussing has in fact already been used elsewhere[293], where we have recognized that the
variational dynamical equations derived there are a generalization of the Gross-Pitaevskii
equations[296], that takes into account the coupling between the order parameter and the
various densities. We called this approach the Time-Dependent Hartree-Fock-Bogoliubov
(TDHFB) approximation. The point is that the usual image of a collection of condensed
atoms in a bath of thermal particles is not totally true, since the bath has its own dynam-
ics which is sensible to the condensate dynamics. We use the time-dependent variational
principle of Balian and Vénéroni to derive a set of equations governing the dynamics of
a trapped Bose gas at finite temperature. We show that this dynamics generalizes the
Gross-Pitaevskii equations in that it introduces a consistent dynamical coupling between
the evolution of the condensate density, the thermal cloud and the anomalous density.

4.2 The Balian-Vénéroni variational principle and
the TDHFB Equations

The General TDHFB equations were derived in[293] using the BV variational principle.
For technical reasons, they were written in terms of the creation and annihilation operators
a™ and a. They may however easily be translated in a more appropriate notation for the
BEC problem using the boson field operator \if(r) in the Schrodinger picture. Let us first
recall some of our notations. We introduced the gaussian density operator D(t) (with
variational parameters N(t), A(t) and S(t)):

D(t) = N(t) exp(A(#)) eXp(%OzTS(t)cz), (4.1)

where o = (¢7,9) and 7 is a symplectic constant matrix. Then, we defined the
one-boson expectation value («) and the single-particle density matrix p by:

() = ( éﬁ) ) , (4.2)

(Yt + ™) —2(Y) )
14+2p= - 7 - = £ - , 4.3
P ( 2APTYT) = (gt + PP 43)
which are directly related to A(t) and S(t) respectively (see Eq. A.6 of ref.[295]).
Operators such as ¢ are simply the centered operators 1) — (10). The expectation values
are to be taken with respect to the density operator Eq. (4.1). Introducing the ansatz

in the BV variational action-like leads, beside the conservation of the partition function
Z =TrD(t), what we called the TDHFB equations:

(o) _ _O(H)
Ta =Tow (4.4)
Zhd_é) = -2 [p7 8_p]’
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in which (H) is the energy. Some interesting properties are discussed in[293, 295]. In
order to make connection with the BEC phenomenon, we introduce the Grand Canonical
Hamiltonian for trapped bosons[4]:

i [0t [ ga v | o0 + 4 [ mereumen. 69

The quantity Vi (r) is the trapping potential, u is the chemical potential and g is the
coupling constant. The energy £ = (H) is easily computed yielding.

h? n
- / ——<I>*ACI> — A+ (V1) — g 200 + L[] — LA
Vi () = )i g+ 2 (7] 47+ m(@4))] - (4.6)

where the condensate density n. = |®|?, the non-condensed density 7 and the anomalous
density m are identified respectively with [(@)|?,(¢) ") and(i1)). The Eq. (4.4) now take
the form

ihd = 25
ihin =2 (M2 —ml), (4.7)
i =4 (R + 3) o + 452m,

which constitutes a closed self-consistent system. The coupling between the order pa-
rameter @, the non-condensed density and the anomalous density occurs via the deriva-
tives of ¢ which still contain n and m.

Beside the conservation of the energy, the equations Eq. (4.7) exhibit the unitary
evolution of the density matrix (already visible in Eq. (4.4)) by means of the conservation

of the Heisenberg parameter I defined as p(p + 1) = —1 or equivalently

I=2n+1)%—4|m% (4.8)

We recall the reader that I = coth2( =) for a thermal distribution at energy E.
The expression Eq. (4.6) for the energy allows us to write down the Eq. (4.7) more
explicitly. They indeed read

ihd = (-’iA + Viss — 1+ gne + 2gﬁ> O + gmd*,
ihii = g (M ®? — md*?), (4.9)
i = $QVi 1) 4+ 4 (~ A+ Vg = i 290 + (Vi + 1)) i,

where we introduce the volume V' of the system.

The equation governing ® has been obtained elsewhere [297, 298, 299, 300, 301] as an
extension of the Gross-Pitaevskii equation. Moreover, one can show that our equations
(4.9) are more general than the standard HFB-BdG approach[9, 10]. To this end, it is in
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fact sufficient to linearize the first equation in (4.9) (while keeping 7 and 7 constants)
around a static solution. This yields:

ihé® = (h* + 2gn) 6@ + g (1 + O?) 60, (4.10)

where AP = —%A + Vixt — ¢ is the single-particle hamiltonian. In order to analyze the
excitation spectrum, one expands 0P as follows: 0¢ = ), (uie*ih“’it — vie”hwit) (where
u; and v; are real space functions) and gets

hwiu; = (R + 2gn)u; — g(ne + m)u;,
5 - (4.11)

—hwv; = (hP + 2gn)v; — g(ne + m)u;,

which are just the time dependent Bogoliubov-De Gennes equations. Hence, the stan-

dard HFB-BdG approach consists in using the generalized GP equation coupled to the

equations (4.11). We note in particular that our two remaining equations in (4.9) have

no analogue in this approach.

The TDHFB equations couple in a consistent and closed way the three densities.
They should in principle yield the general time, space and temperature dependence of
the various densities. They are not only energy and number conserving, but also satisfy
the Hugenholtz-Pines theorem (see below) which leads to a gapless excitation spectrum
in the uniform limit. It is to be mentioned that the TDHFB equations have also been
derived by other groups using different variational formulations[20, 21]. For instance, the
authors of the first reference have used a gaussian trial wave functional and have obtained
a set of equations very similar to ours. In fact, we can show that our two last equations in
(4.9) are just the diagonal parts (in space representation) of a more general set involving
the dynamics of the two-point correlation functions n(r,r’) and m(r,r’). When one sets
r = r’, the non-diagonal and diagonal parts decouple, the latter being Eqgs.(4.9) with
n(r,r) = n(r) and m(r,r) = m(r).

4.3 The Static Solution

In order to show that our equations do indeed yield conclusive results even in their sim-
pler form, we will focus in this section on the static solution both at zero and finite
temperature in the Thomas-Fermi (TF) limit. The interest is evident, since there re-
main many unanswered questions such as the general dependence of the density profiles
on the temperature and on the interaction strength and the effect of the interactions on
the critical temperature. More particularly, recent experiments are raising challenging
questions about the precise determination of the thermal cloud and its back effects on
the condensate[18]. Indeed, due to the difficulties inherent to these experiments, there is
no clear image on the way the condensed and non condensed phases mix up. Hence, in
these preliminary calculations, we intend to provide some simple answers. We do not of
course pretend to reproduce exactly the experimental data, neither do we pretend repro-
ducing the full Monte-Carlo calculations. All that we intend to do here is to show that
the simplifications that we are actually using (Static Mean field + Thomas-Fermi) are
controlable and retain also the most important qualitative features without destroying
the underlying physics. As we will see, they will in fact imitate in many respects the full
HFB self-consistent calculations[10]. This provides a simple enough tool which can be
considered as a starting point for a more elaborate treatment.
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The static solutions, are obtained by setting to zero the right hand sides of (4.9). At
zero temperature, the standard TF limit[22] amounts to neglecting the kinetic (or A)
term in the Gross-Pitaevskii equation. This is particularly satisfied for strong interacting
regimes or large atom numbers. At finite temperature and below the transition, since
there are two phases (condensed and non condensed) which coexist, one has to provide
a complementary recipe for what we shall call the finite temperature TF limit. First,
neglecting the kinetic energy of the condensate remains a justifiable approximation since
the atoms are slowed down in order to obtain condensation. On the other hand, m is
believed to be an extremely small and slowly varying function whatever the temperature
is (recall that it describes the correlations between the condensed and non-condensed
phases). Hence, one may in a first approximation safely neglect Am. Heuristically, one
may argue that, since the equations for n. and m contain almost comparable operators,
h and h+ g(n.+n/2), where h is the self-consistent mean field hamiltonian h = Vi (r) —
i+ gne + 2gn, the TF condition h >> T (T being the kinetic operator), if fulfilled for n,
should also be satisfied for m. For this approximation to be consistent, n. and m should
vary on the same characteristic length, which is indeed the case as we will show later.

Before proceeding further, it is important to notice at this point that a kinetic-like
term of the thermal cloud does not appear explicitely in the equations but is rather
hidden in the third equation of (4.9). Indeed, the kinetic term of the thermal cloud
is related to the second derivative of the anomalous density. Differentiating equation
I = (1+2Vn)® — (2V|m|)? yields a relation of the form: Before proceeding further, it is
important to notice at this point that a kinetic-like term of the thermal cloud does not
appear explicitely in the equations but is rather hidden in the third equation of (4.9).
Indeed, the kinetic term of the thermal cloud is related to the second derivative of the
anomalous density. Differentiating the equation I = (1+2Va)* — (2V|m|)? yields a
relation of the form:

Aiv ~ (V[m])* = (V|a])* + m| Alm], (4.12)

which shows in particular that neglecting Am does not necessarily mean neglecting An.
That is precisely the recipe that we shall adopt below. With this finite temperature
prescription, the static equations corresponding to (4.9) now write

(Vext (1) — o+ gne + 2g7) @ + gimn®* = 0,
7B — i = ), (4.13)
Vit (r) — 1+ 2gn + %2Vt + 1)) i+ 5 (2Vi + 1)@ = 0,

These equations are naturally gapless and satisfy the Hugenholtz-Pines theorem[9]. In-
deed, owing to the second equation in (4.13), one can easily show that at zero momentum,
the relation p = g(n + n — |m|) is clearly satisfied without adding further assumptions,
as is usually performed[9]. In order to solve these equations, we may distinguish two
rather different situations. The first one is for 7' = 0. When all the atoms are condensed,
n =m = 0, and n, equals the total density n of the gas. Omitting the trivial solution
with n. = 0, one may take into account just the first equation in (4.13), since we con-
sider a gas without a quantum cloud. Indeed, within the present set of equations, it is
an approximation (although justifiable) to ignore the quantum depletion at 7" = 0. The
last two equations in (4.13) become therefore meaningless, and we are left with a simple
expression for the condensate density
1

ne(r) = —¢&(r) = p (1 = Vexe (1)) - (4.14)
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Upon defining the oscillator length ag = (h/mwy)'/? and the s-wave scattering length a =

mg/4mh?, we obtain for a spherical trapping potential Vi (r) = %mw%r{ the condensate
radius R and the reduced chemical potential vy = 11/ %ﬁwg for a gas of N bosons as
1/5
L (15N1) : (4.15)
Qo ag
0\ 25
vy = (15N—) . (4.16)
Qo

The preceding expressions show that the spreading of the condensate depends essentially
on the balance between the self-interactions and the trapping potential. These results
have also been obtained by many other authors, see e.g. [8, 12, 13].

When 0 < T < Tggc, we have of course n. # 0 and n # 0. Let us introduce the
parametrization 2Vn + 1 = VT cosh o, 2V|m| = VT sinh o, which automatically endows
the relation I = (14 2V#)® — (2V|m|)®>. Then, from the third equation in (4.13), one
obtains a simple equation for X = e“:

4Vn,
VI

from which one extracts n and |m| as functions of n.. Next, one uses these expressions in
the first equation (4.13) to get the condensate density

3X4—4X?+1+

(X*-3) X =0, (4.17)

no(r) = —&(r) — % (%ﬁ - 1) | (4.18)

What is remarkable is that the sole acceptable solution of equation (4.17) is a bounded
function of n = Vn./+/I. It is represented on figure 1.

18+
17314

Li] i 40 L] &0 100

n=Fg/ T

Figure 4.1: Solution of Eq. (4.17) vs. the dimensionless condensate density

Due to this behavior, one can easily show that the quantity which appears
in (4.18) is almost independent of n, and becomes rapidly close to unity. Indeed, since
equation (4.18) may also be rewritten as n = % — (X +3X 1) /4, its solution provides

X4+3x—1
4
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Figure 4.2: Plot of the solution of Eq. (4.18) showing a typical linear behavior

the typical linear behavior shown in figure 4.2. Hence, one may safely approximate (4.18)

by

ne(r) ~ —=&(r) — % (\/Y— 1) . (4.19)
In fact, one can check that the relative error between the two expressions (4.18) and
(4.19) is less than 1%. Finally, since v/ does not depend on space, the result (4.19)
shows that the finite temperature correction to the Thomas-Fermi profile (4.14) is simply
a space-independent (but temperature dependent) shift. This shift may be absorbed in a
redefinition of the chemical potential which now writes

p= Vo) + 2 (VI - 1), (4.20)
where R is the condensate radius. The condensate density finally writes in the suggestive
form

ne(r) = Yl g_ Veulr), (4.21)

which is formally the zero temperature TF profile. It is then easy to show that the
condensate radius takes also a simple form

1/5
L (15Nci) , (4.22)

Qg Qo

but now, it is the number of condensed atoms N. which is involved and not the total
number of atoms. The same conclusion may be drawn for the chemical potential (4.20).
Hence, our finite temperature prescription for the TF approximation provides natural
extensions of the zero temperature expressions, since the Thomas-Fermi parameter is
now N.a/ag instead of Na/ay.

In order to apprehend better these results, let us compute the remaining unkown
quantities, such as the non condensed and the anomalous densities. To this end, and in
order to obtain tractable expressions, we find it more convenient to use the simple fit

_ \/§77+2/3

oy (4.23)
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(instead of the full analytical solution of equation (4.17)) which reproduces correctly the
solution X plotted in figure 4.1 with a residual error less than 0.1%. Upon rewriting
equation (4.21) in the form 7 = n9(1 — z?), with an obvious definition of 7y, we obtain
the non condensate density

(i e ) ),

n(z) = 2V 2 no(1 —22) +2/3 V3io(1 — 22) +2/3

and the anomalous density

|my(a;)—i\/_7 V3no(1—a?) +2/3 (1 —2?) +2/3
2V 2 (L =a?) +2/3 V(1 —a?) +2/3)

(4.25)

as functions of the reduced radial distance x = r/R. In figures 4.3 and 4.4, we show
typical density profiles (in reduced units) for 7y = 1.
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Figure 4.3: Noncondensate density vs. the radial distance
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Figure 4.4: Anomalous density vs. the radial distance

It is interesting to notice that, within our TF approximation, the figure 4.3 is qualita-
tively consistent with the profile of the thermal cloud as depicted by Gerbier et al[18]. It
also predicts that the thermal cloud does not vanish at the boundaries of the condensate
which is also compatible with the experimental results since it is widely known that the
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condensed atoms are surrounded by the thermal cloud. We will return to this point later.
What is less known (even experimentally) is the anomalous density (figure 4.4). This
quantity behaves quite differently from the thermal cloud and is clearly dominated by a
TF-like shape. In contrast with the thermal cloud, the anomalous density vanishes at the
boundaries which is also plausible since the condensate vanishes there. Furthermore, we
observe that n., |m| and 7 vary on the same length scale (R) which justifies a posteriori
our previous assumption.

At this level, one should stress some discrepancies with already published HFB calculations[10].
Indeed, in the latter reference, n and m present a sharp peak at the borders of the con-
densate. But one must recall that these calculations are performed with a relatively small
number of atoms (N ~ 2000). Hence, the TF limit cannot be applied there and there is no
sense to compare these calculations with ours since they apply to different regimes. More-
over, it has been observed elsewhere[23] that upon increasing the number of atoms, the
peaks of 7 and m tend to shift toward the center of the trap (at least at low temperatures)
making the profiles depicted in these figures appearing as limiting cases.

In order to obtain more quantitative results, one must determine N, by using the
normalization condition. We get easily the relation

1+ 2N = 2N, +VIg(s), (4.26)

where

2 3 1 1 [s 1
s) = —+(vV3-1)s{1—=vs+1arctanh ——— + —, /— + 1 arctanh ———— ,
(4.27)

with s = 4y/1/15N,. But since the function g(s) satisfies 1 < g(s) < 2/4/3, the equation
(4.26) is approximately solved to yield, to a very good accuracy, the simple result
VI—1

New N— . (4.28)

All the unknown quantities may now be determined in terms of N and v/ alone. The
corresponding results will be discussed in the next section.

4.3.1 Results and Discussions

First of all, the condensate radius (4.22) may be written as

N, 1/5
R:RH(W> : (4.1)

where Rp is the zero temperature result given by equation (4.15). Figure 5 represents
the condensate radius (in units of Rrr) as a function of the condensate fraction. We see
on this figure, and also on equation (4.1), that R decreases from its zero temperature
value Rtp when N./N = 1. Hence, when increasing 7' (that is decreasing the condensate
fraction), the thermal component 7 grows and the condensed component collapses. This
is the compression effect which is by now a well established experimental result [18] and
is attributed to the thermal cloud. The same effect of compression is observed on figure
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Figure 4.5: Condensate radius vs. the condensate fraction

12004

1000+

0 s

n (0) EU:I P

a 00 <

400~

2004/

00 0z 04 s 08 10
NN

Figure 4.6: Central density vs. the condensate fraction

4.6 for the central condensate density n.(r = 0) but it is more pronounced due to the
power law of 2/5 (see 4.21) instead of 1/5 for the condensate radius.

