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introduction

The theory of operators in Hilbert spaces was developed in the early 20th century by David
Hilbert in the context of integral equations.Subsequently,several researchers rigorously or-
ganized the theory,integrated it with quantum mechanics,and established the modern defi-
nition of a Hilbert space | ,@].This field has undergone remarkable development in recent
decades,driven by the interest of many researchers and its necessity in various fields,including
quantum mechanics,physics,and mathematics.This evolution has led to the expansion of the
basic concepts and ideas of the theory,which are of great importance to the development
of our contemporary world.In recent years,a new structure,considered a generalization of
Hilbert space,has emerged and is called semi-Hilbert Space[,@].

In this thesis,we have studied specific classes of operators that are of personal interest
and are considered developments and extensions of classes previously investigated by several
authors. The most important of these are the normal hyponormal,and Class A operators (see
@,@,]).We have studied these classes in both Hilbert and semi-Hilbert spaces,examining
some of their important properties and the extent to which algebraic properties are preserved.

Among the most important classes discussed and developed by researchers are normal
operators,studied by C.R.Putnam and J.B.Conway.An operator 7" is defined as normal if it
satisfies TT* = T*T meaning it commutes with its adjoint (see [j];J .G.Stampfli expanded on
this in 1962,introducing hyponormal operators.An operator T is defined as hyponormal if it satisfies
TT* > T*T,and a set of important properties was presented (see [H]).Decades later, T .Furuta and
M.Ito introduced Class A,defined by the condition T2T*2 > (T*T)? (see [@,@D

In this work,we will present and study new classes that are considered generalizations of those
previously mentioned,in both Hilbert space and semi-Hilbert space.

This thesis consists of five chapters:

The first chapter revisits fundamental properties of linear operators on a complex Hilbert space
‘H,which is an important foundation for this field.We also introduce the different classes of oper-
ators in semi-Hilbert space,a framework based on the seminorm derived from the positive opera-
tor_A.Many results derived from this theory,as studied in a remarkable analytical work by Arias
([12,16]),are revealed.One of the most important theories we discuss in this chapter is Douglas’s
theorem,which allows us to define an adjoint operator for the semi-inner product.This is particularly
important because the conditions for its existence are met in this context.This theorem facilitates
understanding of its existence,and we will examine some of its basic properties that are necessary for
our study. We will also define some concepts and terms of great importance.Based on this,we present
and summarize some of the most important classes related to the theory.In this section,we focus
on positive operators A,from which we can later deduce some classes.We researched and presented
all the important results and concepts,and then studied A-normal operators,A-self-adjoint oper-

1



introduction 2

ators, A-unitary operators,A-hyponormal operators,and Class A?.This chapter also contains some
definitions and results that will be useful for A-bounded linear operators and the tensor product.

In Chapter 2,we introduced a new class of operators in semi-Hilbert space called Class A,ﬁC
operators.This class is defined by the condition

Tk —(TTH* >4 0

We studied and explored this class in depth and derived several structural properties.We provided
numerous examples to facilitate understanding and control of these properties.In addition,we dis-
cussed the sum and product of two operators from the same class and gave the optimal conditions
for preserving these algebraic operations,as well as presenting the tensor product for this class.

Chapter 3 focuses on the Quasi Class Ai.We provide a description of this class and examine
some properties previously studied and discussed by several authors for their respective classes.We
also provide some observations and cases in which this class resembles previously defined classes. We
will prove the stability of this class under the direct sum of two factors,a study conducted in the
context of semi-Hilbert spaces.

Chapter 4 is devoted to studying the same class as in Chapter 2,but this time in Hilbert space.We
present some examples and observations,along with some basic results.Our focus is on preserving
algebraic properties and comparing them with several important classes that have been discussed
by some authors in recent years,as this class is considered a generalization of many of these.In
addition,we examined its stability under the tensor product for operators of this class.

The fifth and final chapter examines the quasi-totally Class A} in Hilbert space.In this chap-
ter,we prove that many results obtained for other classes remain valid for this class,given certain
conditions on the operators belonging to it.We also present simple yet important examples to
demonstrate its stability under direct sum and tensor product.We further prove its stability under
the tensor product.



Chapter 1

Preliminaries

1.1 Bounded Linear Operators on Hilbert Space

this section serves to fix notation,present basic definitions,and assemble key mathematical tools
that will be utilized throughout our work.The foundational concepts discussed here primarily build
upon existing results in the field ([E,E])

1.1.1 Norm Space
Definition 1.1.1 Let V be a Vector Space over R or C.A norm on 'V is a map from

II.]l = V — [0; 4o00(
that satisfies the following axioms for all v,v' € V and p e RV C
1. [jv]| > 0.
2 v =0 v=0.
3 llpvll = lplllvll-
4 flo+ 2| < ol + V]
The vector space endowed with a norm denoted by (V;||.||) is called a Norm space.
Remark 1.1.1

1. If Norm Space (V;||.||) is complete then it is Banach Space.
2 If condition (2) of Definition m is possible that ||v]| = 0 then v # 0,we called ||.|| is a semi-norm.

Definition 1.1.2 Let Vi and Va are subspace of a Banach Space (V, ||.||).

1. a Banach Space (V,||.||) over RV C is said to be the direct sum of subspaces Vi and Vo written
V=V ® Vy,i.c:
FEach v €V can be uniquely decomposed as v = v1 + vo with v € V1 and vy € Vs

2 A Banach Space (V, ||.||) overF is called complemented,if there is a subspace V1 and closed subspace
Vo such that V = V1 @ Vs.
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1.1.2 Hilbert Space

Definition 1.1.3 Let V be a Vector space over R or C.An inner product on V is a function
(|]):V—=F

if that satisfies the following axioms for all vi,ve,v3 € V and p,p' € RV C

1. (v1|ve) > 0.

2 (vilvz) = (va]vn).

3 (pv1 + p'vavs) = p(urlvs) + p'(v2|vs).

4 (vi|v1) =0 if and only if vi =0.

A Vector Space V with an inner product (V;(.|.)) is an inner product space.If complete,it is a Hilbert
space,also denoted by (H; <.|.>)(366/B]).

Remark 1.1.2 If condition (4)of Definition m is not satisfied,then (.|.) is called semi-inner
product.

Example 1.1.1 Let V = C",then the map

(].): C"xC" - C

(ufv) = (ulo) =) uit;
i=0

is an inner product on C™.

In the following proposition is considered important in this field.It gives a relationships between
inner product and norm.

Proposition 1.1.1 Let (V,(.|.)) be an inner product space over F.Then,the map
Il : Vv —=C
1
v = [Jo]| = (v]v)2
is a morm on V.
Corollary 1.1.1 (Cauchy-Schwarz inequality)/@] For any two vectors u,v in an inner product

space,it states:
(ulv) < (ulu)? (v|v)?

Example 1.1.2 (1) Consider the following Hilbert space

(€)= {v = (vi)ien- € C|IM € R*,> |0;> = M}

i=1
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Define by the following inner product

(1) x 2 > C
(uiv) = {ulo) = 3 wid;
=1

therefore,the vector v = (v;)ienx in IF. (C) if there is M € RY Jjv[|} = D202, |vi]? = M

(2) We shall also deal with the Hilbert space 1%(C) which is two-sided version of 14.(C) it consists
of all doubly infinite sequences (xy)nez = (..., x_1,T0,Z1,...) of complex numbers that are square
summable,that is,y oo |zi]* < oc.

Now,we recall the following definition.For more details,one may consult Note that every closed
subspace of a Hilbert space is complemented as it is shown in the next theorem.

