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Abstract
This thesis presents a comprehensive analytical and numerical investigation of localized

nonlinear wave structures governed by integrable Higher-Order Nonlinear Schrödinger

(HNLS)-type equations. Motivated by recent advances in nonlinear wave physics and the

increasing relevance of higher-order dispersive and nonlinear effects, this work demon-

strates that the interplay between dispersion, nonlinearity, and higher-order terms consti-

tutes a powerful framework for energy localization and control rather than a limitation.

The study begins with a detailed overview of fundamental nonlinear wave phenomena,

including solitons, breathers, and rogue waves, together with a rigorous analysis of modu-

lation instability as the underlying mechanism for localized structure formation. Numeri-

cal tools, particularly the Split-Step Fourier Method (SSFM), are introduced and validated

through the relative L2 error norm and trajectory tracking based on the center-of-mass for-

malism.

From an analytical perspective, the thesis employs the 3 × 3 Lax pair representation and

the Darboux Transformation to construct exact solutions for integrable systems. These

methods are applied to benchmark models such as the Hirota and Sasa–Satsuma equations,

illustrating the iterative generation of higher-order solitonic and breather solutions and con-

firming the robustness of the analytical framework.

The dynamics of the HNLS equation with constant coefficients are investigated in detail,

revealing the role of spectral parameters in shaping wave morphology, including Akhme-

diev breathers, Kuznetsov–Ma solitons, and the Peregrine soliton as a limiting rational

solution. The individual influence of higher-order physical parameters is isolated, high-

lighting the dominant role of third-order dispersion in inducing center-of-mass shifts and

trajectory drift.

Finally, the thesis extends the analysis to generalized HNLS equations with time-dependent

coefficients, demonstrating that active modulation of dispersion and nonlinearity enables

precise waveform engineering. Numerical simulations confirm the stability and physical

relevance of the Darboux-derived solutions, with relative L2 errors on the order of 10−4,

validating that the observed dynamics arise from intentional parametric control rather than

numerical artifacts.

Overall, this work provides a unified analytical–numerical framework for understand-

ing and managing localized nonlinear wave phenomena, offering insights relevant to next-

generation nonlinear physical systems in optics, hydrodynamics, and related fields.



Résumé
Cette thèse présente une étude analytique et numérique approfondie des structures d’ondes

non linéaires localisées régies par des équations intégrables de type équation de Schrödinger

non linéaire d’ordre supérieur (HNLS). Motivée par les avancées récentes en physique

des ondes non linéaires et par l’importance croissante des effets dispersifs et non linéaires

d’ordre supérieur, cette étude montre que l’interaction entre dispersion, non-linéarité et

termes d’ordre supérieur constitue un cadre puissant pour la localisation et le contrôle de

l’énergie, plutôt qu’une contrainte.

Le travail débute par une présentation détaillée des phénomènes fondamentaux des ondes

non linéaires, notamment les solitons, les breathers et les ondes scélérates, ainsi qu’une

analyse rigoureuse de l’instabilité de modulation en tant que mécanisme précurseur de la

formation des structures localisées. Les outils numériques, en particulier la méthode de

Fourier à pas fractionnés (Split-Step Fourier Method, SSFM), sont introduits et validés à

l’aide de la norme d’erreur relative L2 et du suivi de la trajectoire basé sur le centre de

masse.

Sur le plan analytique, la thèse exploite la représentation par paire de Lax 3 × 3 et la

transformation de Darboux pour construire des solutions exactes de systèmes intégrables.

Ces méthodes sont appliquées à des modèles de référence tels que les équations de Hirota et

de Sasa–Satsuma, illustrant la génération itérative de solutions solitoniques et de breathers

d’ordre supérieur, et confirmant la robustesse du cadre analytique.

La dynamique de l’équation HNLS à coefficients constants est ensuite étudiée en dé-

tail, mettant en évidence le rôle des paramètres spectraux dans la morphologie des on-

des, notamment les breathers d’Akhmediev, les solitons de Kuznetsov–Ma et le soliton de

Peregrine comme cas rationnel limite. L’influence individuelle des paramètres physiques

d’ordre supérieur est analysée, soulignant le rôle dominant de la dispersion du troisième

ordre dans le déplacement du centre de masse et la dérive des trajectoires.

Enfin, la thèse étend l’analyse aux équations HNLS généralisées à coefficients dépendant

du temps, démontrant que la modulation temporelle de la dispersion et de la non-linéarité

permet une ingénierie contrôlée des formes d’onde. Les simulations numériques confir-

ment la stabilité et la pertinence physique des solutions issues de la transformation de

Darboux, avec des erreurs relatives L2 de l’ordre de 10−4, attestant que les dynamiques ob-

servées résultent d’une gestion paramétrique intentionnelle plutôt que d’instabilités numériques.

Dans l’ensemble, ce travail propose un cadre analytique et numérique unifié pour la com-



préhension et la maîtrise des phénomènes d’ondes non linéaires localisées, ouvrant des

perspectives pour les systèmes physiques non linéaires de nouvelle génération en optique,

en hydrodynamique et dans des domaines connexes.
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4.12 Numerical validation of the breather solution. Comparison of the ana-

lytical breather profile (solid blue line) against the numerically computed

profile with a small initial perturbation (ϵ = 0.001, solid red line). The plot

demonstrates minimal deviation between the two profiles, confirming the

accuracy and stability of the analytical solution for numerical propagation.
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General introduction
Nonlinear wave dynamics represent a cornerstone of modern mathematical physics and

applied nonlinear science, with profound implications across optics, hydrodynamics, plasma

physics, and condensed matter systems [1, 2]. In contrast to linear wave theory, which re-

lies on the principle of superposition and assumes that waves pass through one another

without interaction, nonlinear dispersive systems support localized coherent structures that

arise from the intrinsic, self-sustaining balance between dispersion and nonlinearity [3].

These structures, most notably solitons, breathers, and rogue waves, constitute the fun-

damental carriers of energy localization and extreme event formation in nonlinear media

[4]. The discovery of these waves traces back to the observation of the "Great Wave of

Translation" by John Scott Russell in 1834, but it was the mathematical formalisation of

these concepts in the late 20(th) century that transformed them into a unified field of study

[5]. The nonlinear Schrödinger (NLS) equation has since emerged as a universal model

describing the slow modulation of weakly nonlinear wave packets in dispersive environ-

ments [6]. Its integrable structure has enabled the discovery of exact analytical solutions

that reveal the rich morphological diversity of nonlinear waves, proving that nonlinear-

ity is not merely a perturbation of linear theory but a generator of entirely new physical

states [7, 8]. Classical solitons propagate without distortion or loss of identity. In contrast,

breather solutions exhibit a complex periodic exchange of energy between localisation and

delocalisation, effectively ’breathing’ as they move through space or time. One of the most

intriguing phenomena is the rogue wave, which is characterised by its sudden emergence

and extreme amplitude, often reaching three to four times the height of the surrounding

waves. Mathematically, these "monsters of the deep" arise as rational limiting cases of

breather solutions, specifically the Peregrine soliton, and are closely linked to modulation

instability mechanisms. Recent advances have significantly deepened our understanding

of these dynamics, showing that extreme waves can emerge deterministically from coher-

ent backgrounds rather than from stochastic processes alone [9]. This deterministic view

has revolutionised oceanic safety and optical telecommunications, where predicting ’giant

pulses’ is crucial. In optical systems, transitions from breathers to rogue waves have been

observed in fibre experiments, confirming the predictive power of NLS-type integrable

models and establishing the breather as the parent structure of extreme energy peaks [10].

The formal history of this dispersive wave environment gained momentum in 1967 with

the work of Benney and Newell, followed by Zakharov’s derivation of the NLS equation

in 1968 [11]. The field reached a mathematical zenith in 1972 when Zakharov and Sha-
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bat identified the Lax pair for the NLS equation, enabling the use of the Inverse Scat-

tering Transform (IST) to solve the equation exactly [6]. However, as emphasised by

Ankiewicz and Akhmediev [12], to accurately describe ultrashort pulse propagation and

extreme events in realistic media such as sub-picosecond pulses in modern waveguides it

is necessary to move beyond the standard NLS equation. This has led to the formulation

of higher-order nonlinear Schrödinger (HNLS) equations, such as the Hirota and Sasa-

Satsuma models, which incorporate third-order dispersion, self-steepening, and stimulated

Raman scattering . According to Ankiewicz [13], these higher-order solitary wave solutions

are not merely mathematical extensions but are essential for capturing the spatial-temporal

symmetry breaking induced by the physical properties of the medium.

A fundamental feature of these integrable nonlinear systems is the existence of a Lax pair,

which facilitates the application of the Darboux transformation as a systematic and recur-

sive algebraic method for constructing exact solutions [14]. Originally proposed by Gaston

Darboux in 1882 and later adapted for soliton theory by Matveev in 1979 [15], this trans-

formation allows for the generation of complex multi-soliton and mixed-state solutions

from simple seed solutions. By using this method, one can "engineer" interactions be-

tween different species of waves, such as the coexistence of dark solitons and Akhmediev

breathers [16]. While early studies focused primarily on homogeneous media with con-

stant coefficients, modern technological applications increasingly require non-autonomous

models with time-dependent parameters. This shift towards dispersion and nonlinearity

management allows for the active engineering of waveforms, providing a "control switch"

to modulate amplitude, width, and trajectory drift [17].

This thesis is motivated by recent developments in the field and presents a comprehensive

analytical and numerical investigation of localised nonlinear wave structures governed by

integrable HNLS-type equations. The central aim of the work is to demonstrate that the

interplay between dispersion, nonlinearity and higher-order effects is not an obstacle to be

overcome, but rather a set of tools to be mastered. The work unifies the mathematical ele-

gance of the Darboux method with the practical demands of numerical stability, as verified

through the Split-Step Fourier Method (SSFM) and the tracking of the Relative L2 Error

Norm. The work seeks to provide a definitive framework for understanding how energy can

be precisely localized and managed in the next generation of nonlinear physical systems

[18]. The work is organised as follows:

❖ In Chapter 1, the fundamental physics of nonlinear wave phenomena is established,

along with the numerical tools required for their study.
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• Concepts: The article provides a historical overview of solitons, breathers , rogue

waves and advanced wave structures and mixed states.

• Modulation Instability (MI): A thorough investigation of the MI mechanism is

presented as a prerequisite to localised wave formation. This encompasses the

analysis of Gmax dynamics (maximum spectral growth rate) to ascertain stability

thresholds and wave amplification.

• Numerical Methodology: The split-step Fourier method (SSFM) is introduced in

conjunction with the relative L2 error norm for the purpose of ensuring stability.

• Trajectory Tracking: The concept of the Center of Mass (xcm) is established as

a mathematical metric with which to monitor pulse shifts and trajectory drift.

❖ In Chapter 2, the reader will encounter an exposition on the analytical apparatus em-

ployed to derive exact solutions for integrable systems.

• Techniques: The following detailed formulation is presented: the Lax Pair (3×3)

and the Darboux Transformation (DT).

• Applications: The aforementioned methodologies are employed in the context of

the Hirota and Sasa-Satsuma equations, with the objective of constructing bench-

mark solitonic and breather solutions.

• Analytical Validation:The following demonstration is intended to illustrate the

iterative capabilities of the DT in the generation of higher-order nonlinear struc-

tures from elementary seed solutions.

❖ In Chapter 3, the Higher-Order Nonlinear Schrödinger (HNLS) equation is investi-

gated in the context of homogeneous media, i.e. time-independent coefficients.

• Spectral Parameters: This study explores the manner in which the spectral pa-

rameter, denoted by the symbol λ, governs wave morphology. It identifies the

Akhmediev (spatial periodicity) and Kuznetsov-Ma (temporal periodicity) regimes.

• Higher-Order Complexity:The present study analyses Multi-Akhmediev breathers

and Peregrine solitons as the limiting rational case for rogue waves.

• Coefficient Influence:The physical contribution of each parameter is isolated by

the following methodology:

– It is evident that the parametera1 (Group Velocity Dispersion) exerts a signifi-

cant influence on the process of spatial stretching.
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– The function a2 (Self-Focusing Nonlinearity) is responsible for the redistribu-

tion of energy.

– It has been determined that a3 (third-order dispersion) is the primary driver for

the centre of mass (xcm) shift.

❖ Chapter 4 is concerned with the generalized HNLS equation, with time-dependent

coefficients ai(t).

• Active Management:The demonstration is made that temporal modulation of dis-

persion and nonlinearity allows for "Waveform Engineering," regulating ampli-

tude growth and localization width.

• Numerical Substantiation: The robustness of the Darboux-derived solutions is

verified through simulations using the SSFM.

• Results: A high-fidelity relative L2 error of approximately 6 × 10−4 has been

demonstrated to confirm that the observed dynamics, such as targeted trajectory

drift in xcm, are physical results of intentional parametric management as opposed

to numerical instability.
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Chapter 1

Historical Background of Waves:
Solitons, Breathers, and Rogue
Waves

1.1 Introduction

The field of nonlinear science has undergone a profound paradigm shift over the last cen-

tury, evolving from isolated observations of solitary waves into a unified mathematical

framework that describes extreme energy localization in nature [19]. Theoretically pre-

dicted by nonlinear evolution equations (NLEEs) and experimentally observed in diverse

physical media, including nonlinear optics, hydrodynamics, and plasma physics, the soli-

ton, breather, and rogue wave represent distinct manifestations of the fundamental balance

between dispersion and nonlinearity [20, 21, 22, 23, 24, 25].

A salient characteristic of such nonlinear structures is their capacity for morphological

transitionality. Specifically, in the event of a branch of a breather solution possessing an

unlimited temporal frame, the genesis of a rogue wave can be facilitated. This occur-

rence can be attributed to the capacity of a propagating breather to undergo spontaneous or

induced splitting into distinct entities, thus providing a theoretical basis for the transition

mechanisms observed in both laboratory water tanks and optical fibres. Utilising the theory

of Modulation Instability (MI), the classification of breathers within complex systems, such

as the nonlinear Schrödinger-Maxwell-Bloch system, has been rigorously addressed [26].

Furthermore, experimental investigations in water wave tanks have demonstrated that the
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initial amplitude and wave steepness are the decisive parameters governing the evolution

of these nonlinear waveforms [27].

In order to address the complex dynamics under consideration, the employment of non-

linear models that possess a Lax pair and are solvable via the Darboux transformation is

necessary. These integrable systems represent a significant component of nonlinear wave

theory, encompassing the Nonlinear Schrödinger (NLS) equation and its higher-order ex-

tensions. Notable models include the Hirota equation [28], which accounts for third-order

dispersion, the Sasa-Satsuma equation, and the derivative NLS (DNLS) equation [29, 30].

The formal study of nonlinear dispersive environments was initiated in 1967 with the

contributions of Benney and Newell [31]. This was followed by Zakharov’s seminal 1968

study, which derived the NLS equation while investigating the stability of periodic waves

in deep water [32]. The field reached a mathematical zenith in 1972 when Zakharov and

Shabat discovered the Lax pair for the NLS equation, enabling the use of the Inverse Scat-

tering Transform (IST) to solve the equation exactly [33]. The Darboux transformation,

named after the French mathematician Jean-Gaston Darboux who proposed the technique

in 1882 [34], was elegantly adapted for soliton theory by Matveev in 1979 [35]. This trans-

formation provides a universal algorithmic method for constructing high-order solutions,

such as multi-Akhmediev breathers and complex mixed states. These mixed interactions,

particularly the coexistence of dark solitons and Akhmediev breathers, represent the cut-

ting edge of vector nonlinear dynamics as established by Baronio et al [36]. Finally, in

order to establish a connection between analytical theory and physical reality, this thesis

employs a numerical stability framework of a rigorous nature. The maximum gain (Gmax)

of the modulation instability is analysed in order to determine the growth rate of pertur-

bations (ϵ). Temporal evolution is computed via the split-step Fourier method (SSFM),

with the results being validated through the relative L2 error norm and the centre of mass

(xcm) trajectory. This ensures the conservation of power and the integrity of wave dynamics

[18, 37]

1.2 Integrable systems

However, given the lack of consensus among scientists regarding the precise interpreta-

tion of the term ’integrable’, the definition of integrable systems remains a challenging

endeavour. This ambiguity in definition contributes to the elusiveness of the concept of

integrability. Contemporary working definitions frequently cite the presence of a Lax pair,
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the existence of an infinite number of symmetries or conservation rules, the solvability of

the system using the inverse scattering transform (IST), or the occurrence of a sufficient

number of initial integrals in involution (Liouville integrability). The complexity of this

subject is evidenced by the existence of a publication exclusively dedicated to the defini-

tion of integrability [38].

Integrable systems are defined as nonlinear differential equations that can be solved an-

alytically. Given that the majority of nonlinear differential equations are known to behave

chaotically, making explicit solutions impossible, such systems are extremely rare. Despite

their rarity, integrable systems have created fascinating areas of mathematics, including

fluid dynamics, quantum field theory, differential geometry, and complex analysis [39].

An ensemble of linear partial differential equations (PDEs) in an auxiliary function can

be linked to a fully integrable nonlinear PDE. The original PDE must be satisfied for these

linear PDEs to be compatible. This associated set is termed a Lax pair, representing a re-

formulation of the original nonlinear system into the compatibility condition for a linear

system. Lax’s discovery of such a linear system for the extensively studied KdV equation,

which represents a variety of nonlinear wave phenomena such as shallow water waves and

ion acoustic waves in plasmas, marks the beginning of the history of Lax pairs [40]. Lax’s

discovery enabled the application of the then newly discovered inverse scattering trans-

form method for solving the KdV problem to a variety of integrable equations. In 1979, it

was recognized that the Lax pair formulation, originally introduced by Peter Lax, admits

a geometric interpretation in terms of a zero–curvature representation. This reformula-

tion significantly deepened the structural understanding of integrable nonlinear evolution

equations.

A Lax pair consists of two linear operators L and P satisfying

dL

dt
= [P,L], (1.1)

which ensures the isospectral evolution of L and provides the analytical foundation of the

inverse scattering transform.

Equivalently, the nonlinear equation can be formulated as the compatibility condition of

7



the overdetermined linear system

Ψx = U(x, t, λ)Ψ, (1.2)

Ψt = V (x, t, λ)Ψ, (1.3)

where U and V are matrix-valued functions depending on the spectral parameter λ.

The compatibility condition Ψxt = Ψtx yields the zero–curvature equation

Ut − Vx + [U, V ] = 0. (1.4)

From a differential geometric perspective, U and V define a connection on a principal

bundle associated with a Lie algebra, and the above relation expresses the vanishing of

its curvature tensor. The nonlinear partial differential equation thus appears as a flatness

condition of this connection.

The algebraic interpretation of the zero–curvature representation, fully developed in the

1980s, revealed the intrinsic Lie algebraic structure underlying integrable systems. This

framework enabled:

• the construction of recursion operators generating infinite hierarchies of symmetries

and conserved quantities,

• the development of Bäcklund transformations linking distinct solutions of integrable

equations,

• the formulation of Darboux transformations, which provide an explicit algebraic method

for generating new solutions from known ones through gauge transformations of the

Lax pair,

• and the systematic derivation of entire families of integrable equations via algebraic

and spectral methods.

In particular, for the nonlinear Schrödinger equation (NLS), the Zakharov–Shabat spectral

problem supplies the Lax representation. Within this framework, Darboux transformations

constitute a powerful tool for constructing soliton, breather, and rogue-wave solutions in

an explicit and recursive manner.
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1.3 Soliton

Their remarkable property of maintaining their shape even after interacting with other par-

ticles is worthy of note. Due to the soliton’s robustness and useful applicability in a variety

of physical circumstances, mathematicians, physicists and engineers have been attracted

to this unique behaviour. The soliton can be considered an answer to non-linear partial

differential equations [41].

1.3.1 Historical background of soliton

In order to ascertain the most efficacious canal boat design, the Scottish naval architect

John Scott Russell conducted a series of experiments in 1834. It was during the course

of these experiments that he discovered an astonishing phenomenon that he termed the

"translation wave". He subsequently published the first scientific description of solitons in

an article entitled Report on Waves, in which he detailed his findings. The consequence

of this event was the formation of a water wave with distinct and peculiar properties in

a narrow channel. In contrast to ordinary waves, which gradually flatten or steepen, this

wave remained stationary, maintaining its speed and shape. Russell was able to track the

wave for several miles and developed an empirical formula for determining the speed of

such waves by careful measurement. However, he was unable to derive the exact equation

of motion that governed the phenomenon [42].

The solitary waves of John Scott Russell were mathematically verified in 1895 by Diederik

Korteweg and his graduate student Hendrik de Vries, who derived a nonlinear partial differ-

ential equation now known as the Korteweg-de Vries (KdV) equation. Their investigation

demonstrated that a balance between dispersive and nonlinear factors controls the evolu-

tion of the wave over time.However, they were unable to solve the equation in a general

way.Their work was largely forgotten until 1965.

In 1955, Enrico Fermi, John Pasta and Stanislaw Ulam (FPU) conducted a study of energy

equipartition in a weakly nonlinear mechanical system using the Los Alamos MANIAC

computer. They hypothesised that, due to the weak nonlinearity of the system, energy

added to one mode would gradually be redistributed to all modes. However, the energy

occasionally returned to the first mode excited, which was an unexpected result. In 1965,
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Norman Zabusky and Martin Kruskal approximated the FPU system in the continuum limit

using the Korteweg-de Vries (KdV) equation in order to seek an explanation for this un-

expected behaviour. Using numerical simulations, they found that individual waves in the

system can pass through each other without changing their speed or shape, and exhibit

only a slight phase shift after collisions. To emphasise the particle-like properties of these

waves, Zabusky and Kruskal introduced the term "soliton" to describe them [43].

In 1967, Clifford Gardner, John Greene, Martin Kruskal and Robert Miura proposed

a novel approach to the Korteweg-de Vries (KdV) problem (Gardner et al., 1967) that

facilitated the discovery of exact solutions, including solitons. This method, which was

subsequently termed the Inverse Scattering Method (ISM), proved to be effective. It was

later discovered that the ISM is more general and can be applied to derive exact soliton

solutions in many other integrable nonlinear systems (Zakharov, 1972). The ISM was ex-

tended by Alexei Borisovich Shabat and Vladimir Zakharov in 1972 to solve the Nonlinear

Schrödinger Equation (NLSE). They proved the existence of soliton solutions and the inte-

grability of the problem (Zakharov, 1972). Since then, the NLSE has become a key model

in many fields, including Bose-Einstein condensates, plasma waves, nonlinear optics, hy-

drodynamics and nonlinear acoustics [43].

The concept of solitons manifesting in optical fibres, a phenomenon attributable to a

harmonious equilibrium between anomalous dispersion and self-phase modulation, was

initially postulated by Akira Hasegawa in 1973. Leveraging the Raman effect to engender

optical gain within the fibre, Linn Mollenauer and his associates accomplished the trans-

mission of soliton pulses over a span of 4,000 kilometres in 1988.

1.3.2 Different Types of Solitons

It is possible to classify solitons into several distinct categories based on their shape and

properties in nonlinear systems.

1.3.2.1 Bright Solitons

Bright solitons are localised peaks that emerge in media with focusing nonlinearity. It has

been demonstrated that these solitons are capable of preserving their shape and amplitude

during propagation and subsequent interactions with other solitons. The existence of bright
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Figure 1.1: Recreating Russells soliton in canal . (Photography Cliris Eilbeck and Heriot-
Watt University. 1995 [43].

solitons has been observed in a variety of settings, including optical fibres, water waves,

and Bose-Einstein condensates [44, 45, 46].

1.3.2.2 Dark Solitons

Dark solitons are defined as localized dips or notches in a continuous background wave.

These phenomena manifest in media characterised by defocusing nonlinearity, exhibiting

a phase jump across the notch. The subject of dark solitons has been the focus of extensive

research in the fields of nonlinear optics and atomic systems [47, 48].

1.3.2.3 Breathers and Kinks

Breathers are defined as localised oscillatory wave packets that periodically exchange en-

ergy, while kinks represent transitions between different stable states of a system. These

soliton types are of significance in a variety of physical models, including optical systems,

condensed matter, and field theory [49].