To be more precise, let us choose generic values for the number of atoms and the
interaction strength (N = 10° and a/ay = 0.5 107%) and plot the various densities (in
units of the oscillator volume a3) versus the radial distance (in units of Rry = 3.7584ay) for
a condensate fraction ranging from 5% up to 100% (7" = 0). The figure 4.7 shows typical
Thomas-Fermi profiles for the condensate density, even for low condensate fraction. This
is of course what one may expect on general grounds in the TF regime. Moreover, the
effect of compression of the condensate appears in this figure as a reduction of the central
density and of the condensate radius with increasing temperature, which is rather due
to the fact that there is less and less atoms in the condensate. Indeed, within our TF
approximation, we do not expect to reproduce the ”true” compression effect (that is a
deformation of the condensate profile by the thermal cloud) since, as we discuss it below,
the TF approximation enforces a certain uniformity of the profiles.

The noncondensate density (from which we have substracted a constant n(R) for
clarity) is plotted on figure 4.8 with the same units as before. The information which is
added here with respect to figure 4.3 is the temperature dependence which appears via the
condensate fraction. We notice in particular that when increasing the condensate fraction,
the thermal cloud tends to spread and flatten. This overall behavior of the thermal cloud
is not however the end of the story. Indeed, as we have mentioned before, we know from
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Figure 4.7: Condensate density vs. the radial distance for varying condensate fraction for
N =10° and a/ag = 0.5 1073,

the full HFB self-consistent calculations[10] that the non-condensate density is sharply
peaked at the edge of the condensate, having therefore a "hole” at the center of the trap.
As it has been mentioned in the previous section, this situation would disappear with
increasing N, that is when entering the TF regime [23]. Hence, our result does not only
meet the HFB calculations, but is also confirmed by the experiment of Gerbier et al. In
our case however, we understand heuristically that neglecting the kinetic energy entails
overestimating the (effective) repulsive self-interactions which tend to make the profiles
more uniform.

On the other hand, the thermal cloud takes on a (small but) finite value for » > R.
Even if this behavior is less intuitive, it is not very surprising since we do know that
neglecting the second order derivatives amounts to making a cut of the densities at the
boundaries. It is indeed a limitation of the TF approximation at the boundaries[24]. The
tail should be reproduced when one reinjects the second derivatives in the equations. In
fact, it has been shown in the context of the full HFB numerical calculation[10] that this
is indeed the case.
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Figure 4.8: Noncondensate density vs. the radial distance for varying condensate fraction
for N =10° and a/aq = 0.5 1073.
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The figure 4.9 represents the anomalous density and depicts two phases. In a first
phase, |m(r)| grows with increasing temperature (N./N = 60%,35%) while its spatial
extension decreases. As we still increase the temperature, and precisely at N./N ~ 17%
(not represented in the figure), the anomalous density reaches a maximum and then begins
to decrease (N./N = 15%,5%) until the transition where it falls to zero. It is to be noted
that its spatial extension is still decreasing in this second phase. Although this overall
behavior meets qualitatively the self-consistent HFB calculations[10], we note however
two major differences. The first one is the location of the maximum of |m(r = 0)| which
is predicted by the authors of [10] to happen at N./N =~ 50%. Moreover, the HFB
calculations yield a spatial extension of the anomalous density quite insensitive to the
temperature while it is very temperature-dependent in our case. An experimental check
of the way the anomalous density depends on the condensate fraction would therefore be
welcome.
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Figure 4.9: Anomalous density vs. the radial distance for varying condensate fraction for
N =10° and a/ag = 0.5 1073.
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Conclusion

We present in this part a finite temperature analysis of the static TDHFB equations in
the Thomas-Fermi limit for a gas of bosons in a harmonic trap.

At zero temperature, we obtain familiar expressions for the chemical potential and the
condensate radius. The standard Thomas-Fermi profile for the condensate density is also
recovered.

At finite temperatures and below the transition, since there are two phases, one should
provide a prescription for the TF limit. We propose such a recipe (maybe the simplest)
which consists in neglecting the second order derivatives of the condensate density and
the anomalous density. The underlying idea is that, although the anomalous density is
necessary for the coherence of the equations, it is believed to be a very small and a very
smooth quantity. We therefore obtain analytical expressions for the condensate density,
the condensate radius, the chemical potential and the condensate fraction as functions of
the temperature. Our expressions appear as natural extensions of the zero temperature
TF limit.

Most importantly, we derive quite simple expressions for the non condensate density
and for the anomalous density, which we plot as functions of the condensate fraction and
draw many conclusions. First of all, the condensate profile is almost of the TF shape of
which the spatial extension and the heights are controlled by N./N. Furthermore, the
compression of the condensate by the thermal cloud with increasing temperature is clearly
visible. On the other hand, the noncondensate density profile is qualitatively consistent
with the temperature dependence observed in recent experiments. In particular, the non
condensate density is not peaked at the edge of the condensate (as predicted by the HFB
calculations) but has a broad maximum at the center of the trap. Furthermore, the
thermal cloud tends to spread and flatten with increasing temperature. The calculated
anomalous density, although not yet observed experimentally, shows also a very intuitive
behavior; it has a broad maximum at the center of the trap and vanishes at the boundaries.
Moreover, we find that the anomalous density grows with the temperature and reaches
a maximum for a condensate fraction of about 17%. It decreases afterwards down to
zero when the transition is reached. On the qualitative level, this behavior agrees quite
well with the HFB calculations (see [10], Sect. V). However, we do observe some subtle
differences such as the location of the maximum and the fact the spatial extension of the
anomalous density decreases as the temperature grows. An experimental check, although
not trivial at all, is therefore highly required.

At the borders of the trap (where the condensate density vanishes) and for a given
temperature, the non condensate density takes on a finite value which is a quite abrupt
behavior. Although this meets the fact that the thermal cloud is actually surrounding
the condensate, it is by no means conclusive. But this is also a shortocoming of the
TF approximation as a whole since it is known to break down at the boundaries of the
condensate. Indeed, reinjecting the second derivatives of the densities will entail a more
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physical behavior.

These results are quite satisfactory considering the drastic simplifications that occur,
as compared for instance to the full self-consistent HFB calculations. Indeed, even if
our overall density profiles are smoother and broader than what they should be, we
know precisely the reasons and how to incorporate gradually what is missing. In order
to apprehend better the advantages of our approach and owing to its importance to
account for many-body effects, many Analytic and numeric studies in the static cases at
finite and zero temperature taken a cont the kinetic energy have been done after such
as [313, 314, 315] they show that at low temperatures, the anomalous fraction is larger
than the non condensate one. The former necessarily plays a major role in the Bose-
Einstein condensation phenomenon. Any approach neglecting the anomalous fraction at
low temperatures will inevitably lead to inconsistencies.

At finite temperature, the Hartree Fock Bogoliubov (HFB) approximation and its gen-
eralizations, being selfconsistent and gapless, are known to be very good candidates for
the description of the thermal behaviour of the gas [303, 306], except perhaps near the
transition where some controversies still persist . There remain, however, many unan-
swered questions. One of the most challenging is the effect of the thermal cloud on the
condensate, especially the compression effect, and the correlation between these two com-
ponents (commonly referred to as the anomalous average). Recent experiments focusing
on these effects [307, 309]report clear evidence that the GrossPitaevskii equation supple-
mented with the Castin Dum model for free expansion [310] does not provide definite
answers for, say, the condensate radius or the aspect ratio. They indeed predict constant
values for both quantities, which is reminiscent of the ThomasFermi (TF) behavior. Most
importantly, a recent numerical study based on the classical field approximation [311]
reports that the previous experiments are not in mutual agreement and some of them do
not coincide with the numerical results.

The numerical difficulties are twofold. First, one has to handle more and more quan-
tum states as the temperature is increased. The code developed in [312] becomes rapidly
unstable with growing N. It therefore requires to be improved in order to handle atom
numbers as high as 10* —10°. Secondly, the UV divergences that appear in the anomalous
density for high atom numbers must be regularized. The heuristic regularization method
employed in [312] ceases to be efficient as soon as N > 10° and hence it also needs to
be improved. So to get an excellent result we need a very performance code. So for this
reasons in the second part of our thesis we prefer to keep the numerical calculation and
try to understand before very well the generalized Gross Pitaevskii Equation (Schrodinger
equation) using a mathematical tools and go back to the numerical study in the future.
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Part 11

Solitonic Solutions of Higher-Order
Nonlinear Schrodinger equations and
their Special cases
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Introduction

Soliton theory is an important branch of nonlinear science. On one hand, it describes
various kinds of stable motions appearing in nature, such as solitary water wave, soli-
tary signals in optical fibre etc. It has many applications in science and technology (like
optical signal communication). On the other hand, it gives many effective methods of
obtaining explicit solutions of nonlinear partial differential equations. Therefore, it has
attracted much attention from physicists as well as mathematicians. Nonlinear partial
differential equations appear in many scientific problems. obtaining explicit solutions is
usually a difficult task. Only in certain special cases can the solutions be written down
explicitly. However, for many soliton equations, people have found quite a few methods
to get explicit solutions. The most famous ones are the inverse scattering transform (IST)
method, Backlund transformation etc. The IST method is based on the spectral theory
of ordinary differential equations. The Cauchy problem of many soliton equations can be
transformed to solving a system of linear integral equations. Explicit solutions can be de-
rived when the kernel of the integral equation is degenerate. The Backlund transformation
gives a new solution from a known solution by solving a system of completely integrable
partial differential equations. Some complicated nonlinear superposition formula arise to
substitute the superposition principle in linear science.

However, if the kernel of the integral equation is not degenerate, it is very difficult to
get the explicit expressions of the solutions via the inverse scattering method. For the
Backlundtransformation, the nonlinear superposition formula is not easy to be obtained
in general. In late 1970s, it was discovered by V. B. Matveev that a method given by
G. Darboux a century ago for the spectral problem of second order ordinary differential
equations can be extended to some important soliton equations. This method was called
Darboux transformation. After that,it was found that this method is very effective for
many partial differential equations. It is now playing an important role in mechanics,
physics and differential geometry.

The complete integrability of a system of partial differential equations has been a topic
of active research over the last forty or so years. Even today there is no one generally
accepted definition of integrability. Many approaches have been advocated , all of which
have their merits but none seem to encapsulate the essence of integrability. However one
concept has appeared in many different approaches; the Lax pair. This is a reformulation
of the original system of nonlinear equations as the compatibility condition for a system
of linear equations.

The story of Lax pairs begins with the discovery by Lax of such a linear system
for the ubiquitous KdV equation. This equation models a variety of nonlinear wave
phenomena, including shallow water waves and ion-acoustic waves in plasmas . Laxs
discovery sheds light on the then newly discovered inverse scattering transform method to
solve the KdV equation. It allowed this method to be extended to a variety of integrable
equations. In 1979 it was realised that the Lax pair could be interpreted as a zero
curvature condition on an appropriate connection. This led to generalisations of the
method of inverse scattering transforms. In the 1980s, the algebraic structure of Lax pairs
was elucidated. The connection between Lax pairs and Kac-Moody algebras was given
in . Subsequent applications for Lax pairs include Backlund-Darboux transformations |,
recursion operators and generating integrable hierarchies via the root method. However
there was a problem; finding the Lax pair in the first place. In the following, we outline
the remaining chapters of this part
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In chapter 5, we present general notions about the solitons, where we give a short
history and background of the soliton.

In chapter 6, we present a general formalism for the Darboux transformation as a
method for solving the linear and nonlinear equation by using the Lax Pair, and
then we illustrate it by an example.

In chapter7 we use the Lax Pair and Darboux transformation to derive the soli-
tonic solutions of the HNLS equation with cubic nonlinearity, complex potentials,
and time-dependent coefficients by applying the Darboux transformation , solitonic
solution are then also derived for some of the well-known nonlinear Schrodinger
equations, Hirota equation (HE), and Sasa-Satsuma equation (SSE) as special cases

Some concluding remarks of our method are given at the conclusion.
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Chapter 5

Soliton theory and nonlinear
Schrodinger equation

5.1 Solitons, a brief history of

In 1834, a young Scottish engineer named John Scott Russell was conducting experiments
on the Union Canal (near Edinburgh) to measure the relationship between the speed of
a boat and its propelling force, with the aim of finding design parameters for conversion
from horse power to steam. One August day, a rope parted in his measurement apparatus
and [60, 61]. the boat suddenly stopped not so the mass of water in the channel which
it had put in motion; it accumulated round the prow of the vessel in a state of violent
agitation, then suddenly leaving it behind, rolled forward with great velocity, assuming
the form of a large solitary elevation, a rounded, smooth and well defined heap of water,
which continued its course along the channel without change of form or diminution of
speed.

Russell did not ignore this unexpected phenomenon, but ”followed it on horseback,
and overtook it still rolling on at a rate of some eight or nine miles an hour, preserving
its original figure some thirty feet long and a foot to a foot and a half in height” until the
wave became lost in the windings of the channel. He continued to study the solitary wave
in tanks and canals over the following decade, finding it to be an independent dynamic
entity moving with constant shape and speed. Using a wave tank he demonstrated four
facts [60, 61]:

e Solitary waves have the shape h sech?(k(z — vt)];

e A sufficiently large initial mass of water produces two or more independent solitary
waves;

e Solitary waves cross each other "without change of any kind”;

e A wave of height h and travelling in a channel of depth d has a velocity given by
the expression

v=1\/gvd+h (5.1)

(where ¢ is the acceleration of gravity) implying that a large amplitude solitary
wave travels faster than one of low amplitude.
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Although confirmed by observations on the Canal de Bourgogne, near Dijon, most
subsequent discussions of the hydrodynamic solitary wave missed the physical signifi-
cance of Russell’s observations. Evidence that to the end of his life Russell maintained
a much broader and deeper appreciation of the importance of his discovery is vided by
a posthumous work where among several provocative ideas he correctly estimated the
height of the earth’s atmosphere from Equation Eqgs. (5.1) and the fact that ”the sound
of a cannon travels faster than the command to fire it” [60, 61]. In 1895, Korteweg and
de Vries [62]published a theory of shallow water waves that reduced Russell’s problem to
its essential features. One of their results was the nonlinear partial differential equation

ou ou Pu ou

which would play a key role in soliton theory [62]. In this equation, u(z,t) is the wave
amplitude, ¢ = v/g d is the speed of small amplitude waves, (¢ = ¢ (%) — %) is a dispersive
parameter,y = %l is a nonlinear parameter, and 7" andp are respectively the surface tension
and the density of water. The authors showed that Equation Eqs. (5.2) has a family of
exact travelling wave solutions of the form u(x,t) = t(x—wvt), wheret is Russell’s” rounded,
smooth and well defined heap” and v is the wave speed. If the dispersive term e and the
nonlinear term «y in Equation Egs. (5.2) are both zero, then the Korteweg-de Vries (KdV)
equation becomes linear (u; + cu, = 0) with a travelling wave solution for any pulse shape
at the fixed speed v = ¢ = y/gd. In general Equation Egs. (5.2) is nonlinear with exact

travelling wave solutions

u(z,t) = hsech?[k(x — vt)] (5.3)

Where k£ = \/ghE ; implying that higher amplitude waves are more narrow. With this
shape, the effects of dispersion balance those of nonlinearity at an adjustable value of
the pulse speed. Thus the solitary wave is recognized as an independent dynamic entity,
maintaining a dynamic balance between these two influences. Interestingly, solitary wave
velocities are related to amplitudes by

u:c+ﬂ:\/g_d(1+£) (5.4)
3 2d

in accord with Russell’s empirical results[60, 61], given in Equation Egs. (5.1), to O(h).
Although unrecognized at the time, such an energy conserving solitary wave is related to
the existence of a Backlund transform (BT), which was also studied during the late 19th
century [96]. In such a transform, a known solution generates a new solution through
a single integration, after which the new solution can be used to generate another new
solution, and so on. It is straightforward to find a BT for any linear partial differential
equation (PDE), which introduces a new eigenfunction into the total solution with each
application of the transform. Only special nonlinear PDEs are found to have BTs, but
late nineteenth mathematicians knew that these include

82u

W =sin u (55)
X
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which arose in research on the geometry of curved surfaces [97]. In 1939 Frenkel
and Kontorova introduced a seemingly unrelated problem arising in solid state physics
to model the relationship between dislocation dynamics and plastic deformation of a
crystal[98] . From this study, an equation describing dislocation motion is

— — — =sinu (5.6)
Where u(x,t) is atomic displacement in the x-direction and the ”sin” function repre-
sents periodicity of the crystal lattice. A travelling wave solution of Equation Egs. (5.6),
corresponding to the propagation of a dislocation, is

u(z,t) =4 arctan[exp(vx;ij)] (5.7)

with velocityv in the range (—1,41). Since Equation Egs. (5.6) is identical to Equa-
tion Eqgs. (5.5) after an independent variable transformation { = £3tand 7 = £H, exact
solutions of Equation Egs. (5.6) involving arbitrary numbers of dislocation components
as in Equation Egs. (5.7) can be generated through a succession of Béicklund transforms,
but this was not known to Frenkel and Kontorova.