Theorem 1.1.1 Let Mbe a closed subspace of a Hilbert Space. Then,each vector admits a unique
decomposition into M and M. Formally:

H=MaeM*
where the orthogonal complement M~ is defined as:

ME={veH: (v,u)=0 foralluec M}

Remark 1.1.3 It is crucial to emphasize that the converse of theorem also holds.Specifically,if
(Vs |1.1)is a Banach space where every closed subspace is complemented,then the norm ||.|| necessarily
arises from a scalar product,there by making (V;(.|.)) a Hilbert space. However,this property does
not extend to infinite-dimensional Banach Space over the field F.In such spaces,closed subspaces
may lack complements.

1.1.3 Bounded operators

Definition 1.1.4 Let (H1|(.|.)x,) and (H2|{.|.)%,) are Hilbert Spaces over F.An operator T from
Hi to Ho is a linear mapping from a Hi to Ho.That is

T(aw) =aT(v) and T(vy+v2)=T(v1)+ T(ve)

for all vi,vo € H1 and o € C.
When Hi1 = Ho = H,we shall simply say that T is an operator on H.

For convenience,we write T'v instead of T'(v).Clearly T'(0) = 0.

From now,all bounded linear operators will be considered to be defined on the whole of H; =
Ho = H with H is assumed to be a non trivial complex Hilbert space with inner product (.|.) and
associated norm [|.||.As usual we will normally write just H instead of (#;(.|.)).Notice that the
space of all bounded linear operators on ‘H will be denoted by B(H).

Definition 1.1.5 Let A linear map T : H1 — Ha is said to be bounded if there exists a constant
p > 0 such that

[T0]3 < pllvlla,
for allv € H;.
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Definition 1.1.6 Let T' € B(H). Then,
1. We define The range R(T') as the subspace H consisting of all Tv where v € H.
2 We define The kernel of T is the subspace H consisting of all v where Tv = 0.

1.1.4 Adjoint of a bounded operator

The following definition introduces the adjoint of a bounded linear operator a fundamental concept
in operator theory.Notably,studying an operator’s adjoint often provides valuable insights into the
original operator’s properties.This approach proves particularly useful as adjoints frequently exhibit
more tractable behavior than the operators themselves.

Definition 1.1.7 Let (H;(.|.)) be a Hilbert Space and T : H — H be a bounded linear. The adjoint
T* is defined as the unique operator for which:

(Tvr|ve) = (v1|T*v2), Yuvi,v3 € H
The adjoint T™ exists and is unique for every bounded linear operator 1" on a Hilbert space.

Example 1.1.3

1. For a matriv M = (a;j)n>ij>1 (viewed as a linear operator on C" or R",the adjoint operator
corresponds to the conjugate transpose M* = (@)nzi\jzr

In the following proposition we collect some basic properties of T™*.

Proposition 1.1.2 Let T, T5 be bounded linear operators. We obtain,
1. Linearity: (pT1 + To)* = pI7 + T5.
2 Composition: (T1Tx)* = TyTr  and (TF)* = (TF)* for all k € N*.
3 Involution: [T7]* =Ty

The kernel and range of an operator are two fundamental concepts that describe the behavior of
linear transformations or operators.Here’ s a detailed look at these concepts and their relationship.

Theorem 1.1.2 If T is a linear operator on Hilbert spaces,and T™* 1is its adjoint,there is an im-
portant relationship between the kernel and range of T and T*.

1. The range of T is the kernel of the adjoint operator,i.e:
N(T) = R(T*)*  and N(T*) =R(T)™*.

2 The range of T (range of T*) content of the kernel of the adjoint operator(kernel of T ),i.e:
R(T) CN(T*t  and R(T*) CN(T)*.

Corollary 1.1.2 Let T € B(H).Then,
1.
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Remark 1.1.4 Let T € B(H).Then,
1. T has closed range R(T) if and only if T* has closed range R(T™).
2 If R(T) is closed. Then, R(T) = N(T)* and R(T*)=N(T)*.

Theorem 1.1.3 Let T € B(H).Then,
1. T is injective operator if and only if R(T*) is dense in H.
2 T is surjective operator if and only if R(T*) is closed and N (T*) = {0}.

1.1.5 Positive Operator in Hilbert Space

Positive operators acting on Hilbert spaces are a fundamental class of operators,they are used in
many fields such that quantum mechanics.In the following we give some basic properties of this
class which will be used in the sequel (see [2§],[22]).

Definition 1.1.8 The operator T is called positive if for all v € H.We have,
(Tw|v) > 0.
we often write: T > 0.
For the sequel,write B(H)" all positive operators,i.e:
B(H)* = {T e BAH)|(Tw|v) > 0,%v H}.

Example 1.1.4

1. Identity Operator: Iy is positive because
(Iyvlv) = W) = ||[v|*> >0 YoeH
2 projection Operators: P is positive because
(Polv) = |[Po]]® > .

Remark 1.1.5
1. The statement Ty > Ty is assumed to mean that ((T1 — T2)v | v) > 0.

2 Every bounded operator T ,satisfies T*T and TT™* are positive operators.

Proposition 1.1.3

1. If T is a positive operator,there exists a unique positive operator S such that:
T =52

denoted by T3,

2 If T is a positive operator and k is a positive integer,then T* is also positive.i.e,
(T*vjv) >0 VYveH.

5
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3 A positive operator T is necessarily self-adjoint,meaning
(Tw|lu)y = (v|Tu) Yu,v € H.
Theorem 1.1.4 If an operator T commutes with A iff it also commutes with the square root of A.
Lemma 1.1.1 Let T € B(H) and A € B(H)".Then,
AT =TA = A:T = T Az, (1.1)

Proof 1.1.1 Let T € B(H) and A € B(H)"
= AT =TA in view of lemma ,then AT = TAs.
< assume that A>T = TA%.Then,we have

AT = TAz = A2(A2T) = A2(TAz)
= AT = TAz Az
= AT =TA

Hence is proved

Definition 1.1.9 An operator T : H — H is said to be

1. Self-adjoint: T = T™.

2 Isometry: T*T = I(see/ﬁ]).

3 Normal: T*T = TT* (seefl}).

4 Unitary: T"T =TT* =1 (see/ﬁ/}.

5 Hyponormal : T*T —TT* >0 (see/@]}.

6 x-Class A : T>T? — (TT*)? > O(see/@]).

Proposition 1.1.4 Let H be a complex Hilbert space.The following assertions hold:
1. Every positive operator .it is self-adjoint.

2 If (Tv|v) equal zero for every v € H,then T null operator.
3 T is a self-adjoint iff (Tv|v) € R for all v € H.

Remark 1.1.6
1. Note that the assertion (1) of proposition fails to hold in general on real Hilbert spaces.Indeed, by

taking
0 -1
(1)
we see that

woo = (7 ) (EN(m =) (8 ) = e e =
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but T' # 0.

In spite of that,if T is a self-adjoint acting on a Hilbert space such that (Tw|v) = 0 for every
v € H,then T = 0.

2 If H is a real Hilbert space,then the condition (Twlv) > 0 for all v € H does not imply that

T* = T.Indeed,consider the matrix T = ( _01 (1) ) on R?,clearly T is positive.

0 1 " 0 -1
r=(ha)er-(0 )
Remark 1.1.7 For a diagonal matriz with real,non-negative entries,finding its square root is sim-
ple: just take the square root of each individual diagonal element.For example,

however,

9 0 0 ) 30 0
IfM=10 0 0],then its square root is M2 = |0 0 O
00 2 00 V2

In operator theory,orthogonal projections forms an important class of operators.We recall first
the definition of a projection.

Definition 1.1.10 An operator P (a bounded linear map on a Hilbert space H ) is called a projection
if it is idempotent,meaning applying it twice is the same as applying it once:

P2=p

Proposition 1.1.5 If P is a projection. Then,

(1) The complementary operator Q = I — P is also a projection.

(2) The ranges of P and Q are closed subspaces. Furthermore,the entire space H can be expressed
as the direct sum of these two ranges: H = R(P) & R(Q).