These distinct soliton types offer insight into the intricate dynamics of nonlinear systems

and are of central importance to contemporary research in integrable equations. The em-

ployment of analytical methodologies, including the Lax pair and Darboux transformation,

facilitates the construction of explicit solutions for these solitons.
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1.4 Breathers

In recent decades, the field of breathwork has attracted significant interest. The concept

of a breather, alternatively referred to as the N-Soliton solution, can be conceptualised as

a superposition of N distinct solitons with a coinciding centre. In essence, a breather can

be defined as a spatially localized solution that exhibits a temporally periodic structure, a

characteristic that distinguishes it as a Ma Breather. Alternatively, it can be understood as

a spatially periodic structure, a property that identifies it as an Akhmediev breather. These

breathers are of critical importance for the study of localised-type phenomena, which are

prevalent in condensed matter physics, biophysics and optics. As a case in point, solitons

in nematic liquid crystals â otherwise known as ’nematicons’ â exhibit a propensity to

undergo breathing phenomena when the parameters of the solution deviate from the ideal,

shape-invariance of the nematicon [50]. In contradistinction to solitons, which traverse

considerable distances without undergoing amplitude attenuation or shape change [51],

breathers appear to be bound states and internal oscillations of nonlinear wave packets [52].

The regulation of breathers in an optical fibre is feasible even when the average dispersion

falls within the typical range, as evidenced by analytical and numerical data [53, 54]. It

has been demonstrated that strongly birefringent fibres have the capacity to facilitate stable

breather propagation [55]. As is evident from the extant literature, discrete breathers have

been employed in a number of fields. These include Bose-Einstein condensates (BECs)

[56], photonic-crystal waveguides [57], macroscopic-mechanical systems [58], and low-

dimensional materials [59]. For the extended Korteweg-de Vries (KdV) equation [60],

Gardner’s equation [61], the modified KdV equation [62], and the NLS equation [63],

breather solutions have been obtained.
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Figure 1.2: Diagram of periodic solutions of the NLSE

1.4.1 Different types of Breathers

1.4.1.1 Ma Breather

The first family of breathers, otherwise referred to as breathing solitons, can be considered

a solution to this issue. The initial discovery was made in 1977 by Kusnetsov[64]. This

was followed by further research by Kawata and Inoue [65]. In 1979, MA provided a

comprehensive description of it. The latter is resolved ESNL by taking into account a

slightly perturbed plane wave in relation to the starting state for boundary conditions; it

gradually goes to infinity and returns to the initial state. He thereby proved that there

is a family of journals. A breather is defined as a single wave in space that is encircled

by tiny residual dispersive waves of amplitude. As asserted by [66], these solitons are

characterised by continuous oscillation in a background state, characterised by cycles of

compression and decompression. These waves are distinguished by their time-periodic

nature and localisation in space.
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Figure 1.3: Ma Breather

1.4.1.2 Akhmediev Breather

Akhmediev et al [67, 68] identified a distinct family of solutions undergoing a compression-

decompression phase that is analogous to that of the Modulation Instability (MI). The au-

thors proposed a methodology for generating a plane wave with a periodic perturbation,

with a view to elucidating modulation instability. The boundary condition stipulates that

the solution must revert to its initial state as the distance approaches infinity. In contrast

to the conventional usage of the term "breather," which evokes continuous oscillatory phe-

nomena, the Akhmediev breather manifests a solitary oscillatory occurrence. Initially, the

amplitude of this solution increases, reaching a peak before symmetrically decreasing and

eventually diminishing entirely as the distance extends to infinity. This specific structure is

now recognised as the Akhmediev breather [64]. These waves are characterised as space-

periodic and localised by time.

Figure 1.4: Akhmedeiv Breather
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1.5 Rogue Waves

Rogue waves (RWs) are a type of wave that lacks a universal definition. However, they do

share a fundamental characteristic in that they emerge suddenly and then disappear without

a trace. In the field of oceanography, RWs are typically defined by their height. The height

of a rogue wave is defined as being at least twice the significant wave height. The signifi-

cant wave height is defined as the average height of the highest one third of waves over a

given time period. The time period is typically 10-30 minutes [69, 70, 71, 72, 73, 74].The

term "rogue wave" (or "freak wave") was first introduced to the scientific community by

Draper in 1964 [75]. Such undulations are also designated as freak waves, monster waves,

killer waves, abnormal waves, steep waves, giant waves, or extreme waves. More re-

cently, the term "rogon" (or "freakon") has been proposed for waves that reappear with

little change in size or shape after interactions [76]. The study of rogue waves in optics has

been a rapidly expanding field for a period exceeding five years, attracting interest from

researchers across a range of disciplines [77]. This field of research emerged following

the seminal experiments of Solli et al [78], who analysed super continuum generation in

optical fibres. Utilising a pioneering dispersive Fourier transform technique, they detected

remarkably high amplitude peaks at specific wavelengths within chaotic spectra. In accor-

dance with the analogy established with extreme ocean waves [79], these optical pulses

were designated "optical rogue waves". This correlation between localised optical struc-

tures and extreme ocean waves has engendered novel opportunities for the study of extreme

value dynamics through the utilisation of controlled laboratory experiments. In addition to

the references cited in the seminal work of Key et al [78], recent research has investi-

gated the interconnections between rogue waves and nonlinear breather propagation. A

concerted global effort to investigate these extreme optical events is now underway, driven

by both their fundamental interest and their potential to offer insights into large-amplitude

ocean waves [80]. The concept of rogue waves has since been applied in various scientific

domains [77]. It is submitted that small-scale experimental studies may provide a more

profound understanding of rogue waves in the ocean, given that similar mathematical mod-

els describe these phenomena across different fields. However, it is important to note that

certain laboratory-generated waves also introduce unique research directions, distinct from

oceanic wave studies. The Peregrine soliton is a particularly pertinent structure. It was first

described by D. H. Peregrine in 1983 while he was studying hydrodynamics at the Univer-

sity of Bristol [81]. In contradistinction to fundamental solitons, which are characterised
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by their ability to preserve their shape during propagation, the Peregrine soliton manifests

double localization in both time and space.

The Peregrine soliton is characterised by a small perturbation on a continuous back-

ground, which gradually increases in amplitude while shortening in duration. At its point of

maximum compression, the amplitude of the Peregrine soliton reaches three times that of

the surrounding background (or nine times higher in intensity, as typically measured in op-

tics). After reaching this peak, the soliton expands and fades away. This behaviour closely

matches the characteristics often used to define rogue waves, making the Peregrine soliton

a compelling theoretical explanation for their formation. Mathematically, the Peregrine

soliton can be regarded as the limiting case of the spatially periodic Akhmediev breather

when the period approaches infinity. Similarly, it can also be seen as the limiting case of

the temporally periodic Kuznetsov-Ma breather under the same conditions.

Figure 1.5: A Rogue Wave is a short-lived large-amplitude [82, 83]

1.6 Advanced Wave Structures and Mixed States

1.6.1 Multi-Akhmediev Breathers

The historical trajectory of breather solutions reached a significant milestone with the de-

velopment of higher-order solutions. Subsequent to the seminal work of Akhmediev [84],

researchers employed the Darboux transformation to derive multi-breather solutions. The

Multi-Akhmediev Breathers (MAB) are a representation of the nonlinear superposition

of multiple unstable modes. Historically, these solutions provided the first mathematical
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framework for "super rogue waves," where the peak amplitude significantly exceeds the

standard amplification factor of three [85].

1.6.2 Mixed Dark-Akhmediev Interactions

Although solitons are often studied in isolation, physical systems frequently exhibit mixed

states. The interaction between dark solitons and Ahmediev breathers has become a focal

point in the study of multi-component systems [36].

1.7 Numerical Methodology and Stability Framework

The transition from analytical theories to numerical validation represents a significant mile-

stone in the study of nonlinear wave phenomena. While exact solutions provide the theo-

retical foundation, numerical simulations allow for the exploration of wave stability under

real-world conditions, such as noise and structural perturbations.

1.7.1 Modulation Instability and Gmax Dynamics

The initial phase of the stability assessment focuses on modulation instability (MI), which

represents a specific form of linear spectral stability of a continuous-wave (CW) solution.

The analysis is carried out by introducing a small random perturbation, denoted by ϵ, to

the initial condition. This procedure has its origins in the seminal work of Benjamin and

Feir [86], in which it was demonstrated that continuous wave trains are inherently unstable

in the presence of infinitesimal fluctuations. In this framework, the maximum gain (Gmax)

is monitored as a primary evolutionary metric. Historically, the maximum group speed,

Gmax, has been utilised to quantify the intensity of rogue wave events by comparing peak

amplitudes to the initial background[85, 84]. The growth rate within this MI regime is

fundamentally determined by the eigenvalue, λ.

Numerical Integration via SSFM and L2 Validation

Following the physical assessment of growth, the temporal evolution is computed using

the split-step Fourier method (SSFM). In order to guarantee the reliability of the numerical

evolution and to verify that the emergent wave structures are not numerical artefacts, the L2

error norm is employed. The adoption of this norm as a benchmark for numerical fidelity
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became standard following the development of the SSFM by Taha and Ablowitz [18]. The

relative L2 error norm is employed to furnish a standardised measure of the discrepancy

between the perturbed numerical solution, denoted by Ψperturbed(x, t), and the analytical

solution, denoted by Ψanalytical(x, t):

L2(t) =
∥Ψperturbed(x, t)−Ψanalytical(x, t)∥2

∥Ψanalytical(x, t)∥2
=

√∫ +∞
−∞

∣∣Ψperturbed(x, t)−Ψanalytical(x, t)
∣∣2 dx√∫ +∞

−∞

∣∣Ψanalytical(x, t)
∣∣2 dx

In this context, the L2 norm functions as a Fidelity Monitor or a Quality Check. It

measures the degree to which the numerical computation drifts away from the underlying

physics. In contrast to absolute error measures, the relative L2 norm provides an assess-

ment that is amplitude-independent. For the nonlinear Schrödinger equation (NLSE), it

serves as a proxy for the system’s fundamental conservation laws. Following the seminal

contributions of Zakharov and Shabat [37], it has been established that any substantial aug-

mentation in the L2 error norm indicates a contravention of mass or power conservation,

typically attributed to numerical dissipation or artificial dispersion [87].

1.7.2 Center of Mass (xcm)

To track the spatial localization and trajectory of the pulse, the center of mass (xcm) is

defined. This metric, adapted from classical particle dynamics into soliton theory [88], is

given by:

xcm =

∫ +∞
−∞ x|ϕ(x, t)|2dx∫ +∞
−∞ |ϕ(x, t)|2dx

(1.5)

In this expression:

• |ϕ(x, t)|2 represents the local intensity (or probability density), indicating where the

wave’s energy is concentrated at time t.

• The denominator
∫ +∞
−∞ |ϕ|2dx corresponds to the total energy (or mass) of the solution,

which is a conserved quantity for these breathers.

• The numerator
∫ +∞
−∞ x|ϕ|2dx is the first-order moment, calculating the average posi-

tion weighted by the intensity.

This calculation is vital for observing how perturbations, denoted by the parameter ϵ, or
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interactions in mixed states induce a spatial shift in the wave’s path. This provides a quan-

titative measure of the soliton’s particle-like behavior under external influence. Specif-

ically, the mathematical framework for such mixed-coupled nonlinear Schrödinger solu-

tions, which allow for the coexistence of diverse localized structures, was rigorously estab-

lished by Baronio et al [36].
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Chapter 2

The Methods: Darboux
Transformation and Lax Pair

2.1 Introduction

A significant domain of research in nonlinear science pertains to the analysis of integrable

nonlinear partial differential equations (PDEs) and their exact solutions, including soli-

tons and breathers. These nonlinear wave structures emerge in a diverse array of physical

systems, encompassing shallow water waves, plasma physics, and optical fibre commu-

nications [7, 46]. The construction of explicit solutions to such equations is essential for

understanding the underlying physical mechanisms and has therefore attracted consider-

able interest from both mathematicians and physicists [19].

Nonlinear partial differential equations are challenging to solve exactly. In general, ex-

plicit analytical solutions are only available for a restricted class of such equations. Among

these, integrable systems occupy a distinguished position due to their rich mathematical

structure and physical relevance. A fundamental feature of integrable systems is the exis-

tence of a Lax pair, which provides a linear representation of the nonlinear equation through

a compatibility condition [89].

The Lax Pair consists of two linear operators, L (which represents the physical state of the

wave) and P (which represents the time-evolution of that wave), which are linked by the

compatibility condition dL
dt = [P,L] to prove that a complex nonlinear PDE (like the NLS

equation)[40] is actually just a simpler system where the essential properties of the wave

remain constant over time. This formulation reveals the integrable nature of the system,
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facilitates the identification of conserved quantities, and provides a robust framework for

the analysis of nonlinear evolution equations.

Once a Lax pair has been established, powerful solution-generating techniques can be

employed. It is evident that the Darboux transformation occupies a pivotal position within

this context. The method was originally introduced by G. Darboux in the context of linear

differential equations [34]. This approach was later extended by V. B. Matveev and others

to integrable nonlinear partial differential equations [90]. The Darboux transformation acts

directly on the linear system associated with the Lax pair, thereby enabling the systematic

construction of new solutions from known ones.

The Darboux transformation has been shown to offer an efficient and local procedure for

generating exact solutions, including solitons, breathers and higher-order solutions [91].

This is in contrast to methods that require solving integral equations. The efficacy of

the model has been demonstrated in a number of significant integrable models, including

the Kortewegâde Vries equation, the sine-Gordon equation, and the nonlinear Schrödinger

equation.

In this study, we apply the Lax pair formulation and the Darboux transformation to two

specific integrable models: the Hirota equation and the Sasa–Satsuma equation. For each

equation, we construct the corresponding Lax pair, implement the Darboux transforma-

tion, and obtain explicit analytical solutions, including soliton and breather waves. These

applications illustrate the practical utility of the methods and demonstrate their power in

analysing the dynamics of nonlinear waves in integrable systems. Thus, this chapter pro-

vides the theoretical foundation for the methods used to derive exact solutions, which are

presented and analysed in detail in the subsequent sections.

U0t − V0x + [U0, V0] = 0

2.2 Lax Pair Method

In the Lax pair method for solving nonlinear partial differential equations (PDEs), the

primary step is to construct a pair of 2 × 2 matrices, U and V . These matrices define a

linear system of equations for an auxiliary matrix field Φ(x, t), given by:

Φx = UΦ, Φt = VΦ (2.1)
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The compatibility condition of this system, Φxt = Φtx, leads to the Zero-Curvature Con-
dition:

Ut − Vx + [U, V ] = 0 (2.2)

where [U, V ] = UV −V U is the matrix commutator. It is imperative that this matrix equation

be identical to the target nonlinear PDE.

2.2.1 Mathematical Definitions

To clarify the nature of the variables involved:

• The Scalar Field: Q(x, t) is the complex scalar function representing the physical

solution to the PDE F [Q,Q∗, . . . ] = 0.

• The Auxiliary Field (Fundamental Matrix): The symbol Φ represents the funda-

mental solution matrix. It is composed of linearly independent solution vectors:

Φ(x, t) =

(
ψ1(x, t) ψ2(x, t)

ϕ1(x, t) ϕ2(x, t)

)

Each column of this matrix satisfies the linear system (2.1). The components ψi and

ϕi act as auxiliary spectral variables that encode the evolution of the nonlinear field

Q(x, t).

• The Lax Pair: U and V are 2× 2 matrices whose entries are functionals of Q, Q∗, and

their derivatives.

• The Spectral Parameter: Λ is a constant diagonal matrix, typically defined as Λ =

diag(λ,−λ) or:

Λ =

(
λ1 0

0 λ2

)
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2.2.2 Expansion and Derivation

We expand the Lax operators in powers of the spectral parameter Λ:

Φx = (U0 + U1Λ)Φ (2.3)

Φt = (V0 + V1Λ+ V2Λ
2 + V3Λ

3)Φ (2.4)

The expansion order of the temporal part Φt is governed by the highest-order spatial deriva-

tive in the governing equation. For higher-order nonlinear Schrödinger (HNLS) systems,

such as the Hirota or Sasa–Satsuma equations, a third-order expansion in Λ is necessary

to account for third-order dispersive effects. By imposing the equality of mixed partial

derivatives Φxt = Φtx and equating the coefficients of Λk, we obtain a hierarchy of consis-

tency equations. The target nonlinear PDE is embedded within the Λ0 term:

U0t − V0x + [U0, V0] =

(
0 F

−F ∗ 0

)
(2.5)

The system is integrable if F = 0 satisfies the remaining higher-order matrix relations.

2.3 Darboux Transformation

The Darboux transformation (DT) is an algebraic "dressing" method used to generate a

new solution Q[1] from a known seed solution Q0. Consider the following formulation:

Φ[1] = (Λ− σ)Φ (2.6)

where Φ[1] is the transformed auxiliary field. The transformation matrix σ is constructed

as σ = Φ0ΛΦ−1
0 , where Φ0 is the fundamental solution of the linear system (2.3)–(2.4)

evaluated at the seed solution Q0. To ensure the new field Φ[1] satisfies a linear system of

the same form (covariance), the new Lax operator U [1] must satisfy:

U0[1] = U0 + [U1, σ] (2.7)

Conceptual Clarification of the Transformation Law: The right-hand side of Equation

(2.7) functions as a mathematical recipe:

• U0, U1: The original Lax matrices built from the simple seed solution (e.g., Q0 = 0).
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• σ: The "dressing" matrix that carries information about the eigenvalues and the auxil-

iary field Φ0.

The transformation of the spatial Lax operator involves two physical contributions:

• The Similarity Transformation: Maps the background spectral data of the seed so-

lution.

• The Gauge Connection: Responsible for the deformation of the potential, creating

the localized "peaks" of the soliton solution in the 3D intensity profile.

In summary, the Darboux transformation establishes a direct algebraic link between a

simple seed solution Q0 and a complex solution Q[1]. In the following chapter, this method

will be applied to solve the Hirota equation.

2.4 Aplication of Analytical solutions

2.4.1 The Hirota Equation with Time-Dependent Coefficients

In this study, we consider the generalized Hirota equation [92] where the physical pa-

rameters are non-static. Specifically, all coefficients are expressed as functions of time,

ai = ai(t), reflecting a system with varying dispersion and nonlinearity. The equation is

given by:

iψt + a1(t)ψxx + a2(t)|ψ|2ψ + ia3(t)ψxxx + ia4(t)|ψ|2ψx + iΓ(t)ψ + Vext(x, t)ψ = 0 (2.8)

Physical Significance of the Terms

The dynamics of the field ψ(x, t) are governed by the following physical effects:

• Group Velocity Dispersion (GVD): Represented by a1(t), this term accounts for the

chromatic dispersion of the wave pulse.

• Kerr Nonlinearity: Represented by a2(t), this term describes the self-phase modula-

tion arising from the intensity-dependent refractive index.

• Third-Order Dispersion (TOD): Represented by a3(t), this higher-order term be-

comes significant for ultra-short pulses.
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• Dissipation and Potential: The real-valued functions Γ(t) and Vext(x, t) account for

the system’s gain/damping and the influence of an external spatial potential, respec-

tively.

Transition to 3× 3 Lax Representation

While a standard 2 × 2 Lax pair is sufficient for the basic Nonlinear Schrödinger equa-

tion, the inclusion of higher-order dispersion a3(t) and nonlinear gradients a4(t) introduces

additional complexity.During the derivation of the integrability conditions, it becomes ev-

ident that the 2 × 2 matrices U0 and V0 cannot satisfy the zero-curvature condition for all

time-dependent parameters simultaneously. Consequently, the utilization of 3× 3 matrices

is essential. This expanded dimensionality provides the necessary degrees of freedom to

maintain the covariance of the system and to rigorously apply the Darboux transformation

method to find exact soliton solutions.

2.4.2 Lax pair

To establish the integrability of the higher-order Hirota equation with time-dependent coef-

ficients, we construct the associated Lax pair (U,V). The spatial evolution of the auxiliary

field is governed by the operator U = U0 +ΛU1, where the matrices are defined as:

U0 =

(
C1 −ic2(t) exp[G(x, t)] ψ0(x, t)

c2(t) exp[G(x, t)] ψ
∗
0(x, t) C1

)
(2.9)

U1 =

(
−
√
6 c315 + cf411(x, t) 0

0 cf411(x, t)

)
(2.10)

and

V0 =


Y (x, t) L(x, t)

k(x, t) P (x, t)


(2.11)
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V1 =


cg411(x, t) +

1√
6
c315 a4(t) ψ0(x, t) ψ

∗
0(x, t) Z(x, t)

Z(x, t)∗ T (x, t)


(2.12)

V2 =


cg21(t) −

√
6 a4(t)

a3(t)
c2315 a3(t) ψ0(x, t)

√
6 a4(t)

a3(t)
c2315 a3(t) ψ

∗
0(x, t) −6 i c2315 a1(t) + cg21(t)


(2.13)

V3 =

(
6
√
6 c3315 a3(t) + cg219(t) 0

0 cg219(t)

)
(2.14)

"The detailed components of the 3 × 3 Lax matrices and the full algebraic expansions are

provided in Appendix A for brevity."

2.4.3 Derivation and Structure of the Lax Operators

The determination of the Lax operators U and V is rooted in the consistency condition
(or zero-curvature condition) of the linear system. To ensure that the auxiliary system

is integrable and corresponds exactly to the higher-order nonlinear Schrödinger (HNLS)

equation, the following mathematical framework is employed:

1. The Compatibility Condition: For the linear system to be consistent, the mixed

partial derivatives of the auxiliary function ϕ must commute, such that ϕxt = ϕtx. This

requirement leads to the zero-curvature equation:

Ut − Vx + [U, V ] = 0, (2.15)
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where [U, V ] = UV − V U denotes the commutator. Solving this equation allows us to

find the required functional forms of the operators and their internal functions.

2. Functional Terms (e.g., G(x, t)): The specific functions within the operators are not

arbitrary. Their structures are strictly defined by the consistency condition as functions

of the field ϕ(x, t) and its spatial derivatives. These terms are essential for maintaining

the integrability of the model; if these functions were modified randomly, the zero-

curvature equation would no longer vanish, and the Darboux transformation would

fail.

3. Free Parameters and Constants (e.g., C1, λ): While the functional form is fixed by

the zero-curvature condition, the operators contain integration constants and the spec-

tral parameter λ. These represent the degrees of freedom in the solution. Once the

operators are derived, we can assign any specific value to these constants to investi-

gate different physical regimes, such as adjusting the soliton velocity, the background

intensity, or the phase shift during interaction.

This distinction is fundamental: the consistency condition finds the necessary mathemat-

ical structure, while the choice of parameter values defines the specific physical character-

istics of the resulting breather or soliton solutions.

2.4.4 Linear Evolution of the Auxiliary Field

The auxiliary field (or wave function) ψ(x, t) is represented as a matrix of basis solutions.

For the system under consideration, the field is defined as

ψ(x, t) =

(
ψ1(x, t) ψ2(x, t)

ϕ1(x, t) ϕ2(x, t)

)
. (2.16)

The dynamics of this field are governed by a linear system of equations associated with a

Lax pair formulation. These equations are expressed in terms of a constant spectral matrix

Λ, defined as

Λ =

(
λ1 0

0 λ2

)
. (2.17)
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The spatial and temporal evolutions of the auxiliary field are given by

D[ψ, x] = ∂xψ = U0ψ +U1ψΛ, (2.18)

D[ψ, t] = ∂tψ = V0ψ +V1ψΛ+V2ψΛ
2 +V3ψΛ

3. (2.19)

To verify the consistency of these relations, we define the residual expressions

eqx = ∂xψ − (U0 +U1Λ)ψ = D[ψ, x]− ψx = 0, (2.20)

eqt = ∂tψ −
(
V0 +V1Λ+V2Λ

2 +V3Λ
3
)
ψ = D[ψ, t]− ψt = 0. (2.21)

Where D the differential operator ∂x or ∂t. Imposing the conditions eqx = 0 and eqt = 0

ensures that the auxiliary field satisfies the associated linear spectral problem. The com-

patibility condition between these equations yields the zero-curvature condition

∂tU− ∂xV + [U,V] = 0,

which constitutes the necessary and sufficient condition for the integrability of the Hirota

equation.

2.4.4.1 Solitonic solution

In this case we consider the hirota equation in presence of damping or gain,the equation

can be written as :

iψt(x, t) + a1(t)ψxx(x, t) + a2(t)|ψ(x, t)|2ψ(x, t) + ia3(t) ψxxx(x, t) + ia4(t)|ψ(x, t)|2ψx(x, t)

+ iΓ(t)ψ(x, t) + Vext(t)ψ(x, t) = 0
(2.22)

Where the equation is integrable only if Vext = 0, Γ(t) =
a4t(t)
2a4(t)

− a3t(t)
2a3(t)

and a4(t) =
2a2(t)a3(t)

a1(t)

ait(t) =
dai(t)
dt , (i = 3, 4)
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To construct explicit solutions via the Darboux transformation, we consider the trivial

(zero) seed solution defined by

ψ0(x, t) = 0. (2.23)

This choice satisfies the Hirota equation identically and represents the simplest possible

background. The use of the zero seed significantly simplifies the associated linear spectral

problem and allows the construction of fundamental localized solutions. The selection of

the seed solution follows standard criteria: (i) The seed must be an exact solution of the

governing equation. (ii) It should simplify the Lax pair structure and the spectral problem.