In the late 1940s, Fermi and Ulam suggested one of the first scientific problems to
be assigned to the Los Alamos MANIAC computing machine: the dynamics of energy
equipartition in a slightly nonlinear crystal lattice, which is related to thermal conductiv-
ity. The system they chose was a chain of 64 equal mass particles connected by slightly
nonlinear springs, so from a linear perspective there were 64 normal modes of oscillation in
the system. It was expected that if all the initial energy were put into a single vibrational
mode, the small nonlinearity would cause a gradual progress toward equal distribution of
the energy among all modes (thermalization), but the numerical results were surprising.
If all the energy is originally in the mode of lowest frequency, it returns almost entirely
to that mode after a period of interaction among a few other low frequency modes. In
the course of several numerical refinements, no thermalization was observed [99] . Pursuit
of an explanation for this” FPU recurrence” led Zabusky and Kruskal to approximate the
nonlinear spring-mass system by the KdV equation. In 1965 they reported numerical
observations that KdV solitary waves pass through each other with no change in shape
or speed, and coined the term ”soliton” to suggest this property [100]. Zabusky and
Kruskal were not the first to observe nondestructive interactions of energy conserving
solitary waves. Apart from Russell’s tank measurements [60], Perring and Skyrme, had
studied solutions of Equation Egs. (5.6)comprising two solutions as in Equation Eqs. (5.7)
undergoing a

collision. In 1962 they published numerical results showing perfect recovery of shapes
and speeds after a collision and went on to discover an exact analytical description of
this phenomenon [101]. This result would not have surprised nineteenth century math-
ematicians; it is merely the second member of the hierarchy of solutions generated by a
Backlund transform. Nor would it have been unexpected by Seeger and his colleagues,
who had noted in 1953 the connections between the nineteenth century work [97] and that
of Frenkel and Kontorova [102]. Since Perring and Skyrme were interested in Equation
Egs. (5.6) as a nonlinear model for elementary particles of matter, however, the complete
absence of scattering may have been disappointing. Throughout the 1960s, Equation
Egs. (5.6) arose in a variety of problems including the propagation of ferromagnetic do-
main walls, self-induced transparency in nonlinear optics, and the propagation of magnetic
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flux quanta in long Josephson transmission lines. Eventually Equation Egs. (5.6) became
known as the ”sine-Gordon” (SG) equation (a nonlinear version of the Klein-Gordon
equation: Uy, — Uy = U

Perhaps the most important contribution made by Zabusky and Kruskal in their 1965
paper was to recognize the relation between nondestructive soliton collisions and the riddle
of FPU recurrence. Viewing KdV solitons as independent and localized dynamic entities,
they

explained the FPU observations as follows. The initial condition generates a family of
solitons with different speeds, moving apart in the x-t plane. Since the system studied was
of finite length with perfect refections at both ends, the solitons could not move infinitely
far apart; instead they eventually reassembled in the x-t plane, approximately recreating
the initial condition after a surprisingly short”recurrence time.” By 1967, this insight had
led Kruskal and his colleagues to devise a nonlinear generalization of the Fourier transform
method for constructing solutions of the KdV emerging from arbitrary initial conditions
[103]. Called the inverse scattering (or inverse spectral) method (ISM), this approach
proceeds in three steps.

e The nonlinear KdV dynamics are mapped onto an associated linear problem, where
each eigenvalue of the linear problem corresponds to the speed of a particular KdV
soliton.

Figure 5.1: . A soliton collision via the KdV equation; Notice how the amplitude and
direction of the waves is the same before and after the collision, but phase shift

e Since the associated problem is linear, the time evolution of its solution is readily
computed.

e An inverse calculation then determines the time evolved KdV dynamics from the
evolved solution of the linear associated problem. Thus the solution of a nonlinear
problem is found from a series of linear computations.

Another development of the 1960s was Toda’s discovery of exact two-soliton interactions
on a nonlinear spring-mass system [104]. As in the FPU system, equal masses were
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assumed to be interconnected with nonlinear springs, but Toda chose the potential
a —bu;
V= (5)[exp i -1+ awu; (5.8)

Where u;(t) is the longitudinal extension of the j-th spring from its equilibrium value and
both a and b are adjustable parameters. (In the limit a — oo and b — 0 with ab finite,
this reduces to the quadratic potential of a linear spring. In the limit a — 0 andb — oo
with ab finite, it describes the interaction between hard spheres.) Thus by the late 1960s
it was established although not widely known that solitons were not limited to PDEs
(KdV and SG). Local solutions of difference differential equations could also exhibit the
unexpected properties of unchanging shapes and speeds after collisions.

These events are only the salient features of a growing panorama of nonlinear wave
activities that became gradually less parochial during the 1960s. Solid state physicists be-
gan to see relationships between their solitary waves (magnetic domain walls, selfshaping
pulses of light, quanta of magnetic flux, polarons, etc.), and those from classical hydrody-
namics and oceanography, while applied mathematicians began to suspect that the ISM
might be used for a broader class of nonlinear wave equations. It was amid this intellec-
tual ferment that Newell and his colleagues organized the first soliton research workshop
during the summer of 1972[105]. Interestingly, one of the most significant contributions
to this conference came by post. From the Soviet Union arrived a paper by Zakharov and
Shabat [63]formulating Kruskal’s ISM for the nonlinear PDE [63]

(%u 02u 2

In contrast to KdV, SG and the Toda Lattice, the dependent variable in this equation
is complex rather than real, so the evolutions of two quantities (magnitude and phase
of u) are governed by the equation. This reflects the fact that Equation Eqgs. (5.9) is a
nonlinear generalization of a linear equation 2 u; + u,, +u = 0 solutions of which comprise
both an envelope and a carrier wave. Since this linear equation is a Schrodinger equation
for the quantum mechanical probability amplitude of a particle (like an electron) moving
through a region of uniform potential, it is natural to call Equation Eqgs. (5.9) the nonlinear
Schrodinger(NLS) equation. When the NLS equation is used to model wave packets in
such fields as hydrodynamics, nonlinear optics, nonlinear acoustics, plasma waves and
biomolecular dynamics, however, its solutions are devoid of quantum character. Upon
appreciating the Zakharov and Shabat paper, many left the 1972 conference convinced
that four nonlinear equations (KdV, SG, NLS, and the Toda lattice) display solitary wave
behavior with the special properties that led Zabusky and Kruskal to coin the term soliton
[105]. Within two years, ISM formulations had been constructed for the SG equation and
also for the Toda lattice. Since the mid-1970s, the soliton concept has become established
in several areas of applied science, and dozens of dynamic systems are now known to be
integrable through the ISM. Even if a system is not exactly integrable, additionally, it may
be close to an integrable system, allowing analytic insight to be gleaned from perturbation
theory. Thus one is no longer surprised to find stable spatially localized regions of energy,
balancing the opposing effects of nonlinearity and dispersion and displaying the essential
properties of objects. Current soliton studies are focused on working out the details of
such object-like behavior in a wide range of research areas [106].
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5.2 different types of solitons

About thirty years ago a remarkable discovery was made in Los Alamos. Enrico Fermi,
John Pasta, and Stan Ulam were calculating the flow of energy in a one dimensional
lattice consisting of equal masses connected by nonlinear springs. They conjectured that
energy initially put into a long- wavelength mode of the system would eventually be
thermalized, that is, be shared among all modes of the system. This conjecture was
based on the expectation that the nonlinearities in the system would transfer energy into
higher harmonic modes. Much to their surprise the system did not thermalize but rather
exhibited energy sharing among the few lowest modes and long time near recurrences of
the initial state. This discovery remained largely a mystery until Norman Zabusky and
Martin Kruskal started to investigate the system again in the early sixties. The fact that
only the lowest order (long-wavelength) modes of the discrete Fermi-Pasta-Ulam lattice
were active led them in a continuum approximation to the study of the nonlinear partial
differential equation

ou du Ou

This equation (the KdV equation) had been derived in 1885 by Korteweg and de Vries
to describe long-wave propagation on shallow water. But until recently its properties
were not well understood. From a detailed numerical study Zabusky and Kruskal found
that stable pulse-like waves could exist in a system described by the KdV equation. A
remarkable quality of these solitary waves was that they could collide with each other
and yet preserve their shapes and speeds after the collision. This particle-like nature led
Zabusky and Kruskal to name such waves solitons. The first success of the soliton concept
was explaining the recurrence in the Fermi-Pasta-Ulam system. From numerical solution
of the KdV equation with periodic boundary conditions (representing essentially a ring
of coupled nonlinear springs), Zabusky and Kruskal made the following observations. An
initial profile representing a long-wavelength excitation would break up into a number of
solitons, which would propagate around the system with different speeds. The solitons
would collide but preserve their individual shapes and speeds. At some instant all of the
solitons would collide at the same point, and a near recurrence of the initial profile would
occur.

This success was exciting, of course, but the soliton concept proved to have even
greater impact. In fact, it stimulated very important progress in the analytic treatment
of initial-value problems for nonlinear partial differential equations describing wave prop-
agation. During the past fifteen years a rather complete mathematical description of
solitons has been developed. The amount of information on nonlinear wave phenomena
obtained through the fruitful collaboration of mathematicians and physicists using this
description makes the soliton concept one of the most significant developments in modern
mathematical physics. The non dispersive nature of the soliton solutions to the KdV equa-
tion arises not because the effects of dispersion are absent but because they are balanced
by nonlinearities in the system. The presence of both phenomena can be appreciated
by considering simplified versions of the KdV equation. Eliminating the nonlinear term

u(%%) yields the linearized version
ou  Pu
— +—==0 5.11
ot * 03 (5.11)
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The most elementary wave solution of this equation is the harmonic wave
u(x,t) = A exptFetet) (5.12)

Where £ is the wave number and w is the angular frequency.In order for the displacement
u(z,t) given by equation Egs. (5.10) to be solution of equation Egs. (5.11),w and k must
satisfy the relation

w =k (5.13)

Such a dispersion relation is a very handy algebraic description of a linear system since
it contains all the characteristics of the original differential equation, Two important
concepts connected with the phase velocity v, = w/k and the group velocity v, = g—“;.
The phase velocity measures how fast a point of constant phase is moving, while the
group velocity measures how fast the energy of the wave moves. The waves described
by Eqgs. (5.11) are said to be dispersive because a wave with large k will have larger
phase and group velocities than a wave with small k. Therefore, a wave composed of a
superposition of elementary components with different wave numbers (different values of
k in Eqs. (5.24)) will disperse, or change its form. as it propagates. Now, we eliminate
the dispersive term % and consider the equation

du du

51 +u8x_0 (5.14)
This simple nonlinear equation also admits wave solutions, but they are now of the form
u(z,t) = f(xr —ut), where the function f is arbitrary.(that f(z — ut)) is a solution of
Egs. (5.14) For waves of this form, the important thing to note is that the velocity of
a point of constant displacement u is equal to that displacement. As a result, the wave
breaks; that is, portions of the wave undergoing greater displacements move faster than,
and there- fore overtake, those undergoing smaller displacements, This multivaluedness
is a result of the nonlinearity and, like dispersion, leads to a change in form as the
wave propagates. A remarkable property of the KAV equation is that dispersion and
nonlinearity balance each other and allow wave solutions that propagate without changing
form , An example of such a solution is

u(z,t) = 3csech2[c%(x —ct)/2] (5.15)

where the velocity ¢ can take any positive value. This is the one soliton solution of
the KdV equation. not all nonlinear partial differential equations have soliton solutions.
Those that do are generic and belong to a class for which the general initial-value problem
can be solved by a technique called the inverse scattering transform, a brilliant scheme de-
veloped by Kruskal and his coworkers in 1967. With this method, which can be viewed as
a generalization of the Fourier transform to nonlinear equations, general solutions can be
produced through a series of linear calculations. During the solution process it is possible
to identify new nonlinear modesgeneralized Fourier modesthat are the soliton compo-
nents of the solution and, in addition, modes that are purely dispersive and therefore
often called radiation. Equations that can be solved by the inverse scattering transform
are said to be completely integrable. The manifestation of balance between dispersion
and nonlinearity can be quite different from system to system. Other equations thus have
soliton solutions that are distinct from the bell-shaped solitons of the KdV equation. An
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example is the so-called nonlinear Schrodinger (NLS) equation. This equation is generic
to all conservative systems that are weakly nonlinear but strongly dispersive. It describes
the slow temporal and spatial evolution of the envelope of an almost monochromatic wave
train. We present here a heuristic derivation of the NLS equation that shows how it is
the natural equation for the evolution of a carrier-wave envelope. Consider a dispersion
relation for a harmonic wave that is amplitude dependent:

w=w(k,|E|?) (5.16)

Here E = E(x,t) is the slowly varying envelope function of a situation described by
Egs. (5.16) occurs, for example. in nonlinear optical phenomena, where the dielectric
constant of the medium depends on the intensity of the electric signal. Other exam-
ples include surface waves on deep water, electrostatic plasma waves, and bond-energy
transport in proteins. By expanding Eqs. (5.16)in a Taylor’s series about wpand kq,we
obtain
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ow 9
6k|0( k‘o)+§w|0(k lo| |

k)"t G

(5.17)

W — Wy =
We have expanded only to the first order in the nonlinearity but to the second order in
the dispersion term, as we shall see only represents undistored propagation of the wave

with the group velocity v, = [22]o.If we now substitute the operators ¢ () for w —wq and
—1 (é%) for k — ko in Egs. (5. 17) and let rsulting expression operate on E ,we get
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This is the nonlinear Schrodinger equation, so called because of its resemblance to the
Schrodinger equation even though its derivation often has nothing to do with quantum
mechanics. The first term of Eqgs. (5.18)represents undistorted propagation of the wave
at the group velocity. and the second and third terms represent its linear and nonlinear
distortion. respectively. This crude derivation of the NLS equation shows how it arises
in systems with amplitude-dependent dispersion relations.It is often preferable to express
Egs. (5.18) in a neater form. For this purpuse we transform the variables x and t into z
and 7, where z = x — —|0t is a coordinate moving with group velocity and 7 = | 5 k2 <t is
the normalized time Egs. (5.18) then reduced

OFE O*F
R — 2k|E|*E =0 5.19
? o + 5.2 + | | ( )
where
_[f’(la;f‘)IQ)]0
k= [W_w] (5.20)
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The NLS equationlike the KdV equationis completely integrable and has soliton solutions.
The analytic form for a single-soliton solution is given by

E(z,7) =2nsech[2n(0p —nz—4(nT)] exp 2o +2 (CP=n?)t+¢ 7] (5.21)
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where (0,600,090 are free parameters determining the speed,amplitude, initial position,
and initial phase, respectively, of the soliton.Any initial excitation for the NLS equation
will decompose into solitons and/or dispersive radiation. A monochromatic wave train
solution E(z,7) = E(7) is thus unstable to any z dependent perturbation and breaks
up into separate and localized solitons. This phenomenon is called the Benjamin-Feir
instability and is well known to any surfer on the beach who has noticed that every, say,
seventh wave is the largest. The NLS equation is in a way more universal than the KdV
equation since an almost monochromatic, small-amplitude solution of the KdV equation
will evolve according to the NLS equation.The last type of soliton we mention, which
is distinctly different from the kdv or NLS solitons, is one that represents topologically
invariant quantities in a system. Such an invariant can be a domain wall or a dislocation
in a magnetic crystal or a shift in the bond-alternaion pattern in a polymer.The prototype
of equations for such solitons is the Sine-Gordon equation,
2u 2u
% - % = sin u (5.22)
notice that this equation allows for an infinite number of trivial solution, namely
u= 0+ 27 £+ 47 systems with a multitude of such degenerate ground states also allow
solutions that connect two neighboring ground states. Solutions of this type are often
called kinks, and for the sine-Gordon equation they are exact solitons; that is, they collide
elastically without generation of dispersive radiation. The analytic form is given by

N

uy(x,t) = 4tanrexp[+ (v — z9 — ct) /(1 — *)2] (5.23)
where the solution wu is often called an antikink. The parameter ¢(1 < ¢ < 1) deter-
mines the velocity and z( the initial position, Other equations with degenerate ground
states also have kink and antikink solutions, but they are not exact solitons like those of
the sine-Gordon equation. It is interesting to note that small-amplitude solutions of the
sine-Gordon equation also can be shown to evolve according to the NLS equation.