Definition 1.1.11 An operator P € B(H) is an orthogonal projection if P is a projection and
pP*=P.

As the above definition mentioned,a projection which is self-adjoint is called an orthogonal projec-
tion for the following reason.

Theorem 1.1.5 Let P € B(H) be a nonzero projection. Then the following are equivalent:
(1) Pr=P.
(2) R(P) is orthogonal to R(I — P),i.e:R(P)* = R(I — P).

1.1.6 Tensor Products Hilbert Space

The tensor product of operators on Hilbert spaces is a powerful construction that allows combining
operators acting on different Hilbert spaces.Let (H1, (.|.)1) and (H2, (.|.)2) are non-trivial complex
Hilbert spaces.This subsection is intended to remind you of the basic material about tensor products
of Hilbert space operators that will be required in the work.The inner product on H; ® Hs is defined
by:

(r1 @ y1|T2 ® y2) = (w1]22)1(Y1|Y2)2-

7
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Definition 1.1.12 (see/@,) If T1 is an operator on Hi and Ty is an operator on Ha,the tensor
product Th1 ® Ty operator acts on the tensor product space Hi ® Ho as:

Th'RTy:H1QHy — C
(1 @ o) — (Th @ Ta) (21 ® m2) = (Th|x1)1(T2|T2)2

Following Kubrusly’ s work,we present some basic properties of the single tensor product of vectors.

Proposition 1.1.6

1. Linear Operator: the tensor product of two bounded linear operators is itself a bounded linear
operator.If Ty and Ty are bounded operators,then T7 @ T is bounded operator.

2 Adjoint of tensor Product:
(T1 (] Tg)* = Tl* X T2*

3 Commutativity: The tensor product of two operators is not generally commutative. That is:
(Th @To)(Ts@Ty) # (T35 @ Ty) (11 @ Tv).
4 Associativity: The tensor product is associative. That is:
(T @ (T eTs)=((T1®@T) ®Ts).

5 Identity Operator: The identity operator on the tensor product space Hi ® Ha can be written
as: 1T ® Is.

6 Distributivity: The tensor product is Distributive of addition,that is
@M+ T3)=TiT+T1 Ty and (T1+1)T3=T11T3+Tr®T;3.

Example 1.1.5 Consider Ty = 617 and 15 = 315 two operators. The tensor product operator T1 QT5
acts on the tensor product space Hi1 @ Ha as:

(Th @T)(v®y) =6[1v® 3Ly =63y =18(v®y) = 18(11 ® I2).

10 30
M1—<0 2) and M2_<0 2>

Example 1.1.6 Let

The tensor product operator

10 30
Ml@M?(o 2>®<0 2)

In the following we recall the definition of the algebraic tensor product on Hilbert spaces.

O O O Ww
o O N O
o o O O
- o O O

8



Preliminaries

Definition 1.1.13 Let H be complex Hilbert spaces. The algebraic tensor product of H and itself is
given by:

HRQH = {Z:Ui@yi,nEN* and x;, y; 67—[}.
=1

In H @ H we define the following sesquilinear form:

n m

(uln) =D (wilz) (wilw;)

i=1 j=1

Foru=Y" 2,0y e H®H and n = Z;rbzl 2 @w; € H® H.It can be seen that the sesquilinear
form defined in 1.1.1% is an inner product in H ® H.

H ® H can be competed with respect to this inner product and thus a new Hilbert space is
obtained.More precisely,we have the following definition.

Definition 1.1.14 If H is Hilbert spaces,then the Hilbert tensor product on H denoted HQH.,is
the Hilbert space obtained by completing H @ H with respect to the inner product defined in

The tensor product on H®H of two operators T, S € B(H) is defined as follows.

Definition 1.1.15 Given non-zero operators T, S € B(H).Let T ® S € B(H®H) denoted tensor
product defined on the Hilbert space HQH as follows

(T'® 561 @m)|(§2 @n2)) = (T&11€2)(Smn2)

The proposition below summarizes some basic well-known properties of tensor products of Hilbert
Space operators that will be required in the sequel.
Proposition 1.1.7 For operators Th, Ty, S1,S2 € B(H) and scalars p,p' € C.The following hold:
1. (Th ® 51)(Th ® S2) = (T1Th ® S152).
2 (ML) =T Ty.
S(T+T)@(S1+52)=T1S1+T1 RS +T,®51+Tr®Ss.
4 pp(Th @ Ty) = pTy @ p'Th.

1.2 Operator Theory in Semi-Hilbertian Space

A semi-Hilbert space differs from a Hilbert space in that it need not be complete.Ilt is simply
equipped with a semi-inner product.Of certain conditions,making it a useful concept.Semetime the
full structure of a Hilbert space might not be necessary or available.Our aim in this section is to
survey the theory of operators on a complex Hilbert space when a semi-inner product defined by a
positive operator is introduced.



Preliminaries 10

1.2.1 Semi-Hilbertian Space

Definition 1.2.1 Let A € B(H)" be any positive operator,then A defines the following semi-inner

product:
(Jya:HxH—-C

(u;v) = (ulv) 4 = (Aulv)

unlike a true inner product,this semi-inner product may not be definite.This means (u|u)4 = 0 can
happen even if u # 0 (i.e:(ulu)4 = 0 doesn’t necessarily imply u = 0).

Remark 1.2.1 we have
1
(ulu)? = (Aulu)z = |A2u = |u]|4 for all u € H.

we denote ||.||a is semi-norm induced by (.|.)a. The semi-Hilbertian space (H,{.|.)a),it is a semi
norm Space (H,||.||4)-
Notice that we have
[(ulv)al < lulla-vlla for allu,v e H

Lemma 1.2.1 Given A € B(H)".Then,

1. /\/'(A%) — N(A) is equal zero.

NI

2 R(A) C R(A%) C R(A) and R(A) is closed precisely when R(A) = R(Az2).

Proof 1.2.1 (1) If z € /\/'(A%),then A2z = 0.This implies that Az = AzA%z = 0 thus © €
N (A).Conversely,if Ax = 0,then || Asg 14= (Az|x) = 0,s0 Asz =0

|2| It is obvious that R(A) C R(A%).Moreover,smce ./\/'(A%) is a closed subspace of H,then theorem
1.1.

| tmplies that H can be decomposed into

D=
N

H=N(A2) D N(A2)L = V(A7) © R(A?)

Let y € R(A%),then there erists x € H such that y = A%z Moreover « can be decomposed into

x = z+t with (z,t) € J\/'(A%) XR(A%).Smce te R(A%),then t = limp o0 A2ty where (Yn)n C H.So
y = A2t = limy 00 A, € R(A).

(3) If R(A) is closed,then it follows from the above assertion that R(A) = R(A%) conversely,assume
that R(A) = R(A%) and we shall prove that R(A) = R(A).It suffices to prove that N(A)+ C R(A)
because we have R(A) C N(A)*+ = R(A).

Let y € N(A)*, then A%y € R(A%).Since R(A) = R(A%),then there exists x € H,such that
A%y = Ax.This implies thatA%(A%x—y) =0 z'.e:A%:L'—y € N(A%).Moreover,since Asz € R(A%) C
N(A%)J- and y € N(A)* = N(A%)L,then we deduce that A3z —y € ./\/'(A%)l.Thus,we obtain
y=Aize R(A%) = R(A). Therefore, N (A)*+ C R(A) and so R(A) is closed.

Proposition 1.2.1 The following assertions hold:
1. A necessary and sufficient condition for (H;|.||4) to be Norm space if A is injective operator.

2 (H;||.]|a) is complete iff R(A) is closed.

10
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Proof 1.2.2 We suffice to prove the assertions (1) note that for every x € H.we have,

[z [la=0 & | Az[=0

& zeN(A2)
< zeN(A)
So,|| . |la is a norm on H if and only if A is an injective operator.

The following corollary is an immediate consequence of Proposition .