(iii) It serves as a reference state from which more complex solutions are generated through

the Darboux transformation. In this case, the zero background leads naturally to the con-

struction of bright soliton-type solutions. The detailed components of the full algebraic

expansions are provided in Appendix A for brevity.

The Hirota equation admits the soliton solution:

ψ(x, t) =
A(t)

2 cosh
(√

6 x− b(t)
) exp[6i∫ a1(t) dt

]
. (2.24)

where

A(t) = −12

√
a3(t)

a4(t)
, (2.25)

b(t) = 6
√
6

∫
a3(t) dt. (2.26)

Figure 2.1 illustrates the dynamical evolution of the squared modulus |ψ(x, t)|2 for the Hi-

rota equation under the autonomous regime. The consistent behavior observed across the

three panels the linear trajectory in the contour plot (a), the invariant localized peak in the

three dimensional evolution (b), and the symmetric high intensity profile in the two di-

mensional cross section (c) demonstrates that the derived solution corresponds to a stable,

non dispersive bright soliton. From a physical perspective, this stability indicates that the

third-order dispersion and nonlinear effects are exactly balanced by the lower-order contri-

butions within the Hirota framework. From a mathematical viewpoint, these results confirm

the effectiveness of the 3 × 3 Darboux transformation in constructing exact analytical so-

lutions. This stable configuration provides a fundamental reference case for investigating
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Figure 2.1: Spatiotemporal evolution of the soliton solution |ψ|2 for the Hirota Equation
(HE) with parameters a1(t) = 1, a3(t) = 1, a4(t) = 2. (a) Contour plot, (b) 3D evolution,
and (c) temporal profile of the solution.

more complex pulse dynamics arising from time-dependent coefficients ai(t) and external

potentials.

2.4.4.2 Breather solution

First case: In this case : damping Γ = 0 , potential Vext = 0 , a4(t) = −a3(t) ,a2(t) = −a3(t)
2

and, a1(t) =
6 (a3(t)

2 a4(t)−a3(t) a4(t)2)+3 i (a4(t) a3t(t)−a3(t) a4t(t))
2 a4(t) (3 a3(t)−a4(t)) Substituting these conditions

integrable into equation (2.22), we obtain a new reduced form of the equation, which is

simpler and explicitly integrable.

i ψt(x, t)−
a3(t)

2

(
2i |ψ(x, t)|2ψx(x, t) + |ψ(x, t)|2ψ(x, t)− 3ψxx(x, t)− 2i ψxxx(x, t)

)
= 0

(2.27)

Starting from the plane wave seed solution: ψ0(x, t) = exp(ix), the Darboux transformation

allows the construction of more complex localized structures. In particular, breather-type

solutions can be obtained, which describe localized waves exhibiting periodic oscillations

either in time or in space. These solutions represent a modulation of the constant back-

ground and are of significant interest in nonlinear wave dynamics.

and After some simplifications using the method discussed before the HE supports breather

solution ,one such solutions is given by :
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ψ(x, t) = − exp( ix)Q(x, t)

Q1(x, t)
(2.28)

The detailed components of the full algebraic expansions are provided in Appendix A for

brevity.

Figure 2.2: General breather solution |ψ|2 of the Hirota Equation (HE) with parameters
λ2 = 1, c315 = 1, a3(t) = t − 1. (a) Contour plot of the solution, (b) 3D evolution of the
general breather, and (c) temporal profile of the general breather solution.

Figure 2.3: General breather solution |ψ|2 of the Hirota Equation (HE) with parameters
λ2 = 1, c315 = 1, a3(t) = −t + 1. (a) Contour plot of the solution, (b) 3D evolution of the
general breather, and (c) temporal profile of the general breather solution.

Second case: In this case, we move from the higher order hirota equation or hnls to the

standard hirota equation by setting a1(t) = 0 in equation (2.22) :

ψt(x, t) + a3(t) ψxxx(x, t) + a4(t) |ψ(x, t)|2 ψx(x, t) + Vext ψ(x, t) = 0 (2.29)
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We find that the equation is integrable only if Vext = − a3t(t)
2 a3(t)

+
a4t(t)
2 a4(t)

,This relation en-

sures the necessary balance between dispersion and nonlinearity, permitting the reduction

of the system to its standard integrable form and the subsequent derivation of exact multi

solutions.

The seed solution is changed according to the type of nonlinear strcteure we aim to gener-

ate and to remain compatible with the considered from of equation,we choosing the seed

ψ0(x, t) =

√
a3(t)

a4(t)
exp( ix) and

using the same method chapter 2 , the standard Hirota equation supports breather solution

, one such solutions is given by :

ψ(x, t) =
−(λ1 − λ2) e

1
6
x(A+3M2)B(x, t)P (x, t) + eixY2(x, t)√

a4(t)
a3(t)

Y2(x, t)
(2.30)

The detailed components of the full algebraic expansions are provided in Appendix A for

brevity.

Figure 2.4: General breather solution |ψ|2 of the Hirota Equation (HE) with parameters
λ2 = −2, λ1 = 2, c315 = 1, a4(t) = t, a3(t) = t, c111 = c222 = 1, cg219(t) = cg21(t) = 1.
(a) Contour plot of the solution, (b) 3D evolution of the general breather, and (c) temporal
profile of the general breather solution.
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Figure 2.5: General breather solution |ψ|2 of the Hirota Equation (HE) with parameters
λ2 = −2, λ1 = 2, c315 = 1, a4(t) = −t, a3(t) = −t, c111 = c222 = 1, cg219(t) = cg21(t) = 1.
(a) Contour plot of the solution, (b) 3D evolution of the general breather, and (c) temporal
profile of the general breather solution.

Figure 2.6: Akhmediev breather solution |ψ|2 of the Hirota Equation (HE) with parame-
ters λ2 = −2, λ1 = 2, c315 = 1, a4(t) = t, a3(t) = 1, c111 = c222 = 1, cg219(t) = cg21(t) = 1. (a)
Contour plot of the solution, (b) 3D evolution of the Akhmediev breather, and (c) temporal
profile of the Akhmediev solution.

2.4.4.3 Conclusions and Outlook

In this work, we have investigated the dynamical behavior of the non-autonomous higher

order Hirota equation (HE) within the context of complex physical media. While nonlin-

ear evolutionary equations are fundamental to modeling diverse natural phenomena, the

introduction of time-dependent coefficients typically breaks the integrability of the sys-

tem, leading to soliton decay or radiation.Our analysis rigorously demonstrates that the

Hirota equation, when subjected to damping and a linear potential, preserves its integra-

bility only under a specific balancing condition between the third order dispersion a3(t)

and the self-steepening coefficient a4(t). Physically, this implies that for a stable wave
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structure to persist in a non uniform medium, the rate of change of the higher order dis-

persion must be perfectly compensated by the evolution of the nonlinear self-steepening

effect.Key physical insights derived from this study include:Symmetry Induced Stability:

The identified integrability condition acts as a "physical tuning" mechanism. It ensures

that the external potential effectively cancels the dynamical chirping induced by the time

varying medium, maintaining the infinite set of conserved quantities required for soliton ex-

istence.Breather Dynamics and Control: We have shown that the transition from a general

breather to an Akhmediev breather a localized structure often associated with the precursor

to rogue waves is fundamentally governed by the self-steepening coefficient.Passive Mo-

tion Control: Most significantly, our results indicate that the center of mass motion of the

breather can be precisely controlled by manipulating the third-order dispersion a3(t). This

suggests a method for steering pulses in optical fibers through "dispersion engineering"

alone, without the requirement of an external trapping potential.These findings provide

a theoretical framework for managing high-power pulse compression and signal routing

in advanced nonlinear optical systems, where higher order effects and medium inhomo-

geneities cannot be neglected.

2.4.5 Sasa-satsuma equation

The transition from the higher-order Hirota equation to the Sasa–Satsuma equation (SSE) is

motivated by the fact that the SSE constitutes a specifically constrained manifold where pa-

rameters such as a1 and a2 are no longer free [93]. This constraint ensures the integrability

of the system, enabling a structured analytical study of complex nonlinear wave solutions,

including solitons and breathers.Unlike lower-order models, the inclusion of the higher-

order terms a3, a4, and a5 necessitates to 3× 3 Matrix Formulation rather than a 2× 2 one.

In this framework, a3 accounts for third-order dispersion, a4 represents self-steepening, and

a5 describes the self-frequency shift (Raman effect). This 3 × 3 representation is essential

for capturing the full dynamics of the system while preserving its analytical tractability.

The Sasa–Satsuma equation is expressed as:

iψt(x, t) + ia3ψxxx(x, t) + 3ia4|ψ(x, t)|2ψx(x, t) + ia5 |ψ(x, t)|2ψ∗
x(x, t) = 0 (2.31)

2.4.5.1 Lax pair

To establish the integrability of the higher-order Hirota equation with time-dependent co-

efficients, we construct the associated Lax pair (U,V), where the matrices are defined as:
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U0 =


0 − ia5ψ(x,t)

3a3
ia5ψ

∗(x,t)
3a3

−iψ∗(x, t) 0 0

iψ(x, t) 0 0



V0 =


0 ia5

9a3

(
4a5ψ

2ψ∗ + 3a3ψxx
)

− ia5
9a3

(
4a5ψψ

2∗ + 3a3ψ
∗
xx

)
i
3

(
4a5ψψ

2∗ + 3a3ψ
∗
xx

)
a5
3 (ψ∗ψx − ψψ∗

x) 0

− i
3

(
4a5ψ

2ψ∗ + 3a3ψxx
)

0 −a5
3 (ψ∗ψx − ψψ∗

x)


and

U1 =


u111 0 0

0 u133 0

0 0 u133



V1 =


−2

3a5Aψ(x, t)ψ
∗(x, t) 1

3ia5Aψx(x, t) −1
3ia5Aψ

∗
x(x, t)

−ia3Aψ∗
x(x, t)

1
3a5Aψ(x, t)ψ

∗(x, t) −1
3a5A(ψ

∗)2

ia3Aψx(x, t) −1
3a5Aψ

2 1
3a5Aψ(x, t)ψ

∗(x, t)



V2 =


v233(t)

1
3ia5A

2ψ(x, t) −1
3ia5A

2ψ∗(x, t)

ia3A
2ψ∗(x, t) v233(t) 0

−ia3A2ψ(x, t) 0 v233(t)



V3 =


v333(t)− a3A

3 0 0

0 v333(t) 0

0 0 v333(t)


where: A = u111 − u133

To apply the Lax pair method to more complex integrable systems, such as the Sasa–

Satsuma equation, we extend the auxiliary field to a 3×3 fundamental matrix Ψ(x, t). In this
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framework, the Lax operators U and V are expanded in powers of the spectral parameter λ

(or the diagonal matrix Λ).

Substituting the expansions:

U = U0 + λU1 (2.32)

V = V0 + λV1 + λ2V2 + λ3V3 (2.33)

into the Zero-Curvature Condition Ut − Vx + [U, V ] = 0, and collecting the coefficients for

each power of λ, we obtain the following set of matrix equations:

eq1 =
∂U0

∂t
+ U0V0 − V0U0 −

∂V0
∂x

=


0 0 0

0 0 0

0 0 0

 (2.34)

eq2 =
∂U1

∂t
+ U0.V1 − V1.U0 + U1.V0 − V0.U1 −

∂V1
∂x

=


0 0 0

0 0 0

0 0 0

 (2.35)

eq3 = −U0.V2 + V2.U0 − U1.V1 + V1.U1 +
∂V2
∂x

=


0 0 0

0 0 0

0 0 0

 (2.36)

eq4 = −U0.V3 + V3.U0 − U1.V2 + V2.U1 +
∂V3
∂x

=


0 0 0

0 0 0

0 0 0

 (2.37)

eq5 = V3.U1 − U1.V3 =


0 0 0

0 0 0

0 0 0

 (2.38)

Also: Ψ =


ψ1(x, t) ψ2(x, t) ψ3(x, t)

ϕ1(x, t) ϕ2(x, t) ϕ3(x, t)

χ1(x, t) χ2(x, t) χ3(x, t)


Where ψ1,2,3(x, t), ϕ1,2,3(x, t) and χ1,2,3(x, t)are the components that make it up. The linear

system of equations for the auxiliary field is formalized as an expansion in powers of the

matrix of constant eigenvalues.
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Λ =


λ1 0 0

0 λ2 0

0 0 λ3


as follows

Ψx = U0.Ψ+ U1.Ψ.Λ

Ψt = V0.Ψ+ V1.Ψ.Λ + V2.Ψ.Λ.Λ + V3.Ψ.Λ.Λ.Λ

and

eqx = D[ψ, x]− ψx (2.39)

eqt = D[ψ, t]− ψt (2.40)

Where D the differential operator ∂x or ∂t . The seed selection follows the same criteria

introduced in the Hirota analysis.

2.4.5.2 Solitonic solution

Applying the seed: ψ(x, t) = 0 , ψs(x, t) = 0, The detailed components of the full algebraic

expansions are provided in Appendix A for brevity.

The solution of SSE is:

ψ(x, t) =
144 a23 c

2
1110 c

2
1140 λ

2
3 exp

[
4λ3
(
4a3λ

2
3(t− 1) + x

)](
2a5c21140 exp

(
16a3λ33(t− 1)

)
+ 3a3c21110 exp(4λ3x)

)2 (2.41)

Analysis of the Solitonic Wave
In Figure 2.7: The results reveal the fundamental solitonic solution obtained by setting the

vacuum seed ψ(x, t) = 0. The figure illustrates a localized energy distribution and stable

propagation characteristics, demonstrating the classic non-dispersive behavior of the Sasa-

Satsuma soliton.

2.4.5.3 Breather solution

We now construct breather-type solutions of the Sasa Satsuma equation. In this case, we

consider the reduced form:
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Figure 2.7: Soliton solution |ψ|2 of the Sasa-Satsuma Equation (SSE) with parameters
c1110 = 1, c1140 = 1, λ3 = 5, a3(t) = 1, a5(t) = 1. (a) Contour plot of the solution, (b) 3D
evolution of the soliton solution, and (c) temporal profile of the soliton solution.

iψt(x, t) + ia5(3|ψ(x, t)|2ψx(x, t) + |ψ(x, t)|2ψ∗
x(x, t) + 2ψxxx(x, t)) = 0 (2.42)

To generate breather solutions, we choose a non-zero constant seed:

ψ0(x, t) = i with the constraints: u111 = 0, a3 = 2a5., a1 = a2 = 0.

Unlike the soliton case, this non-trivial seed leads to oscillatory solutions in time. Fol-

lowing the same Darboux transformation procedure introduced in the Hirota analysis, and

using the associated eigenfunctions of the Lax pair, we obtain breather-type solutions.

For brevity, we present the final form of the solution:

ψ(x, t) =
i (H(x, t) +G(x)M(x, t)− L(x, t))

H(x, t)L(x, t)
(2.43)

The detailed components of the full algebraic expansions are provided in Appendix A for

brevity.

Remark: The breather solution exhibits a localized structure in space combined with pe-

riodic oscillations in time. This behavior arises from the interplay between exponential de-

cay and hyperbolic/trigonometric oscillations, which is a characteristic feature of breathers

in integrable nonlinear systems. For specific parameter choices, these solutions reduce to
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periodic or quasi-periodic wave packets, demonstrating the rich dynamics supported by the

Sasa Satsuma equation.

Figure 2.8: Multi-general breather solution |ψ|2 of the Sasa-Satsuma Equation (SSE)
with parameters λ1 = 1 + i, λ3 = 1 + i, λ2 = 1 − i, u133 = −1, u111 = 0, a5 = 50, v333(t) =

5t, v233(t) = −8t, c1 = c2 = 1, c3 = 1, c5 = c6 = −c4, c7 = c8 = 0. (a) Contour plot of
the solution, (b) 3D evolution of the multi-general solution, and (c) temporal profile of the
multi-general solution.

Analysis of the Breather Wave
In Figure 2.8: The results demonstrate the transition to complex wave morphologies using

the non-zero constant seed ψ0(x, t) = i. By systematically varying the governing parameter-

sâspecifically λi, u133, a5, v233(t), and the integration constantsâthe figure provides a concise

visualization of breather-type structures and their periodic amplitude modulations.

2.4.5.4 Conclusions and Outlook

In the present study, the Lax pair and the Darboux transformation were successfully em-

ployed to solve the Sasa-Satsuma equation (SSE) with time-dependent coefficients. This

approach enabled the derivation of exact analytical solutions, confirming the integrability

of the system under non-autonomous conditions.

The parametric study indicates that the constants λ, u133, and a5 function as the principal

control mechanisms for the wave onset, peak height, and amplitude modulation. In sum-

mary, the combination of the Lax pair and Darboux transformation provides a powerful an-

alytical framework for addressing nonlinear equations with time-varying coefficients. This

methodology effectively captures the rich dynamics of the Sasa-Satsuma model, offering a

robust path for exploring high-order nonlinear phenomena in non-autonomous systems.
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Chapter 3

The Higher-Order Nonlinear
Schrödinger Equation
(HNLS) with Time-Independent
Coefficients

3.1 Introduction

Based on the progression of this study, the evolution of nonlinear wave models was ana-

lyzed starting from the higher-order Hirota (HNLSE) equation without external poten-
tial and damping to the comprehensive Higher-order Nonlinear Schrödinger Equation

(HNLSE) including potential and damping factors, as structured below:

• Fundamental Higher-order Hirota Model: The analysis begins with the Hirota

equation in its simplest form, studied specifically in the absence of an external po-

tential (Vext) and damping (Γ = 0).

• Standard Hirota Transition: The model was then transitioned toward the standard

Hirota form. In this context, the group velocity and the standard Kerr nonlinearity

coefficients are null (a1 = a2 = 0). This phase introduced the influence of the external

potential (Vext) while focusing on higher-order effects.

• Sasa–Satsuma Equation (SSE): The study extended to the Sasa–Satsuma equation,
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which maintains the a1 = a2 = 0 constraints but incorporates the Self-frequency shift
(the Raman effect). This model describes the dynamics of the wave when the Raman

effect becomes a dominant factor in pulse evolution.

Finally, we reach the HNLSE, which integrates all the previously mentioned physical pa-

rameters (higher-order dispersion, Raman effect, and nonlinearities) into a single, unified

framework. For constant coefficients, the equation is represented as:

iψt(x, t) + a1ψxx(x, t) + a2|ψ(x, t)|2ψ(x, t) + ia3ψxxx(x, t)

+ ia4|ψ(x, t)|2ψx(x, t) + iΓψ(x, t) + Vextψ(x, t) = 0
(3.1)

The complexity of the solutions is explored through two primary analytical techniques:

the Lax Pair formulation, which confirms the system’s integrability, and the Darboux
Transformation (DT) [94, 95, 96], utilized to construct complex multi-soliton solutions

from simpler seed solutions. The study focuses specifically on five key classes of local-

ized structures: fundamental solitons [97], general and specific breathers (including the

Akhmediev [98] and Kuznetsov–Ma [99] types), extreme Rogue Waves (RW) [100, 101],

and unique hybrid states. The formation and stability of these waves are fundamentally

determined by the interplay between dispersion (a1) and Kerr nonlinearity (a2) [102]. This

balance governs the process of energy localization, whereby power is concentrated from

the continuous-wave background into high-intensity peaks. Furthermore, the evolution of

these solutions is quantified through a detailed growth rate analysis, in which Re(λ) char-

acterizes instability and Im(λ) governs the oscillation frequency [103]. Additionally, the

tracking of the center of mass (xcm) facilitates the monitoring of the spatial drift induced

by third-order dispersion (a3) [104]. It is imperative to analyze these energy-concentrated

structures within the framework of the HNLSE to comprehend wave dynamics and power

stability in advanced nonlinear media [105, 106].

3.2 Lax pair

This chapter presents the Lax pair formulation for the (HNLSE):

U0 =
1

2
i

√
−3a2(t)

2a1(t)
×


0 e

−i a1(t)

3a3(t)
x
Ψ(x, t) −ei

a1(t)

3a3(t)
x
Ψ∗(x, t)

−ei
a1(t)

3a3(t)
x
Ψ∗(x, t) 0 0

e
−i a1(t)

3a3(t)
x
Ψ(x, t) 0 0

 ,
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V0 =



0 G(x, t) G∗(x, t)

G∗(x, t) Z(x, t) 0

G(x, t) 0 Z∗(x, t)


,V1 =


A(x, t) C(x, t) C∗(x, t)

−C∗(x, t) B(x, t) D∗(x, t)

−C(x, t) D(x, t) B(x, t)

 ,

ψ(x, t) =



ψ1(x, t) ψ2(x, t) ψ3(x, t)

ϕ1(x, t) ϕ2(x, t) ϕ3(x, t)

χ1(x, t) χ2(x, t) χ3(x, t)


, Λ =



λ1 0 0

0 λ2 0

0 0 λ3


(3.2)

V3 =


v311(t) 0 0

0 a3(t).h+ v311(t) 0

0 0 a3(t).h+ v311(t)

 . U1 =



u111 0 0

0 u133 0

0 0 u133


,

The detailed components of the 3 × 3 Lax matrices and the full algebraic expansions are

provided in Appendix B for brevity.

3.3 Solitonic solution

In this case, we consider the seed solution ψ0(x, t) = 0. The detailed components of the

full algebraic expansions are provided in Appendix B for brevity Following algebraic sim-

plifications, the HNLS equation admits solitonic solutions; one such solution is expressed
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as:

ψ(x, t) = −
8i
√

2
3 c1110c1170λ3 e

z(x,t)√
−a2(t)
a1(t)

(
c21110e

f(x,t) − 2c21170e
h(x,t)

) (3.3)

The detailed components of the full algebraic expansions are provided in Appendix B for

brevity

Figure 3.1: Soliton solution of the Higher-Order Nonlinear Schrödinger (HNLS) equation
for parameters λ3 = 1, a1 = 1, a2 = 1, a3 = 1, c111 = 1, c117 = i, v133(t) = t, v311(t) = t, as
depicted by its (a) contour plot, (b) three-dimensional evolution, and (c) temporal profile
for a fixed position x.

3.4 The Role of the Spectral Parameter (λ)

3.4.1 General Breather Regime

The general breather solution is characterised by the presence of a pulsating, localized wave

that evolves on a non-zero constant background [107]. In contradistinction to conventional

solutions, which preserve a static configuration [108], breathers demonstrate periodic fluc-

tuations in their amplitude and width as they propagate [109]. Within the framework of

the HNLS equation, the general breather functions as the primary parent solution for a va-

riety of localized states. By precisely tuning the spectral parameter λ, the solution can be

specialized into distinct structures: it may manifest as a spatial breather (Kuznetsov–Ma

type), which is periodic in time and localized in space, or a temporal breather (Akhmediev

type), which is periodic in space and localized in time. Essentially, the spectral parameter

governs the orientation and periodicity of the wave’s pulsations within the (x, t) plane. The

seed selection follows the same criteria introduced in the Hirota analysis, ensuring consis-
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tency in the construction of the non-zero [110]. We consider the plane-wave seed solution

(background field) defined by:

ψ0(x, t) =
exp
(
i a13a3

x
)√

−a2
a1

(3.4)

By applying the Darboux transformation (or the specific calculation procedure previously

established for the soliton case) and assuming a Lax pair with constant coefficients, ai(t) =

ai, we obtain a class of solutions for the following Higher-order Nonlinear Schrödinger

Equation (HNLS):

iΨt + a1Ψxx +
3

4
a2|Ψ|2Ψ+ ia3Ψxxx + ia4|Ψ|2Ψx + ia5Ψ

2Ψ∗
x + a6Ψ = 0. (3.5)

Physical Significance of the Terms In the context of nonlinear optics or fluid dynamics, the

parameters in this model represent:

a1: The Group Velocity Dispersion (GVD) coefficient.

a2: The cubic nonlinearity responsible for Self-Phase Modulation (SPM).

a3: The Third-Order Dispersion (TOD) term, critical for ultra-short pulse propagation.

a4, a5: Nonlinear dispersion terms, often associated with self-steepening and the delayed

Raman response.

a6: A linear phase shift or potential term.

a4 = 27 i a2 a3
8 a1

, a5 = 9 i a2 a3
8 a1

, a6 = 1
54 a23

. The application of the Darboux transformation (DT)

leads to the breather solution of the HNLS equation. For completeness, the full expressions

are presented in Appendix B.The breather solution of HNLS :

Ψ(x, t) = Ψ0(x, t)
fλ3z(u− v) (sinh(fx)m1(x, t)− cosh(fx)m2(x, t)) + f1
−fλ3z(u− v) (sinh(fx)m1(x, t)− cosh(fx)m2(x, t)) + f2

, (3.6)

It is evident that both u and v are constants, as are c2 and c3. The detailed expressions

for f1 and f2 are also provided,these parameters represent the complex algebraic weighting

factors derived from the Darboux Transformation. These terms ensure the synchronization

between the nonlinear pulse and the continuous-wave background Ψ0. By substituting the

specific parameters u111 = −8i and u133 = 8, the expressions are simplified to define the

specific phase and amplitude of the breather. The spectral parameters are selected in such

a manner that λ1 = λ2 = −λ3. We assume the values of u111 and u133 are −8i and 8,

respectively, and substitute these values into Equation (3.69). The corresponding solution

is shown in Figure 3.2
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Figure 3.2: General breather solution of the Higher-Order Nonlinear Schrödinger
(HNLS) equation for parameters λ3 = −i/6, a1 = 2i, a2 = −10i, a3 = 6i, a4 = 101.25, a5 =

33.75, a6 = −0.0005144., as depicted by its (a) contour plot, (b) three-dimensional plot, and
(c) temporal profile for a fixed position x.