5.3 Optical Solitons

5.3.1 Introduction

Optical solitary waves, temporal and spatial solitons, have been the subject of intense
theoretical and experimental studies in recent years. Solitons - localized pulses in time
or bounded self-guided beams in space -evolve from a nonlinear change in the refractive
index of a material induced by the light intensity distribution. When the combined effects
of the refractive nonlinearity and the pulse dispersion (in the case of temporal solitons) or
beam difraction (in the case of spatial solitons) exactly compensate each other, the pulse or
beam propagates without change in shape and is said to be self-trapped. Nonlinear effects
responsible for soliton formation in optical bers are, in general, weak and Kerr-like, i.e.
they induce a local index change directly proportional to the light intensity. In this case
the main nonlinear equation governing the pulse evolution is the famous cubic nonlinear
Schrodinger (NLS) equation for the complex amplitude envelope of the electric field which,
depending on the sign of the group-velocity dispersion, has two distinct types of localized
solutions, bright or dark solitons. These two types of waves look like two members of
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a general family of localized solutions, and this idea manifests itself in the drawing of
Marc Haelterman, see Fig.8.2 However,these two types of solitary waves are in fact very
different, they have completely different nature and result from quite different physics.
In the case of temporal solitons observed in optical fibers [64, 65] , the group velocity
dispersion is known to vanish at a wavelength of about 1.3 Im and is positive at larger
wavelengths and negative at shorter ones. As a result, since silica optical bers have always
a positive Kerr coefficient, the two different signs of group-velocity dispersion support two
different types of solitons, dark, in the former case, and bright, in the latter case. A similar
situation occurs for self-guided beams or spatial optical solitons [66, 67] observed in planar
waveguides or in a bulk medium. Here diffraction plays a role analogous to dispersion in
the temporal domain, but now the nonlinearity may be either positive, for the so-called
self-focusing nonlinear medium, or negative, for self-defocusing medium. This again gives
rise to two distinct types of solitons, bright and dark, respectively[68]. When the group-

Figure 5.2: Do these "animals’belong to the same soliton family? (the drawing made by
Marc Haelterman in 1989).

velocity dispersion in an optical fiber is anomalous (or, similarly, when the nonlinearity of
a planar waveguide is self-focusing), a constant amplitude continuous wave is unstable due
to the modulational instability[64] , and breaks down into a sequence of localized pulses
(or beams for the spatial domain). These pulses are bright solitons. Propagation of bright
solitons in optical fibers has been verified in a number of elegant experiments, [69], as
well as more recent investigations of long-distance soliton transmission in periodically
amplified fibers [70]. These results have been presented in several review papers and
books [64, 65, 71, 72]. In the case of normal group-velocity dispersion in fibers (or a
self-defocusing nonlineariy in waveguides), bright solitons do not exist, instead initial
pulses (or spatially localized beams) undergo enhanced dispersion (or diffraction) induced
broadening and chirping. In this case a constant amplitude wave is modulationally stable
and localized pulses can appear only as holes on a continuous wave (cw) background, i.e.,
as dark solitons. Interest in the behaviour of such dark solitons has been motivated by
several experimental observations of temporal dark solitons in optical fibers [73, 74, 75]
and spatial dark solitons in bulk media and waveguides [76, 77, 78, 79, 80, 81, 82, 83, 84]
. Although there has now been many successful experiments in which dark solitons have
been observed in optical systems because of the relative ease of producing high intensity
light beams or short (ps or fs) optical pulses, it should be remembered that the basic
physics behind dark-soliton propagation on a modulationally stable background wave is
quite fundamental and it applies to nonlinear problems with a different physical context.
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5.3.2 Why temporal and spatial solitons are different?

Usually, the stationary beam propagation in planar waveguides is considered as the
phenomenon similar to the pulse propagation in fibers referring to the so-called spatio-
temporal analogy in wave propagation [85, 86]. This means that the propagation coordi-
nate z is treated as the evolution variable and the spatial beam prole along the transverse
direction, for the case of waveguides, is similar to the temporal pulse prole, for the case
of fibers. This analogy has been developed by many researchers, and it is based on a
simple notion that both beam and pulse propagation can be described by the cubic NLS
equation[87, 88]. However, contrary to the accepted opinion, there exists a crucial dif-
ference between these two phenomena. Indeed, in the case of the nonstationary pulse
propagation in fibers, the operation wavelength is usually selected near the zero of the
group-velocity dispersion. This means that the absolute value of the fiber dispersion is
small enough to be compensated by a weak nonlinearity such as that produced by the
(very weak) Kerr effect in optical fibers which leads to a nonlinearity-induced change in
the refractive index by the order of 107!°. Therefore, nonlinearity in fibers is always weak
and it is well modeled by the cubic NLS equation, which is known to be integrable by
means of the inverse scattering transform [89, 90, 91]. However, for very short (fs) pulses
the cubic NLS equation should be corrected to include some additional (but still small)
eects such as higher-order dispersion, induced Raman scattering, etc. [92, 94]. Thus, in
fibers nonlinear effects are very weak and they become important on large distances (of
order of hundred meters or even kilometers). Contrary to the pulse propagation in optical
fibers, the physics underlying the stationary beam propagation in planar waveguides and
a bulk medium is different. In this case the nonlinear change in the refractive index should
compensate for the beam spreading caused by diffraction which is not a small effect. That
is why to observe spatial solitons much larger nonlinearities are usually required, and very
often such nonlinearities are not of the Kerr type (e.g. they saturate at higher intensi-
ties). This leads to the models of generalized non-linearities with the properties of solitary
waves different from those described by the integrable cubic NLS equation. For example,
unlike the solitons of the integrable cubic NLS equation, solitary waves of generalized
nonlinearities may be unstable, they also show some interesting properties such as fusion
due to collision, etc.

5.3.3 Quantitative consideration

In the modern experimental and theoretical studies of solitons, the most significant
progress has been achieved in optics and, most recently, in Bose-Einstein condensates
(BECs). A melestone achievement was the creation of bright temporal solitons in nonlin-
ear optical fiber in 1980 , after this possibility had been predicted seven years earlier.In the
realm of nonlinear optics, this was followed by the creation of dark solitons in fiber,bright
spatial solitons in planar nonlinear waveguides , and gap solitons (GSs) in fiber Bragg
gratings[57]. In all these cases, the soliton is suported by interply between the chromatic
dispersion (in the temporal domain)or diffraction ( for spatial solitons)of the electromag-
netic wave and cubic self-focusing nonlinearity, induced by the Kerr effect. The latter
may be realized as an effective positive correction, An([),to the local refractive index
(RI)of the material medium, which is proportional to the local intensity,/, of that very
electromagnetic wave on which the RI acts,i.e.,An(I) = ny I with a positive coefficient ns.
Besides the self-focusing sign of the Kerr effect An(I) > 0, its essential property in nor-
mal optical materials is the instantaneous character (no temporal delay between An(I)
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and I). In view of fundamental importance of the temporal and spatial optical solitons
supported by this mechanism, it is relevant to present a short quantitative explanation
for it here.

In the course of the propagation in the nonlinear medium, the light pulse accumulates
a phase shift that,through the correction ny I to the RI,mimics the temporal shape of the
pulse, I = I(t).to understand this feature in a more accurate form,one may start from the
normalized wave equation for the electric field E [93].

E.+En+E,—nE)jt=0 (5.24)

where the subscripts stand for the partial derivative,z is the propagation distance, x
and y are transverse coordinates,t is time, and n is the above-mentioned RI (detailed
derivation of the wave equation can be found,e.g.,in book [93]. A solution to Egs. (5.24)
for a one-dimensional wave,which must be a real function,is looked for as

E(z,t) = u(z)exp(thoz —rwot) + u*(2) exp(—1koz +1wpt) (5.25)

where exp(1 kg z —2wq t) represent a rapidly oscillating carrier wave,the asterisk stands
for the complex conjugation,and u(z,t) is a slowly varying complex local amplitude. Sub-
stituting this in Egs. (5.24), in the lowest approximation one obtains the dispersion rela-
tion between the propagation constant (wave number) k and frequency w, k3 = (ngwp)?,
with ng the RI in the linear approximation. The next-order approximation,which takes
into regard the above correction to the RI,n = ng + ny I,yields an evolution equation for
the amplitude,

du  ngno
Yz T Th

wil,u=0 (5.26)

. Actually, this equation is a nonlinear one, as the intensity is tantamount to the squared
amplitude, I = |u|®. A solution to Eqgs. (5.26)is simply A ® = (ngny) (wi/ko)I z ,Where
A ¢ is a nolinear contribution to the wave’s phase ( the accumulation of the non-linear
phase is usually called self-phase modulation,SPM ).The corresponding SPM-induced fre-
quency shift being Aw = —9 A ¢/0t,one obtains an expression for it,

2dI
Aw = —ngng ey (5.27)

It follows from Eqs. (5.27)that the lower-frequency components of the pulse, with
Aw < 0, develop near its front, where dI/dt > 0 ( the intensity grows with time),
while higher frequencies, with Aw > 0, develop close to the rear of the pulse, where
dI/d/dt < 0. On the other hand, the dielectric response of the material medium is
not strictly instantaneous, featuring a finite temporal delay. This implies that the linear
part, ¢ = n2, of the multiplier n? in the wave equation Egs. (5.24)( the dynamics di-
electric permeability)is, as a matter of the fact, a linear operator, rather than simply a
multiplier.The accordingly modified form of the linear term (e E);; in Egs. (5.24)becomes
(f" €(r) E(t — ) d7)y,where 7 is the delay time.Finally, approximating this nonlocal-in-
time expression by a quasi-local expansion, €y Ey + €5 Eyyy + ...,which is justified when the
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actual delay in the dielectric responce is very small, gives rise to the second-and higher-
order group-velocity-dispersion (GVD),alias chromatic-dispersion, terms in the eventual
propagation equation, which can be translated into the corresponding linear dispertion
relation, k& = k(w) [93]. In particular, the normal (positive)GVD (which means that
waves with a higher frequency have a smaller group velocity, as expressed by the condi-
tion that the second-order-dispersion coefficient is positive,3; = d*k/dw? > 0)reinforces
the above (nonlinearity-induced)trend to the temporal separation between the low-and
high-frequency components of the pulse, contributing to its rapid spread. on the con-
trary, anomalous (negative)GVD f, < 0,which also occurs in real materials, may com-
pensate the nonlinearity-induced spreading. with the magnitudes of the dispersion and
intensity properly matched, the balance may be perfect, giving rise to very robust pulse,
i.e.,solitons.

5.3.4 Modulational instability and solitons

The dimensionless form of the standard cubic NLS equation is[95]

ou 1 0?

— ===+ [¥lu=0 5.28

P + 2 02 [l u ( )
t— 2

where z = Zio,m = # ,2 is the normalized distance along the fiber, and the time

variable ¢ is a retarded time measured in the reference frame moving along the fiber with
the group velocity.
The most frequently used normalized units are Z; = 0.322

dk _ 2n(d’
2{ 5 fo=wy and D = %

dw? w=wy

weT? _ T -1 __
N D ole Vg =

T 17637 Vg
the NLS equation has simplest solution in the form of a continuous wave (cw) given
by the expression

1

1hkx—1Az A=
2

U = Ug eXp ,

k4 uf (5.29)

where the sign stands for the type of nonlinearity. Let us investigate the linear stability
of the exact solution,Eqs. (5.29), against small perturbations. To do so, we follow the
standard procedure and look for solutions describing small variations around the exact
solution, Egs. (5.29), in the form,

u = (up + &) exp'Fer A=Y (5.30)

. where the function £ and derivatives of the phase 1are assumed to be small.Substituting
Egs. (5.30) into the NLS Egs. (5.28), we come to a system of two coupled linear equations

for¢ and v . Looking for solutions to these functions in the form,&, 1) ~ exp*®*'@% we
obtain the dispersion relation
1
(Q—kQ)* = Q" (+ug + ;Q°) (5.31)

. which shows that small excitations on the cw background,Egs. (5.30), are absolutely
stable only for the case of the defocusing medium (the sign+), whereas they become
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unstable for the focusing nonlinearity provided Q* < 4uZ.In the former case, the small-
amplitude waves can propagate along the background and these waves are characterized
by the minimum (sound) velocity ¢* = u This property of modulational instability of the
cw background is closely connected with the existence and type of solitary wave solutions
of the NLS equation. Namely, spatially localized solutions with vanishing asymptotics
are possible only for the case when the plane wave solution is unstable, i.e., only for the
focusing nonlinearity.

In the case of anomalous dispersion the cw solution is unstable and therefore the ap-
propriate boundary conditions to Egs. (5.30) is |u| — 0 at + — +oo. For these conditions
[89]showed that Eqgs. (5.30) is exactly integrable by means of the inverse scattering trans-
form, and it possesses localized solutions called bright solitons. General solution for the
bright soliton has the form,

a expzvx/Q—z(v2/4—a2)z

u(z,x) = (5.32)

coshla(x — vz)]

. where a is the soliton amplitude and v is its velocity. At v = 0 this soliton has a simplied
structure referred to as the fundamental bright soliton (see Fig. 2a)

2
a esza z
u(z,r) = ———— (5.33)
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Figure 5.3: Intensity and phase as functions of normalized coordinate x for bright (a),
black (b) and (c) gray solitons [adapted from Tomlinson et al. (1989)] .

For normal dispersion the cw solution |u| = ug is always stable against small modula~
tions of its shape.The NLS equation with the boundary conditions |u| = uy is also exactly
integrable by the inverse scattering technique[90] and its one-soliton solution for a single
dark soliton can be written in the form,

u(z, ) = ug[Atanh © + ¢ F] exp'“0* (5.34)
. where
O =uyF(x— Auyz) (5.35)
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. Parameters A and F are connected by a simple relation, A2+ F? = 1, so that instead of
two parameters we can use only one, introducing A = sin ¢and F' = cos ¢. The effective
angle ¢ corresponds to the total phase shift across the dark soliton, 2¢ Soliton solution,
Egs. (5.34) and Egs. (5.35), has, unlike the bright soliton, Egs. (5.32), the only parameter
¢ and the function F? = cos? ¢ characterizes the soliton intensity at the center, i.e., the
minimum soliton intensity relative to the background intensity. The soliton intensity
profile |u|?® has the dip-like shape (see Fig. 9.3b and Fig. 9.3c)

cos? ¢

2 2
ul” = ug(l — ———=
| ’ 0( COSh2®

) (5.36)

We distinguish two limit cases of the dark soliton solution,Eqgs. (5.34). The so-called
fundamental dark soliton (at ¢ = 0)

u(z, ) = ug tanh(ugz) exp“0* (5.37)

is the anti-symmetric function of = with the 7m phase shift and zero intensity at its
center (see Fig. 8.3b). Another limit case, when cos? ¢ < 1, corresponds to the so-called
gray solitons (see Fig.8.3c)when the minimum intensity does not drop to zero . As may
be seen in Fig. 8.3, one of the major differences between bright and dark solitons is in
the phase dependence: Bright solitons have a constant phase across the localized region
but dark solitons have a nontrivial distribution of their phase, so that there exists a finite
phase jump across the localized region.

5.3.5 Nonlinear Schrodinger equation and solitons

Putting all the above ingredients together, and assuming that the amplitude v in Eqgs. (5.25)is
a slowly varying function of z and "reduced time”, 7 = t —k/ z (here and below, the value
of the derivative £/, is calculated at the carrier-wave’s frequency,w = wy), one arrives at
the nonlinear Schrédinger (NLS)equation which governs the evolution of u(z, 7),

1
11U, — éﬁu”+7|ul2u:0, (5.38)

. Where f replacesfs (the replacement will not lead to confusion, as higher-order dis-
persion, which is different from (), is not dealt with below), and v = ny \/€qw? /ko.The
introduction of 7 instead of ¢ is necessary to eliminate a term with the first derivative in
t (the group-velocity term),thus casting the NLS equation in the simplest possible form,
namely, the one given by Egs. (5.38).Below,a number of models will be considered that
may be viewed as various generalizations of the NLS equation Egs. (5.38)two-component
systems,equations with different nonlinearities, multidimensional systems,etc.A very re-
cent succinct review of equations of the NLS type can be found in article [105]. An
elementary property of the NLS equation is its Galilean invariance: any given solution
u(z,t) automatically generates a family of moving solutions by means of the Galilean boost
that depends on an arbitrary real parameter ¢ (it is an inverse-velocity shift, relative to
the inverse group velocity,k/ , of the carries wave):

’LC2 1C

u(z,t;e) = u(z, 7 —cz) exp(ﬁz ) ). (5.39)
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. Another simple property of Egs. (5.38) is the modulational instability of CW (continuous-
wave)solution,ucy = Agexp(1y AZ z) with an arbitrary amplitude Ay: although the CW
solution does not contain the GVD coefficient 3, it is stable in the case of f+ < 0,and
unstable (against 7-dependent perturbations ) in the opposite case. The NLS equation
has natural Lagrangian and Hamiltonian representations:

OH

du*’

LU, = (5.40)
. where 0/0 u* is the functional derivative, the asterisk stands for the complex conjuga-
tion,and the Hamiltonian,

+oo

H=—3 [@lup +ylultdr (5.41)

—00

. is considered as a functional of two formally independent arguments,u(7) and (u(7))*.
The Hamiltonian is a dynamical invariant of Eqs. (5.38),.e., d H/dz = 0.Two other
straightforward dynamical invariants of the NLS equation are energy F, alias norm of the
solution (in the context of fiber optics, the energy is different from the Hamiltonian). and
momentum P.