Corollary 1.2.1 Combining these results,
(H, (.|.)a) is a Hilbert space if and only if A is an injective positive operator with closed range.

Not all bounded operators on H are well-behaved with respect to the semi-norm || - || 4.We define
a special class of operators that are bounded in this new sense:

BAH) ={T : 3p>0,|[Tvlla < plvlla}.
Now,we introduce the following proposition.

Proposition 1.2.2 Let T € BA(H).

T(R(A)) c N(A)

equivalent
ATA=0.

Remark 1.2.2 [t’s important to note that the set BA(H),while consisting of operators bounded in
the A-norm,doesn’t form a subalgebra.This means that if you take two operators from this set,their
product isn’t guaranteed to also be in BA(H). BA(H) isn't a subalgebra of B(H).

1.2.2 The pseudoinverse of Hilbert Space

The Moore-Penrose inverse (also called the pseudoinverse) of a Hilbert space operator is a gener-
alization of the concept of the inverse of a linear operator,particularly useful when the operator is
not invertible in the traditional sense.

For given operators T, S € B(H),the reduced solution of the equation TX = S can be explic-
itly obtained by means of the Moore-Penrose inverse of T.More details will be given in the next
subsection.For this and other results concerning different generalized inverses of T" and solutions of
the equations TX = S the reader may see ([@%

In the following we recall the definition of the Moore-Penrose inverse of an operator T € B(H).

Definition 1.2.2 Let T € B(H).The pseudoinverse of T denoted by Tt is the unique operator that
satisfies these four Moore-Penrose equations:

1. TXT =T.
2 XTX = X.

3 (TX)* =TX.
4 (XT)* = XT.

11
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Remark 1.2.3
1. If T € B(H) is an invertible operator,then its Moore-Penrose inverse coincides with its regular
inverse: TT =T~

2 When the range of R(T),the space H decomposes as direct sum between R(T) and R(T)*.However,
if R(T) is not closed,such a direct sum decomposition fails and TT becomes an unbounded operator.
The example below illustrates.

Example 1.2.1 (1) Let T the forward shift operator on H = 1%, (C),then one can check directly

from the Moore-Penrose equations that T = T* = Tj.Remark here that T' € B(I3.(C)).
(2) Let T be the diagonal operator on 1%, (C) given by Te, = %en for all n € N* it can be seen that

TTen = nep+1
Observe that R(T) is not closed.Indeed, we have Te,, = %en so en, =nTe, € R(T) for all n. Thus,the
range is dense in 1%.(C).However,T is not surjective because (1, %, %, ...) isn’t belongs to R(T).
hence,R(T') isn’t closed. Moreover,T" is an unbounded operator. To see this,assume otherwise. Then,there
exists p > 0,
1T ulla < pllulla

In particular,for u = e, we get n < p for all n € N*.This leads to a contradiction.
hence, Tt is unbounded.

Proposition 1.2.3 If T € B(H),then
1. If T = T*,then (TY)* =TT,
2 If T is a positive,then its Moore-Penrose inverse can be related to the square root of T':

T = (T2 (1)1,

It should be noted that the calculus of T is not trivial in general even if T is a matrix.As we
will see later,we will only compute 7T when T is a matrix.So,before we move on let us state the
following remark which will be very useful in the calculation of T,

Remark 1.2.4 this remark provides practical formulas for calculating the Moore-Penrose inverse:
Let T be an m X n matriz whose entries come from the field F =R or C.Then,

TV = lim T*(TT* + tI,,)~"

t—0t

and

T = lim (TT* + tI,) 1T
t—0t

here, I, and I, are identity matrices of size n and m,respectively. These formulas are very useful
for theoretical analysis.
(3)If a matriz T is self-adjoint (T = T*),the formulas simplify further:

TV = lim (T +t1)"'T = lim T(T? +tI)~".
t—0+ t—0+

where I denotes the identity matriz.

12
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1.2.3 A-adjoint Operators in Semi-Hilbertian Spaces

The concept of an adjoint operator arises naturally in the context of functional analysis and operator
theory.In a semi-Hilbert space (or more generally),which is a vector space endowed with an inner
product but possibly not complete,the adjoint of an operator in a semi-Hilbert space is defined
similarly to how it is defined in a Hilbert space.This subsection presents key results regarding A-
adjoint operators for use in later sections.First,we state the next theorem of R.G.Douglas which

plays a key role in the sequel([@]).For its proof one can see ([@],[@],[@])

Definition 1.2.3 For a bounded operator T : H — H.The operator S € B(H) is called an A-adjoint

of T if
(Tulv)a = (u|Sv)a Yu,v e H.

equivalently,
(ATu|v) = (AulSv) Yu,v € H.

thus,
T*A = AS.
1.2.4 Existence of A-adjoint in Semi-Hilbertian Space
we need the next theorem of R.G.Douglas which plays a key role in the sequel.

Theorem 1.2.1 Let T} and Ty be bounded linear operators on a Hilbert space H.The following
conditions are equivalent:

1. R(Ty) C R(Th).
2 There exists a bounded linear operator X : H — H such that:

T =T1T2X.

3 There exists a positive number p > 0 such that:

LT3y < pIhTT

If one of these conditions holds,then there exists a unique operator S € B(H) such that
(i) T1.S = To.

(ii) R(S) C R(T}) = N(Ty)*.

Furthermore N'(S) = N (T3)

S is called the reduced solution or Douglas’s solution of the equation TX = S

Proposition 1.2.4 Let T1 and T5 be bounded linear operators.If T1 X = Ts has solution. Then,the
reduced solution is given by TlTTQ.

Proof 1.2.3 Since T1 X = Ty has solution,then Douglas theorem implies that R(T2) C R(T1) which
in turn yields R(T5) lies inside domain offlT
thus,gives TTT" € B(H)
Further,
TWTTy) =T, A TR(T{T) C R(TY)

therefore,the reduced solution of T'X = Ts is given by TlTTQ =X.

13
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According to Douglas’s theorem,T" € B(H) has an A—adjoint iff R(T*A) C R(A)).Some operators
have no A—adjoint,and when one exists,it is generally not unique.Of an A-adjoint operator is
guaranteed.In fact,an operator T' € B(?) may admit none,one or many A-adjoints.

From now,we denote the set of all bounded operators that admit at least one A—adjoint by:

Ba(H) ={T € B(H) : R(T*A) C R(A)}
We would like to emphasize that T € B4(H), then T(N(A)) C N(A).

Definition 1.2.4 If T € BA(H),then the distinguished A-adjoint of T,is denoted by T% and given
by T* = AYT* A. Further,properties of T* are:
1. AT® = T*A.

2 its range is contained in R(A).

3 its null space coincides with N'(T*A).

Remark 1.2.5 1. we infer that T* € B(H).
2 Let K is an A-adjoint of T.Then,one may observe that KK = T% + R, with AR = 0.

3 if A is an injective operator,then T has a unique A-adjoint.

Proposition 1.2.5 Let T € B4(H).Then,
1. I* =P and (T™)* = (TYH" for any natural number n.
2 T% € Bs(H),(TH = PTP and ((TH)#)! = T*.

3 If Tcommutes with A,then T* = PWT*.

4 IfR € Bs(H) then TR € Ba(H) and (TR)* = RFT*.

1.2.5 A—bounded operators

The study of semi-Hilbertian spaces,concept of A—bounded operators extends traditional operator
theory to accommodate a modified inner product structure.
In this subsection we investigate the set of all A-bounded operators in B(H).

Definition 1.2.5 An operator T : H — H is said to be A-bounded operators when one can find a
constant p > 0.Such that,
[ Tufla< pllwlla

the set of all A-bounded operators denoted by BA(H),i.e:
BAH) = {T € B3 > 0 | Tu | a< p |l w lla,Vu € M
It can be seen that BA(H) isn’t a subalgabra of B(H).