3.4.2 Akhmediev Breather (Spatial periodicity)

The Akhmediev Breather (AB) is a solution that is periodic in the spatial coordinate x but

localized in time t[111]. Physically, it describes the growth and decay of a modulated car-

rier wave, making it a primary model for studying Modulational Instability (MI)[98]. In the

field of nonlinear optics, the AB represents a pulse that emerges from a weakly modulated

continuous wave, attains a peak intensity, and subsequently returns to its initial state [112],

thereby exhibiting what can be termed "breathing" behaviour once across the temporal do-

main. We assume the values of u111 and u133 are −8 and 8, respectively, and substitute these

values into Equation (3.69). The corresponding solution is shown in Figure 3.3

Figure 3.3: Akhmediev breather solution of the Higher-Order Nonlinear Schrödinger
(HNLS) equation for parameters λ1 = 2i, a1 = 2i, a2 = −10i, a3 = 6i, a4 = 101.25, a5 =

33.75, a6 = −0.0005144, as depicted by its (a) contour plot, (b) three-dimensional evolution,
and (c) temporal profile for a fixed position x.
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3.4.3 Kuznetsov-Ma Breather (Temporal periodicity)

The Kuznetsov-Ma (KM) breather has been shown to be the mathematical "dual" of the

Akhmediev breather[113]. It is localised in the spatial direction x, but exhibits strict peri-

odicity in time t. This solution represents a high-intensity peak that stays fixed at a spatial

position (or travels at a constant velocity) while its amplitude oscillates indefinitely. The

model is frequently employed to simulate stable, recurring energy localisations in fibre

optics and deep-water waves. We assume the values of u111 and u133 are −10 and 8, re-

spectively, and substitute these values into Equation (3.69). The corresponding solution is

shown in Figure 3.4

Figure 3.4: Ma breather solution of the Higher-Order Nonlinear Schrödinger (HNLS)
equation for parameters λ1 = −1, a1 = 2i, a2 = −10i, a3 = 6i, a4 = 101.25, a5 = 33.75, a6 =

−0.0005144, as depicted by its (a) contour plot, (b) three-dimensional evolution, and (c)
temporal profile for a fixed position x.

3.4.4 Mixed Dark Soliton and Akhmediev Breather (The hybrid in-
teraction)

In complex nonlinear systems, different classes of solutions have been shown to coexist and

interact. This hybrid regime is characterised by the superposition of a dark soliton[114,

115], which is defined as a localised "dip" or "hole" in a constant intensity background,

and an Akhmediev breather. This interaction is of particular significance in the study of

multi-component signals in optical fibres, wherein the background field carries both a topo-

logical defect (the dark soliton) and a pulsating instability (the breather)[116]. We assume

the values of u111 and u133 are −8 and 8, respectively, and substitute these values into

Equation (3.69). The corresponding solution is shown in Figure 3.5
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Figure 3.5: Mixed dark soliton and Akhmediev breather solution of the Higher-Order
Nonlinear Schrödinger (HNLS) equation for parameters λ1 = −4i

3 , a1 = 2i, a2 = −10i, a3 =

6i, a4 = 101.25, a5 = 33.75, a6 = −0.0005144, as depicted by its (a) contour plot, (b) three-
dimensional evolution, and (c) temporal profile for a fixed position x.

3.4.5 Multi-Akhmediev Breathers (Higher-order complexity)

Multi-Akhmediev breathers are defined by higher-order nonlinear interactions, whereby

multiple fundamental breathers overlap[117]. This regime is characterised by a higher level

of complexity, as evidenced by the presence of multiple peaks and intricate interference

patterns on the plane-wave seed. Mathematically, these are constructed using higher-order

Darboux transformations[96], and they are crucial for understanding the transition from

simple periodic waves to the turbulent "sea" of nonlinear oscillations [118]. We assume

the values of u111 and u133 are −8 and 8, respectively, and substitute these values into

Equation (3.69). The corresponding solution is shown in Figure 3.6

Figure 3.6: Multi-Akhmediev breather solution of the Higher-Order Nonlinear
Schrödinger (HNLS) equation for parameters λ1 = −0.18i, a1 = 2i, a2 = −10i, a3 =

6i, a4 = 101.25, a5 = 33.75, a6 = −0.0005144, as depicted by its (a) contour plot, (b) three-
dimensional evolution, and (c) temporal profile for a fixed position x.
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3.4.6 Rogue Wave (Peregrine Soliton:The limiting case)

The Peregrine soliton is frequently regarded as the limiting case of both the Akhmediev

and Kuznetsov-Ma breathers when the period approaches infinity [119]. This model is

regarded as the simplest mathematical representation of a rogue wave [120, 121], which

is characterised by its solitary, isolated peak. Such an occurrence is aptly described as

"appearing from nowhere and disappearing without a trace [101]." The amplitude of the

oscillating field is such that it is precisely three times the amplitude of the background field.

This results in a substantial accumulation of energy within a minuscule spatial and temporal

window. We assume the values of u111 and u133 are −2 and 2, respectively, and substitute

these values into Equation (3.69). The corresponding solution is shown in Figure 3.7

Figure 3.7: Rogue wave solution of the Higher-Order Nonlinear Schrödinger (HNLS)
equation for parameters λ1 = −2i, a1 = 2i, a2 = −10i, a3 = 6i, a4 = 101.25, a5 = 33.75, a6 =

−0.0005144, as depicted by its (a) contour plot, (b) three-dimensional evolution, and (c)
temporal profile for a fixed position x.

3.5 Influence of Constant Physical Coefficients and Sta-
bility Analysis

3.5.1 Stability Analysis and Coherence Preservation

The stabilizing effect of the spectral parameter λ is central to the integrity of the waveforms

[122]. We evaluate this by examining the maximum growth rate gmax as a function of the

spectral parameter λ [123].

• Stability Regimes (gmax): As illustrated in the gmax vs. λ plots, the system enters

48



a stable regime when the imaginary part of λ is sufficiently large. In these regions,

gmax = 0, indicating that the waveforms are immune to modulation instability and

sideband perturbations [124] (Figure 3.10).

• Compensatory Role of λ1: As illustrated in Figure 3.8, various scenarios where a1
and a2 are either comparable or significantly different (e.g., a2 = −5a1, a2 = −a1, and

a2 = −a1/5) remain stable. This underscores the notion that λ1 compensates for any

imbalances, guaranteeing that the waveforms remain stable and coherent [125].

Figure 3.8: General breather solution of the Higher-Order Nonlinear Schrödinger
(HNLS) equation with parameters λ1 = −i/6 and a3 = 6i for varying values of a2: (a)
a2 = −5a1 = −12i, (b) a2 = −a1 = −12i, and (c) a2 = −a1/5 = −2i. The upper panels
display the three-dimensional evolution, while the lower panels show the temporal profile
for a fixed position x.

• Destabilization: This role is further elucidated in Figure 3.9, where modification

of the spectral parameter λ leads to a state of destabilization [126], even when the

coefficients a1 and a2 remain constant. This confirms that the stability of the breather

is fundamentally ensured by the spectral tuning of λ1.
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Figure 3.9: Onset of instability for the solution with spectral parameter λ1 = e−2i, where
a1, a2 and a3 are the same as those in Fig. 3.8. (a) Contour plot of the solution, (b) three-
dimensional evolution, and (c) temporal profile for a fixed position x.

Justification of the Onset of Instability: The identification of the onset of instability

in Fig. 3.9 is based on the qualitative and dynamical transitions observed in the evolu-

tion of the field. First, the solution initially exhibits a nearly uniform plane-wave profile,

characteristic of the stable background. As evolution progresses, a localized deformation

emerges in the wave amplitude. This growth in |Ψ|2 provides a direct manifestation of the

gain relation derived in Eq. (X), where small perturbations are amplified by the nonlinear

medium rather than being damped. Second, the temporal profile at a fixed spatial coor-

dinate reveals a loss of stationarity. In the stable regime, the amplitude is time-invariant;

however, the observed modulation signifies that the system has entered the unstable regime

where the background energy is transferred into the perturbation modes. Third, the instabil-

ity is marked by the breaking of spatial uniformity. The emergence of localized structures

(breathers or solitons) indicates that energy is no longer equidistributed but has focused into

specific regions. This spatial symmetry breaking is a primary signature of modulational in-

stability in higher-order nonlinear systems. Consequently, the onset of instability is defined

as the transition point from a uniform stationary state to a dynamical regime characterized

by perturbation growth, symmetry breaking, and the loss of temporal invariance.

3.5.2 Physical Interpretation of the Spectral Parameters Re(λ) and
Im(λ)

In the context of the Higher-Order Nonlinear Schrödinger (HNLS) equation, the complex

spectral parameter λ = Re(λ) + iIm(λ) functions as a fundamental control mechanism for

the dynamical stability and energy distribution of the wave field. Its components corre-

spond to specific physical processes that balance dispersive and nonlinear effects [127].
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The Real Part Re(λ): Dispersive Energy Spreading

The real component is physically associated with dispersive energy spreading, dictating

how power is spatially and temporally distributed across the system. Numerical analysis

in Table 3.1 confirms that the absence of this mechanism (Re(λ) = 0) results in localized

instability [128, 129].

The Imaginary Part Im(λ): Localization and Stability

The imaginary component regulates energy localization. A larger magnitude |Im(λ)| en-

hances the nonlinear self-focusing effect, favoring nonlinearity (a2) over dispersive broad-

ening (a1). This results in the confinement of energy into high-intensity peaks.

Re(λ) Im(λ) gmax(λ)

0 -60 0
0 -48 0
0 -30 3.24486 + 0 i

1 0 3.16471
0 0.18 3.46889 + 0 i

-1 0 3.65137
0 -0.18 3.6268 + 0 i

0 4
3 2.74433 + 0 i

0 1
6 3.47518 + 0 i

0 −4
3 4.00516 + 0 i

0 −1
6 3.62136 + 0 i

0 2 2.84227 + 0 i

0 -2 4.16197 + 0 i

0 48 0
0 60 0

Table 3.1: Values of Re(λ), Im(λ) and gmax(λ).
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Figure 3.10: Maximum growth rate gmax as a function of the complex eigenvalue λ. The
surface illustrates the variation of gmax over the complex plane, demonstrating how the real
and imaginary components of λ influence the system stability.

3.5.2.1 Quantitative Interpretation and Experimental Application

The numerical data in Table 3.1 quantifies the transition from instability to steady-state

equilibrium. For the purely imaginary case, a definitive stability threshold is observed at

|Im(λ)| = 48, where the growth rate vanishes (gmax = 0). This signifies that the nonlinear

gain exactly compensates for dissipative losses. Conversely, the real case (λ = ±1) remains

unstable (gmax ≈ 3.16), as frequency-detuned pulses cannot achieve this dissipative balance.

3.5.2.2 Experimental Realization in Active Media

The use of imaginary coefficients (an) and spectral parameters (λ) indicates a dissipative
stability regime, typically realized in active systems like Erbium-doped fiber lasers. In a

laboratory setting, these parameters are mapped to specific "knobs":

• Gain Control (a1, a2): Managed by the pumping intensity of the laser diodes. Higher

pump currents increase the magnitude of the imaginary gain coefficients.

• Power Tuning (Im(λ)): Managed by an optical attenuator to control input peak

power. The threshold |Im(λ)| = 48 defines the specific power required to "freeze" the

wave into a stable dissipative breather [130, 131, 132, 133, 134].

• Frequency Tuning (Re(λ)): Managed by the center wavelength of the seed laser

(frequency detuning).

This mapping allows the experimentalist to tune the system to the exact ’Fixed Point’ where

dissipative structures propagate without decay.
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3.5.2.3 Mathematical Derivation of the Gain Relation

A. Plane–wave background: We consider a continuousâwave (CW) solution of the form:

Ψ0 = AeiΩt, A > 0, (3.7)

which, after substitution into Eq. (3.5), yields the frequency relation:

Ω = 3
4a2|A|

2 + a6. (3.8)

B. Small perturbation: Following the standard linearâstability approach [103, 106], a

weak modulation is introduced as:

Ψ(x, t) =
[
A+ ε(ueiKx+Ω(K;λ) t + v∗e−iKx+Ω(K;λ) t)

]
eiΩt, (3.9)

where K is the perturbation wavenumber, and Ω(K;λ) is the growth rate of the perturbation

for a given breather spectral parameter λ.

C. Linearization: Substituting the perturbed solution into Eq. (3.5) and linearizing with

respect to the small parameter ε yields the matrix system:(
L+(K,λ) C(K)

−C(K) L−(K,λ)

)(
u

v

)
= 0, (3.10)

with

L±(K,λ) = Ω(K;λ) + a6 + a1K
2 ± ia3K

3, (3.11)

C(K) = 3
4a2|A|

2 − (a4 + a5)|A|2K. (3.12)

D. Dispersion relation and Gain function: A nontrivial solution requires the determi-

nant of the matrix to vanish, giving the dispersion relation:

∣∣Ω(K;λ) + a1K
2 + ia3K

3 + a6
∣∣2 − [C(K)]2 = 0. (3.13)

Consequently, the gain function is defined as:

Ω(K;λ) =
∣∣λs + a1K

2 + ia3K
3 + a6

∣∣2 − [C(K)]2 (3.14)
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3.5.2.4 Numerical Evaluation and Stability Regimes

The maximum gain for a given breather,

gmax(Reλ, Imλ) = max
K∈[−10,10]

ℜ
[
Ω(K;λ)

]
,

was computed through numerical maximization techniques, utilizing the following physical

coefficients:

a1 = 2, a2 = −10, a3 = 6, a4 = −101.25, a5 = −33.75, a6 = 0.01646, A =
√
0.2.

The calculation was performed for the spectral values:

λ = {−60i,−48i,−30i, 1, 0.18i,−1,−0.18i, 4i3 ,
i
6 ,−

4i
3 ,−

i
6 , 2i,−2i, 48i, 60i}.

3.5.2.5 Physical Interpretation

The numerical results, visualized in the 3D spectra (Figure. 3.10) and summarized in Ta-

ble 3.1, reveal the following stability characteristics:

• Stability Indicator: The maximum growth rate gmax(λ) functions as a quantitative

metric for system stability. When gmax = 0, the system remains stable and the energy

distribution remains uniform across the CW background.

• Stability Threshold: The system enters an absolutely stable regime when the imagi-

nary part |Im(λ)| is sufficiently large (e.g., |Im(λ)| ≥ 48). In this state, the waveforms

are immune to modulation instability (MI).

• Energy Regulation: The spectral parameter λ effectively delineates the boundary be-

tween stability and instability, acting as a control mechanism that regulates the flow

of energy to maintain the coherence of localized structures against dispersive degra-

dation.

3.5.3 Influence of Constant Physical Coefficients (a1, a2, a3)

The HNLS framework allows for a detailed investigation into how the medium’s inherent

physical properties dictate wave propagation. To isolate the specific roles of the coefficients
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a1 and a2, the general breather solution is examined while maintaining a constant third-

order dispersion coefficient, a3 = 6i.

3.5.3.1 Spectral Filtering (a1) and Spatial Stretching

As illustrated in Figure 3.11, the coefficient a1 acts as a primary regulator of the breather’s

spatial width. An increase in the magnitude of the imaginary coefficient from a1 = 2i to

12i induces a pronounced spatial stretching, broadening the wave profile while the peak

amplitude remains relatively invariant. Conversely, smaller values of a1 yield a highly

compressed and localized structure. Physically, while a1 is associated with the Group Ve-

locity Dispersion (GVD) position in the HNLS equation, its purely imaginary nature in

this model characterizes it as spectral filtering or gain dispersion. In dissipative systems,

such as fiber lasers or active amplifiers, an imaginary a1 represents the finite bandwidth of

the gain medium. The observed spatial stretching is a direct consequence of this filtering

mechanism: a larger |a1| corresponds to a broader spectral "window" that allows a wider

range of frequencies to experience gain, thus supporting a spatially wider breather. This

representation arises from the requirements of the Darboux transformation and integra-

bility, mapping the mathematical dissipative parameters to the physical energy-balancing

mechanisms of the active medium.

Figure 3.11: Profile of the general breather solution |ψ|2 for parameter a2 = −10i. (a)
Evolution with a1 = 2i and (b) evolution with a1 = 12i. Each panel illustrates the transition
of the wave profile under the influence of the higher-order terms.
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3.5.3.2 Nonlinear Gain Saturation (a2) and Energy Redistribution

As illustrated in Figure 3.12, the role of the nonlinearity coefficient a2 is fundamental in

regulating the breather’s intensity profile. Under conditions of stronger imaginary nonlin-

earity (|a2| = 10), the breather exhibits a narrower spectral bandwidth and a lower peak am-

plitude. Conversely, weaker nonlinearity (|a2| = 3) results in a wider bandwidth and higher

amplitude. While this behavior appears counter-intuitive relative to standard real-valued

self-focusing, it is consistent with the physics of dissipative systems where a2 represents

nonlinear gain. This phenomenon is quantified by the redistribution of energy required

to satisfy the stability conditions (gmax = 0) found in Table 3.1. Specifically, as |a2| in-

creases from 3 to 10, the system experiences a higher rate of nonlinear energy injection.

To prevent a singularity or ’blow-up,’ the breather redistributes this energy by narrowing

its spectral width, thereby increasing the effective dissipation from the spectral filter a1.

This energy-balancing mechanism forces the peak amplitude to saturate at a lower level

(|a2| = 10) compared to the lower-gain regime (|a2| = 3), ensuring that the total integrated

power remains finite and stable.

Figure 3.12: Profile of the general breather solution |ψ|2 for parameter a1 = 2i. (a)
Evolution with a2 = −10i and (b) evolution with a2 = −3i. The plots demonstrate the
structural changes in the breather profile as the higher-order parameter a2 varies.
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3.5.3.3 Third-Order Dispersion (a3) and the Shift of the Center of Mass

The third-order dispersion coefficient a3 exerts a direct influence on the spatial dynamics

and symmetry of the wave. To quantify this effect, the breather’s center-of-mass position

xcm is calculated through numerical integration of the intensity I(x, t) = |Ψ(x, t)|2 accord-

ing to the standard definition used in nonlinear optical fiber dynamics [102]:

xcm(t) =

∫ 6

−6
xI(x, t)dx∫ 6

−6
I(x, t)dx

(3.15)

From the results presented in Figure 3.14, it is evident that at a3 = ±6, the center of mass

xcm = 0, indicating a nearly symmetrical mass distribution (see Figure 3.13). However, as

shown in Figure 3.14, when a3 = −2, xcm drops sharply to a minimum of −4.7, representing

the maximum spatial displacement of the pulse center. As a3 increases toward positive val-

ues, xcm rises and gradually returns toward zero [105]. This coordinate-dependent velocity

shift causes the localized wave to lean or translate during propagation without compromis-

ing its overall structural integrity.

Figure 3.13: Profile of the general breather solution |ψ|2 for parameters a1 = 2i and
a2 = −10i. (a) Evolution with a3 = 6i and (b) evolution with a3 = −6i. The comparison
illustrates the effect of the higher-order parameter a3 on the symmetry of the breather pro-
file.
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Figure 3.14: Center-of-mass position xcm as a function of the parameter a3. The plot
illustrates how the spatial shift of the solution is influenced by the higher-order coefficient.

3.6 Chapter Summary

In this chapter, we have provided a rigorous investigation into the Higher-Order Nonlin-

ear Schrödinger (HNLS) equation characterized by time-independent coefficients within a

conservative framework. The theoretical foundation of the system’s integrability was estab-

lished through the formulation of the Lax pair, which enabled the systematic construction

of exact analytical solutions via the Darboux transformation (DT) method. By employing

both zero and plane-wave seed solutions, a diverse spectrum of localized nonlinear struc-

tures was derived and categorized. This inventory includes fundamental solitons and gen-

eral breather regimes, specifically Akhmediev breathers exhibiting spatial periodicity and

Kuznetsov-Ma breathers characterized by temporal periodicity. Furthermore, higher-order

complexities such as multi-Akhmediev breathers and hybrid interaction states-specifically

the coexistence of dark solitons and breathers-were analyzed. The rogue wave solution

was identified as the rational limiting case of the breather regime, underscoring its unique

property of extreme energy localization on a non-vanishing background. Beyond the con-

struction of solutions, this chapter presented a detailed parametric study of the spectral

parameter λ and higher-order dispersion terms. Through linear stability analysis, the gain

function and the maximum spectral growth rate gmax were derived, revealing a stability

threshold that ensures the preservation of wave coherence. We specifically isolated the

physical contributions of the coefficients: a1 and a2 were found to govern the balance be-

tween spatial stretching and nonlinear self-focusing, while a3 (third-order dispersion) was

identified as the primary factor inducing center-of-mass shifts and group velocity modi-
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fications. In conclusion, the analytical framework established in this chapter provides a

fundamental benchmark for understanding nonlinear wave dynamics in homogeneous me-

dia. These results serve as the necessary prerequisite for the transition to the generalized

HNLS model featuring time-dependent coefficients, which will be the focus of the subse-

quent chapter.
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Chapter 4

The Higher-Order Nonlinear
Schrödinger Equation
(HNLS) with Time-Dependent
Coefficients

4.1 Introduction

The theoretical investigation conducted in Chapter 3 established a fundamental understand-

ing of localized structures in homogeneous media. However, as noted by J. Scott Russell in

his seminal observations, localized waves in nonlinear media are characterized by their sta-

bility and ability to persist without dissipation due to the balance between dispersion and

nonlinearity [116, 124]. Although the aforementioned results established a foundational

framework, the practical applications of nonlinear optics in contemporary settingsâsuch as

pulse propagation in tapered fibers or matter-wave solitons in BoseâEinstein condensates

(BECs)âfrequently involve media in which physical parameters are inhomogeneous in both

space and time [125, 107]. In this chapter, we expand our analysis to the non-autonomous

HNLS equation, where the coefficients governing dispersion, nonlinearity, and higher-

order effects are explicitly defined as functions of time. This generalization is not merely

a mathematical extension; it represents a shift toward dispersion and nonlinearity manage-

ment. The mounting demand for nonlinear wave phenomena in contemporary applications

necessitates the extension of the classical NLSE to encompass complex dynamical features
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through time-dependent coefficients representing dispersion, nonlinearity, and higher-order

corrections [109]. The incorporation of time-dependency into the coefficients a1(t), a2(t),

and a3(t) signifies a transition from static wave translation to the active engineering of

waveforms, as evidenced in the extant literature [125, 120]. The Darboux transformation

(DT), adapted for non-autonomous systems [110], is employed to derive a wide spectrum

of localized nonlinear structures. The present investigation focuses on the modulation of

these coefficients, a process that has been demonstrated to facilitate transitions between

distinct localized states. This includes the conversion of a general breather into Akhme-

diev or Kuznetsov-Ma regimes, as evidenced in the literature [98, 99]. The DT’s inherent

incorporation of the spectral parameter functions as a "control switch," thereby enabling

the deliberate manipulation of dispersion and nonlinearity effects, thus facilitating the in-

tentional reshaping of waveforms [96, 135]. In conclusion, the objective of this study is to

establish a connection between analytical theory and practical reliability. To this end, the

search for precise and stable solutions is addressed [136, 111]. In this study, we present

a numerical validation using the split-step fast Fourier transform (SFFT) method. This

analysis demonstrates that these structures maintain their integrity even under small pertur-

bations (ϵ = 0.001). This finding is supported by previous research from [113, 119, 137].