E= /yu )2 d, (5.42)

“+o00

1
P = 25/ wurdT, (5.43)

—0o0

. Due to the fact that NLS equation is exactly integrable by means of the IST, it has an
infinite set of higher-order dynamical invariants, in addition to E,P and H. [176]

In the case of the anomalous GVD, 5 < 0 (it is assumed that v is positive),i.e.,when
the CW solution are unstable,a commonly known family of solitons to Eqgs. (5.38)is

‘T lop_ey, (5.44)

= iS@C — — CZ))eXpl?
usol(z77—> h( <|/B| )) p( [ |/B| 9

v

where 1 and c are arbitrary real parameters,that determine the soliton’s amplitude
and the above-mentioned inverse-velocity shift.The function sech (hyperbolic secant) in
this solution provides for the localization of the soliton.In the experiment,the temporal
soliton is observed as a localized pulse running along the fiber with the velocity V =
1/(K! +c+/]B]).The entire soliton family Eqs. (5.44) is stable against small perturbations.
The applications of the IST yields solutions of the NLS equation more complex than the
fundamental soliton Eqgs. (5.38).In particular,the initial condition (in the case of 5 < 0)

up(T) =n %sech(% ) (5.45)
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. with integern and arbitrary 7,that the fundamental soliton for n = 1,gives rise to higher-
order "n-solitons” forn > 2 [154].Analytical expressions for these solitons with n > 3 are
cumbersome.A relatively simple analytical solution describes the 2-soliton,

4n cosh(317/+/18]) + 3 exp(4m?z) cosh(3n7/+/15])
V7 cosh(dn7/+/]B]) + 4cosh(2n7/+/]B]) + 3 cos(4n?2)

. As seen from this expression,the shape of the 2-soliton,i.e.,the distribution of the power
in the soliton,|u(z, 7)|? 0scillates in z with the period

exp(znzz) (5.46)

U2 s0l = 9

™

= (5.47)

Zsol =
. which is called the soliton period.It can be demonstrated that all the exact n-soliton
solutions generated by the initial condition Eqgs. (5.45)with N > 2 oscillate with exactly
the same period Egs. (5.47),irrespective of the integer value of n.In fact,z,, is also an
estimate for the propagation distance which is necessary for formation (self-trapping)of
the fundamental soliton from an initial pulse of a generic form. As well as the fundamental
soliton Egs. (5.44),the 2-soliton Eqgs. (5.46)single-humped at any z (i.e.,(Ju(z, 7)|*) always
has a single maximum as a function of 7).However,the 3-soliton solution periodically splits
into a double-humpe structure and recombines into a sharp single-peak one, see Fig.5.4
in book [15]. In terms the IST the 2-soliton Egs. (5.46) may be regarded as a nonlinear
bound state of two fundamental solitons,with the amplitudes

n=2 n=2
"= = 30,05 =9 (5.48)

. Similarly,the 3-soliton is a bound state of three fundamental solitons,with

= =g =3 = (5.49)

. Note that the energy Eqs. (5.42) of the n-soliton Eqs. (5.44)is

E, = QT\/WHQU (5.50)

As follow from the above and Egs. (5.51),for n = 2 and n = 3 (actually,for any n)
the energy of the n-soliton is exactly equal to the sum of energies of the consituent
fundamental solitons,if they are separated from each other. To understand if the bound
state is stable against splitting into the separate fundamental solitons,one can identify its
binding potential, as a difference between the value of the Hamiltonian Eqgs. (5.45)for the
n-soliton which is

E, = %mn% (5.51)

. and the sum of the values of H for the separated constituent solitons. The result is
that the binding potential is exactly equal to zero for all the n-solitons. For this reason,
they are considered as unstable states. Indeed,an initial perturbation which imparts
infinitely small velocities to the constituent solitons will result in splitting. However,this is
a slowly growing instability,rather than exponential growth of perturbations,which would
imply usual dynamical instability. For this reason,n-solitons may be physically meaningful
objects. In the case of normal GVD,B > 0,localized (bright) solitons do not exist, but a
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dark soliton (DS)is found in this case,in the form of a dark spot (”hole”) against a uniform
CW background. It is described by the following exact soliton to the NLS equation
Egs. (5.38)

H, = Vi tanh(

7 \/%T) exp(2n*2) (5.52)

where 7 is an arbitrary amplitude of the background which supports the dark soliton.
The DSs are stable,which is possible because the CW background supporting them in itself
modulationally stable for B > 0,as mentioned above. DSs were created experimentally in
nonlinear optical fibers [60,98,172],about a decade after the first observation of the bright
solitons in fibers was reported.

5.4 Solitons in Bose Einstein Condensates

After the experimental realization of a BoseEinstein condensate (BEC)[107] in a trapped
ultracold Bose gas of alkali atoms (such as Rb, Na and Li), the study of solitons in this
intrinsically nonlinear system has become a topic of current interest, both experimentally
[108, 109] and theoretically[110, 111] . A BEC is characterized by the macroscopic occupa-
tion of bosons in a single quantum level, usually the ground state. This condensed state is
a matter wave analogous to a laser where all atoms in the condensate are phase coherent.
Thus, widely spaced atoms can have an interference pattern, with quantum effects mani-
fested on a macroscopic scale. The nonlinear effects in a BEC depend crucially on the type
of interaction between the bosons.A certain class of nonlinear evolution equations can sup-
port solitary wave/soliton solutions The GrossPitaevskii equation (GPE) describing the
evolution of the BoseEinstein condensate (BEC) order parameter for weakly interacting
bosons supports dark solitons for repulsive interactions and bright solitons for attractive
interactions.

5.4.1 Interacting Bose system

The many-body Hamiltonian for a system of interacting bosons is given by

A

. Where 1 is the boson field operator satisfying the commutation relation [¢)(r), 7,0(@/1)} =
d(r —7),v(r —r)is the two body interaction.and p is the chemical potential. The dynamics
is found to be

pov
8t

/ Pl — POV dr (5.53)

~ [, 1:——v2 / BHEG — P (F)dr — plr) (5.54)

5.4.2  Weakly interacting Bosons: Gross-Pitaevskii equation
(GPE) for the condensate order parameter

Consider a dilute gas whose range of interatomic forces ry < average distance between
—1 . .
atoms d = n3 where n = density . For large d,the asymptotic expression fort he wave
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function,which depends on the scattering amplitude, can be used. ForT < T, ,since
relevant momenta are small,the scattering amplitude becomes independent of energy,and
is replaced by its low-energy value, determined by the s-wave scattering length a .An
effective soft potentialV/ ;¢

which has the same low-energy scatterlng properties as V(r — 1) is introduced. It is
defined using g = [ Vss(r) dr = 4n/%4 where m is the atomic mass. In effectV (r — #),can
be replaced by a contact potentlalg 5 (r —7) in the dynamical equation Eqgs. (5.54). Next,
after making the transformation ¢ — ¥ exp(’—hﬁ) and by just replacing the operator
U by its expectation value ¢p = (¥) the following Gross-Pitaevskii equation (GPE) is
obtained for the time evolution of the condensate order parameter ,in the case of weakly
interacting bosons:

99y
ot

. This is a nonlinear partial differential equation, with the interaction term ¢ giving rise
to the nonlinearity.Note that @ > 0 g > 0)implies a repulsive interaction,while a < 0
g < 0)implies attractive interaction. As is obvious in this case p = (U W) = ¢)*3). Thus
the total density is equal to the condensate density, and hence both quantum fluctuations
and depletion are absent in GPE dynamics. Although GPE has an underlying quantum
nature, the condensate order parameter has a macroscopic extent, suggesting observation
of quantum effects on a macroscopic, classical scale.

h +—v2w PR (5.55)

5.4.3 Linear excitations in GPE

At very low temperatures, the energy-momentum dispersion relation for the small am-
plitude excitations can be found from the frequencies of the linearized GPE with plane
wave solutions. Small deviations around the background density p are studied by setting

Y(r,t) = \/po + 0 9,in Egs. (5.55),with
dp=Aexpilkr —wt)+ Bexp —u(kr—wt) (5.56)

The dispersion relation is found to be

R2)!
WA (k) = %zﬂ ti (5.57)

Two cases arise:
1. Repulsive interaction (g > 0): This leads to the following Bogoliubov spectrum:

h? k4

4m

w(k) =1/ k> +

(5.58)

where

c— P09 (5.59)

m
is called the Bogoliubov sound velocity. This is because for small momenta the
excitations are phonon-like, withw = ck linear in k.For large k.w = h ,quadratlc

in k.These excitations are dynamically stable for all k,sincew? > 0
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2. Attractive interaction (¢ < 0): In this case, there is dynamical stability only if
%Ika + % > (0 On substituting for ¢,this leads to the condition k? > 16 7 pya for
stability. In other words, there is no associated sound velocity such as Egs. (5.59) for
the attractive case. For a particle in a box of length L the lowest nonzero momentum
is 2% which leads to the condition Nl|a|L < ().

5.4.4 Nonlinear excitations of the GPE

In this section, we review the known exact results for soliton solutions of the GPE
Egs. (5.55),for the condensate of bosons with weak repulsive interaction (¢ > 0) and weak
attractive interaction (g < 0), by studying unidirectional dynamics in quasi-one dimen-
sional traps. a.Repulsive interaction (g > 0):Dark solitons By looking for unidirec-
tional traveling wave solutions of Egs. (5.55)of the form 9(2) = /p(z) exp'**) wherez =
(x —ovt)

xi is a dimensionless variable, we get & = h/\/2m g po.Here £ is the healing length and

po is the background density.(¢ turns out to be the typical length scale of interaction
obtained by equating kinetic and potential energies,i.e., % = 5— = g po.) Imposing the

boundary conditions [¢(z)|> — py and 22 — 0,as z — “ooone obtains

Y(z) = /po(y tanh% +1 %) = /po exp 1 ¢(z). (5.60)

. Here,y = /(1 — Z_§>’ where ¢ = /g po/mis the Bogoliubov sound velocity that appeared

in Egs. (5.59) The solution Eqgs. (5.60)shows that both the density profile p(z) and the
phase profile ¢(z) travel with the same speed v For v < ¢,y is real, and the condensate
wave function ¢(z) takes on different constant complex values as z — +oo. However,
when v = 0,the complex order parameter 1) becomes a real kink solution with asymptotic
values £ ,/pg as z goes to +00. In general,Egs. (5.60)corresponds to the following density
profile:

p(2) = [¥(2)]” = pol1 — vzsechﬂ%n. (5.61)

For v < ¢p(2) — po as z — £oo.There is a suppression of density (i.e.absence of
atoms)at the center of the BEC soliton, with respect to the background value py ,for all
0<wv<ec Asv— 0,p(z) dips to zero at the soliton center.This is called a dark soliton.
As v increases, the width of the soliton increases.p(z) dips to a non-zero value po[l — 2
at the center.This is sometimes called a gray soliton. As v — ¢, p(z) — po for all z.Thus
the dark soliton flattens out and disappears as v — c.

b. Attractive interaction (g < 0):Bright solitons

Unidirectional traveling wave solutions of Egs. (5.55) with g = —|g|have the following
form:
1 = Agsech] %(w — ugt)Ag| explr ug(x — uyt)/2]. (5.62)

. In Eqgs. (5.62), ugq and u, are the speeds of the density profile and phase profile.respectively.ug,u,
can be positive or negative. Ay = \/uq4(uq — 2u,)/2|g|. This leads to the density profile

p(z) = Adsech?| %(m — ugt)Ag). (5.63)
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Chapter 6

Darboux transformation and Lax
pairs: General formalism

6.1 Darboux transformation and Lax pair: General
formalism

6.1.1 Introduction

The soliton theory is an important branch of nonlinear science. On one hand, it describes
various kinds of stable motions appearing in nature, such as solitary water wave, solitary
signals in optical fibre etc., and has many applications in science and technology (like
optical signal communication). On the other hand, it gives many effective methods of
getting explicit solutions of nonlinear partial differential equations. Therefore, it has
attracted much attention from physicists as well as mathematicians.

Nonlinear partial differential equations appear in many scientific problems. Getting
explicit solutions is usually a difficult task. Only in certain special cases can the solutions
be written down explicitly. However, for many soliton equations, people have found
quite a few methods to get explicit solutions. The most famous ones are the inverse
scattering method, Backlund transformation etc.. The inverse scattering method is based
on the spectral theory of ordinary differential equations. The Cauchy problem of many
soliton equations can be transformed to solving a system of linear integral equations.
Explicit solutions can be derived when the kernel of the integral equation is degenerate.
The Backlund transformation gives a new solution from a known solution by solving a
system of completely integrable partial differential equations. Some complicated nonlinear
superposition formula arise to substitute the superposition principle in linear science.

However, if the kernel of the integral equation is not degenerate, it is very difficult to
get the explicit expressions of the solutions via the inverse scattering method. For the
Backlund transformation, the nonlinear superposition formula is not easy to be obtained
in general. In late 1970s, it was discovered by V. B. Matveev that a method given by
G. Darboux a century ago for the spectral problem of second order ordinary differential
equations can be extended to some important soliton equations. This method was called
Darboux transformation. After that, it was found that this method is very effective for
many partial differential equations. It is now playing an important role in mechanics,
physics and differential geometry. V. B. Matveev and M. A. Salle published an important
monograph [112] on this topic in 1991. Besides, an interesting monograph of C. Rogers
and W. K. Schief [119] with many recent results was published in 2002.
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Peter Lax became interested in the mathematical properties of the nonlinear PDEs and
their solutions. In his seminal 1968 paper [120], Lax introduced the concept of a Lax pair
as a way to linearize these complicated PDEs. A Lax pair takes a higher order,completely
integrable, non-linear PDE and expresses it as a system of linear equations involving a pair
of differential operators or as a system of first-order linear differential equations written
in matrix form

The Darboux transformation, or analogously Backlund or dressing transformation,
applies only to systems of linear differential equations and cannot be applied directly
to nonlinear differential equations. To be able to apply the Darboux transformation
to a certain nonlinear differential equation, one finds a linear system of equations that is
equivalent to a nonlinear differential equation. The relation between the linear system and
the nonlinear differential equation is established through a consistency condition satisfied
by the linear system. The Darboux transformation is then applied to the linear system
resulting in transforming the equivalent nonlinear equation as well. The linear system is
usually represented in terms of a pair of matrices called the Lax pair which must satisfy a
consistency condition that is equivalent to the differential equation at hand. The difficulty
is usually in finding this Lax pair. It is known for some nonlinear differential equations
such as the Kortwegde Vries (KdV) equation, the sine-Gordon equation and the nonlinear
Schrédinger equation [112]. In addition to the Lax pair, one also needs to know an exact
solution of the nonlinear differential equation. This exact solution is then used as a seed
for the Darboux transformation to generate other exact solutions [113]. In this part,we
present a method of obtaining these two essential ingredients for performing the Darboux
transformation, namely the Lax pair and the seed solution the calculus was doing by
Usama Alkhawadja in his paper [113].

6.1.2 Darboux Transformation for Linear Ordinary Differential
Equations

Schrodinger Equation With a Harmonic Potential
Consider the equation

V(7)) + 22T = \U(x), (6.1)

2

With Seed solution ¥; = exp (%) and A\; = —1. Applying DT on ¥ and u = 2°, we
get

dx
ull] =% -2, (6.2)
Which satisfy the equation
—U[1]as + 27 W[1] = (A +2) U(a), (6.3)

For example:¥ = exp (%2) with A = 1, gives

U[1] = —2z exp (%) (6.4)

With eigenvalue A\ + 2 = 3. Applying the DT on ¥[1] we get
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U[2] = (42 —2) exp (TZ> (6.5)

With eigenvalue A + 2 = 5. Applying the DT on ¥[1] n-times, we get

2

U[n] = —H, exp (%) (6.6)

With eigenvalue A + 2 = 2n + 1,where

e e (2) (2 2) () o

is the Hermite polynomial of order n.

6.1.3 Darboux Transformation for Nonlinear Partial Differen-
tial Equations

For nonlinear partial differential equations, Darboux transformation is applied in an indi-
rect manner. One starts by finding a linear system of equations for an auxiliary field ¥ in
the form ¢, = U.y) and ¢, = V.40 where the order of the matrices ¢, U and V' depends on
the equation to be solved as will be seen next. The pair and the matrices U and V' known
as the Lax pair,are functionals of the solution of the differential equation. The consistency
condition of the linear system 1,; = 1, should be equivalent to the differential equation.
The linear system and hence its consistency condition are covariant under the Darboux
transformation. Therefore, applying the Darboux transformation on the linear system
results in a new consistency condition which is equivalent to a new differential equation
that is covariant with the old one. The new differential equation is satisfied by a new
solution. In the following we describe this procedure in a more detailed manner.