Proposition 1.2.6 Let A bounded operators and T bounded operators. Then the following condi-
tions are equivalent:

14
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1. T € BA(H).
2 A2T Az € B(H).
3 R(A2TA?) C R(A).

Proof 1.2.4 1 = 2 If T € BA(H) then there exists ¢ > 0 such that |[Tv|ja < c|lv|[a for every
v € R(A).Then,

ozt [t < vt < i

therefore,A%TAT% s bounded and HA%TAT%
2 = 1 Let A2TA™> be a bounded linear operator. Then,for every u € R(A) we have that

< I a-

1 1.1
HTWW4:HTRamu“4:)AzTAUAaq‘
< [airas
— |t at || julla

Moreover,||T|| 4 <

AbT A
2= 3 Let AsTA™> be a bounded linear operator. Then,for every u € R(A) we have that

HA%TA%Q}:HIT@QQA%UN4:’ﬁvﬂ%Auw4:‘Pﬁiuﬂ%AuHE;MHAUH

by Douglas theorem this is equivalent to R (A%T*A%> C R(A).
3 = 1 we prove that exist p such that | Tu|la < pllul|a for alluw € R(T')

HTum4:‘ﬁvU%A%u“4
:HA%TA%AéuH
< pl|adul = pelful,
then T € BA(H).

By proposition if A € B(H) " has closed range then BA(H) = B(H) because A" s bounded. But, as
the next example shows,if A has not closed range then BA(H) C B(H).

More precisely,a straightforward application of Douglas theorem gives
)}

IfT e BA% (H),we say that T' is A-bounded.Note that like B4(H),the subspace BA% (H) is a sub-
algebra of B(H) which is neither closed nor dense in B(H). before proceeding any further,it is
necessary to point out the fact that,if T € BA% (H),then T(N(A)) C N(A).However,the inclusion
T*(N(A)) € N(A) need not hold in general for A-bounded operator.Moreover,it is easy to see that

BA 1(H) C BA(H).In general,this inclusion is strict,as illustrated below.

D=

qﬁwaz{ﬂzqu%cﬂuA

15
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Example 1.2.2 Let T = ( 8 (1) ) € B(C?) and A = ( 11

> € B(C?).For every Z = (21, 22) €
C? we have,

(AZ|12) = |21 + 22| >0

then A is positive operator. notice that subspaces with finite dimensions are always closed. Further,
R(A) ={(z,2),z € C}
To check if T is A—bounded,we see how it acts on a general vector Z = (z,2) in R(A):
ITZ]a = 10,2)[la = 2| and [Z]a= V2]

SO,

this confirms T is A—bounded.
in addition,(1,—1) € N'(A) then,

T(1,-1) = (0;—1) € N'(A)

this yields that T is not in BA% (H).

Consequently,we infer that T € BA(H) | BA% (H).

Remark 1.2.6 (1) If A is an injective operator,then obviously we have BA(H) = BA% (H).

(2) Since BA% (H) C BA(H),then the inclusions Ba(H) C BA% (H) € BA(H) hold.Observe that these
inclusions assure that || . || 4 is finite for every T which admits an A-adjoint.

Proof 1.2.5 Clearly we have Ba(H) C B 1 (H) C BA(H) € B(H).Moreover since A has closed
range,then Ba(H) = BA% (H) and BA(H) = B(H).On other hand,A is injective implies that
B,y (H)= BA(H).

The proof is complete.

1.3 Some classes of operators in semi-Hilbertian space

Recently,the study of operators in semi-Hilbertian space received important attention.In particu-
lar,several results concerning various classes of operators on a complex Hilbert space were extended
to the general frame of semi-Hilbertian spaces.One may see for example and their references.In this
section we describe some classes of operators which are bounded,normal,self-adjoint,unitary, Hyponormal
and isometry with respect to (.|.)4.These classes share many properties with their classical ana-
logues,notably in their behavior.It should be noticed that the extension is not trivial because the

existence of an adjoint for (.|.) 4 is not always guaranteed(see [@],[@],[@],[@],[@],[@],[@])

16
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1.3.1 A—normal operators

This section introduces a generalization of normal operators for semi-Hilbertian space.The concept
of A-normal operators was introduced by Arias et al as follows.

Definition 1.3.1 We say that an operator T € Ba (H) is A-normal when it commutes with its
A—adjoint i,e:
(TT — T*T)v =0, YoeH.

A-normal operators may be regarded a generalization of normal operators.

Example 1.3.1 Let T = ( (1) (1] ) € B(C?),and A = ( i i ) € B(CH*

1 1 1 1
pr— p— T:
then AT <1 1>(0 0> A and A (

N
NN

11
this implies that T* = ( ? 3 ) =14
2 2
therefore
| Tul| 4 = (ATu|Tu)
= (Au|Tu)
= (u|ATu)
= (u]Au)
= [ulla-
and
T[4 = <ATﬁu|Tﬂu>
1
= <4A3u|u>
— (Aulu)
= [lulla-
then
|1Tulla = IT%ul 4
alternatively,
: < > o\ (L1 > 3
rr=(1 1) (o)1)
3 2/\00 3 2
and
f_ 11
T ( L )
hence
TT® + TT
this example is crucial.It demonstrates that the property ||Tul|a = ||T%ulls is necessary but not

sufficient for an operator to be A—normal.

An important characterization of A—normal operators that will be used in the sequel reads as
follows.

17
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Theorem 1.3.1 For an operator T € Bs(H). the following are equivalent:

1. T is A-normal.

2 ||Tulla = |T*ul|a and R (TT*) C R(A).

Proof 1.3.1 Assume that T is a A-normal. This implies that R (TT*) C R (T*T) C R(A) since

R (T%) C R(A).

Furthermore,

TiTu = TTh = <ATﬁTu\u> - <ATTﬁu|u>
= (T* ATulu) = <TTﬁuyAu>
= (T* ATulu) = <TﬁuyT*Au>
= (ATu|Tu) = <Tﬁu|ATﬁu>
= (Tu|Tu) = <Tﬁu|Tﬁu>A
- e o,

Assume that | Tu||4 = HTﬁuHA for every u € H and R (TT*) C R(A) then

Tl 4, = HT%HA = <ATﬁTu|u> = <ATﬁTu|u>
= <A (TﬂT - TTﬁ) u\u> ~0
:A(TﬁT—TTﬁ)u:o

therefore
R (TﬁT - TTﬁ) c N(A)

and other hand,since R (TT*) C R(A) and R (T*T) C R(A),hence
R (TﬁT _ TTﬁ) C R(A) = N(A)*
hence T*T = TT*.
Remark 1.3.1 The condition T = T*reduces the notion of an A-normal operator to that of
a classical normal operator.This occurs specifically if A is the identity operator or if T and A

commute and A has dense range.

Proposition 1.3.1 Let T € B4(H) is an A-normal operator,the following conditions holds:
1. T* and T — X are Class A-normal operator.

2 T* s Class A-normal operator.
Proposition 1.3.2 if T o are two A-normal for which Tng'i — Tng = 0.Then,

18



Preliminaries

19

1. Ty + T4 is Class A-normal operator.

2 1Ty is Class A-normal operator.
Proof 1.3.2 Let 11 and Ty are A-normal operator such that T2T1ﬁ =TT,

(Ty + To) (1 + To)u =(Tf + T5)(Ty + To)u
=T Tyu + T Tou + TiTyu + TEThu
:TlTlﬁu + Tszu + Tngu + TQTQﬁU (Th and Ty are A-normal)
=T\ Thu + ToThu + Ty Thu + Ty Tiu
=(Ty + To)(T} + ThHu
=(T1 + To)(T1 + To)*u

then 11 + Ts is A-normal operator.