This comprehensive approach provides the mathematical rigor and numerical proof neces-

sary for advancing the use of nonlinear wave phenomena across various fields of physics.

4.2 Derivation of General Solutions for the Non-autonomous
HNLS Equation

In this section, we embark on an investigation of the generalized Higher-order Nonlinear

Schrödinger (HNLS) equation. This equation functions as a robust model for optical soliton

propagation in non-homogeneous and advanced fiber systems [138, 117]. The evolution of

the complex wave envelope, denoted by the symbol Ψ(x, t), is governed by the following

non-autonomous equation:

iΨt + a1(t)Ψxx +
3

4
a2(t)|Ψ|2Ψ+ ia3(t)Ψxxx + ia4(t)|Ψ|2Ψx + ia5(t)|Ψ|2Ψ∗

x

+ V (t, x)Ψ + iΓ(t)Ψ = 0. (4.1)
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The time-dependent coefficients are known to represent the second-order dispersion a1(t),

Kerr nonlinearity a2(t), third-order dispersion a3(t), and derivative nonlinearities a4(t), a5(t).

In addition, the potential V (t, x) and gain/loss Γ(t) must be considered. In order to ensure

integrability, the following constraints must be imposed:

a4(t) = 3a5(t), a5(t) =
9a2(t)a3(t)

8a1(t)
, (4.2)

V (t, x) =
1

54

(
18xȧ1(t)

a3(t)
− 18xa1(t)ȧ3(t)

a23(t)
+

4a31(t)

a23(t)

)
, Γ(t) =

1

54

(
−27ȧ1(t)

a1(t)
+

27ȧ2(t)

a2(t)

)
.

(4.3)

4.2.1 Breather Solutions via the Darboux Transformation

In accordance with the calculation procedure previously applied to the soliton case, and em-

ploying the same Lax pair formalism with the same structural coefficients, explicit breather

solutions are derived. These are derived by selecting a non-trivial plane wave seed solution

, The seed selection follows the same criteria introduced in the Hirota analysis, ensuring

consistency in the construction of the non-zero background. We consider the plane-wave

seed solution (background field) defined by:

Ψ0(x, t) =
exp
(
i
a1(t)
3a3(t)

x
)

√
−a2(t)
a1(t)

, (4.4)

In order to satisfy the background dynamics of equation HNLS (4.1), the Darboux trans-

formation (DT) is applied iteratively. For completeness, the full expressions are presented

in Appendix B. This procedure yields the following generalized breather solution:

Ψ(x, t) = Ψ0
2BeF (x,t) cosh[H(x, t)] + 4λ3u111e

Z(x,t) sinh[M(x, t)]− T (x)

2BeF (x,t) cosh[H(x, t)] + 4λ3u133eZ(x,t) sinh[M(x, t)]
. (4.5)

The functions M(x, t), H(x, t), Z(x, t) and F (x, t), which encode the complex spatiotem-

poral dynamics. The components of the 3 × 1 eigenfunction vector (ζi) are the explicit

closed-form solutions of the underlying Lax pair, providing the necessary phase and am-

62



plitude modulation dictated by the time-varying coefficients a1(t), a2(t), and a3(t). This

emphasises the role of non-autonomous systems in shaping wave profiles [121].

4.2.2 General Breather Regime

For generic values of the spectral parameter λ3 and the system parameters a1(t), a2(t), and

a3(t), the derived solution exhibits extended, smoothly varying breather dynamics. Figure

4.1 illustrates the spatiotemporal surface profile of the intensity |Ψ|2 as a function of x and

t. The temporal evolution at a fixed spatial coordinate confirms the presence of parabolic

amplitude modulation, while magnified views of the peak regions reveal persistent regu-

larity and structural stability within this regime. To demonstrate the specific behaviour of

these solutions, we consider an explicit instance which simplifies to:

Ψ(x, t) = −
2e

2ix
3

[
−4

√
2eζ1(t,x) − βeζ2(t,x) + 4

√
2eζ3(t) −

√
35eζ4(x)

]
(
√
70− 8)eζ2(t,x) + 8eζ3(t) +

√
70eζ4(x)

, (4.6)

where β = 4
√
2 +

√
35. The functions ζj represent linear combinations of the spatial coor-

dinate x and the quadratic temporal term t2, providing the necessary modulation for non-

autonomous dynamics. These auxiliary functions are defined as follows:

ζ1(t, x) =
1

24

(
800

√
2 + 191

√
35
)
t2 +

1

2

(
4
√
2 +

√
35
)
x, (4.7)

ζ2(t, x) =
200

√
2

3
t2 +

√
35x, (4.8)

ζ3(t) =
1

12

(
800

√
2 + 191

√
35
)
t2, (4.9)

ζ4(x) =
(
4
√
2 +

√
35
)
x. (4.10)

This analytical structure confirms the presence of temporal modulations and spatial local-

ization under the influence of non-autonomous system parameters. The precise interplay

between the exponential arguments, designated as ζj , dictates the evolution of the breather

peaks and their trajectories. This highlights the complexity of wave propagation in ad-

vanced optical fibres.

63



Figure 4.1: General breather profile of the Higher-Order Nonlinear Schrödinger (HNLS)
equation for parameter λ3 =

√
2i
2 . (a) Contour plot of the solution demonstrating an ex-

tended smoothly varying breather regime, (b) 3D evolution of |ψ|2 revealing the general
breather structure, and (c) temporal profile of |ψ|2 at fixed x showing a parabolic evolution.

4.2.3 Kuznetsov–Ma Breather Regime

The dynamical behaviour of the derived solutions is highly sensitive to the spectral pa-

rameter, denoted here by λ3, and the functional forms of the non-autonomous coefficients.

By selecting the time-dependent coefficients as a1(t) = 2t, a2(t) = −t and a3(t) = t, the

solution exhibits distinct transitions between different breather typologies. As illustrated

in Figure 4.2, the spectral parameter, denoted here by λ3, acts as a control mechanism for

the morphological deformation of the wave profile. Specifically, as λ3 increases, the solu-

tion evolves from a broad, general breather state toward a more spatially periodic Ma-type

breather. This transition is characterised by a significant enhancement in spatial periodicity

and a stronger degree of amplitude localization.

The capacity to manipulate these transitions by tuning the spectral parameter, particularly

under the influence of time-varying dispersion and nonlinearity, provides an essential the-

oretical framework for engineering targeted nonlinear waveforms in advanced optical sys-

tems. These results emphasise the unique degrees of freedom offered by non-autonomous

systems in the precise control of pulse shaping and wave dynamics[139].
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Figure 4.2: Transition from a general breather to a Ma breather for spectral parameter
λ3 = 2i. (a) Contour plot of the solution, (b) 3D evolution of |ψ|2 showing the morphologi-
cal shift from a general state to a Ma-type breather with increasing spatial periodicity and
amplitude localization, and (c) temporal profile of |ψ|2 at fixed x.

4.2.4 Akhmediev Breather Regime

The solution undergoes a morphological transformation into the Akhmediev breather (AB)

regime when the spectral parameter is set to λ3 = 8i. The state under consideration is

characterised by two fundamental properties. Firstly, it displays periodicity in the spatial

coordinate, x. Secondly, it exhibits pronounced localization along the temporal axis, t. As

illustrated in Figure 4.3, the 3D spatiotemporal evolution of the intensity profile |Ψ(x, t)|2

is presented. The surface plot reveals a characteristic arrangement where intensity maxima

are distributed periodically across the spatial domain, while remaining strictly confined

within a finite temporal window on the continuous-wave background. In the context of

non-autonomous fiber systems, the Akhmediev breather regime is of significant theoretical

and practical importance. The framework provides a robust basis for the investigation of

modulation instability and serves as a critical mechanism for high-repetition-rate pulse

generation and advanced optical pulse shaping[140, 141]. The stability of these localised

peaks under time-varying coefficients further highlights the potential for the deterministic

control of high-power waveforms in non-homogeneous dispersive media.
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Figure 4.3: Akhmediev breather solution of the HNLS equation for spectral parameter
λ3 = 8i. (a) Contour plot of the solution, (b) 3D evolution of |ψ|2 revealing the hallmark
periodic structure in space with localized amplitude maxima and background modulation,
and (c) temporal profile of |ψ|2 at fixed position x.

4.2.5 Ma-type and Rogue Wave Breather Regime

As demonstrated in Figure 4.4, for the specific spectral parameter value of λ3 = −2i, the

system transitions into a mixed regime. This phenomenon highlights the significant sensi-

tivity of breather dynamics to spectral detuning. Within this parametric configuration, even

a narrow variation in the spectral domain can trigger extreme localization events, charac-

terised by an exceptional concentration of wave energy. This regime is primarily associated

with the formation of Ma-type breathers, which exhibit distinct temporal periodicity and

rigorous spatial localization. The interaction between the time-dependent coefficients and

the spectral parameters facilitates a transition towards rogue wave-like structures, where the

wave amplitude undergoes a substantial, localised intensification. The emergence of these

high-energy states demonstrates that the deterministic control of spectral detuning, cou-

pled with the system’s inherent non-autonomous variability, provides a robust framework

for engineering targeted extreme waveforms in advanced nonlinear optical media[142].
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Figure 4.4: Ma breather and rogue wave solution of the HNLS equation for spectral
parameter λ3 = −2i. (a) Contour plot of the solution, (b) 3D evolution of |ψ|2 revealing
the hallmark periodic structure in space with localized amplitude maxima and background
modulation, and (c) temporal profile of |ψ|2 at fixed position x.

4.2.6 Rogue Wave (Peregrine Soliton) Regime

The solution is reduced to the Peregrine soliton when the spectral parameter is set to a

specific critical value. The Peregrine soliton serves as the fundamental prototype for rogue

wave phenomena. As demonstrated in Figure 4.5, these rational solutions are distinguished

by a singular, high-intensity amplitude peak that is strictly localised in both the spatial

and temporal domains, eventually decaying to a constant background. From a physical

perspective, these characteristics are indicative of extreme nonlinear events that have been

observed in a variety of media, including non-homogeneous optical fibres, hydrodynamic

systems, and Bose-Einstein condensates (BECs)[139]. The emergence of such structures

is of significant fundamental interest, as they signify the ultimate limit of sudden energy

localization driven by modulation instability [100, 101, 112]. In the context of the non-

autonomous HNLS equation, the stability and peak intensity of the Peregrine soliton are

directly modulated by the time-dependent coefficients. This offers a potential mechanism

for the deterministic excitation of extreme waves. In order to facilitate a clear comparison

of the dynamical regimes discussed thus far, the specific choices of spectral parameters

and time-dependent dispersion coefficients for Figures 4.1 through 4.5 are consolidated in

Table 4.1.
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Figure 4.5: Rogue wave (Peregrine soliton) solution of the HNLS equation for spectral
parameter λ3 = 1. (a) Contour plot of the solution, (b) 3D evolution of |ψ|2 displaying the
sudden, steep amplitude peak localized in both x and t, and (c) temporal profile of |ψ|2 at
fixed position x.

Table 4.1: Summary of Breather Parameter Sets Used for Graphical Analysis in Figures
4.1â4.5.

Figure No(s). Wave Type λ3 a1(t) a2(t) a3(t) u111 u133

Figure 4.1 General Breather
√
2

2
i 2t −t t −4i 4i

Figure4.2 general to Ma breather 2i 2t −t t i −8

Figure 4.3 Akhmediev Breather 8i 2t −t t −2i 2i

Figure 4.4 Ma + RW Mixed Case −2i 2t −t t −8i 8

Figure 4.5 Rogue Wave (Peregrine) 1 2t −t t 8 −8

4.2.7 Parameter Engineering: Dispersion and Nonlinearity Manage-
ment

In order to elucidate the physical implications of the dynamical parameters presented in

Figures 4.6–4.8, the distinct roles of the time-dependent coefficients are analysed as fol-

lows. The third-order dispersion (TOD) term, denoted by a3(t), governs the temporal drift

and structural asymmetry of the breather, thereby providing a deterministic mechanism for

trajectory control. The coefficient a1(t), representing group velocity dispersion (GVD),

dictates the fundamental balance between dispersive broadening and nonlinear compres-

sion, thereby effectively determining the spatiotemporal scaling of the wave. Conversely,

the nonlinearity coefficient a2(t) modulates the peak amplitude and self-focusing strength,

facilitating the regulation of wave intensity and the suppression of inherent instabilities. It

is evident that the variables a1(t), a2(t), and a3(t) are associated with quantifiable physi-
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cal quantities, specifically GVD (ps2/km), the Kerr nonlinear coefficient (W−1km−1), and

TOD (ps3/km), respectively. The concurrent modulation of these variables provides a

physically consistent framework for the control of the localization, path, and robustness

of nonlinear wave packets. As demonstrated in Figure 4.6, the transition of a3(t) from 10t

to −10t leads to a substantial attenuation of the degree of localization, resulting in a sig-

nificant decrease in amplitude. Furthermore, the sign reversal of a3(t) induces a shift in

the breather trajectory toward the opposite direction, confirming its dominant influence on

propagation dynamics. The results obtained demonstrate that variations in TOD introduce

controllable spatial drift, thereby allowing for the positioning of breathers or rogue waves

without compromising their intrinsic morphology. The stable localisation of solitons within

optical media is contingent upon an exact equilibrium between dispersive and nonlinear ef-

fects. By systematically adjusting the parameters a1(t) and a2(t), we seek to ascertain the

manner in which this delicate equilibrium governs the stability of the wave. As illustrated

Figure 4.6: Effect of time-dependent coefficients on the evolution of breathers for a fixed
spectral parameter λ3 =

√
2i
2 . The varying coefficients are defined as a1(t) = 10t and

a2(t) = −t for: (a–c) a3(t) = 10t, and (d–f) a3(t) = −10t.

in Figures 4.7 and 4.8, the theoretical engineering of soliton dynamics can be achieved

through the modulation of the relative strengths of these coefficients. As illustrated in
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Figure 4.7, a significant enhancement in amplitude denotes the initiation of modulation in-

stability. Conversely, Figure 4.8 demonstrates that amplitude suppression results in a more

stable propagation regime. These findings suggest that by tailoring the non-autonomous

coefficients, instabilities can be suppressed and robust, high-energy nonlinear wave pack-

ets can be generated. In the ensuing analysis, the time-dependent coefficients are adjusted

while maintaining a fixed spectral parameter at λ3 =
√
2i
2 .

Figure 4.7: Influence of the time-dependent coefficient a1(t) on breather evolution. For
a fixed spectral parameter λ3 =

√
2i
2 with a3(t) = 10t and a2(t) = −t, the cases shown are:

(a–c) a1(t) = 0.01t, (d–f) a1(t) = 10t, and (g–h) a1(t) = 100t.
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Figure 4.8: Influence of the time-dependent coefficient a2(t) on the breather evolution.
For parameters λ3 =

√
2i
2 , a3(t) = 10t, and a1(t) = 10t, the effect of a2(t) is illustrated for:

(a–c) a2(t) = −t, and (d–f) a2(t) = −100t.

4.2.8 Individual Parametric Influence of Time-Dependent Coefficients
ai(t)

In this subsection, a detailed interpretation of the results displayed in Figures 4.9–4.11 is

presented. These figures illustrate the influence of different functional forms of the time-

dependent coefficients, a1(t), a2(t), and a3(t), on the spatiotemporal evolution of breather-

type localized waves. The significance of dispersion and nonlinearity management in sta-

bilising or destabilising the nonlinear structures generated by the generalized HNLS equa-

tion is emphasised by these plots.

As illustrated in Figure 4.9, the selected parameters, namely a1(t) = cosh(2t), a2(t) = t

and a3(t) = −t, establish a highly non-autonomous environment, wherein the dispersion

exhibits exponential growth over time, while the nonlinearity undergoes a linear evolution.

This combination leads to a gradual broadening of the localized pulse, accompanied by a

controlled reduction of its amplitude. This is indicative of enhanced temporal stability and

reduced intensity fluctuations. The hyperbolic dependence of a1(t) has been demonstrated
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Figure 4.9: Evolution of the rogue wave solution with time-dependent coefficients a1(t) =
cosh(2t), a2(t) = t, and a3(t) = −t. All other parameters are identical to those in Fig. 4.8.
(a) Contour plot of the solution, (b) three-dimensional evolution, and (c) temporal profile
for a fixed position x.

Figure 4.10: Effect of the time-dependent coefficient a2(t) = 10t on the breather evolu-
tion, with a1(t) and all other parameters identical to those in Fig. 4.9. (a) Contour plot of
the solution, (b) three-dimensional evolution, and (c) temporal profile for a fixed position
x.

Figure 4.11: Effect of the time-dependent coefficient a3(t) = 2t on the evolution of the
solution, with a1(t), a2(t), and all other parameters identical to those in Fig. 4.10. (a)
Contour plot of the solution, (b) three-dimensional evolution, and (c) temporal profile for a
fixed position x.
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to effectively suppress excessive modulation instability, thereby ensuring a smoother en-

ergy distribution and stable wave confinement.

Figure 4.10 examines the effect of increasing the nonlinearity coefficient to a2(t) = 10t

while maintaining the same a1(t) and a3(t) as in Figure 4.9. The enhanced nonlinear contri-

bution has been shown to significantly amplify the breather’s peak intensity and compress

its width, thereby revealing the strong sensitivity of the localized amplitude to the non-

linear modulation strength. The corresponding contour and surface plots demonstrate a

discernible increase in localization concomitant with a temporal narrowing, a hallmark of

energy focusing driven by nonlinearity. This finding indicates that the nonlinearity term

exerts a direct influence on the rate of energy accumulation and the formation of strongly

confined breather structures. In Figure 4.11, the variation of the third-order dispersion

coefficient to a3(t) = 2t, with a1(t) and a2(t) fixed as in Figure 4.10, highlights the asym-

metric deformation and drift of the breather envelope. The increase in a3(t) introduces a

discernible spatial shift of the localization centre and modifies the temporal phase of the

waveform without significantly altering its peak amplitude. This shift can be considered a

physical manifestation of third-order dispersion-induced temporal drift, a phenomenon of

particular relevance in the context of the control of pulse propagation in optical fibres and

ultrafast systems. It is important to note that, despite this drift, the waveform retains its

structural integrity, thereby emphasising the robustness of the system against higher-order

dispersive perturbations.

4.2.9 Numerical Verification: L2 Error and Spectral Analysis

The numerical stability of the analytical breather solution, denoted by Ψanalytical(x, t), was

subjected to a rigorous examination. This was achieved by introducing a small-scale ran-

dom perturbation with an amplitude of ϵ = 0.001to the initial condition. The resulting

evolution, denoted as Ψperturbed(x, t), was evaluated against the exact analytical solution.

The relative L2 error, which serves as a metric for numerical fidelity, is defined as:

L2 =
∥Ψperturbed(x, t)−Ψanalytical(x, t)∥2

∥Ψanalytical(x, t)∥2
(4.11)

The simulations yielded an L2 error of 6 × 10−4, thereby confirming the high degree

of fidelity and robustness of the initial breather state. Furthermore, spectral analysis con-

73



ducted via Fast Fourier Transformation (FFT) verified that the characteristic modes were

strictly preserved throughout the propagation, with no evidence of spurious high-frequency

components or numerical divergence. As demonstrated in Figure 4.12, the strong similar-

ity between the analytical and perturbed states highlights the reliability of the numerical

propagation for this nonautonomous system.

Figure 4.12: Numerical validation of the breather solution. Comparison of the analytical
breather profile (solid blue line) against the numerically computed profile with a small
initial perturbation (ϵ = 0.001, solid red line). The plot demonstrates minimal deviation
between the two profiles, confirming the accuracy and stability of the analytical solution
for numerical propagation. The L2 error for this initial profile is 6× 10−4.

4.2.10 Physical Insights and Applications

The results obtained through analytical and graphical investigations highlight the signifi-

cant physical consequences of managing dispersion and nonlinearity in non-autonomous

higher-order nonlinear Schrödinger (HNLS) systems. The dynamic interplay between the

time-dependent coefficients, namely a1(t), a2(t), and a3(t), is represented by the group-

velocity dispersion (GVD), the Kerr nonlinearity, and the third-order dispersion (TOD),

respectively. This interplay functions as an effective control mechanism for tailoring local-

ized waveforms, including breathers, rogue waves, and solitons. The modulation of these

coefficients enables precise control over the amplitude, width, and localization of nonlin-

ear excitations, thereby facilitating either stable propagation or the intentional induction of

destabilized regimes. The physical roles of these parameters are summarised as follows:
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• Dispersion Management a1(t): This coefficient is instrumental in regulating the

broadening and compression of optical pulses. It has been demonstrated that a gradual

increase in a1(t) results in enhanced pulse broadening and a reduction in peak intensity.

This, in turn, fosters a stable regime with minimal modulation instability. Conversely,

a rapid modulation or a sign change in a1(t) can trigger focusing behaviour, resulting

in wave collapse or strong temporal compression.

• Nonlinearity Control a2(t): The function a2(t) has been demonstrated to act as a gain-

like mechanism, thereby amplifying the local field energy. The findings demonstrate

that increasing a2(t) enhances breather amplitude while simultaneously reducing its

spatial extent, confirming that nonlinearity directly dictates energy concentration.

• Higher-Order Effects a3(t): The incorporation of TOD gives rise to phenomena such

as asymmetry, spectral broadening, and envelope drift. The physical phenomenon

under discussion can be considered to correspond to higher-order kinetic corrections

in BoseâEinstein condensates (BEC) or third-order dispersion in fibre optics. This

mechanism provides a means for "drift control," thereby enabling precise temporal

synchronisation and routing of pulses.

The capacity to transition between typical breathers and extreme events, such as Peregrine

rogue waves, is of practical significance in the field of fibre optics, where it contributes

to the maintenance of signal integrity or the generation of high-intensity pulses. Beyond

optics, these findings provide a theoretical roadmap for managing energy localization in

plasma oscillations and BEC systems, where temporal tuning can be achieved via Fesh-

bach resonances. It is evident that the integrated framework under consideration provides

evidence to support the hypothesis that non-autonomous management of dispersion and

nonlinearity serve as a universal mechanism for reconfigurable wave propagation across

diverse physical media.

4.3 Comparative Advantages and Scientific Contributions

In order to delineate the specific contributions of the present study, a comparative analy-

sis is provided with the author’s previous research, as reported in reference [104] In the

aforementioned investigation, the Higher-Order Nonlinear Schrödinger (HNLS) equation

was analysed under the assumption of constant coefficients and a zero-background seed

(Ψ0 = 0). Consequently, the resulting wave structures were predominantly solitonic in na-
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ture, characterised by stationary or linear translational dynamics. In contrast, the present

study investigates the HNLS framework under the influence of time-dependent coefficients,

ai(t), and employs a non-zero continuous-wave (CW) seed. This strategic modification

gives rise to fundamentally novel dynamical behaviours, thereby facilitating the emergence

of breather-type localized structures and rogue waves. It is mathematically feasible to

obtain breathers in constant-coefficient models with a non-zero seed. However, the incor-

poration of temporal variability in a1(t), a2(t), and a3(t) provides an additional degree of

freedom for "parameter engineering". This enables the active control of pulse compression,

peak intensity, and accelerated drift, features that are strictly inaccessible in static models.

As illustrated in Table 4.2, the two models are distinguished by a number of key differ-

ences, particularly with regard to the integrability conditions, the selection of seed, and the

subsequent analytical solutions.

Table 4.2: Comparative analysis of integrability, seed, and solutions between constant and
time-dependent HNLS models.

Feature HNLS (Constant Coeff.) HNLS (Time-Dependent Coeff.)

Integrability a4 =
9a2a3
2a1

a4(t) = 3a5(t)

a5 =
3a2a3
2a1

a5(t) =
9a2(t)a3(t)

8a1(t)

Seed 0 Ψ0(x, t) =
exp

(
i
a1(t)
3a3(t)

x
)

√
−a2(t)

a1(t)

Solution Ψ =
A exp

(
i
a1
3a3

(x+π
2 )

)
cosh(2x−b)

Ψ =
Ψ0

2BeF cosh(H)+4λ3u111eZ sinh(M)−T (x)
2BeF cosh(H)+4λ3u133eZ sinh(M)

The present study makes a significant extension to the analytical framework of the HNLS

equation. By integrating temporal variability with a nonzero background seed, a more

general class of solutions is revealed that reflects the non-homogeneous nature of real-

world physical systems, such as non-uniform optical fibres and Bose-Einstein condensates.