Lax pair Consider the general form of the nonlinear partial differential equation

FQ(x,1), Q*(x,1), Qu(w, 1), Qua(x, )] = 0 (6.8)

The auxiliary field is represented by a 22 matrix

_ ¢1($,t) ¢2(£B’,t)
Yo ( G1(x,t) oolz,1) ) ! (6.9)

Where 91 o(z,t) and ¢q 9(x,t) are its components. The linear system of equations of the
auxiliary field is formally written as an expansion in powers of the constant eigenvalues
matrix

A= ( Aol AOQ ) , (6.10)

as follows
U, =Uy-v+U;-W-A (6.11)

and
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W =Vo U4V, - W-A+V, T.A2 (6.12)

Here Up; and V12 are in principle functionals of () and Q* and their partial deriva-
tives. The expansions were terminated at the linear and quadratic powers of A (6.11)
and (6.12) respectively. To satisfy both (6.11) and (6.12), 1) must obey the consistency
condition v,; = 1, which leads to

Uot — Vox + [Uo, Vo] =0, (6.13)

Uit — Vix + [Ug, V1] + [U1, Vo] = 0, (6.14)
Vax + [V2, Uo] + [V1,U4] = 0, (6.15)

(U1, V3] =0, (6.16)

where [X,Y] denotes the commutator of X and Y. These equations are obtained by
equating the coefficients A%, A' /A% and A? in 1), to the corresponding ones in v,. The
matrices Uy and Vj are the lax pair of (6.8). It is the consistency condition,(6.13), that
should be equivalent to the differential equation

0 F

UOt - VOX + [UOJ VO] = * ) (617)
—F* 0

Darboux transformation

Consider the following version of the Darboux transformation

Y] =y A — o, (6.18)

where 1[1] is the transformed field,A is a constant diagonal matrix and o = 1A '
Here 1y is a known solution of the linear system, (6.11) and (6.12). To be able to find
such a solution the coefficients of the linear system should be known explicitly. These
coefficients are functionals of the solution of the differential equation ). Thus, determining
the coefficients of the linear system requires knowing an exact solution of the differential
equation. This solution is known as the seed solution. Which we denote here by Q. It
is in the very nature of the Darboux transformation method that new exact solutions are
only obtained from other exact solutions. The transformed field [1] is required to be a
solution of a linear system that is covariant with the system (6.11) and (6.12) ;namely

W(l], =Up[l]- ¥[1]+ Uq[]1-¥[1]- A (6.19)

and

U(1], = Vo[1] - ¥[1] + V1[1] - ¥[1] - A + V[1] - ¥[1] - A? (6.20)

Requiring the system (6.19) and (6.20) to be covariant with the system (6.11) and
(6.12) leads to a consistency condition

Uo[1]¢ — Vo[1]x + [Uo[1], Vo[1]] = O, (6.21)
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that is covariant with (6.13) Similar to(6.17), this new consistency condition will be
equivalent to a differential equation that is covariant with (6.8).

0 F
Ul — Valthe+ [Galt): Volt] = (. ) <o (6:2)
This means that Q[1] is a new solution of the same differential equation that Qg is a
solution for. To find Up[1] and Vp[1] and hence @Q[1] we substitute for ¢[1] from (6.18)in
(6.19) and (6.20) using (6.11) and (6.12) and then equating the coefficients of A® and A*
to zero we get

Uo[l] =0 Ugo ' + 0,07t (6.23)

Uo[l] = U+ [U1, U], (6.24)

Where 07! is the inverse of 0. The new solution Q[1] can be calculated using either of
these two equations which can be shown to be equivalent. Notice that the quantities on
the right-hand side are calculated using the seed solution ().

To summarize, a nonlinear differential equation can be solved with the Darboux trans-
formation method by first finding an exact (seed) solution,Qy, to the differential equation
and finding a linear system for an auxiliary field v that is associated to the differential
equation through its consistency condition. Using the seed solution, a solution of the
linear system,iy, is found. The linear system is then transformed into a new one via
the Darboux transformation. Thus, the coefficients of the new linear system which are
functionals of the new solution of the differential equation,@[1] will be related to the co-
efficients of the original linear system which are functionals of )y. This relation gives
the new solution @[1] in terms of the seed solution Q)y. In the following section we try
to illustrate further this procedure by an example doing by Usama El khawadja in his
paper[113] .

a. The GrossPitaevskii equation:

The mean-field equation of motion governing the evolution of the wave function of
the Bose Einstein condensate is the so-called time-dependent GrossPitaevskii equation
(114, 115]

Wirt) _ —h—QVQ Y(r,t) +%m (w)2a® + Wiy + w222 (r, t) + glo(r, 1?0 (r, ) = 0.

vh ot 2m
(6.25)

which is basically a Schrédinger equation but with a nonlinear term. Here, g is the
effective two-particle interaction which is proportional to the s-wave scattering length a
according to g = 4’Tm—“hz,where m is the mass of an atom, and w,,w, and w, are the trap
frequencies in the x,y andz directions, respectively.For axially symmetric elongated traps,
where the confining along, say, the y and z directions is much stronger than along the x
direction, namely w, = w, = w; > w,, , the condensate is quasi one dimensional. The
GrossPitaevskii equation can then be integrated over the transverse directions to reduce

to a one-dimensional nonlinear Schrodinger equation [116, 117]
o(r,t) n* 9%Y(r,t) 1

_ 1 2 2
1h 51— om 5% +2m(w)xxz/z(r,t)+

|9 (r, t)|*2p(r, t) = 0. (6.26)

2
2ma’
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Where a; = 4 /mlwL and w, are the characteristic length and frequency of the harmonic

trap in the transverse direction, respectively. Scaling length to a,, time to % and ¥ (r,t)
to ﬁ, the last equation takes the dimensionless form

o(r,t)  OPP(rt) 1., , ,
th—or—= = == + A%, 1) + 2a [ (r, 1)["P(r, 1). (6.27)
Where \ = . In the homogeneous case, A = 0, exact bright and dark solitonic solutions

can be obtalned for attractive interatomic interaction, a < 0, and repulsive interactions,
a > 0,respectively [116, 117]. For an expulsive harmonic potential, it was shown by Liang
et al [118] that an exact solitonic solution can also be obtained provided that the scattering
length is given by a(t) = ag exp(At) where qq is the scattering length at ¢ = 0.In this case,
the Gross-Pitaevskii equation takes the form

0 0? 1
w;:; 9 }ﬁﬁ; 2 ;ﬁxzw(x, t) + 2agexp(A\t) [(r, t)[*(r,t) = 0. (6.28)

 9v(r:t) Pp(rit) 1. , B
51 T g M@ (@) +2a(t) [, 1) 7Y(r, t) = 0. (6.29)

Where a(t) = agexp(y(t)t) and A(z) and ~y(t) are assumed to be independent general
functions of x and t, respectively. For the special case of \(x) = Az and () = A, the
expulsive potential case, Eqs. (6.28)are retrieved.
Lax pair for Gross Pitaevskii equation with expulsive harmonic potential:
Darboux transformation is a method used to obtain exact solutions of nonlinear partial
differential equations [112]. In this method, a linear system of equations for a field ¢(x, t)
is written in the form

¢ =Uo (6.30)
or="Vo (6.31)

where the matrices, U and V, are called the Lax pair. The subscripts x and ¢ denote, here
and throughout, position and time derivatives, respectively. The consistency condition
Out = Opp Tequires that U and V' obey

U, —V,+[UV]=0 (6.32)

The Lax pair is expressed in terms of the wavefunction v (z,t) such that the consistency
condition, Eqgs. (6.32), is equivalent to the GrossPitaevskii equation. Once the Lax pair
is obtained, the Darboux transformation can be applied to the linear system Egs. (6.30)
and Egs. (6.31). In the Darboux transformation method, one of the solutions of the linear

system, denoted by ¢ ,is chosen as a seed to perform the following functional transform
on the field ¢:

Ol =¢A—00, (6.33)

where ¢, is the transformed field,A is a constant diagonal matrix and o = ¢;A¢;".
For the system Egs. (6.30) and Egs. (6.31)to be covariant with respect to the Darboux
transformation, the Lax

o[l = U[1] ¢[1], (6.34)
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o1]: = V(1] ¢[1], (6.35)

is satisfied. As a result, the consistency condition is also covariant under the Darboux
transformation and takes the form of Eqgs. (6.32) but with the Lax pair, U and V', being
replaced by the transformed Lax pair U[1] and V[1]. This means that the new wave-
function ¢[1] is also a solution of the GrossPitaevskii equation. Thus, using the Darboux
transformation, we obtain one exact solution from another. In some cases, this leads to
classes of solutions. The difficulty in this method is in finding the Lax pair that cor-
responds to a given differential equation. Usually, one starts with a Lax pair and then
discovers what differential equation it represents. For the inhomogeneous case, with an
expulsive potential the Lax pair corresponding to Eqs. (6.28) was found to be [118]

U= ( \/a_iQ* \/‘é_OQ ) | (6.36)

vV — 22C2+/\:p§+laO|Q|2 \/a_o[(/\:v—f—QzC)Q—}-lQm] (6.37)
A\ Vao[-Az+20QQ" +1Q] =20 = Az ¢ —1a0lQ )’ '

Here, Q(z,t) = exp(At/2 —1Ax?/4)Y(x,t) and ((t) = & exp(At) where &, is an arbitrary
constant.The consistency condition generates Eqs. (6.32).The Lax pair of the homoge-
neous Gross-Pitaevskii equation can be obtained simply by setting A = 0 in Egs. (6.36)and
Egs. (6.37).

Liang et al have applied the Darboux transformation on the Lax pair Eqgs. (6.36) and
Egs. (6.37)to derive a solitonic solution of Egs. (6.28).

Lax pair for general form of Gross Pitaevskii : In this example Usama
Alkhawadja [113] attempt to find the Lax pair of a Gross Pitaevskii of the general form
Egs. (6.29). The method is summarized as follows. He calculate the matrix resulting from
substituting the Lax pair for the expulsive potential case, Egs. (6.36) and Eqs. (6.37), in
the consistency condition Egs. (6.32). He modify the resulting matrix such that, when
equating it to zero, the general Gross Pitaevskii equation, Egs. (6.29), is obtained. Then
He express the unknown Lax pair in terms of second-order polynomials in the wavefunc-
tion ¥ (z,t) with unknown function coefficients. Calculating the consistency condition
using this Lax pair and requiring the result to be equal to the modified matrix, He obtain
equations for the unknown coefficients. By solving these equations, He obtain the Lax
pair equivalent to Egs. (6.29). This approach reproduces the previously found Lax pairs
of the expulsive potential and homogeneous potential cases [112, 118], in addition to a
new Lax pair for the linear potential case. Calculating the consistency condition for the
expulsive potential case by substituting the Lax pair Eqs. (6.36) and Egs. (6.37) into
Egs. (6.32), we obtain

( 0 —Vagexp((At/2 + 1 2?/4)) Alp, U] ) 0
—Vagexp((At/2 —1Xx?/4)) A, U] 0 ’
(6.38)

Where A[1),1*] is the left -hand side of equation Eqs. (6.28). This leads to Ay, ¢*] =0
and A*[¢), U*] = 0 which are the Gross-Pitaevskii equation, Eqgs. (6.28),and its complex
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conjugate, respectively.The prefactors of Ay, *] and A*[¢), U*] result from the func-
tional transformation Q(z,t) = exp((A\t/2 —1Ax?/4))¢(x,t) In the general case, equation
Egs. (6.29)is accounted for if we modify this matrix into

( 0 —agexp(1(t)1/2 + 1 f(x)) B, V] ) .
—arexp(1(t)1/2 — 1 f(x))) B[, v"] 0 ’
(6.39)

where By, U*] is the left-hand side of equation Egs. (6.29). Similar to the expulsive
potential case, it turns out that it is more convenient to express the wavefunction ¢ (x,t)
in terms of the function Q(x,t) as follows:

(1) = exp(— f(x) = (1) 1/2)Q(x, 1). (6.40)

This equation is a generalization of the analogous transformation in the expulsive potential
case. The real function f(x) appears only in the prefactors of B[y, ¥*] and B*[¢, U*]i.e.,
the resulting GrossPitaevskii equation is independent of f(x). However, it turns out that
the Lax pair depends on f,(z). Thus, we can choose a certain form of f(x) such that the
Lax pair is simplified without changing the differential equation that it corresponds to.
He expand the Lax pair in powers of (), ), and their complex conjugates as follows:

— fl +f2Q f3+f4Q
v ( fs +[sQ" fr+ [sQ". ) ’ (6.41)

V — ( g1+ Q +93Q0 + 2Q Q" g5+ goQ + 91Qs + 95Q Q ) (6.42)
g9 + 910Q + 911Qz + 912Q Q@ g13 + g14Q + G15Q + 916Q Q. /)’ '

Where f;_g(x,t) and g1-16(z,t) are the unknown functions. The matrices U and V are
expanded up to the linear and quadratic order, respectively, since their product should
account for the cubic term in Egs. (6.29). He has terminated the expansion of U at
the linear order and excluded many terms from both expansions. This is because when
He employed the full expansions of both U and V up to the third order, many of the
coefficients vanished since they resulted in terms that are not present in Egs. (6.29). For
example, having a (), term in U would lead, when calculating the consistency condition,
to the term (),; which is not present in the differential equation. Even in the present
form, many of the coefficients of the Lax pair Eqgs. (6.41) and Egs. (6.42) turn out to be
zero. Consequently, the expansions in Eqgs. (6.36)and Egs. (6.37) are more than sufficient
to give rise to the cases of quadratic, linear and homogeneous potentials. We substitute
the Lax pair Egs. (6.41) and Eqgs. (6.42) in the consistency condition Eqs. (6.32) and use
Egs. (6.40) to express the matrix of equation Egs. (6.39) in terms of Q(z,t) and then
we require the left-hand-side of the consistency condition Eqs. (6.32) to be equal to the
matrix of Egs. (6.39). Equating the coefficients of Q Q.,Q..,Q:,|Q]*Q, and their complex
conjugates on both sides of the resulting equation, we obtain 24 equations for 24 unknown
coefficients f1_g(x,t) and g;_16(,t).This results in many of the coefficients to be equal
to zero or constant,namely: fo = f3 = fs = fs =92 =93 =95 = gs = go = G12 = g4 =
g15 = 0,fs = —f6 = \J/aog,g7r = g11 = \/aot, g2 = —gis = apr.Using these constant values,
the equations for the rest of the coefficients simplify to

g10 = —Je (6.43)
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fit = 1. =0 (6.44)

(6.45)

g10: + (fr = f1)g10 +Vao(g13 — 91) — Vao[—1 N /4 — (v = 20 f2 4+ 4+ 222/2)] = 0 (6.46)

g10: — (f7— f1)g10 — vVao(g13 — 91) + Vao [ =t N /4 — (v + 20 f2 + 7+ 2f22/2)] = 0 (6.47)

910 +1/ao(fi — fr) +2/agfo = 0 (6.48)

In the following, we solve this system of equations.Adding equations Eqs. (6.47)and
Egs. (6.46),we find

gio = —vVao(yr +2 fo +ntx)/2+ ¢ (6.49)

Where ¢, (t) is a constant of integration resulting from integrating over z.Equation Egs. (6.44)and
Egs. (6.45)can be both satisfied dy assuming f; = ayf; + as and g13 = a3 g1 + as,
where aq,asand g are the arbitrary constants. For ay = 1,equations Eqs. (6.44)and

Egs. (6.45)become equivalent and decouple from equation Egs. (6.46)to Eqgs. (6.48).Therefore,
the solutions of equations Eqgs. (6.43)to Eqgs. (6.48)are expected to differ significantly when

a1 = 1 and a7 # 1.solution.

a.a; #1:
Substituting for g9 from equation Egs. (6.49)into equation Egs. (6.48), we get an
equation for f; whose solution is given by

]

2(a; — (2109 + v — \2/% —2fr+mta)

fi= (6.50)

Subtracting equations Egs. (6.46) and Eqs. (6.47),and using the above expression for fi,
we find

—1

Lar = Dag [—4c+ 4 /age, (v +vt)x +ag(A — 4ras — (v 4 yt)) 2%, (6.51)

g1 =
Substituting for f; and g; into equation Eqs. (6.44),we find

2
—\/a_[(v +yt)er = cud + A + 27 = (v + t)? + qut]e = 0 (6.52)
0
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For this equation to be satisfied, the function A(x) must be of the form where A\g,A\; and
Ao are the constants. Substituting this expression for A\(x) into equation Egs. (6.50) it
take the form

2 ap
[_

Vo 2

Here again, the cases of Ay # 0 and Ay = 0 should be treated separately.