(TETHT Toulu) 4
T T1T2u|T2u>
T1T Tou|Tou) 4 (T is A-normal)

(T T2)*(Ty T )ulu) s =(
(
(
(TyTET T ulu) o
(T.
(
(

)
TETy T u| T u) o
TgT’iju\Tjj Ya (T is A-normal)
(TlTQ)(TlTQ) u\u)

then T\T5 is A-normal operator.

1.3.2 A-—selfadjoint operators

In semi-Hilbertian spaces,the concept of A-selfadjoint operators extends the classical notion of
selfadjoint (or Hermitian) operators to accommodate a modified inner product structure.

Definition 1.3.2 An operator T' € B(H) is called A-selfadjoint if
(Tw|v) 4 = (v[Tv) 4

equivalent

AT = (AT)*
the operator AT is selfadjoint.

Remark 1.3.2
1. AT is a selfadjoint.

2 In general,if T is an A-self adjoint doesn’t T = T* and it isn’t necessarily A-normal.

In the following example,we give an operator 7' which is A-self adjoint,but it is neither equal to T*
nor A-normal.

19
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Example 1.3.2 Consider the operators

A:(i i)eB*(@) A T:<(2) 3>GBA(C2)

a direct computation gives
AT =T*A

11
b
w(11)

which shows that T is A-selfadjoint.
and

accordingly T* # T.
also,a short calculation shows that

2 2 11 4 4 11 2 2 2 2
f _ b — _
= (G o) (ia)=(o0) » mr=(11)(00)=(53)
then T*T # TT*.

The next theorem gives the precise condition under which the stronger identity 7' = T* holds for
an A—selfadjoint operator.

Theorem 1.3.2 Let T € Ba(H).Then,

T is A-selfadjoint and R(T) C R(A) if only if T = T.

Proof 1.3.3 (2) = (1) : Assume that T is A-selfadjoint such that R(T) C R(A) then

(A(T — THulv) = (T*A—T*A)ulv) =0 VYu,v € H.

thus, A(T — T%) = 0 impel that

R(T —T*%) c N(A) (1.2)

given that R(T*) and R(T) are both contained R(A) it follows that
R(T — T%) c R(A) = N(A)*

accordingly,
T =T
(1) = (2)If T* = T,we get R(T) = R(T*) C R(A).
Furthermore,the defining property of T% is AT* = T*A.Substituting T* = T into this gives AT =
T*A,which is the definition of an A—selfadjoint operator.

20



Preliminaries

21

1.3.3 A—isometry operators

Definition 1.3.3 Let A € B(H)",an operator T € B(H)is called an A-isometry if
[Tulla = [lulla, VueH

or equivalently
T*AT = A.
Proposition 1.3.3 Let T} and T be two an A-isometry operators
1. TiTy = T'T, = P.
2 Na(Ty) = Na(Th).
3 Both Ty + Ts and T1T5 remain A-isometry.

Proof 1.3.4 Let T € BaA(H) then T* € BA(H) and T is A-unitary. We have

T*T = (T*)PT* = Py

then
T*T = (THT* = Py <{(T* Tulu) 4 = (TF)*T*ulu) 4 = (Pryulu)
S(AT*Tulu) = (A(T* THulu) = (AP yulu)
S (T* ATu|u) = (TH* AT ulu) = (Aulu)
S (ATu|Tu) = (AT u|Tu) = (Aulu)

SlITulla = |[TH]|, = Jull

1.3.4 A—unitary operators

Definition 1.3.4 An operator T is called an A-unitary if it satisfies:

g
T = (Tﬂ) TE =P

A-unitary operators may be regarded as a generalization of unitary operators in which 7% = T*.

Theorem 1.3.3 Let T € Ba(H).Then
T is an A-unitary operator if only if |Tul|a = [|T%u||s = |lul|la for all u € H.

Proof 1.3.5 Let T' € Ba(H). then,

T'T = (T = P (T Tulu) 4 = (T T ulu) 4 = (Pulu) 4
S(ATu|Tu) = (AT u|T ) = (Aulu)
S| Tulla = |T*ulla = [|u]| 4
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Example 1.3.3 Let A = < i i ) and T = < (1) _21 ) be operators acting on C? and let

u = < Zl > € C2.0ne can verify that
2

-

DO =
N[ =N0| =
\_/

and other hand

I T |5 = (ATu|Tw)
=(1) o =) )
-t (M )

S =
o |
—
"
7N
S
[
~_

= |u; + uz|2
and
| T#u |5 = (AT*u|T*)
1 1 1 1
=) D))
1 1 5 5 us 5 5 ug
u1 + U2 7“1—5”2
= < uq + U9 ’ u142ru2 >
= |uy + u2!2
and

I | = (Aulu)
() )
~(mte ()
= |uy + ug|?

hence,|| Tu | a=|| T*u [|a=| u || -
therefore T is A-unitary.

In the following proposition,we sum up some basic properties of A-unitary operators.

Proposition 1.3.4 if Uy and Us are an A-unitary operators. Then,
1. Z/I{i and leg are A-unitary.
2 Uy is A-unitary.

Proof 1.3.6 Let Uy,U; € Bs(H) be A-unitary operators. Then,

: :
Uiuy = (Uf) Uf = Py and  USUs = <U§) Us = Proy
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1. By using the fact that Uy is A-unitary. We see that,

(Uf)uUf = Priay

and
#

wir = (o) ] = (i) = P

#
@]

therefore Uf is A-unitary.
2 Since Uy and Us are A-unitary,then for all v € H we have

[U1Uv]|a = |U20][4 = [[v]|a

Furthermore,since Uy and U are A-unitary,then Uf and U2ti are also A-unitary.So,for all v € H we
see that
|2t

— lrrtrst
A HUQUlU

= |Ul|| = :
L= ot = 1wl

Consequently,it follows directly from the definition of A-unitary operators that U1Usy is A-unitary
as desired.

1.3.5 A—Hyponormal operators

In the following we introduce the notion of A-Hyponormal operators.

Definition 1.3.5 An operator T € Ba(H) is called A-Hyponormal if it satisfies
(T*T — T*Twlv)a >0 Yo e H.

equivalently
T*T >4 TTF.

A-Hyponormal operators may be regarded as a generalization of Hyponormal operators in which
T% = T*.This last property is realized in particular if A = I or if T and A commute and A has a
dense range.

Theorem 1.3.4 Let T € Ba(H). The following conditions are equivalent :
1. T is A-Hyponormal operator.
2 |Tolla > || T%) 4.
Proof 1.3.7 1= 2 : Assume that T is an A-Hyponormal.Then,
T >, TT = <ATﬁTu|u> > <TTﬁu|Au>
= (T*ATul|u) > <Tﬁu|T*Au>
= (ATu|Tu) > <Tﬁu\ATﬁu>

= | Tulls > HTﬁuHA.
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(2) = (1) suposse that | Tul|a = HTﬁuHA for every u € H,we have
T4 > HTﬁuHA = (ATu|Tu) > <Tﬁu|ATﬁu>
= (T"ATu|u) > <Tﬁu\T*Au>
= <ATﬂTu|u> > <ATTﬁu|u>
= T'T >, TT*.
Proof is complete.

Proposition 1.3.5 Let T1,T> € B4(H) are A-Hyponormal operator such that Tng = Tng and
Tng = Tng,then Ty + 15 is an A-Hyponormal operator.

Proof 1.3.8 Let T and T are A-Hyponormal. Then,
(Ty + T (Th + T) =(Tf + T5)(Th + T2)
=TT, + Ty + TET) + TET
ZTlTlﬁ + TfTQ + TQﬁTl + T2T2ﬁ (Ty and Ty are A-Hyponormal)
=T\T! + ToT? + T\ T} + Tu TS
= (T} + T2)(T} + T)
then Ty + Ts is A-Hyponormal operator.

Proposition 1.3.6 Let T1,Ty € Bo(H) are an A-Hyponormal operator such that T2T1ﬁ = Tng and
Tng = Tng,then T1T5 is Class A-Hyponormal operator.