4.4 Chapter Summary

In this chapter, we have presented a thorough analytical and numerical investigation into the

dynamics of a generalized non-autonomous Higher-Order Nonlinear Schrödinger (HNLS)

equation. By incorporating time-dependent coefficients for group-velocity dispersion a1(t),

Kerr nonlinearity a2(t), and third-order dispersion a3(t), we have successfully demonstrated

a framework for the active management of nonlinear wave structures. The primary findings
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and contributions of this research are summarised as follows:

• Analytical Framework:The utilisation of a constructed 3 × 3 Lax pair in conjunc-

tion with the Darboux transformation resulted in the derivation of explicit breather

and rogue-wave solutions. This methodological approach facilitated the investigation

of wave dynamics under non-autonomous conditions, thereby extending the classical

theory to more realistic, non-homogeneous media.

• Parametric Control and Tuning: The spectral parameter, designated as λ3, was

identified as a pivotal tuning variable that governs the seamless transition between

diverse wave morphologies, including generalized breathers, Ma solitons, Akhmediev

breathers, and Peregrine-type rogue waves.

• Waveform Engineering:The present study corroborates the hypothesis that temporal

modulation of a1(t) and a2(t) provides a robust mechanism for regulating amplitude

and localization width. Furthermore, the third-order dispersion term a3(t) was found

to introduce structural asymmetry and a controlled trajectory drift without compro-

mising the wave’s peak intensity, serving as an effective "control switch" for pulse

synchronization.

• Numerical Validation: The robustness of the analytical solutions was substantiated

through numerical simulations using the split-step Fourier method. The calculated

relative L2 error norm, recorded at a high-fidelity value of 6 × 10−4, confirms the

inherent stability of the derived solutions against small perturbations. Crucially, the

observed dynamics â such as targeted amplitude growth â were verified to be a result

of intentional parametric modulation rather than numerical instability.

Notwithstanding the limitations of the present study, including the restriction to integrable

regimes and the exclusion of stochastic or dissipative effects, the results provide a solid

foundation for future research. The ability to engineer reconfigurable nonlinear states

through time-dependent management offers significant prospects for the development of ul-

trafast photonic devices, coherent matter-wave engineering in Bose-Einstein condensates,

and the prediction of extreme events in plasma physics. In conclusion, this integrated ana-

lytical and numerical approach demonstrates that the interplay of dispersion, nonlinearity,

and higher-order effects is an efficient tool for regulating instability and achieving the con-

trolled generation of localized nonlinear excitations across diverse physical systems.
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General conclusion
The research presented in this thesis constitutes a rigorous investigation into the integra-

bility, solution construction, and parametric control of higher-order nonlinear evolution-

ary equations. By systematically analysing the Hirota equation (HE), the Sasa-Satsuma

equation (SSE), and the higher-order nonlinear Schrödinger equation (HNLS), a unified

analytical framework has been established based on the Lax pair and Darboux transforma-

tion (DT). This work successfully bridges the gap between static theoretical models and

dynamic, non-autonomous systems, providing a blueprint for the active management of

localized wave structures. The key contributions of this research are detailed as follows:

• Integrability and Structural Control:It has been established that the HE with damp-

ing and linear potential remains integrable specifically under the influence of third-

order dispersion a3(t) and self-steepening a4(t). A significant finding is that the a4(t)

coefficient acts as the primary governor for the transition from general breathers to

Akhmediev breathers, while a3(t) controls the centre-of-mass motion in optical fibres

without requiring an external potential.

• Seed Solution Dynamics: Utilising the SSE as a paradigm, it was demonstrated that

the nature of the derived solution is fundamentally dictated by the initial seed. A

vacuum seed, i.e. a seed of zero value, yields localized solitonic pulses, whereas

a non-zero constant seed, i.e. a seed of a non-zero value, triggers complex wave

structures. In this context, parameters such as the spectral variable, denoted by the

letter "lambda", and higher-order constants serve as the primary mechanisms for wave

emergence and peak modulation.

• Waveform Engineering via Time-Dependency: The transition to time-dependent

coefficients (a1(t), a2(t), a3(t)) in the HNLS model enables the "engineering" of wave

morphologies. It has been identified that temporal modulation of dispersion and non-

linearity regulate amplitude and width, while a3(t) functions as a "control switch" for

pulse synchronisation by introducing structural asymmetry and trajectory drift.

• Stability and Numerical Validation:The robustness of these analytical solutions was

confirmed through the use of the split-step Fourier method. With a calculated relative

L2 error norm of 6 × 10−4, it was demonstrated that the observed dynamics â includ-

ing targeted amplitude growth â are the result of intentional parametric management,

rather than numerical instability or stochastic noise.
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In conclusion, the present research demonstrates that the interplay between time-varying

dispersion, nonlinearity, and higher-order effects is an efficient tool for achieving the con-

trolled generation of nonlinear excitations. The analytical benchmarks established for

breathers, rogue waves, and hybrid interaction states provide a solid foundation for future

applications in ultrafast photonics, plasma physics, and Bose-Einstein condensates.

Appendix A

2-4-4-1 Solitonic solution

we derive the compatibility equations, we found 4 equations :2 equations for time and 2

equations for space :

eqt1x = −
√

a4(t)

6a3(t)
ψ0(x, t)ϕ2(x, t) + λ2

(√
6 c315 − cf411(x, t)

)
ψ2(x, t) + ψ

(1,0)
2 (x, t).

(4.12)

eqt2x = −λ2 cf411(x, t)ϕ2(x, t) +
√

a4(t)

6a3(t)
ψ∗
0(x, t)ψ2(x, t) + ϕ

(1,0)
2 (x, t). (4.13)

eqt1t = −λ31
(
6
√
6 c3315a3(t) + cg219(t)

)
ψ2(x, t)

+ λ21

(√
6a4(t)

a3(t)
c2315a3(t)ψ0(x, t)ϕ2(x, t)− cg21(t)ψ2(x, t)

)
+ ψ

(0,1)
2 (x, t)− λ2

(
cg411(x, t) +

1√
6
c315a4(t)ψ0ψ

∗
0

)
ψ2(x, t).

(4.14)

eqt2t = −λ31cg219(t)ϕ2(x, t)− λ21
(
(−6ic2315a1(t) + cg21(t))ϕ2(x, t)

)
+ ϕ

(0,1)
2 (x, t)− λ2cg411(x, t)ϕ2(x, t).

(4.15)

Applying the seed solution ψ0(x, t) = 0 (and thus ψ∗
0(x, t) = 0), the system simplifies to:

eqt1x = −λ2
(
−
√
6c315 + cg411(x, t)

)
ψ2(x, t) + ψ

(1,0)
2 (x, t). (4.16)

eqt2x = −λ2cg411(x, t)ϕ2(x, t) + ϕ
(1,0)
2 (x, t). (4.17)

eqt1t = −λ21cg21(t)ψ2(x, t)− λ31(6
√
6c3315a3(t) + cg219(t))ψ2(x, t)

− λ2cg411(x, t)ψ2(x, t) + ψ
(0,1)
2 (x, t).

(4.18)
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eqt2t = −λ22(−6ic2315a1(t) + cg21(t))ϕ2(x, t)− λ32cg219(t)ϕ2(x, t)

− λ2cg411(x, t)ϕ2(x, t) + ϕ
(0,1)
2 (x, t).

(4.19)

ψ(0,n)(x, t) =
dnψ(x,t)
d tn

ψ(n,t)(x, t) =
dnψ(x,t)
d xn

Thus, the linear system admits the solutions:

ψ2(x, t) = c111(t) exp

[∫ (
λ2cg411(x, t)−

√
6c315λ2

)
dx

]
, (4.20)

ϕ2(x, t) = c112(t) exp

[∫
λ2cg411(x, t) dx

]
. (4.21)

where c111(t) and c112(t) are given by:

c111(t) = c1110 exp

[∫
g(t)− 2a4(t)(U(x, t) + L(x, t)) + h(x, t)

2a4(t)3/2
dt

]
, (4.22)

c112(t) = c1120 exp

[
−iλ22

∫ (
6c2315a1(t) + cg21(t) + cg219(t)

)
dt

]
. (4.23)

• Definition of functions:

g(t) = 12
√
6 c3315 λ

3
2 a3(t) a4(t)

3/2 + 2 λ22 a4(t)
3/2cg21(t) + 2 λ32 a4(t)

3/2

cg219(t) + 2 λ2 a4(t)
3/2 cg411(x, t)

(4.24)

U(x, t) = −
∫ √

3

2
c315λ2

(
a3t(t)

a3(t)

√
a4(t) +

a3(t)√
a4(t)

(
−a4(t)a3t(t)

a23(t)
+
a4t(t)

a3(t)

))
dx (4.25)

L(x, t) =

∫ (
1

2
√
a4(t)

λ2 cf411(x, t) a4t(t) + λ2
√
a4(t) cg

(1,0)
411 (x, t)

)
dx (4.26)

h(x, t) =

(∫ (
−
√
6 c315λ2

√
a4(t) cf411(x, t) + λ2

√
a4(t) cf411(x, t)

)
dx

)
a4,t(t) (4.27)

• Simplified general solutions:

ψ2(x, t) = c1110 exp[

∫
((
g(t)− 2a4(t)(U(x, t) + L(x, t)) + h(x, t)

2 a4(t)3/2
dt)+s(x, t) dx)] (4.28)

ϕ2(x, t) = c1120 exp[

∫
λ2 cg411(x, t)dx− iλ22

∫
(6 c2315 a1(t) + i cg21(t) + i cg219(t))dt]

(4.29)
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with:

s(x, t) = λ2cg411(x, t)−
√
6c315λ

2 (4.30)

Using the trivial seed solution ψ0(x, t) of the Hirota equation, and the substitutions ϕ2 =

−ψ∗
1 and ψ2 = ϕ∗1, the system yields:

ψ∗
1(x, t) = −c1120 exp[

∫
λ2 cg411(x, t)dx− iλ22

∫
(6 c2315 a1(t) + i cg21(t) + i cg219(t))dt]

(4.31)

ϕ∗1(x, t) = c1110 exp[

∫
((
g(t)− 2a4(t)(U(x, t) + L(x, t)) + h(x, t)

2 a4(t)3/2
dt)+s(x, t) dx)] (4.32)

ψ2(x, t) = c1110 exp[

∫
((
g(t)− 2a4(t)(U(x, t) + L(x, t)) + h(x, t)

2 a4(t)3/2
dt)+s(x, t) dx)] (4.33)

ϕ2(x, t) = c1120 exp[

∫
λ2 cg411(x, t)dx−iλ22

∫
(6 c2315 a1(t)+i cg21(t)+i cg219(t))dt] (4.34)

where c1110 and c1120 are real arbitrary constants of integration. We consider the Darboux

transformation:

ψ[1] = ψΛ− σψ, (4.35)

where

σ = ψ0 Λψ
−1
0 . (4.36)

The transformed operator is given by:

U0[1] = σUσ−1 + σxσ
−1. (4.37)

Fixing the parameters:

λ1 = −1, λ2 = 1, c315 = 1, cg411(x, t) = x, cf411(x, t) = t,

c1110 = c1120 = 1, cg21(t) = 5, cg219(t) = 2,
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2-4-2 Lax pair:

where

Y (x, t) = c2(t)
2(−i (a1(t) + c4(t) a3(t)) ψ0(x, t) ψ0(x, t) + a3(t)(ψ

∗
0(x, t)

ψ
(1,0)
0 (x, t)− ψ0(x, t) ψ

(1,0)
0 (x, t)))

(4.38)

L(x, t) = i c2(t) exp[G(x, t)] (−(c4(t) a1(t) + c4(t)
2 a3(t)) ψ0(x, t))− i (a1(t)

+ c4(t)a3(t)) ψ
(1,0)
0 (x, t) + a3(t) ψ

(2,0)
0 (x, t) +

1

3
a4(t) ψ0(x, t)

2 ψ∗
0(x, t)

(4.39)

k(x, t) = −i c2(t) exp[−G(x, t)] (−(c4(t) a1(t) + c4(t)
2 a3(t)) ψ

∗
0(x, t) + i (a1(t)

+ c4(t) a3(t)) ψ
(1,0)
0 (x, t)∗ + a3(t) ψ

(2,0)
0 (x, t)∗ +

1

3
a4(t) ψ

∗
0(x, t)

2 ψ0(x, t))
(4.40)

P (x, t) = −c2(t)2 (−i (a1(t) + c4(t) a3(t)) ψ0(x, t) ψ
∗
0(x, t) + a3(t) (ψ

∗
0(x, t)

ψ
(1,0)
0 (x, t)− ψ0(x, t) ψ

(1,0)
0 (x, t)∗))

(4.41)

Z(x, t) =

√
a4(t)

a3(t)
c315 (−i a1(t) ψ0(x, t) + a3(t) ψ

(1,0)
0 (x, t)) (4.42)

T (x, t) = cg411(x, t)−
1√
6
c315 a4(t) ψ0(x, t) ψ

∗
0(x, t) (4.43)

Where:

c2(t) = i

√
a4(t)

6 a3(t)
, cf411(x, t)(0,1) = cg

(1,0)
411 (x, t), G(x, t) = 0, c3 = 0, c4(t) = 0,

ψ(x, t)(1,0) =
∂ψ(x,t)
∂x ,

ψ(x, t)(0,1) =
∂ψ(x,t)
∂t .

2-4-4-2 Breather solution

First case: The breather solution of Higher Hirota Equation:

ψ(x, t) = − exp( ix) Q(x, t)

Q1(x, t)
(4.44)
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where: where c1 = −c2 , λ1 = −λ2 , cg411(x, t) = 1, cf411(x, t) = 1, cg21(t) = 1, cg219(t) = 1.

Q(x, t) = A cosh[
1

36
(6

√
3 x− C

∫
a3(t)dt)](−B cosh[

1

36
B(6

√
3−D

∫
a3(t)dt)]

+W sinh[
1

36
B(6

√
3x−D

∫
a3(t)dt)]) + sinh[

1

36
A(6

√
3x− C

∫
a3(t)dt)]

(iMB cosh[
1

36
B (6

√
3 x−D

∫
a3(t) dt)] +N sinh [

1

36
B (6

√
3 x−D

∫
a3(t) dt)])

(4.45)

Q1(x, t) = (A cosh[
1

36
A(6

√
3 x− C

∫
a3(t)dt)](B cosh[

1

36
B(6

√
3 x−D

∫
a3(t)dt)]

M sinh[
1

36
B(6

√
3x−D

∫
a3(t)dt)]) + sinh[

1

36
A(6

√
3x− C

∫
a3(t)dt)]

(WB cosh[
1

36
B(6

√
3 x−D

∫
a3(t)dt)] + Y sinh[

1

36
B(6

√
3x−D

∫
a3(t)dt)])

(4.46)

and:

A =

√
−1− 6 i

√
6 c315 λ2 + 18 c3152 λ22 (4.47)

B =

√
−1 + 6 i

√
6 c315 λ2 + 18 c3152 λ22 (4.48)

C =
√
3− 9 i

√
2 c315 λ2 + 36

√
3 c3152 λ22 (4.49)

D =
√
3 + 9 i

√
2 c315 λ2 + 36

√
3 c3152 λ22 (4.50)

M =
√
3 + 3 i

√
2 c315 λ2 (4.51)

N = −5− 12 i
√
6 c315 λ2 + 54

√
3 c3152 λ22 (4.52)

W = − i
√
3 + 9

√
2 c315 λ2 (4.53)
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Y = 5 + 18 c3152 λ22 (4.54)

Second case: the solution of Standard Hirota Equation:

ψ(x, t) =
−(λ1 − λ2) e

1
6
x(A+3M2)B(x, t)P (x, t) + eixY2(x, t)√

a4(t)
a3(t)

Y2(x, t)
(4.55)

where

A = −3
√
6 c315λ1 + 3i,

A2 = −3
√
6 c315λ1 − 3i,

B =
√
3

√
18c2315λ

2
1 + 6i

√
6c315λ1 − 5,

B2 =
√
3

√
18c2315λ

2
1 − 6i

√
6c315λ1 − 5,

M = −
√
6c315λ1 − i,

M2 = −
√
6c315λ1 + i,

84



S =

√
−2

3
+ (

√
6c315λ1 + i)2,

S2 =

√
−2

3
+ (

√
6c315λ1 − i)2,

T = 3
√
6 c315λ1 + 3i,

Z(t) =
a3(t)

(
324

√
3 c4315λ

4
1 + 162i

√
2 c3315λ

3
1 − 18

√
3 c2315λ

2
1 + 9i

√
2 c315λ1 + 10

√
3
)

18

√
18c2315λ

2
1 + 6i

√
6c315λ1 − 5

,

Z2(t) =
a3(t)

(
324

√
3 c4315λ

4
1 − 162i

√
2 c3315λ

3
1 − 18

√
3 c2315λ

2
1 − 9i

√
2 c315λ1 + 10

√
3
)

18

√
18c2315λ

2
1 − 6i

√
6c315λ1 − 5

,

Y (x, t) = cosh
(
Sx

2
−
∫
Z(t) dt

)
cosh

(
S2x

2
−
∫
Z2(t) dt

)
,

B2(x, t) = T cosh
(
B2x

6
−
∫
Z2(t) dt

)
−B sinh

(
B2x

6
−
∫
Z2(t) dt

)
,

H2(x, t) = TB2(x, t) cosh
(
Bx

6
−
∫
Z(t) dt

)
+B

(
−B2(x, t)

)
sinh

(
Bx

6
−
∫
Z(t) dt

)
,

Y2(x, t) = e
1
6
x(A+A2)H2(x, t) + 6e

1
2
x(M+M2)Y (x, t),

P (x, t) = 6
√
6 c315 cosh

(
S2x

2
−
∫
Z2(t) dt

)
,

B(x, t) = T cosh
(
Bx

6
−
∫
Z(t) dt

)
−B sinh

(
Bx

6
−
∫
Z(t) dt

)
.

2-4-4-3 Breather solution

The breather solution of satsa satsuma equation:

ψ(x, t) =
i (H(x, t) +G(x)M(x, t)− L(x, t))

H(x, t)L(x, t)
(4.56)

Here, the functions H(x, t), M(x, t), L(x, t), and G(x) are constructed from combinations

of exponential and hyperbolic functions arising from the spectral problem. These terms

encode the interaction between different modes associated with the eigenvalues λ1, λ2, λ3.
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The function G(x) is given by:

G(x) =
1

4
u133 exp

−
x
(√

3λ21u
2
133 − 4 +

√
3λ22u

2
133 − 4 +

√
3λ23u

2
133 − 4

)
2
√
3


The remaining components H(x, t), M(x, t), and L(x, t) are expressed through combina-

tions of:

* exponential functions eKix+Si(t), * hyperbolic functions sinh(·) and cosh(·), * and auxil-

iary phase functions.

H(x, t) =
(
2c8e

K3x

2
+S3(t) sinh(A3(x, t))−

1

2
c7D3(x, t)

)
×

[
1

6

(
2c2e

K2x

2
+S2(t) cosh(A2(x, t)) +

1

2
c1D2(x, t)

)
×
(
e

K1x

2
+S1(t)(6c5K1 cosh(B1(x, t)) + 2c5T1 sinh(B1(x, t)))

)
− 1

6

(
2c5e

S1(t)+
xK1
2 cosh(A1(x, t)) +

1

2
c4D1(x, t)

)
×
(
e

K2x

2
+S2(t)(6c2K2 cosh(B2(x, t)) + 2c2T2 sinh(B2(x, t)))

)]
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M(x, t) =λ3

(
c7e

E3(t)+K3x+
1
2
x
√
λ2
3u

2
133− 4

3 − 2e
K3x

2 ((c9 − c8) sinh(Z3(x, t)) + (c8 + c9) cosh(Z3(x, t)))
)

×

(
2c4 ((c3 − c2) sinh(R2(t)) + (c2 + c3) cosh(R2(t))) e

1
6
x(6K1+3K2+T1)+P1(t)

− 2c1e
1
6
x(3K1+6K2+T2)+P2(t) ((c6 − c5) sinh(Z1(x, t)) + (c5 + c6) cosh(Z1(x, t)))

)

− 2λ1

(
c4e

E1(t)+
1
2

√
K2

1− 4
3
x+K1x − 4 cosh

(
F1 +

xT1
3

)
e

K1x

2
+

S1(t)

2

)
×

(
c2c7e

( 1
9
(3a5K

2
2T

2
2+2a5T2+9S2(t))+

1
6
x(3K2+6K3+T3)+P3(t))

− 2c1 cosh

(
F3 +

xT3
3

)
e

1
6
x(6K2+3K3+T2)+P2(t)+

S3(t)

2

+ c3c7e
1
6
x(3K2+6K3+2T2+T3)+P3(t)+S2(t)

)

+ 2λ2

(
c1e

E2(t)+K2x+
1
2
x
√
λ2
2u

2
133− 4

3 − 4 cosh

(
F2 +

xT2
3

)
e

K2x

2
+S2(t)

)
×

(
c7 cosh

(
F1 +

xT1
3

)
eK1x+

P3(t)

9
+

S1(t)

2
+xK2

− c4e
1
6
x(6K1+3K3+T1)+P1(t)

(
c8e

F3+S3(t) + c9e
−F3+S3(t)+

T3x

3

))
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L(x, t) =
(
2c2e

K2x

2
+S2(t) cosh(A2(x, t))−

1

2
c1D2(x, t)

)
×

[
1

6

(
2c8e

K3x

2
+S3(t) cosh(A3(x, t)) +

1

2
c7D3(x, t)

)
×
(
e

K1x

2
+S1(t)(6c5K1 cosh(B1(x, t)) + 2c5T1 sinh(B1(x, t)))

)
− 1

6

(
2c5e

K1x

2
+S1(t) cosh(A1(x, t)) +

1

2
c4D1(x, t)

)
×
(
e

K3x

2
+S3(t)(6c9K3 sinh(B3(x, t)) + 2c9T3 cosh(B3(x, t)))

)]
+
(
2c5e

K1x

2
+S1(t) cosh(A1(x, t))−

1

2
c4D1(x, t)

)
×

[
1

6

(
2c8e

K3x

2
+S3(t) cosh(A3(x, t)) +

1

2
c7D3(x, t)

)
×
(
e

K2x

2
+S2(t)(6c2K2 cosh(B2(x, t)) + 2c2T2 sinh(B2(x, t)))

)
− 1

6

(
2c2e

K2x

2
+S2(t) cosh(A2(x, t)) +

1

2
c1e

E2(t)+K2x
)

×
(
e

K3x

2
+S3(t)(6c9K3 sinh(B3(x, t)) + 2c9T3 cosh(B3(x, t)))

)]

The key quantities are defined as:

Ki = λiu133,

Ti =

√
9λ2iu

2
133 − 12,

Fi =
1

18

(
3a5λ

2
iu

2
133

√
9λ2iu

2
133 − 12 + 2a5

√
9λ2iu

2
133 − 12

)
.

(4.57)

for i = 1, 2, 3.

The phase functions are given by:

Ai(x, t) =
1

6
xTi −

1

9

∫ (
3a5λ

2
iu

2
133Ti + 2a5Ti

)
dt,

Bi(x, t) =
1

6
xTi +

1

9

∫ (
3a5λ

2
iu

2
133Ti + 2a5Ti

)
dt.

Di(x, t) = exp

(
λ2i

∫
(v233(t) + λiv333(t))dt+ λiu133x

)
, for i=1,2,3.

(4.58)
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Z1(x, t) =
1

9

∫ (
9a5λ

3
1u

3
133 − 3a5λ

2
1u

2
133

√
9λ21u

2
133 − 12

− 2a5

√
9λ21u

2
133 − 12 + 9λ21v233(t) + 9λ31v333(t)

)
dt

+
x

3

√
9λ21u

2
133 − 12,

Z3(x, t) =
1

9

∫ (
9a5λ

3
3u

3
133 − 3a5λ

2
3u

2
133

√
9λ23u

2
133 − 12

− 2a5

√
9λ23u

2
133 − 12 + 9λ23v233(t) + 9λ33v333(t)

)
dt

+
x

3

√
9λ23u

2
133 − 12.

(4.59)

Additional auxiliary functions are defined as:

Si(t) =

∫ (
a5λ

3
iu

3
133 + λ2i v233(t) + λ3i v333(t)

)
dt,

Ei(t) =λ
2
i

∫
(v233(t) + λiv333(t)) dt,

Pi(t) =λ
2
i

∫ (
v233(t) + λiv333(t)

)
dt, for i=1,2,3.