A+ (v +pt)er — e + [)\% +2v — (v+ %t)2 + yutlr =0 (6.53)

a.l.)\; # 0 :Equating separately the first and the second lines of equation Egs. (6.53)to
zero, and solving for v(¢) and then for ¢

1
Y(t) = A2 — ;ln(@ exp(2 Agt) + c3), (6.54)

and

_ 4 C4)\2 exp()\gt) — \/ao)\1(03 — Co exp(2 )\225))
4 )\2(03 + Co exp(2 )\Qt))

ci(t) (6.55)
Where ¢y,c3,andey are the constants of integration (independent of 2 andt). Using the last
two equations to substitute for ¢;(¢) and 7(t) into equation Eqgs. (6.49)to Egs. (6.50),we
obtain explicit expressions for fi(z,t),91(z,t) and gio(z,t):

_
70 = o o (6.56)

(3¢ + c3)na — 2¢4¢3¢7ns)
t) = )
g1(,t) 16 (o, — 1217 , (6.57)

Vv @oTe

_4)\2 T 7

ng(QE, t) = (658)
Where 11 = ¢3 + (%, o = —4 Xofumn + (A1 + 2X\32)13, 73 = c3 — €%, ng = A3 — 4\oA3,
NsAZ + A2(4 Xo + 8N\ + 8M\3x?), mg = 4o furn + (M1 + 2 A\32)ne and ¢ = exp(Aqt).It should
be noted here that since as and a3 do not appear in the Gross Pitaevskii equation, they
have been readily set to zero.This completes the determination of the unknown coefficient
functions f;_7 and g;_14.Substituting for these coefficients into equations (Egs. (6.41))and
(Egs. (6.42)),we obtain the Lax pair

U= ( —\/%Q* fs Zl\]{f_‘)Q ) (6.59)

vV — g1 +1a0|QF  —g10Q +1/@Q. (6.60)
G10Q* +1/a0Q*  a1g1 —1a| Q. ’ ’

Calculating the consistency condition (Eqgs. (6.32)) using this Lax pair, we obtain the
Gross-Pitaevskii equation
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2(10

ca exp(Aat)[Y (2, 1) [*p(x, 1)

The Lax pair (Egs. (6.41))and (Egs. (6.42))corresponding to this Gross Pitaevskii equa-
tion is a generalization to the previous cases of homogeneous potential [112] and quadratic
potential [118].

o(x,t)  0*Y(,t)
"ot T g

1
+Z(/\0+)\1:E+)\§x2)1/)(x,t)+ =0. (6.61)

a.2.); = 0 In this case, the solutin of equation Eqs. (6.52)gives

1
~(t) = —zln<02t + c3), (6.62)
8 VagA1nat
o) = 24 +8 dorir2 (6.63)
m

The resulting Lax pair is again gives by Eqgs. (6.59) with

Z(4 CoT + 2 Cg)\lt + 02>\1t2 + 8)\1fx)
= — 6.64
fl(xat) 8(&1—1)7]1 ’ ( )

(4 c3me + degesmst + )

t) = 6.65

gl<x7 ) 64(0[1 N ]-)77% ) ( )
a

gio(z,t) = 8—\/7?(4 Cox + 23\t + oMt — 8n1 fy). (6.66)
1

Here 0, = c3 + cot, Mo = A\ (Mt? — 4x) — 4X\g,3 = 12 — 40 and 1y = N3t1 — 8\ at? —
16\ot? + 1622. The Gross Pitaevskii equation corresponding to this case is

ov(z,t)  *Y(x,t) 1 2 ag B
T L R A S T e | e Rl

b.a; =1 : For a =1, Egs. (6.44)to Egs. (6.49)reduce to

Jit = 912 =0 (6.68)
Grot + 210 + Vao(as + 102/ 4+ 7/2 — 1 f2 4 Yt/2 + for) =0 (6.69)
giot — @2g10 — \/ao(Oég + 2)\2/4 — 7/2 - foQ - %t/Q - fm) =0 (6-70)
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g0 — 1y/apas + 2+/ag f = 0 (6.71)

Subtracting Egs. (6.69)and Egs. (6.70) and substituting fr g0, using Eqs. (6.70), we get
a second-order differential equation for f(x), with a solution

f:v - (’7+7ttx2/4+c21‘+c1)7 (672)

where ¢; and ¢y are the constants. Adding Eqs. (6.69) and Egs. (6.70) and using the last
equation to substitute for f(x),we get

gio(z,t) =4as +1A(x)? —1(2co + v + Yitz)? (6.73)

Substituting for gi9(z, t) from the last equation and for f(z) from Egs. (6.72)into Eqgs. (6.71),
we obtain

—dras — daz + 8agey — 1(Ag — 4c3) + [—1 A1 + 4(a
+1e2)(y +yet)]2® + [N — 97 = 2yt — )] =0, (6.74)

Equating the first line of this equation to zero, we obtain oy = a3 = 0 and ¢ = /Gy /2.
Equating the coefficient of x to zero, we find

y(t)=—+— (6.75)

and equating the coefficient of 22 to zero, we get

(1) = +hg + (;—1 (6.76)
Substituting this solution into equation Egs. (6.72), the term v + =, vanishes and thus
f(x) becomes a function of = only as it should be.The last two equations indicate that
co =+ N /4 Xy =/ g/2. Egs. (6.68)is decoupled from Eqgs. (6.69)to Eqgs. (6.73), and thus
can be satisfied by setting an arbitrary expression for f(x,t) and then solving for ¢;(x,t).
Since the choice of fi(x,t) is arbitrary and will not affect the resulting Gross Pitaevskii
equation, make the simple choice fi(z,t) = g1(x,t) = 0.The resulting Lax Pair is given

by

U= ( _\/S_OQ* \/‘5_?@ ) (6.77)

- vaolQ? Vaol Qz + (VR0 £ Aez) Q)]
- ( Vaol Q; — (VAo £ Aar) Q] —ra|QP. ) : (6.78)

where Q(z,t) = exp[(2c; + 21V Aox £ 2 Mot £ 2 Mox?) /4]1p(z,t). The corresponding
Gross Pitaevskii equation is calculated to be

oY(z,t)  O*(x,t)
! ot + 0%x

+i()\0j:)\1x)21/1(x,t)+2 agexp(csE£at) |1 (z, t)|*(x,t) = 0. (6.79)
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Substituting ¢; = 0 and f,(z) = Az /2 into equation Egs. (6.59)and Egs. (6.60) of the
case a; # 1,we obtain Eqgs. (6.77) and Eqgs. (6.78)of the present case with a positive sign
of M\y.For ¢3 = 0 and f,(z) = —A2x/2,we obtain equations Eqgs. (6.77)-Eqs. (6.79)with
the negative sign of \y. Thus, Egs. (6.77),Eqgs. (6.79)are just special cases of Egs. (6.59),
Egs. (6.60) and Egs. (6.61).

Seed solution: we derive a solution of the general Gross Pitaevskii equation [113],
Egs. (6.29), to be used as a seed to the Darboux transformation.This cab be achieved by
writing ¢ (z,t) in the form

Y(x,t) = Aexplhi(x,t) + 1ha(x,t)], (6.80)

where A is a real constant and hy(z,t) and he(z,t) are the real functions.Substituting this
expression for ¥ (z,t) into Egs. (6.29),the real and imaginary parts are

8142 exp(2 h1> ao’)/(t) + )\(I‘)Q —4 (hgt — h?z -+ h‘%x — hlxm)y (681)

hit + 2hazhoy + hoge = 0. (6.82)
Using the assumption hy(z,t) = hy(t), the last two equation simplify to
8 A% exp(2 hy) agy(t) + A(w)* — 4 (hyy + h3,), (6.83)

hlt + hZ:m: =0. (684)

Solving the last equation for hy(x,t),we obtain

hz(l’, t) = Cl(t) + Cg(t)l' — %1’2h1t. (685)

Substituting this expression for hy into Egs. (6.83)we get

1
8 A2 exp(2 ]’Ll) ao’}/(t) + )\(I)Q —4 [(CQ — X h%t)Q + C1¢ + xCop — §$2h1tt], (686)

This equation can be solved by expanding A(z)?, in powers of z, up to the second order,
as in equation.Substituting this expression into Egs. (6.86) and equating to zero the
coefficients of z°, ' and 22, we obtain

o+ 8A%exp(2hy) agy(t) —4c2 —4eyy =0, (6.87)
)\1 + 862 hlt — 402,5 = O, (688)
A3 — 4h3, + 2Ry, = 0, (6.89)
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The solution of the last equation is
1
hi(t) = ¢4 — §lncosh[/\2(203 +1t)] =0. (6.90)
Substituting this solution into Eqgs. (6.85),we get

A1
co(t) = essechn; + —— tanh ;. (6.91)
4 X\g

and Egs. (6.84)leads to

——Xa(cr — 1)(AT — 4 X\gA3) + 8es Ay Ao (sechn; — sechny) + (A] — 16 ¢3

() = o+ —
A =T 16037

t
A3)(tanhn; — tanhny) + 2 A® exp(2¢4)go / (v(t")sech[2c; + t'])dt'(6.92)

cr

where 71 = X2(2¢3 +t),m2 = Aa(2¢3 + ¢7) and c3_7 are constants of integration. Having
determined the unknown function h(t) and hs(z,t), the seed solution take the form

Y(x,t) = Ay/sech [\g(2cs3 + t)] exp ey + 1fer () + ca(t)z 4+ Mg tanh[ Ay (2 c3 + 1)) /4].
(6.93)

where ¢;(t) and cy(t) are given by Egs. (6.89)and Egs. (6.88).
Darboux transformation of GrossPitaevskii equation:

we find the Lax pair and an exact solution of the dimensionless Gross Pitaevskii
equation, known as the seed solution. Fortunately, the trivial solution can be used as a
seed, leading to nontrivial solutions. Using the Lax pair and the seed solution, the linear
system is then solved and the components of 1 are found. The new solution is expressed
in terms of these components and the seed solution.

the Gross-Pitaevskii equation take the dimensionless form

Zﬁw(a:,t) 10> 1

0 g + 5 (02— g, )P (). (6.94)

where a is the scaled scattering lenght.The dimensionless general functions p(¢) and ¢(t)
are introduced to account for the time dependencies of the strengths of the trapping
potential and the interatomic interaction.The equation is integrable only if p(t) and ¢(t)

are related as follows: p(t) = v(¢) — (t)? and q(t) = exp(7(t)),where ~(t) is an arbitrary
real function Using Lax pair search method used in the previous section, we find the linear
system which corresponds to the class of Gross-Pitaevskii equations we are interested in:

Yo =CJ WA + U, (6.95)

=12 T AN+ CU+zy#))ab.A+ Va (6.96)

where
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() = ( g Gl t) ) , (6.97)

: (6.98)

, (6.99)

<
<

(e )
<

<

1ValQP /2 Varey Q(x,t) +1/aQu(x,1)/2 )
—Varay Q)" +1+/aQi(a, 1) /2 —ValQl?/2. ’

(6.101)

¢ = exp(y(t)), and \; and Ay are arbitrary constants. Where Q(z,t) = 1 (x,t) exp(y(t)+
z*y(t')xQ) /2 It should be emphasized that while applying the Darboux transformation is
almost straightforward, finding a linear system that corresponds to the differential equa-
tion at hand is certainly not a trivial matter. Usually, this is found by trial and error,
or by starting from a certain linear system and then finding the differential equation it
corresponds to. In [113], Usama Al khawaja introduced a systematic approach to find
the linear system which we describe here. The partial derivatives of the auxiliary field i,
and 1;,are expanded in powers of A with unknown matrix coefficients. The expansions
are terminated at the first order for ¢, and the second order for 1; since this will be suffi-
cient to generate the class of Gross Pitaevskii equations under consideration. The higher
order matrix coefficients turn out to be essentially determined by the zeroth-order matrix
coefficients U and V. To find the matrices U and V', we expand them in powers of the
wavefunction ¢ (x, t), its complex conjugate, and their partial derivatives. The coefficients
of the expansions are unknown functions of x and ¢. Substituting these expansions in the
consistency condition we find a set of equations for the unknown function coefficients.
Finally, by solving these equations the Lax pair and consequently the linear system will
be determined. For 1 to be a solution of both equations Eqgs. (6.95) and Egs. (6.96), the
consistency condition ©,; = 9y, must be satisfied.This condition leads to the following
relation between the matrices U and V':

U —V,+[U,V]=0 (6.102)

Where [U, V] is the commutator of U and V.Substituting the above expressions for U and
V' in the last equation, we obtain the Gross-Piteavskii equation

157 (w,t) = [—%% + %(ﬁ(f) —q(t))a* (2, 1) — a exp™® |v(x, 1)]], (6.103)
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and its complex conjugate. This equation shows that the functions p(¢) and ¢(t) are
related to each other through the general functiony(t). We focus here on the specific case
of only a harmonic trapping potential and constant dispersion. The linear system of eight
equations, Egs. (6.95) and Egs. (6.96) read explicitly,

Y1z — Prv/aexpz 17N gy — VoM exp? = (6.104)
g — Gon/aexp? I gy — V2N 1y exp? = 0 (6.105)
b1z + V2N exp” ¢y + Uf Uy Va expr T = (6.106)
G + V2 exp” dz + U 2 Va exp20 TN = 0 (6.107)

. 1
1y — 211y exp? (2 exp” )\f - 2\/§va1 + §|¢0]2 a)

—Sonaesp(3(1° +7)(tos + (20 V2exp(1)Ar +29) = 0 (6.108)

. 1 1 1
Yor — 192 exp”(2 exp” A2 — V2 Mg + §|¢ol2 a) — §¢zﬁexp(§(lvx2 + ) (2 Yhoq

+io(21V2exp(y) A2 + 7)) =0
(6.109)

1 . , 1
bt Dry/aexpz0 D (Y (202 exp? Ay + x4) — 1) + 5 @1 exp’(ttol*a

+2X; (20 exp’ M +V224)) =0
(6.110)

1 . , 1
Ou+ 5 Yay/aexpz D (Y (202 exp? Ay + x5) — 14g,) + 5 @2 exp’(tto*a

+2 Xy (22 exp” Ay +V224)) =0
(6.111)

Where 1g(x,t) is an exact seed solution of Egs. (6.98).These equations reduce to an
equivalent system of four equations with nontrivial solution by making the following
substitutions: Ay = —A5,109 = ¢f and ¢y = —1}.Using the trivial solution, Wy(z,t) = 0,
as seed, the linear system will have the solution
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U (z,t) = ¢ 6Xp<22>\%>/ exp®7®) dt + exp?® Az (6.112)

where ¢; and ¢y are real arbitrary constants of integration.
Consider the following version of the Darboux transformation|[36]:

V] =v.A -0, (6.113)

Egs. (6.99-Egs. (6.106. For the transformation field 1[1] to be a solution of the linear
system, the matrix U for instance must be transformed as

Ull=o0Uoc ' +0,07", (6.114)
Where o1 is the inverse of ¢.This equation gives the new solution in terms of the

seed solutions of the Gross Pitaevskii equation,iy(x,t), and the linear system, 1)y,which
reads

2 )z P17
z,t) = oz, t) + (M + A exp yWe /A2 2L 6.115
¢( ) ¢0( ) a( 1 1) p |¢1|2 n |¢1|2 ( )
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Chapter 7

Solitonic Solution of higher-order
nonlinear Schrodinger equations

7.1 Introduction

The nonlinear Schrodinger equation (NLSE) plays a vital role in different fields of science,
e.g., physics, chemistry, biology, etc [25]. In physics NLSEs describe the dynamics of
optical pulses in dielectric media or optical fibers[26], matter waves in Bose-Einstein
condensates[27], solitary and rogue waves in the ocean [28]. The discovery of integrability
of this equation by Zakharov and Shabat in 1971 has made a big impact on the studies
of all these areas.Complete integrability of the NLSE through the existence of a pair of
matrices, known as Lax pair [50], which are functionals of the solution of the NLSE and
its time and space derivatives [29]. In fiber optics, where solitons are the data carriers,
one of the most important challenges is to increase the bit-rate by stacking as much
solitons as possible along the fiber. This requires to use femto-second solitons, which
have shorter pulse widths. Due to the short pulse width,higher-order effect such as third
order dispersion, Raman scattering, self-steepening, etc., become important. As a result
the higher-order terms describing the mentioned effects are to be included in the NLSE
to correctly describe the propagation of optical pulses in optical fibers. Therefore, it is
necessary to solve NLSEs with higher-order terms. In this chapter, we derive the solitonic
solution of the nonlinear Schrédinger equation with higher-order terms, complex external
potentials, and time dependent coefficients by applying the Darboux transformation this
end need to find first the Lax Pairs and integrability conditions. The solution for some
of the well-known nonlinear Schrodinger equation are then derived as special cases such
as Nonlinear Schrodinger equation, NLSE, Hirota equation, HE, Sasa-Satsuma equation,
SSE. In the following we use a systematic search approach to calculate the Lax pairs of
HNLSE with cubic nonlinearity

7.2 A Systematic search approach to find the Lax
pair
In this section we consider the most general NLSE with qubic nonlinearity [32, 33, 34, 26,

35]. In the presence of damping or gain and external potential, the general NLSE can be
written as

Z¢t+a1¢m+a2W|2¢+2a3¢mm+za4 |¢|2¢m+2a5¢2¢;+1F¢+%zt¢:0 (71)
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In Refs. [36, 37]. Here all the coefficients a; = a;(t) are initially assumed to be complex
functions of time, but it turns out that integrability restricts them to be real. The
functions Vi = Veyi(x,t) and I' = T'(¢) are real and account for the external potential and
the damping or gain in the system, respectively. Equation Eq. (7.1) describes the evolution
of the electric field envelope of an optical pulse through an optical fiber. The second
term denotes the chromatic or group velocity dispersion, the third term denotes the Kerr
nonlinearity or self phase modulation (arises due to intensity dependent refractive index),
and the fourth term denotes the third-order dispersion. The fifth and the sixth terms are
related to the self steepening and self-frequency shift due to the Raman scattering. The
Lax pair is the most important ingredient in solving a NLSE using the DT. The method is
described in the previous chapter here we summarize the basic equations explained before
there is only difference by put the third order of A in the equation of ¢, because HNLSE
is solved only if A is 3 x 3 matrices . In order to derive the Lax pair we start by writing
the following two equations

and
U, =Vo-U+V, - U-A+V, - U.-A24 V5. T A3 (7.3)

for an auxiliary field . Here subscripts ¢t and x represent the derivative with respect to
time and position, respectively. The matrices Ug, Uy, Vg, V1, V3, and V3 are functions
of the solution of the given NLSE and its space derivatives. The matrix A denotes the
spectral parameters and is given by

A00
A= 0 X 0 |, (7.4)
0 0 X

The order of the matrices depends on the NLSE to be solved as will be seen next. The
compatibility condition W,y = W, which leads to the following set of equations

Upt — Vox + [Uo, Vo] = 0, (7.5)

Uit — Vix + [Uo, V1] + [Ug, Vo] = 0, (7.6)
Vax + [Va,Ug] + [V1,Uq] =0, (7.7)
Vx4 [V, Uo] + [V2, U] =0, (7.8)

[V3,Uq] =0, (7.9)

Existence of the Lax pair assures the integrability of the given NLSE, i.e., the given NLSE
can be solved analytically. In Ref [113], the author devised a systematic approach to find
the Lax pair. In this approach, the Lax pair Uy and Vj is constructed in terms of ¢ the
solution of the NLSE and its time and position derivatives with unknown coefficients up
to a certain order depending on the given NLSE. By equating the compatibility condition
matrix, Eq. (7.5), and the matrix constructed from the original NLSE, we get a set of
equations for the unknown coefficients in Ug and Vj in terms of the coefficients of the
original NLSE. Solving this set of equations gives Uy and Vg for the given NLSE.