Proof 1.3.9 Let T} and T> are an A-Hyponormal

(TVT) (T Ty) =TETIT\ T,
zTngTng (Th is A-Hyponormal)
=T\ TIT,T?
leTgTzﬁTlti (Ty is A-Hyponormal)
=(T\T)(Th T»)*

then T\T5 is A-Hyponormal operator.

1.3.6 Class A' operators
Definition 1.3.6 We call an operator T € Ba(H) Class A* if

T%4 >4 |T*

1,e:
TT? > 4 (TT)?
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Theorem 1.3.5 Let T € Ba(H).Then,

T € B(H) is Class A* operator if only if |T?v||a > |TT*v||a for all u € H.

Proof 1.3.10 Let T € Ba(H) then T* € Ba(H). Assume that T is a Class A*. Then,

THT? >, (TTH? & <AT2ﬁT2u|u> <(TTﬁ) u\Au>
& <T*2AT2u\u> > (17| (T9) T Au)
& (AT*u|Tu) > {TT| (Tﬁ) AT*u)
& (ATu|T?u) 2<TT u|A Tﬁ Tﬁu>

& (AT?u|T?u) Thu| APpy R(A)Tﬁu>

T
TTﬁu|AP—TT u>

& <AT2u|T2u

)2
& (AT?u|T?u) > (
) > (TTu|ATT )

o || T%ul| 4 > HTTﬁuHA
Proposition 1.3.7 Let T € Bs(H).Here are some of the following results:

1. In the case where A is the identity operator,Class A* reduces to +-Class A.
2 A-normal or A-Hyponormal both imply in Class A"

8 For T a Class A satisfying T(N(A)) € N'(A).The A-adjoint T* also belongs to Class Al

Proof 1.3.11
1. When A =1 then T% = T*, hence T>*T? >4 (TT*)? therefore T is x-Class A.

2 If T is A-Hyponormal. Then,

T*T7? = T*T*TT
>, T*TT*T
>4 (TFT)?
— (TT#?

then T is Class A®.

8 If T is Class A* and T(N'(A)) € N(A). Then,

25
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<A(Tﬁ)2NTjj2 - (Tﬁ(Tﬁ)ﬁ)Zu@

then T% is Class At.

'O/\/\/\/\

v

2 2
A(T? Py T — (T P T

22
APy T*T? — Prgy(TFT

A(T*T# — (TﬁT)Q)uyu>

2742 _ (TﬁT)2u|u>A

26

Prcy)2)ulu)
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Chapter 2

The Class Alﬁf Operators in
Semi-Hilbertian Space

2.1 introduction

We present a new class of operators,termed Class Aﬁk operators,within the framework of semi-
Hilbertian spaces.It is a generalization of some previous studies in the field of classes of opera-
tors,especially for a A-Hyponormal operator.

Our aim in this section is to introduce the notion of Class Ai operators in semi-Hilbertian spaces
and to present some of their essential properties.

2.2 The Class Aﬁk Operators

Definition 2.2.1 An operator T' € B4(H) belongs to Class A;‘q for some positive integer k if
(T*TR) > 4 (TTHE

equivalent
A[T*T* — (TT*)* >0

Remark 2.2.1 Let T € Bs(H).Here are some of the following results:

i) When A = 1,Class I¥ coincide with Class A operator(see chapter 4).
k k
1) If T belongs to Class Aﬁ,then it is A-Hyponormal.
(i) 1
iti) If T(N(A)) C N(A) and T is Class A%, imply T* is A-Hyponormal.
1
(iv) Every A-normal operator is of class A’;

(v) Under the assumption that A is injective,Class Aji coincides with A-normal operators.

(vi) If R (TT*) C R(A),then Class At} is the A-normal operator.

Theorem 2.2.1 Let T € Ba(H). The following are equivalent:
1. T'to be a Class Aﬁk
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IT*0]|a > [[(TT)% |4, if k even.
T 0|4 > (|THTT?) 2 (|4, i k odd.

Proof 2.2.1 If k even number,

k time
<(TTﬁ)kuyu> (TTH)- - (TT*) uyu>
A

k time
—_—
= ((TT% .- (TT% uyAu>

k—1 time

TH(TT?) - (TT*) u|T* Au

%

Tt (TTﬁ) (TT*) u|AT*u >
f_/%
ATH(TTY) - (TT*) u|T >
T*A(TTﬁ) (TT?) u|T*u >
k—1 time

——
A(TT*) - (TT% u\TTﬁu>

k 4. k 4.
5 time 5 time

- <<TT”> T (TTH (1T “>
A

on other hand

=(AT"u| T u)

=T ul%

hance N N
<(Tﬁ) T — (TTHFu|uy4 > 0 @((Tﬁ) Trulu) s > (TTH*ulu) 4

k
ST ulla > [[(TT#) 2 ul 4.

28
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If k odd number,

k time
—_—
<(TTjj u\u . (TTY u|u>
A

k time

(TT?) -
(TT*)--- (TT*) u\Au>

k—1 time
—_—N—

TH(TTY) - (TT*) u|T* Au

(™
(-

55
i
(o

-
~{-

TH(TT?) - (TTH) u| AT u

k—1 time
—_—N—

ATH(TT?) - - (TT*) u|T*u

k—1 time
—_—N—

T*A(TT?) - (TT*) u|T*u

k: 1 time

A(TTH - (TTH u|TT >

% time % time
—_— —_—
- <Tﬂ (TTﬁ) e (TTu) u\Tﬁ (TTﬁ) e (TTﬁ) u>
A

= (T S T TT )|

k-1
=|THTT*) = ul}
hance

(72)" T — (@7 ulu)a 2 0 e5((72) Thuluya > (T ulu) 4

k-1
ST ulla > |THTT) 7 ul| -

Proposition 2.2.1 Consider an operator T € Ba(H) verified T(N'(A)) C N(A) and (TT*)* —
(T*T)k = TFT% — T%Tk = 0. Then,T is a Class Ai precisely when T* is a Class Ai.

Proof 2.2.2 Under the assumption that T(N(A)) C N(A).
It follows that

Prrs

R(A) =T Prrrs

T =TPrr ey

R(A) and PR(A)

Assume that T is a Class Ai operator and prove that T* is a Class Aﬁk

we have
THTE > 4 (TTHF
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then

hence T* is a Class Ai operator.

(Tﬁ)ﬁkTﬂk —

> P

*<PR(A)

=Pray

R(A)

TPri
TR P
=P TF T Prs

tk
()T

R(A)

=P THT  Pr—rs

RUA)
R(A)

=Pray
—(T*P

R(A)

R(A)

Bep_
(TT*)* Py
(T*

TP

R(A)
k
TPrip)

—~(THTH)

Assume that T* is a Class Ai operator and prove that T is a Class Aﬁ

we have
(TH)*R T > 4 (TH(T)%)
and then — I N .
(THHTH > 4 (THT)Y = P T* P T >4 (T* P T Prcy)
k
= P T T Priay >4 Preay (TﬁT) Prgy
tkpk
:PWT T"Priay >a Proay (TTﬁ) )
—THTF >\ (TT?)*

hence T is a Class Ai operator.

Proposition 2.2.2 Let T' € Bao(H) is a Class Ai.

H(TTu)gUHA, if k even.
|TH(TTH T ull 4, if k odd.

[T*TF — (TT*k] w e N(A) if and only if | T*ul|4 = {

Proof 2.2.3

(1) Assume that k is even number.