(4.60)

R2(t) =
1

9

∫ (
9a5λ

3
2u

3
133 + 3a5λ

2
2u

2
133

√
9λ22u

2
133 − 12

+ 2a5

√
9λ22u

2
133 − 12 + 9λ22v233(t) + 9λ32v333(t)

)
dt,

(4.61)

2-4-5-2 Solitonic solution of sse

Our equations are simplified into :

eqt1x = ψ
(1,0)
1 (x, t)− λ1u111ψ2(x, t). (4.62)

eqt2x = ψ
(1,0)
2 (x, t)− λ2u111ψ2(x, t) (4.63)

eqt3x = ψ
(1,0)
3 (x, t)− λ3u111ψ3(x, t) (4.64)

eqt4x = ϕ
(1,0)
1 (x, t)− λ1u133ϕ1(x, t) (4.65)

eqt5x = ϕ
(1,0)
2 (x, t)− λ2u133ϕ2(x, t) (4.66)

eqt6x = ϕ
(1,0)
3 (x, t)− λ3u133ϕ3(x, t) (4.67)

eqt7x = χ
(1,0)
1 (x, t)− λ1u133χ1(x, t) (4.68)
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eqt8x = χ
(1,0)
2 (x, t)− λ2u133χ2(x, t) (4.69)

eqt9x = χ
(1,0)
3 (x, t)− λ3u133χ3(x, t) (4.70)

eqt1t = λ21ψ1(x, t)
(
λ1
(
a3(u111 − u133)

3 − v333(t)
)
− v233(t)

)
+ ψ

(0,1)
1 (x, t) (4.71)

eqt2t = λ22ψ2(x, t)
(
λ2
(
a3A

3 − v333(t)
)
− v233(t)

)
+ ψ

(0,1)
2 (x, t) (4.72)

eqt3t = λ23ψ3(x, t)
(
λ3
(
a3A

3 − v333(t)
)
− v233(t)

)
+ ψ

(0,1)
3 (x, t) (4.73)

eqt4t = −λ21v233(t)ϕ1(x, t) + λ31(−v333(t))ϕ1(x, t) + ϕ
(0,1)
1 (x, t) (4.74)

eqt5t = −λ21v233(t)ϕ1(x, t) + λ31(−v333(t))ϕ1(x, t) + ϕ
(0,1)
1 (x, t) (4.75)

eqt6t = −λ23v233(t)ϕ3(x, t) + λ33(−v333(t))ϕ3(x, t) + ϕ
(0,1)
3 (x, t) (4.76)

eqt7t = −λ21v233(t)χ1(x, t) + λ31(−v333(t))χ1(x, t) + χ
(0,1)
1 (x, t) (4.77)

eqt8t = −λ22v233(t)χ2(x, t) + λ32(−v333(t))χ2(x, t) + χ
(0,1)
2 (x, t) (4.78)

eqt9t = −λ23v233(t)χ3(x, t) + λ33(−v333(t))χ3(x, t) + χ
(0,1)
3 (x, t) (4.79)

remember: A = u111 − u133

Thus, the answer will be in the linear system. :

ψ1(x, t) = c111(t)e
λ1u111x (4.80)

ψ2(x, t) = c112(t)e
λ2u111x (4.81)

ψ3(x, t) = c113(t)e
λ3u111x (4.82)

ϕ1(x, t) = c114(t)e
λ1u133x (4.83)

ϕ2(x, t) = c115(t)e
λ2u133x (4.84)

ϕ3(x, t) = c116(t)e
λ3u133x (4.85)

χ1(x, t) = c117(t)e
λ1u133x (4.86)

χ2(x, t) := c118(t)e
λ2u133x (4.87)

χ3(x, t) = c119(t)e
λ3u133x (4.88)

With c111(t), c112(t), c113(t), c114(t), c115(t), c116(t), c117(t), c118(t)and c119(t) are given by:
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c111(t) = c1110 exp

(∫ t

1

(
− a3λ

3
1u

3
111 + 3a3λ

3
1u

2
111u133

− 3a3λ
3
1u111u

2
133 + a3λ

3
1u

3
133 + λ21v233(t) + λ31v333(t)

)
dt

(4.89)

c112(t) = c1120 exp

(∫ t

1

(
− a3λ

3
2u

3
111 + 3a3λ

3
2u

2
111u133

− 3a3λ
3
2u111u

2
133 + a3λ

3
2u

3
133 + λ22v233(t) + λ32v333(t)

)
dt

(4.90)

c113(t) = c1130 exp

(∫ t

1

(
− a3λ

3
3u

3
111 + 3a3λ

3
3u

2
111u133

− 3a3λ
3
3u111u

2
133 + a3λ

3
3u

3
133 + λ23v233(t) + λ33v333(t)

)
dt

(4.91)

c114(t) = c1140 exp
(∫ t

1

(
λ21v233(t) + λ31v333(t)

)
dt

)
(4.92)

c115(t) = c1150 exp
(∫ t

1

(
λ22v233(t) + λ32v333(t)

)
dt

)
(4.93)

c116(t) = c1160 exp
(∫ t

1

(
λ23v233(t) + λ33v333(t)

)
dt

)
(4.94)

c117(t) = c1170 exp
(∫ t

1

(
λ21v233(t) + λ31v333(t)

)
dt

)
(4.95)

c118(t) = c1180 exp
(∫ t

1

(
λ22v233(t) + λ32v333(t)

)
dt

)
(4.96)

c119(t) = c1190 exp
(∫ t

1

(
λ23v233(t) + λ33v333(t)

)
dt

)
(4.97)

Therefore, we reduce the answer to :

ψ1(x, t) = c1110 exp

(∫ t

1

λ21
(
λ1
(
v333(t)− a3(u111 − u133)

3
)
+ v233(t)

)
dt+ λ1u111x

)
(4.98)
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ψ2(x, t) = c1120 exp

(∫ t

1

λ22
(
λ2
(
v333(t)− a3(u111 − u133)

3
)
+ v233(t)

)
dt+ λ2u111x

)
(4.99)

ψ3(x, t) = c1130 exp

(∫ t

1

λ23
(
λ3
(
v333(t)− a3(u111 − u133)

3
)
+ v233(t)

)
dt+ λ3u111x

)
(4.100)

ϕ1(x, t) = c1140 exp

(∫ t

1

λ21 (v233(t) + λ1v333(t)) dt+ λ1u133x

)
(4.101)

ϕ2(x, t) = c1150 exp

(∫ t

1

λ22 (v233(t) + λ2v333(t)) dt+ λ2u133x

)
(4.102)

ϕ3(x, t) = c1160 exp

(∫ t

1

λ23 (v233(t) + λ3v333(t)) dt+ λ3u133x

)
(4.103)

χ1(x, t) = c1170 exp

(∫ t

1

λ21 (v233(t) + λ1v333(t)) dt+ λ1u133x

)
(4.104)

χ2(x, t) = c1180 exp

(∫ t

1

λ22 (v233(t) + λ2v333(t)) dt+ λ2u133x

)
(4.105)

χ3(x, t) = c1190 exp

(∫ t

1

λ23 (v233(t) + λ3v333(t)) dt+ λ3u133x

)
(4.106)

The solution of SSE is:

ψ(x, t) =
144 a23 c

2
1110 c

2
1140 λ

2
3 exp

[
4λ3
(
4a3λ

2
3(t− 1) + x

)](
2a5c21140 exp

(
16a3λ33(t− 1)

)
+ 3a3c21110 exp(4λ3x)

)2 (4.107)

Appendix B

3-2 Lax pair

where:

G(x, t) = 1
2i
√

− 3 a2(t)
2 a1(t)

e
− i

a1(t)

3 a3(t)
x
(
−3 a2(t) a3(t) Ψ2Ψ∗

2 a1(t)
− 2 a1(t)

2 Ψ
9 a3(t)

+ 2
3i a1(t) Ψx − a3(t)Ψxx

)
.

Z(x, t) =
a2(t)(3 a3(t) (ΨxΨ

∗−ΨΨ∗
x)−2 i a1(t)Ψ Ψ∗)

8 a1(t)
.
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A(x, t) =
3 a2(t) a3(t) (u133 u111)ΨΨ∗

4 a1(t)
− a1(t)

2(u111−u133)
3 a3(t)

+ cv133(t).

B(x, t) =
3 a2(t) a3(t) (u111−u133).ΨΨ∗

8 a1(t)
+ cv133(t).

C(x, t) = −
(u111−u133)

√
−a2(t)

a1(t)
e
− i x a1(t)

3 a3(t) (a1(t) Ψ+3 i a3(t)Ψx)

2
√
6

,

D(x, t) = −3 a2(t) a3(t) (u111−u133) e
− 2 i x a1(t)

3 a3(t)

8 a1(t)
Ψ2.

K(x, t) = − 1
2i
√

− 3 a2(t)
2 a1(t)

a3(t) (u111 − u133)
2e

− i
a1(t)

3 a3(t)
x
Ψ,

h = (u111 − u133)
3.

we applying the DT we find the solitonic solution of HNLS:

ψ(x, t) = −
8i
√

2
3 c1110c1170λ3 e

z(x,t)√
−a2(t)
a1(t)

(
c21110e

f(x,t) − 2c21170e
h(x,t)

) (4.108)

where:

f(x, t) = 2λ3

∫ [
λ23(8a3(t) + v311(t)) + cv133(t)

]
dt

h(x, t) =
2

3
λ3

(∫ [
3
(
cv133(t) + λ23v311(t)

)
− 2a1(t)

2

a3(t)

]
dt+ 6x

)
z(x, t) =

1

3

(
λ3

(∫ [
3
(
cv133(t) + λ23v311(t)

)
− 2a1(t)

2

a3(t)

]
dt

+ 3

∫ [
λ23(8a3(t) + v311(t)) + cv133(t)

]
dt+ 6x

)
+
ixa1(t)

a3(t)

)

3-3 Solitonic solution of hnls

In this case, we consider the seed solution ψ0(x, t) = 0. By deriving the compatibility

conditions, we obtain a total of 18 equations: 8 related the temporal and 8 related the

spatial :

eq1x = ψ
(1,0)
1 (x, t)− λ1u111ψ1(x, t) (4.109)

eq2x = ϕ
(1,0)
1 (x, t)− λ1u133ϕ1(x, t) (4.110)

eq3x = χ
(1,0)
1 (x, t)− λ1u133χ1(x, t) (4.111)

eq4x = ψ
(1,0)
2 (x, t)− λ2u111ψ2(x, t) (4.112)

eq5x = ϕ
(1,0)
2 (x, t)− λ2u133ϕ2(x, t) (4.113)
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eq6x = χ
(1,0)
2 (x, t)− λ2u111χ2(x, t) (4.114)

eq7x = ψ
(1,0)
3 (x, t)− λ3u111ψ3(x, t) (4.115)

eq8x = ϕ
(1,0)
3 (x, t)− λ3u133ϕ3(x, t) (4.116)

eq9x = χ
(1,0)
3 (x, t)− λ3u133χ3(x, t) (4.117)

eq1t = −λ1ψ1(x, t)

(
cv133(t)−

a1(t)
2(u111 − u133)

3a3(t)

)
+λ31(−v311(t))ψ1(x, t)+ψ

(0,1)
1 (x, t)

(4.118)

eq2t = λ31ϕ1(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ1 cv133(t)ϕ1(x, t) + ϕ
(0,1)
1 (x, t)

(4.119)

eq3t = λ31χ1(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ1 cv133(t)χ1(x, t) + χ
(0,1)
1 (x, t)

(4.120)

eq4t = −λ2ψ2(x, t)

(
cv133(t)−

a1(t)
2(u111 − u133)

3a3(t)

)
+λ32(−v311(t))ψ2(x, t)+ψ

(0,1)
2 (x, t)

(4.121)

eq5t = λ32ϕ2(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ2 cv133(t)ϕ2(x, t) + ϕ
(0,1)
2 (x, t)

(4.122)

eq6t = λ32χ2(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ2 cv133(t)χ2(x, t) + χ
(0,1)
2 (x, t)

(4.123)

eq7t = −λ3ψ3(x, t)

(
cv133(t)−

a1(t)
2(u111 − u133)

3a3(t)

)
+λ33(−v311(t))ψ3(x, t)+ψ

(0,1)
3 (x, t)

(4.124)
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eq8t = λ33ϕ3(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ3 cv133(t)ϕ3(x, t) + ϕ
(0,1)
3 (x, t)

(4.125)

eq9t = λ33χ3(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ3 cv133(t)χ3(x, t) + χ
(0,1)
3 (x, t)

(4.126)

Applying the seed ψ0(x, t) = 0 , ψ∗
0(x, t) = 0, our equations are simplified into :

eq1x = ψ
(1,0)
1 (x, t)− λ1 u111 ψ1(x, t) (4.127)

eq2x = ϕ
(1,0)
1 (x, t)− λ1 u111 ϕ1(x, t) (4.128)

eq3x = χ
(1,0)
1 (x, t)− λ1 u133 χ1(x, t) (4.129)

eq4x = ψ
(1,0)
2 (x, t)− λ2 u111 ψ2(x, t) (4.130)

eq5x = ϕ
(1,0)
2 (x, t)− λ2 u111 ϕ2(x, t) (4.131)

eq6x = χ
(1,0)
2 (x, t)− λ2 u133 χ2(x, t) (4.132)

eq7x = ψ
(1,0)
3 (x, t)− λ3 u111 ϕ3(x, t) (4.133)

eq8x = ϕ
(1,0)
3 (x, t)− λ3 u111 ϕ3(x, t) (4.134)

eq9x = χ
(1,0)
3 (x, t)− λ3 u133 χ3(x, t) (4.135)

eq1t = −λ1 ψ1(x, t)

(
cv133(t)−

a1(t)
2(u111 − u133)

3 a3(t)

)
+λ31 (−v311(t))ψ1(x, t)+ψ

(0,1)
1 (x, t)

(4.136)

eq2t = λ31 ϕ1(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ1 cv133(t)ϕ1(x, t) + ϕ
(0,1)
1 (x, t)

(4.137)

eq3t = λ31 χ1(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ1 cv133(t)χ1(x, t) + χ
(0,1)
1 (x, t)

(4.138)
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eq4t = −λ2 ψ2(x, t)

(
cv133(t)−

a1(t)
2(u111 − u133)

3 a3(t)

)
+λ32 (−v311(t))ψ2(x, t)+ψ

(0,1)
2 (x, t)

(4.139)

eq5t = λ32 ϕ2(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ2 cv133(t)ϕ2(x, t) + ϕ
(0,1)
2 (x, t)

(4.140)

eq6t = λ32 χ2(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ2 cv133(t)χ2(x, t) + χ
(0,1)
2 (x, t)

(4.141)

eq7t = −λ3 ψ3(x, t)

(
cv133(t)−

a1(t)
2(u111 − u133)

3 a3(t)

)
+λ33 (−v311(t))ψ3(x, t)+ψ

(0,1)
3 (x, t)

(4.142)

eq8t = λ33 ϕ3(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ3 cv133(t)ϕ3(x, t) + ϕ
(0,1)
3 (x, t)

(4.143)

eq9t = λ33 χ3(x, t)
(
−
(
a3(t)(u111 − u133)

3 + v311(t)
))

− λ3 cv133(t)χ3(x, t) + χ
(0,1)
3 (x, t)

(4.144)

So, the linear system will have the solution :

ψ1(x, t) = c111(t) e
λ1u111x (4.145)

ψ2(x, t) = c112(t) e
λ2u111x (4.146)

ψ3(x, t) = c113(t) e
λ3u111x (4.147)

ϕ1(x, t) = c114(t) e
λ1u133x (4.148)

ϕ2(x, t) = c115(t) e
λ2u133x (4.149)
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ϕ3(x, t) = c116(t) e
λ3u133x (4.150)

χ1(x, t) = c117(t) e
λ1u133x (4.151)

χ2(x, t) = c118(t) e
λ2u133x (4.152)

χ3(x, t) = c119(t) e
λ3u133x (4.153)

With c111(t),..., and c119(t) are given by:

c111(t) = c1110 exp

∫ t

1

1

3a3(t)

(
− λ1u111a1(t)

2 + λ1u133a1(t)
2

+ 3λ1a3(t)cv133(t) + 3λ31a3(t)v311(t)
)
dt (4.154)

c112(t) = c1120 exp

∫ t

1

1

3a3(t)

(
− λ2u111a1(t)

2 + λ2u133a1(t)
2

+ 3λ2a3(t)cv133(t) + 3λ32a3(t)v311(t)
)
dt (4.155)

c113(t) = c1130 exp

∫ t

1

1

3a3(t)

(
− λ3u111a1(t)

2 + λ3u133a1(t)
2

+ 3λ3a3(t)cv133(t) + 3λ33a3(t)v311(t)
)
dt (4.156)

c114(t) = c1140 exp

∫ t

1

(
λ31u

3
111a3(t)− 3λ31u

2
111u133a3(t) + 3λ31u111u

2
133a3(t)

− λ31u
3
133a3(t) + λ1 cv133(t) + λ31v311(t)

)
dt (4.157)

c115(t) = c1150 exp

∫ t

1

(
λ32u

3
111a3(t)− 3λ32u

2
111u133a3(t) + 3λ32u111u

2
133a3(t)

− λ32u
3
133a3(t) + λ2 cv133(t) + λ32v311(t)

)
dt (4.158)
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c116(t) = c1160 exp

∫ t

1

(
λ33u

3
111a3(t)− 3λ33u

2
111u133a3(t) + 3λ33u111u

2
133a3(t)

− λ33u
3
133a3(t) + λ3 cv133(t) + λ33v311(t)

)
dt (4.159)

c117(t) = c1170 exp

∫ t

1

(
λ31u

3
111a3(t)− 3λ31u

2
111u133a3(t) + 3λ31u111u

2
133a3(t)

− λ31u
3
133a3(t) + λ1 cv133(t) + λ31v311(t)

)
dt (4.160)

c118(t) = c1180 exp

∫ t

1

(
λ32u

3
111a3(t)− 3λ32u

2
111u133a3(t) + 3λ32u111u

2
133a3(t)

− λ32u
3
133a3(t) + λ2 cv133(t) + λ32v311(t)

)
dt (4.161)

c119(t) = c1190 exp

∫ t

1

(
λ33u

3
111a3(t)− 3λ33u

2
111u133a3(t) + 3λ33u111u

2
133a3(t)

− λ33u
3
133a3(t) + λ3 cv133(t) + λ33v311(t)

)
dt (4.162)

So we simplify the solution into :

ϕ1(x, t) = c1140 exp

(∫
λ1
(
λ21a3(t)(u111 − u133)

3 + cv133(t) + λ21v311(t)
)
dt+ λ1u133x

)
(4.163)

ϕ2(x, t) = c1150 exp

(∫
λ2
(
λ22a3(t)(u111 − u133)

3 + cv133(t) + λ22v311(t)
)
dt+ λ2u133x

)
(4.164)

ϕ3(x, t) = c1160 exp

(∫
λ3
(
λ23a3(t)(u111 − u133)

3 + cv133(t) + λ23v311(t)
)
dt+ λ3u133x

)
(4.165)
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χ1(x, t) = c1170 exp

(∫
λ1
(
λ21a3(t)(u111 − u133)

3 + cv133(t) + λ21v311(t)
)
dt+ λ1u133x

)
(4.166)

χ2(x, t) = c1180 exp

(∫
λ2
(
λ22a3(t)(u111 − u133)

3 + cv133(t) + λ22v311(t)
)
dt+ λ2u133x

)
(4.167)

χ3(x, t) = c1190 exp

(∫
λ3
(
λ23a3(t)(u111 − u133)

3 + cv133(t) + λ23v311(t)
)
dt+ λ3u133x

)
(4.168)

ψ1(x, t) = c1110 exp

(∫
λ1
(
a1(t)

2(u133 − u111) + 3a3(t)(cv133(t) + λ21v311(t))
)

3a3(t)
dt+ λ1u111x

)
(4.169)

ψ2(x, t) = c1120 exp

(∫
λ2
(
a1(t)

2(u133 − u111) + 3a3(t)(cv133(t) + λ22v311(t))
)

3a3(t)
dt+ λ2u111x

)
(4.170)

ψ3(x, t) = c1130 exp

(∫
λ3
(
a1(t)

2(u133 − u111) + 3a3(t)(cv133(t) + λ23v311(t))
)

3a3(t)
dt+ λ3u111x

)
(4.171)

where c1110 and c1190 are real arbitrary constants of integration consider the following ver-

sion of the Darboux transformation:

ψ[1] = ψ Λ− σ ψ (4.172)

Where ψ[1]is the transformation field

σ = ψ0.Λ.ψ
−1 (4.173)

Here ψ0 is a known (seed) solution of the linear system equations and for the transformed

field ψ[1] to be a solution of the linear system ,the matrix U for instance must be transformed

99



as:

U[1] = σUσ−1 + σxσ
−1, (4.174)

Where:

c1140 = c1170, λ1 = −λ2 = −λ3,
u111 = 1, u133 = −1, c1190 =

c1110(c1120 c1160+c1130 (c1180−c1150))−2c1160 c1170 c1180
c1110 c1120−2 c1150 c1170

. Following alge-

braic simplifications, the HNLS equation admits solitonic solutions; one such solution is

expressed as:

ψ(x, t) = −
8i
√

2
3 c1110c1170λ3 e

z(x,t)√
−a2(t)
a1(t)

(
c21110e

f(x,t) − 2c21170e
h(x,t)

) (4.175)

3-4 The Role of the Spectral Parameter (λ)

3-4-1 General Breather Regime

We derive the compatibility equations,we found 18 equations :9 equations for time and 9

equations for space ,we use seed
√

−a1
a2
e

i x a1
3 a3 :
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eq1x =
1

4

(
4
∂ψ2

∂x
− i

√
6ϕ2 + i

√
6χ2 − 4u111λ2ψ2

)
= 0

eq2x =
∂ϕ2
∂x

− u133λ2ϕ2 +
i

2

√
3

2
ψ2 = 0

eq3x =
∂χ2
∂x

− u133λ2χ2 −
i

2

√
3

2
ψ2 = 0

eq4x =
1

4

(
4
∂ψ1

∂x
− i

√
6ϕ1 + i

√
6χ1 − 4u111λ1ψ1

)
= 0

eq5x =
∂ϕ1
∂x

− u133λ1ϕ1 +
i

2

√
3

2
ψ1 = 0

eq6x =
∂χ1
∂x

− u133λ1χ1 −
i

2

√
3

2
ψ1 = 0

eq7x =
1

4

(
4
∂ψ3

∂x
− i

√
6ϕ3 + i

√
6χ3 − 4u111λ3ψ3

)
= 0

eq8x =
∂ϕ3
∂x

− u133λ3ϕ3 +
i

2

√
3

2
ψ3 = 0

eq9x =
∂χ3
∂x

− u133λ3χ3 −
i

2

√
3

2
ψ3 = 0

(4.176)

eq1t =
1

24a3

[
24a3

∂ψ2

∂t
+ i
(
2a21 + 3a23(2u

2
111λ

2
2 + 2u2133λ

2
2 − 4u111u133λ

2
2 − 3)

)√
6ϕ2

− i
√
6
(
2a21 + 3a23(2u

2
111λ

2
2 + 2u2133λ

2
2 − 4u111u133λ

2
2 − 3)

)
χ2

− 2λ2
(
4(u133 − u111)a

2
1 + 9a23(u111 − u133) + 12a3(λ

2
2 + 1)

)
ψ2

]
= 0

(4.177)
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eq2t =
1

24a3

[
24a3

∂ϕ2
∂t

− 2i
√
6a21ψ2

− 3a3λ2
(
8(λ22 + 1) + a3(u111 − u133)(8u

2
111λ

2
2 + 8u2133λ

2
2 − 16u111u133λ

2
2 − 3)

)
ϕ2

+ 9a23(u133 − u111)λ2χ2

− 6i
√
6a23u

2
111λ

2
2ψ2 − 6i

√
6a23u

2
133λ

2
2ψ2

+ 12i
√
6a23u111u133λ

2
2ψ2 + 9i

√
6a23ψ2

]
= 0

(4.178)

eq3t =
1

24a3

[
24a3

∂χ2
∂t

+ 2i
√
6a21ψ2

+ 9a23(u133 − u111)λ2ϕ2

− 3a3λ2
(
8(λ22 + 1) + a3(u111 − u133)(8u

2
111λ

2
2 + 8u2133λ

2
2 − 16u111u133λ

2
2 − 3)