In the second step, we construct arbitray U; and V; as we do for Uy and V. Using
the second compatibility condition, Eq. (7.6), we get a set of equations for the unknown
coefficients. By solving this set of equations for unknown coefficients, we get U; and
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Vi. In the same manner we find the matrix Vg by solving the two compatibility con-
ditions,Eq (7.7) and Eq (7.8)by solving the last equation we get V3. Employing the
systematic search approach we find the complete set of matrices for Eq. (7.1):

0 —c3e %Y cgef Yt
UO = 03eG Q/J* 0 0 s (710)
—c3e” %Y 0 0
C1 0 0
U, = 0 c1+c 0 , (7.11)

0 0 1+ ¢

Vo11 Vo12 Vo013
Vo= vo21 vo22 vo23 |, (7.12)
Vo31 Vo32 Vo33

where

Up11 = Vo23 = g3z = 0,

icye 9 (Q1+ Q2)

Vp12 = Vo31 = 9\/§a a )
2 a3
iR+ Q)
013 = Vo21 =
9\/5(1,2 as

Vo2 = GG—; (3as [ Yo — 3] — 20 a1 [U]?)

a . . .
Vo33 = i (Bas W v} — ¥+ 2iay [U)
1
here
Q1 =18aza5 []* +2ai ¥,

Q2 = 9a1 a1, — 6ia? as iy,

V111 V112 V113
Vi=| vz viz2 V123 |, (7.13)
V131 V132 V133

o as az |Y)? e a?

V111 =

aq 661,3 ’
1 .
Vi1o = i cacse Y (a0 + 3iaghy) (7.14)
1 . "
V113 = 7—=0C2C3 e (al P —3i a:ﬂ%) (7-15)
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1 G
Vig1 = — cocze” (a1 ™ — 3iaz’ 7.16
121 Wk (a1 ¥ 31y) (7.16)
Co B
viz =~ = (a + 3az asful’) (7.17)
V123 = &62(; a2 Qg (@D*)Q (718)
2 ay
1 )
V131 = —3\/502 cze % (ar) + 3iaziy) (7.19)
Uizy = 2 20 as agih? (7.20)
2 ay
C2
v = (af + 3az a3|y|?) (7.21)
Ca —ic3cgaz e Gy i c2csas eCrp*
Vy = i 2 c3aseC* 4 0 , (7.22)
—icicgaze Y 0 4
and
Cg as + cs 0
Vi3 = 0 cs 0 . (7.23)

0 0 Cs

Here, ¢ = \/2a5—a4/(6a3), 3 = Vas/(2a3), ¢s = —(2c5a; + az)/as, and G =
ia;x/(3asz), and ¢; is a arbitrary time-independent constant. When we use Ug and
Vo in Eq. (7.5) we get back Eq. (7.1) with

P a
N=——-— 7.24
2 a9 2 aq ( )
and
as dl — Ci3 2 a:{'
V., = . 7.25
et 33 27dl (7.25)
The remaining two integrability conditions are
9 a9 a3
_ 7.26
= 2 aq ( )
and
3 a9 a3
= — 7.27
as 20y ( )

Therefore Eq. (7.1) is integrable only with three independent parameters a;, as, and as.
One point worths mentioning here is that the damping or gain, I', and the linear part of
the potential, V., arise due to the time variation of the coefficients ai, as, and as.
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7.3 Darboux transformation

Applying the DT describing in the previous chapter on the Lax pair of Eq. (7.1)and using
zero as a trivial seed solution the following solitonic solution can be derived

A iy (z+7%)

'(b(.f,t) = m e 393 s (728)

where A =2 /a;/ay and

2 a2 1
b= -1 dt — = log 2. 2
/<3a3+8a3) 5 log (7.29)

The amplitude A depends on the ratio of the coefficients of the chromatic dispersion
and the nonlinearity. The phase is position dependent and depends on the ratio of the
coefficients of the chromatic and third-order dispersions. For repulsive interaction, i.e.,
as < 0, the equation supports diverging solutions, one of which is given by

A 7 aj (I+£)
- 3a 2
Y(z,t) snb (27 =0) e 393 : (7.30)

where A =2 \/—ay/ay and b is given by Eq. (7.29).

Figure 7.1: (Color online) (a) Solitonic solution of HNSLE with constant coefficients,
a; = 1 and ay = 1. (b) The solution of Eq. (9) with constant coefficients, namely, a; = 1,
az = 1, and azg = 0.05. (c) Trigonometric time dependence for a; = cos(t), as = cos(t) and
constant third order dispersion a3 = 0.05. (d) All the three coefficients are trigonometric
time dependent a; = cos(t),as = cos(t), and az = 0.05 cos(t).

In both the attractive and repulsive cases the third-order dispersion coefficient controls
the phase of the envelope. One important factor to note that the self steepening and the
Raman scattering terms arise due to the third-order dispersion through the relations given
by Egs. (7.26) and (7.27). The group velocity of the envelope, depends on the coefficients
a1 and az. Therefore, we can control the group velocity i.e., the center of mass motion of
the soliton, by properly choosing the chromatic dispersion and the third-order dispersion.
This interesting fact can be used to manipulate soliton motion without the need of an
external potential.
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Figure 1 shows the solitonic solutions given by Eq. (14). For comparison, Fig. 1(a)
shows the solitonic solution of NLSE with constant coefficients, i.e., without any damping
and external potential. In Fig. 1(b), we choose all the three coefficients a;-az be time
independent and take ag very small compared to a; and as. In this particular case I' =0
and V.,; = 2a?/27a% and the center of mass velocity of the soliton is a constant. We
assume trigonometric time dependence for a; and ay [35] and constant as in Fig. 1(c).
The soliton moves with a constant velocity with oscillation around it. In Fig. 1(d),
we assume all the coefficients be trigonometric time dependent and the center of mass
velocity oscillates. From Figs. 1(b) -(c), it is obvious that the center of mass velocity can
be controlled by appropriate choice of the third order dispersion coefficient as.

In the next Section the solution, Lax pairs and integrability conditions for some of
the well-known nonlinear Schrodinger equations are then derived as special cases such as
, NLSE equation, Hirota equation (HE), and Sasa-Satsuma equation (SSE), we use in all
cases seed solution equal to zero .

7.4 Special cases

1. Nonlinear Schriodinger equation, NLSE: If we set a3 = a4y = a5 = 0 in Eq. (7.1)
we get the standard NLSE or GPE with damping or gaining and potential, which can be
written as

iy A Ay Ve + ag [P+ i T + Vi b = 0. (7.31)

This is one of the most well-known NLSEs in the optical [26], Bose-Einstein [27], and ocean
wave communities [28]. The Lax pair for Eq. (7.31)with time-independent coefficient and
without damping and potential was first found by Zakharov and Shabat [38] and was then
widely used in the Darboux transformation to find exact solutions. The damping is given
by I' = dy/(2as) — d1/(2a1) and the potential is given by V. = c? a; — ¢ x.

0 —cy(t) eC ap(a, t)
Uo = ( —ea(t) e=C (2, ) 0 ) : (7.32)
Vo — ( 5 az(t) [¥(z, t)]? —ca(t) e [er(t) ¥(, 1) + i (w,1)] )
° ca(t) e lea(t) Y7 (. t) + i (w, t)] — 5 as(t) [Y(z, 1) ’

(7.33)

Ulz(co2 X ) (7.34)

CQ—|—03

—czcr(t)aq(t) icyeq(t) eCah(z,t)

V= ( —ic3cq(t) e G *(z,t) czcp(t) aq(t) ) ) (7.35)

and

V, — ( Ticka(t) 0 ) | (7.36)
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a2 (t)
2a1 (t)

and c3 are two time-independent constants.

where c4(t) = and G =ic(t) z. Here ¢;(t) is a time-dependent parameter and ¢y

Using the DT Eq. (7.1)supports solitonic solutions, one such solutions is given by

A (2
1) — i[c3 [ a1 dt—cy 2] 7.37
vl b) cosh|es  + 0] ‘ ’ (7.37)

where A = —4¢34/2a1/as and b = V2es f ¢y aq dt. Similar results are also found by H.
Kumar et al. [39]. U. Al Khawaja found solution of Eq. (7.31) with quadratic potential,
periodic potential, and different types of solution with linear potential. It is well-known

Figure 7.2: Solitonic solution of NLSE with constant coefficients,al = 2, a2 =1

that the NLSE or GPE with time-dependent coefficients is integrable with potential up to
quadratic power in z [51, 47]. Here, we find the Lax pair for NLSE with linear potential
Vet = 2 ay — ¢1 x; this is due to the fact that we derive the Lax pair for the NLSE from
that of the higher-order NLSE with cubic-quintic nonlinearity by taking appropriate limit
of a3 = a4y = a5 = ag = 0. The higher-order terms in higher-order NLSE restrict integra-
bility to linear potentials. One of the original motivations of our work is to solve the most
general NLSE with cubic-quintic nonlinearity and find the solutions for other well-known
NLSE as special cases. However, we find that general NLSE with cubic-quintic nonlin-
earity is not solvable in the Lax pair sense.

2. Hirota equation, HE: If we set a5 = 0 in Eq. (7.1) we get the HE [40], namely,
Z.wt + ay wa:ac + as |77Z)|2¢ +ia3¢xwx +Z'a4 |¢|2w$ +2F,¢ + V:iactw = 0. (738)

In this case we find that the equation is integrable only if ay = 3agag/ai, I' = d4/(2a4) —
(13/(2 CL3>, and ‘/;mt = 0.

The Lax pair and the all set of matrices for Hirota equation is given by

B 0 ca(t) Pl 1)
U = ( ) (@) 0 ) : (7.39)

Vo = ( Vo11  Vo12 ) : (7‘40)

Vo21 V22
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where

vor1 = ¢5(t) {as(t) ) (x, ) — e (2, ) ™ (1)) + i ar(t) [ (x, 1)},

a9 (t) as (t)

o= )| 201

(e P 0l 1) — i ar(t) bl ) + aslt) szx(x,t)} |

a9 (t) as (t)

a(t)

—— [ (s D 0 1) + dan () 1) + aat) w;xu,t)} ,

and

vonz = 5(t) {as(t) [P (2, 1) " (2, 1) — P(@,t) (@, 1)] — i an (t) P2, 1) [z, 1]}

B —\/gcl 0
U; = ( . \/gq , (7.41)

V, = ( c1eo(t) \/3as(t) [(z, 1) V6erea(t) [a ( ) Ya(g, 75) —iay(t) ¥(z, )] )
V6 ey ea(t) [as(t) ¥i(x,t) +iay (t) *(z, 1)) —c1 eo(t) \/3as(t) |Y(x,t)]? ’
(7.42)
_ Bicia(t) —6cf ea(t) as(t) P(z, )
Vo= (ssatyai ey | sidat ) )
and
([ 3V6c}as(t) 0
Vy = ( . 3V an(t) ) . (7.44)
Here ¢(t) is time-dependent constant and cy(t) = 2“;1(8)

Using the DT the one-soliton solution of the HE is given by

_ A 61 [a1dt
U(x,t) = cosh[\/ézv = e , (7.45)

where A = —124/a3/ay and b = 6\/6fa3 dt. Similar result was also found by C. Dai et
al. [41].
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Figure 7.3: Solitonic solution of HE with constant coefficients,al =1, a2 =1 and a3 = 2

3. Sasa-Satsuma equation, SSE:

Recent progress in the theory of integrable partial differential equations made a rev-
olution in mathematics and expanded significantly the areas of physical application of
these equations. Sasa-Satsuma equation (SSE) is one of the integrable extensions of the
nonlinear Schrédinger equation (NLSE). Although with fixed relation between higher or-
der terms, it contains the most essential contributions often found in various physical
applications: deep water waves and pulse propagation in optical fibres . Namely, it con-
tains the term with third order dispersion, the term with self-frequency shift and the term
describing self steepening. These are the most general terms that have to be taken into
account when extending the applicability of the NLSE.

If we set a; = ag = 0 in Eq. (7.1) we get the SSE [42], namely,

“ﬁt+2a3¢zm+za4|¢|2¢m+la5¢2¢;‘i‘ZPw‘i‘Veztw:O (746)

We find that the SSE is integrable for arbitrary values of a3, a4, and a5 with ay # 2as
andI'=V,_,;, = 0.
For SSE, the set of matrices is given by

0 —’l'?)a%sw<l’,t) igaﬁw*(xat)
Uo= | —iv*(x 1) 0 0 (7.47)
iv(z,t) 0 0
C1 0 0
U1 = 0 Cc1+ ¢ 0 (748)

Vo11 Vo12 Vo3
Vo= vo21 vo22 Vo23 |, (7.49)

Vo31  Vo32 Vo33

where
Vo11 = V23 = Voz2 = 0 (7.50)
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ia5

Vo12 =
9

Vo13 = —5—

a3

ia5

9&3

[4as [¢(a, 0) P, 1) + 3 ag (1)),

vom = - [Aas [, )P0 (2, 8) + Bas (2, 1)]
3

o = a5 [, 00 (2,0) = (2, ) 63 ,0)]

{
Vo31 = —3

3

[4as (e, P2, t) + 3ag Yua(x, 1)]

vuss = =5 [, 1) 97l 1) = 00, 0) 5,

|
|

|

and

§C2a5 (2, t)[? —%cwwz(x,t)
icpagi(z,t)  —3coas|(x,t)?
—icgazhy(z,t) 562 as V*(z,t)

c3(t) sasp(a,t) —gc
iGat () ell)
—icazi(z,t) 0
cdaz+c3(t) 0

0 Cg(t) 0

0 0 Cg(t)

[4a5 (@, )0 (2,1) + Baz ¥, (2, 1)]

Using the DT the one-soliton solution of the SSE is given by

b(x,t) =

where A = 2622 and b = 8¢§ (t — 1)A\%ag. Similar result was found by C.

al. [43].

i A
cosh(2co Az —b)’

100

(7.51)

(7.52)

(7.53)

(7.54)

Gilson, et



70.950

Figure 7.4: Solitonic solution of SSE with constant coefficients,ad = 1, ab = 1,3 =
5,01202263:1
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Conclusion

In this part we employ the Darboux transformation and Lax pair to solve the NLSE
with cubic nonlinearity (HNLSE) and time-dependent coefficients. We investigate the
integrability of HNLSE with damping and linear potential and find that it is integrable
only with three independent coefficients, namely, dispersion, Kerr nonlinearity, and third-
order dispersion coefficients. The coefficients for the Raman and self-steepening terms
depend on the other three coefficients. The damping and linear part of the potential arise
due to the time variation of the coefficients. This equation supports solitonic solution for
focusing nonlinearity. For defocusing nonlinearity diverging non-solitonic solution exists.
In both the cases the coefficient for the third-order dispersion can control the center of
mass motion of the solutions. This findings can be used to control the motion of the
soliton in the optical fiber without an external potential.

Using the same technique we are able to derive the solitonic solution for some of
the well-known NLSEs, namely, Hirota, Sasa-Satsuma, and Nonlinear Schrodinger equa-
tions from the general equation by simply changing the parameter set . The Hirota and
Sasa-Satsuma equations are not integrable with a linear potential, though the former is in-
tegrable with time-dependent coefficients. We check that the solutions of these equations
are similar to those already found in the literature.
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