)
χ2

]
= 0

(4.179)

eq4t =
1

24a3

[
24a3

∂ψ1

∂t
+ i
(
2a21 + 3a23(2u

2
111λ

2
1 + 2u2133λ

2
1 − 4u111u133λ

2
1 − 3)

)√
6ϕ1

− i
√
6
(
2a21 + 3a23(2u

2
111λ

2
1 + 2u2133λ

2
1 − 4u111u133λ

2
1 − 3)

)
χ1

− 2λ1
(
4(u133 − u111)a

2
1 + 9a23(u111 − u133) + 12a3(λ

2
1 + 1)

)
ψ1

]
= 0

(4.180)
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eq5t =
1

24a3

[
24a3

∂ϕ1
∂t

− 2i
√
6a21ψ1

− 3a3λ1
(
8(λ21 + 1) + a3(u111 − u133)(8u

2
111λ

2
1 + 8u2133λ

2
1 − 16u111u133λ

2
1 − 3)

)
ϕ1

+ 9a23(u133 − u111)λ1χ1

− 6i
√
6a23u

2
111λ

2
1ψ1 − 6i

√
6a23u

2
133λ

2
1ψ1

+ 12i
√
6a23u111u133λ

2
1ψ1 + 9i

√
6a23ψ1

]
= 0

(4.181)

eq6t =
1

24a3

[
24a3

∂χ1
∂t

+ 2i
√
6a21ψ1

+ 9a23(u133 − u111)λ1ϕ1

− 3a3λ1
(
8(λ21 + 1) + a3(u111 − u133)(8u

2
111λ

2
1 + 8u2133λ

2
1 − 16u111u133λ

2
1 − 3)

)
χ1

]
= 0

(4.182)

eq7t =
1

24a3

[
24a3

∂ψ3

∂t
+ i
(
2a21 + 3a23(2u

2
111λ

2
3 + 2u2133λ

2
3 − 4u111u133λ

2
3 − 3)

)√
6ϕ3

− i
√
6
(
2a21 + 3a23(2u

2
111λ

2
3 + 2u2133λ

2
3 − 4u111u133λ

2
3 − 3)

)
χ3

− 2λ3
(
4(u133 − u111)a

2
1 + 9a23(u111 − u133) + 12a3(λ

2
3 + 1)

)
ψ3

]
= 0

(4.183)
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eq8t =
1

24a3

[
24a3

∂ϕ3
∂t

− 2i
√
6a21ψ3

− 3a3λ3
(
8(λ23 + 1) + a3(u111 − u133)(8u

2
111λ

2
3 + 8u2133λ

2
3 − 16u111u133λ

2
3 − 3)

)
ϕ3

+ 9a23(u133 − u111)λ3χ3

− 6i
√
6a23u

2
111λ

2
3ψ3 − 6i

√
6a23u

2
133λ

2
3ψ3

+ 12i
√
6a23u111u133λ

2
3ψ3 + 9i

√
6a23ψ3

]
= 0

(4.184)

eq9t =
1

24a3

[
24a3

∂χ3
∂t

+ 2i
√
6a21ψ3

+ 9a23(u133 − u111)λ3ϕ3

− 3a3λ3
(
8(λ23 + 1) + a3(u111 − u133)(8u

2
111λ

2
3 + 8u2133λ

2
3 − 16u111u133λ

2
3 − 3)

)
χ3

]
= 0

(4.185)

After integrating the spatial and temporal equations, we obtain:

ϕ2(x, t) =
1
2

[
eλ2(t(a3(u111−u133)

3+1)λ2
2+t+u133x)(c1 + c2)

+ e
1
12( ty

a3
+6xz)

hl2n

(
(2ka21 + 3a23m) cosh

(
tw
12a3

)
×
[
(c1 − c2)g

(
k cosh

(
fx
2

)
+ f(u133 − u111)λ2 sinh

(
fx
2

))
− i

√
6c3fhl sinh

(
fx
2

)]
+ w
[
gk
(
(c1 − c2)(u111 − u133)λ2 + c3i

√
6
)
cosh

(
fx
2

)
+ f
(
− (c1 − c2)g(u111 − u133)

2λ22 − i
√
6c3(g − hl)(u111 − u133)λ2

+ 3(c2 − c1)hl
)
sinh

(
fx
2

)]
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× sinh
(
tw
12a3

))]

χ2(x, t) =
1
2

[
eλ2(t(a3(u111−u133)

3+1)λ2
2+t+u133x)(c1 + c2)

+ e
1
12( ty

a3
+6xz)

hl2n

(
(2ka21 + 3a23m) cosh

(
tw
12a3

)
×
[
(c2 − c1)gk cosh

(
fx
2

)
+ f
(
(c1 − c2)g(u111 − u133)λ2 + c3hil

√
6
)
sinh

(
fx
2

)]
+ w
[
gk
(
− (c1 − c2)(u111 − u133)λ2 + c3(−i)

√
6
)
cosh

(
fx
2

)
+ f
(
(c1 − c2)g(u111 − u133)

2λ22 + c3i(g − hl)(u111 − u133)
√
6λ2

+ 3(c1 − c2)hl
)
sinh

(
fx
2

)]
× sinh

(
tw
12a3

))]

ψ2(x, t) =
e

1
12( ty

a3
+6xz)

2hl2n

[
(2ka21 + 3a23m) cosh

(
tw
12a3

)
×
(
2c3hkl cosh

(
fx
2

)
+ f
(
2c3hl(u111 − u133)λ2 + (c1 − c2)gi

√
6
)
sinh

(
fx
2

))
+ w
(
fg
(
i
√
6(c1 − c2)(u111 − u133)λ2 − 6c3

)
sinh

(
fx
2

)
+ hl

(
2c3(u133 − u111)λ2 − i

√
6c1 + i

√
6c2

)
×
(
k cosh

(
fx
2

)
+ f(u111 − u133)λ2 sinh

(
fx
2

)))
× sinh

(
tw
12a3

)]

ϕ1(x, t) =
1
2

[
eλ1(t(a3(u111−u133)

3+1)λ2
1+t+u133x)(c4 + c5)

+ e
1
12(

ty1
a3

+6xz1)
h1l21n1

(
(2k1a

2
1 + 3a23m1) cosh

(
tw1

12a3

)
×
[
(c4 − c5)g1

(
k1 cosh

(
f1x
2

)
+ f1(u133 − u111)λ1 sinh

(
f1x
2

))
− i

√
6c6f1h1l1 sinh

(
f1x
2

)]
+ w1

[
g1k1

(
(c4 − c5)(u111 − u133)λ1 + c6i

√
6
)
cosh

(
f1x
2

)
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+ f1

(
− (c4 − c5)g1(u111 − u133)

2λ21 − i
√
6c6(g1 − h1l1)(u111 − u133)λ1

+ 3(c5 − c4)h1l1

)
sinh

(
f1x
2

)]
× sinh

(
tw1

12a3

))]

χ1(x, t) =
1
2

[
eλ1(t(a3(u111−u133)

3+1)λ2
1+t+u133x)(c4 + c5)

+ e
1
12(

ty1
a3

+6xz1)
h1l21n1

(
(2k1a

2
1 + 3a23m1) cosh

(
tw1

12a3

)
×
[
(c5 − c4)g1k1 cosh

(
f1x
2

)
+ f1

(
(c4 − c5)g1(u111 − u133)λ1 + c6h1il1

√
6
)
sinh

(
f1x
2

)]
+ w1

[
g1k1

(
− (c4 − c5)(u111 − u133)λ1 + c6(−i)

√
6
)
cosh

(
f1x
2

)
+ f1

(
(c4 − c5)g1(u111 − u133)

2λ21 + c6i(g1 − h1l1)(u111 − u133)
√
6λ1

+ 3(c4 − c5)h1l1

)
sinh

(
f1x
2

)]
× sinh

(
tw1

12a3

))]

ψ1(x, t) =
e

1
12(

ty1
a3

+6xz1)
2h1l21n1

[
(2k1a

2
1 + 3a23m1) cosh

(
tw1

12a3

)
×
(
2c6h1k1l1 cosh

(
f1x
2

)
+ f1

(
2c6h1l1(u111 − u133)λ1 + (c4 − c5)g1i

√
6
)
sinh

(
f1x
2

))
+ w1

(
f1g1

(
i
√
6(c4 − c5)(u111 − u133)λ1 − 6c6

)
sinh

(
f1x
2

)
+ h1l1

(
2c6(u133 − u111)λ1 − i

√
6c4 + i

√
6c5

)
×
(
k1 cosh

(
f1x
2

)
+ f1(u111 − u133)λ1 sinh

(
f1x
2

)))
× sinh

(
tw1

12a3

)]

ϕ3(x, t) =
1
2

[
eλ3(t(a3(u111−u133)

3+1)λ2
3+t+u133x)(c7 + c8)

+ e
1
12(

ty3
a3

+6xz3)
h3l23n3

(
(2k3a

2
1 + 3a23m3) cosh

(
tw3

12a3

)
×
[
(c7 − c8)g3

(
k3 cosh

(
f3x
2

)
+ f3(u133 − u111)λ3 sinh

(
f3x
2

))
− i

√
6c9f3h3l3 sinh

(
f3x
2

)]
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+ w3

[
g3k3

(
(c7 − c8)(u111 − u133)λ3 + c9i

√
6
)
cosh

(
f3x
2

)
+ f3

(
− (c7 − c8)g3(u111 − u133)

2λ23 − i
√
6c9(g3 − h3l3)(u111 − u133)λ3

+ 3(c8 − c7)h3l3

)
sinh

(
f3x
2

)]
× sinh

(
tw3

12a3

))]

χ3(x, t) =
1
2

[
eλ3(t(a3(u111−u133)

3+1)λ2
3+t+u133x)(c7 + c8)

+ e
1
12(

ty3
a3

+6xz3)
h3l23n3

(
(2k3a

2
1 + 3a23m3) cosh

(
tw3

12a3

)
×
[
(c8 − c7)g3k3 cosh

(
f3x
2

)
+ f3

(
(c7 − c8)g3(u111 − u133)λ3 + c9h3il3

√
6
)
sinh

(
f3x
2

)]
+ w3

[
g3k3

(
− (c7 − c8)(u111 − u133)λ3 + c9(−i)

√
6
)
cosh

(
f3x
2

)
+ f3

(
(c7 − c8)g3(u111 − u133)

2λ23 + c9i(g3 − h3l3)(u111 − u133)
√
6λ3

+ 3(c7 − c8)h3l3

)
sinh

(
f3x
2

)]
× sinh

(
tw3

12a3

))]

ψ3(x, t) =
e

1
12(

ty3
a3

+6xz3)
2h3l23n3

[
(2k3a

2
1 + 3a23m3) cosh

(
tw3

12a3

)
×
(
2c9h3k3l3 cosh

(
f3x
2

)
+ f3

(
2c9h3l3(u111 − u133)λ3 + (c7 − c8)g3i

√
6
)
sinh

(
f3x
2

))
+ w3

(
f3g3

(
i
√
6(c7 − c8)(u111 − u133)λ3 − 6c9

)
sinh

(
f3x
2

)
+ h3l3

(
2c9(u133 − u111)λ3 − i

√
6c7 + i

√
6c8

)
×
(
k3 cosh

(
f3x
2

)
+ f3(u111 − u133)λ3 sinh

(
f3x
2

)))
× sinh

(
tw3

12a3

)]

where:

w =
√(

(u111 − u133)2λ22 + 3
) (

2a21 + 3a23(2u
2
111λ

2
2 + 2u2133λ

2
2 − 4u111u133λ22 − 3)

)2
w1 =

√(
(u111 − u133)2λ21 + 3

) (
2a21 + 3a23(2u

2
111λ

2
1 + 2u2133λ

2
1 − 4u111u133λ21 − 3)

)2
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w3 =

√(
(u111 − u133)2λ23 + 3

) (
2a21 + 3a23(2u

2
111λ

2
3 + 2u2133λ

2
3 − 4u111u133λ23 − 3)

)2
y = 6 a23(u111 − u133)

3λ32 − 2a21u111λ2 + 2a21u133λ2 + 12a3(λ
3
2 + λ2)

y1 = 6a23(u111 − u133)
3λ31 − 2a21u111λ1 + 2a21u133λ1 + 12a3(λ

3
1 + λ1)

y3 = 6a23(u111 − u133)
3λ33 − 2a21u111λ3 + 2a21u133λ3 + 12a3(λ

3
3 + λ3)

f =
√

(u111 − u133)2λ22 + 3, f1 =
√

(u111 − u133)2λ21 + 3, f3 =
√

(u111 − u133)2λ23 + 3

z = (u111 + u133)λ2, z1 = (u111 + u133)λ1, z3 = (u111 + u133)λ3

k = (u111 − u133)
2λ22 + 3, k1 = (u111 − u133)

2λ21 + 3, k3 = (u111 − u133)
2λ23 + 3

n = k2, n1 = k21, n3 = k23

l = 2 a21 + 3a23(2u
2
111λ

2
2 + 2u2133λ

2
2 − 4u111u133λ

2
2 − 3)

l1 = 2a21 + 3a23(2u
2
111λ

2
1 + 2u2133λ

2
1 − 4u111u133λ

2
1 − 3)

l3 = 2a21 + 3a23(2u
2
111λ

2
3 + 2u2133λ

2
3 − 4u111u133λ

2
3 − 3)

m = 2 u4
111λ

4
2 + 2u4133λ

4
2 − 8u3111u133λ

4
2 + 3u2133λ

2
2

− 2u111u133(4u
2
133λ

2
2 + 3)λ22 + 3u2111(4u

2
133λ

4
2 + λ22)− 9

m1 = 2u4111λ
4
1 + 2u4133λ

4
1 − 8u3111u133λ

4
1 + 3u2133λ

2
1

− 2u111u133(4u
2
133λ

2
1 + 3)λ21 + 3u2111(4u

2
133λ

4
1 + λ21)− 9

m3 = 2u4111λ
4
3 + 2u4133λ

4
3 − 8u3111u133λ

4
3 + 3u2133λ

2
3

− 2u111u133(4u
2
133λ

2
3 + 3)λ23 + 3u2111(4u

2
133λ

4
3 + λ23)− 9

h = 4a41 + 12a23(u
2
111λ

2
2 + u2133λ

2
2 − 2u111u133λ

2
2 − 3)a21

− 81a43(u
2
111λ

2
2 + u2133λ

2
2 − 2u111u133λ

2
2 − 1)

h1 = 4a41 + 12a23(u
2
111λ

2
1 + u2133λ

2
1 − 2u111u133λ

2
1 − 3)a21

− 81a43(u
2
111λ

2
1 + u2133λ

2
1 − 2u111u133λ

2
1 − 1)

h3 = 4a41 + 12a23(u
2
111λ

2
3 + u2133λ

2
3 − 2u111u133λ

2
3 − 3)a21

− 81a43(u
2
111λ

2
3 + u2133λ

2
3 − 2u111u133λ

2
3 − 1)
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By applying the Darboux transformation (DT), we derive the breather solution of the HNLS

equation as follows:

Ψ(x, t) = Ψ0(x, t)
fλ3z(u− v) (sinh(fx)m1(x, t)− cosh(fx)m2(x, t)) + f1
−fλ3z(u− v) (sinh(fx)m1(x, t)− cosh(fx)m2(x, t)) + f2

, (4.186)

where,

f =

√
(u− v)2λ23 + 3, z = f

(
2a21 + 3a23

(
2(u− v)2λ23 − 3

))
m1(x, t) = sinh

(
tz

6a3

)(√
6c3 − 2ic2λ3(u− v)

)
m2(x, t) = cosh

(
tz

6a3

)(√
6c3 − 2ic2λ3(u− v)

)
+ 2ic2f sinh

(
tz

6a3

)
f1 = −24 i a23 c2 u

6
133 λ

6
3+144 a23 c2 i u111 u

5
133 λ

6
3−360 i a23 c2 u

2
111 u

4
133 λ

6
3+480 a23 c2 i u

3
111 u

3
133 λ

6
3−

8i a21 c2 u
4
111 λ

4
3 − 72 i a32 c2 u

4
111 λ

4
3 − 48 i a21 c2 u

2
111 u

2
133 λ

4
3 + 32 a21 c2 i u

3
111 u133 λ

4
3 +

288 a23 c2 i u
3
111 u133 λ

4
3 − 2

√
6 a21 c3 u

3
133 λ

3
3 − 9

√
6 a23 c3 u

3
133 λ

3
3 + 27 a23 c3 u111 u

2
133

√
6λ33

− 24 i a23 c2 u
6
111 λ

6
3 − 360 i a23 c2 u

4
111 u

2
133 λ

6
3 + 144 a23 c2 i u

5
111 u133 λ

6
3 − 6

√
6 a23 c3 u

5
133 λ

5
3

+30 a23 c3 u111 u
4
133

√
6λ53−60 a23 c3 u

2
111 u

3
133

√
6λ53−30

√
6 a23 c3 u

4
111 u133 λ

5
3+6 a23 c3 u

5
111

√
6λ53+

60 a23 c3 u
3
111 u

2
133

√
6λ53 − 8 i a21 c2 u

4
133 λ

4
3 − 72 i a23 c2 u

4
133 λ

4
3 + 32 a21 c2 i u111 u

3
133 λ

4
3

+288 a23 c2 i u111 u
3
133 λ

4
3−432 a23 c2 i u

2
111 u

2
133 λ

4
3−6

√
6 a21 c3 u

2
111 u133 λ

3
3−27

√
6 a23 c3 u

2
111 u133 λ

3
3+

2 a21 c3 u
3
111

√
6λ33+9 a23 c3 u

3
111

√
6λ33+6 a21 c3 u111 u

2
133

√
6λ33−36 i a21 c2 u

2
133 λ

2
3+54 a23 c2 i u

2
133 λ

2
3−

108 a23 c2 i u111 u133 λ
2
3−36 i c2 u

2
111 λ

2
3 a

2
1+72 c2 i u111 u133 λ

2
3 a

2
1−36 c2 i a

2
1−6

√
6 c3 u133 λ3 a

2
1+

6 c3 u111 λ3
√
6 a21 + 54 a23 c2 i u

2
111 λ

2
3 + 162 a23 c2 i− 27

√
6 a23 c3 u111 λ3 + 27 a23 c3 u133 λ3

√
6.

f2 = −30
√
6 a23 c3 u111 u

4
133 λ

5
3+6 a23 c3 u

5
133

√
6λ53+60 c23 c3 u

2
111 u

3
133

√
6λ53−6

√
6 a23 c3 u

5
111 λ

5
3−

60
√
6 a23 c3 u

3
111 u

2
133 λ

5
3+30 a23 c3 u

4
111 u133

√
6λ53− 36 i a23 c2 u

4
133 λ

4
3+144 a23 c2 i u111 u

3
133 λ

4
3−

216 a23 c2 i u
2
111 u

2
133 λ

4
3 − 36 i a23 c2 u

4
111 λ

4
3 + 144 a23 c2 i u

3
111 u133 λ

4
3 − 6

√
6 a21 c3 u111 u

2
133 λ

3
3 −

27
√
6 a23 c3 u111 u

2
133 λ

3
3 + 2 a21 c3 u

3
133

√
6λ33 + 9 a23 c3 u

3
133

√
6λ33 + 27 a23 c3 u

2
111 u133

√
6λ33 −

2
√
6 a21 c3 u

3
111 λ

3
3−9

√
6 a23 c3 u

3
111 λ

3
3+6 a21 c3 u

2
111 u133

√
6λ33−12 i a21 c2 u

2
133 λ

2
3−54 i a23 c2 u

2
133 λ

2
3+

24 a21 c2 i u111 u133 λ
2
3+108 a23 c2 i u111 u133 λ

2
3−12 i c2 u

2
111 λ

2
3a

2
1−36 c2 i a

2
1−6

√
6 c3 u111 λ3 a

2
1+

6 c3 u133 λ3
√
6 a21 − 54 i a23 c2 u

2
111 λ

2
3 + 162 a23 c2 i− 27

√
6 a23 c3 u133 λ3 + 27 a23 c3 u111 λ3

√
6.
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4-2 Derivation of General Solutions for the Non-autonomous
HNLS Equation

4-2-1 Breather Solutions via the Darboux Transformation

We derive the compatibility equations,we found 18 equations :9 equations for time and 9

equations for space ,we use seed
√

−a1(t)
a2(t)

e
i x a1(t)

3 a3(t) :

eq1x = 1
4

(
4(λ1u133ψ1(x, t) + ψ

(1,0)
1 (x, t)) + i

√
6χ1(x, t)− i

√
6ϕ1(x, t)

)
= 0

eq2x = −λ1u133ϕ1(x, t) + i
2

√
3
2 ψ1(x, t) + ϕ

(1,0)
1 (x, t) = 0

eq3x = −λ1u133χ1(x, t) + χ
(1,0)
1 (x, t)− i

2

√
3
2 ψ1(x, t) = 0

eq4x = 1
4

(
4(λ2u133ψ2(x, t) + ψ

(1,0)
2 (x, t)) + i

√
6χ2(x, t)− i

√
6ϕ2(x, t)

)
= 0

eq5x = −λ2u133ϕ2(x, t) + i
2

√
3
2 ψ2(x, t) + ϕ

(1,0)
2 (x, t) = 0

eq6x = −λ2u133χ2(x, t) + χ
(1,0)
2 (x, t)− i

2

√
3
2 ψ2(x, t) = 0

eq7x = 1
4

(
4(λ3u133ψ3(x, t) + ψ

(1,0)
3 (x, t)) + i

√
6χ3(x, t)− i

√
6ϕ3(x, t)

)
= 0

eq8x = −λ3u133ϕ3(x, t) + i
2

√
3
2 ψ3(x, t) + ϕ

(1,0)
3 (x, t) = 0

eq9x = −λ3u133χ3(x, t) + χ
(1,0)
3 (x, t)− i

2

√
3
2 ψ3(x, t) = 0
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

eq1t: ia1(t)
2

12a3(t)

(√
6ϕ1 −

√
6χ1 + 8iu133λ1ψ1

)
− (λ31 + λ1)ψ1

+
a3(t)
8

[
i(8u2133λ

2
1 − 3)

√
6(ϕ1 − χ1) + 12u133λ1ψ1

]
+ ψ

(0,1)
1

eq2t: − ia1(t)
2

2
√
6a3(t)

ψ1 − (λ31 + λ1)ϕ1

+
a3(t)
8

[
(64u3133λ

3
1 − 6u133λ1)ϕ1 + 6u133λ1χ1 + i(3− 8u2133λ

2
1)
√
6ψ1

]
+ ϕ

(0,1)
1

eq3t: ia1(t)
2

2
√
6a3(t)

ψ1 − (λ31 + λ1)χ1

+
a3(t)
8

[
6u133λ1ϕ1 + (64u3133λ

3
1 − 6u133λ1)χ1 + i(8u2133λ

2
1 − 3)

√
6ψ1

]
+ χ

(0,1)
1

eq4t–eq6t: same structure with (λ2, ϕ2, χ2, ψ2)

eq7t–eq9t: same structure with (λ3, ϕ3, χ3, ψ3)

(4.187)

After integrating the spatial and temporal equations, we obtain:

χ1(x, t) =
1
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χ2(x, t) =
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χ3(x, t) =
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By applying the Darboux transformation (DT), we derive the breather solution of the HNLS

equation as follows:

Ψ(x, t) = Ψ0
2BeF (x,t) cosh[H(x, t)] + 4λ3u111e

Z(x,t) sinh[M(x, t)]− T (x)

2BeF (x,t) cosh[H(x, t)] + 4λ3u133eZ(x,t) sinh[M(x, t)]
. (4.195)

The functions M(x, t), H(x, t), Z(x, t) and F (x, t), which encode the complex spatiotempo-

ral dynamics, are defined as follows:

H(x, t) = A(t)− 1

12

∫ (
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2

a3(t)
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, (4.198)

Z(x, t) = A(t) +
1
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∫ (
−4λ3u133a1(t)

2

a3(t)
+ 3P a3(t)−W

)
dt+
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2
+ 2λ3u133x.

(4.199)

The auxiliary complex functions and constants required for the construction of the DT
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matrix are as follows:

T (x) = λ3(u133 − u111)e
Bx
2
+λ3u133x,

A(t) =

∫ (
−8λ33u

3
133a3(t) + λ33 + λ3

)
dt,

Y (t) =
2a1(t)

2(2λ3u133 −B)

a3(t)
,

W = 12(λ33 + λ3),

B =

√
4λ23u

2
133 + 3,

P = 16λ33u
3
133,

S = 3B − 8Bλ23u
2
133.
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