Suppose that

then

Since (TH*T* —

T ul|a = |(TT!)2u|a VueH

k
[T ulla = [(TT#)2ull 4 <=(T*u|T u)a = (TT#) 2] (TT#) 2 u) 4

—((TPT* —

(T

this implies that

(Tﬁka _

(TT%")u

= (TH*T ulu) 4 = (TTH u|u) 4
(TT"*)ulu)s =0

(TT*) is A-positive by the A-Cauchy Schwarz inequality,

[v)a=0 YveH;YueH

(TTH*Yu e N(A).
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Conversely if
A(TH*T* — (TTH*)u =0

this implies that
(T*T% — (TT*)*)ulu) 4 = 0

hence .
1T ul| 4 = [|(TT*)2ul|a.

(1 1-p\ , (11
Example 2.2.1 LetT—(O p )’A_<1 1>

then AT =

s [ s =
R L

and T* = 1
this yields

N
— =

1 1 k k
11 11—
rr=(11) (0 5")
2 2 P
1 1 k
(116G
2 3 0 »p
11
_( 2 3
(1 1)
2 32
and .
1 1— 11
et =((o ") (1 1))
P 2 2
)
P P
2 2
hence

A(THTE — (TTHR) = < i i ) [(

so T is Class Ai.

Proposition 2.2.3 Consider an operator T € Ba(H) with T(N(A)) C N (A).

T is a Class Ati and it’s commutes with TH+1 ,then T is also a Class Ak+1

Proof 2.2.4 suppose that T is Class A’; then,
T*TE —(TTH* >4 0 and TT*>40

and we have
TTHTH*TE — (TTH) >4 0 = TT*T*TF — TTHTTH* >4 0

hence T is a Class Aﬁk+10perat0r.

31

DO
D0
\—/
|
N
—
o |
o
—
o |
(IR
\/
—_
V
)



Class Ai Operators 32

Proposition 2.2.4 Let T € Ba(H) such that TT™+" = TH+nT for all positive integers number
n andT(./\f( ) C./\/( ) Then,

ClassA C OlassAkJrl . C C’lassA?Hn

Proof 2.2.5 let T is Class Ai.Then,

(T*2)™ | 1" — (\Tﬁ!i)k] >4 0= (ITFR)" T — (ITH)"(TH2)* 24 0
= (IT*2)" T A = (1T 240

— (‘ ’2 )n72TTﬁk+2Tk+1 o (‘Tﬂ’2 )k+n >4 0
= (ITF)" 2| TF A = (ITF2)M 240

— ’Tk+1’2 . (|Tﬁ| )k—i—n >4 0

thus T is a Class Auk_i_nopemtor for all positive integers number n.

Theorem 2.2.2 For T' € Ba(H) with |T*|% = |T% % and T(N(A)) C N(A) ,the following are
equivalent:

1. Both T and T* are Class Ai if and only if |T*v|| 4 and || T*v]|| 4 are equal.
2. Provided A is injective,T and T* are Class Ai if and only if TF and T* are commute.

Proof 2.2.6
1. Assume T and T* are Class A?f.Then,

<{(Tﬁ>ﬁk T _ (T (Tﬁ)ﬁ)k] v]v>A >0

— (| PrenT* Pro T — (T P T Prgy)* | wlo) | 20
= ([Pre T Pren ™ — Preg (1) P o) 2 0

— <P T [T’“Tﬁ’“ (T*T)* } v\v>A >0
== <APW
— A [T’“Tﬁk - (TﬁT)’“] >0

[TkTﬁk - (TﬁT)’f] U|v> >0

— ThTtk _ Ttk >
on other hand
T*TF > 0 (TTHF = 0 >4 T*TF — TETH

hence
Tkt _ TRk —

A A
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For the converse,suppose that HTkUHA = HTW%HAVU € H holds for every v € H this assumption
directly yields

<(TﬁkT’f - T’“Tﬁk) U|U>A ~0
then
<<TW“T’“ ~ (TTW‘“) u\v>A =0

therefore T is a Class Ai.
Furthermore,

0= <(TkTW“ - TﬂkT’“) ul u>A
<A (T’“Tﬁk - (TﬁT)’“) u | u>

- <AP

i (TkTW“ . (TﬁT)’f) P | u>

R(A)
k k k
- (P—T Pri T — Proyy(T°7) PW) ul u>A

(
= ((Pren T PreayT™ — (T* PrgayT Pry)*) w | u>A

thus,T% is a Class A,ﬁc.

2. we assume that T and T* are a Class Ai from statement (1) it follows that

ol =] = o 7] =
— A[TH#TE - TRTE] — 0
— THTF TR — 0 (A is injective).
Proof is complete.
Theorem 2.2.3 For T € Bs(H). Then,
T is Class A’; iff  T*TE >, %(TTW“, Vp e R.

Proof 2.2.7 If k even number,
we have

T ully > |(TT%) 2 ulyy <=0 > |(TTH)2ulll — 1T ul}
=T % - 20)(TTH)z ull + | T ul|4 > 0
= (p% + 1) < TFulT*u >4 —2p < (TTH2u|(TTH 2w >4> 0
= < (PP 4+ DT*T* — 2p(TTH*)u|u >2> 0

2p
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If k odd number,
we have

T ullyy > | THTTH S ully <=0 > | THTTH T ull — 1Tl
=Tl — 20| THTTH S w3+ T )% > 0
= (P2 +1) < THulThu >4 —2p < (TTH5u|(TTH 50 > 4> 0
= < (PP 4+ D)T*T* — 2p(TTH*)u|u >4> 0

2p
TR >, T2 (TTHF,
p?+1

Theorem 2.2.4 ForTi;T5 € Ba(H) such that Ty 2(N'(A)) C N(A),the commutations Tng = TQﬁTl
and TQT:P = TlﬁTg are equivalent.

Proof 2.2.8 Let T1; Ty € Ba(H),such that T 2(N(A)) C N (A). Then,

and
_ t_
therefore
T\T} = TiT) — (T\THF = (T4T))*
— (THIT! = THT))
= (TH'T ulv)a = (THTH u|v)a| Yu,v e H
= (P Te Py Tiulv) a = (T PrryTo Prrayulv) al - Vu,0 € H
= <AP TQT ulv) 4 (AP( TTguh))] Vu,v € H
¢¢<A5ﬁmm (AT Tyulv)| Vu,v e H

= (ToTHulv) 4 = (T Toulv) 4| Vu,v € H
— LT =TT,

Proposition 2.2.5 Let T} 2 be Class A/,ﬁC satisfying T1 2(N(A)) C N(A)If TFT, = T{‘Téj =TT =
TZka =0 for some k € N*,then T} + T5 is also a Class A,ﬁc.
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Proof 2.2.9 Let Ty, Ty € Ba(#) are Class A%.Then,

(Ty + To)™(Ty + To)F — ((T1 + To)(Ty + Ty)")F
k=1 , .
k k i j 1
TH 1 7 +§;QFd>ﬁm@f1z
i=1

— (VT + TVTE + ToT? + ToTH)*
= (11t + T3 TE + 1T + T3

k—1

i i —1—i
T1’€+T2]€+Z(k_1>T1(T2)k ! ]
i=1

k—1 .
(BT + (BT +3 <k ’ 1) (Tle)"(TzT%i)’“‘l‘i]
=1

= (TP 1 + T3 1) — (D ThH* — (T Th)*
=T 1Tf — (Th)* + T TS — (1)
A

then T1 4+ 15 is Class Aﬂk.

Proposition 2.2.6 Let Ty € Ba(H) and Ty is Class AL obeying TiTy — ToT) = TiTy — ToT? =
0.Then,

1. If Ty being A-selfadjoint implies T1Ts is a Class A,ﬁc.

2. If Ty is A-normal and satisfies Ty o(N'(A)) C N(A) then ToTy belongs to Class AL

Proof 2.2.10 Let Ty is Class Ai.Then,

THTE — (TVTH* 24 0 T4 [THTHTS - THOTH| T 240
S TITRTIT 2 4 THOTH TS
— (T THF (M T)* >4 (TyTV TETy)*
—(TTHH Do) >4 (LI TETS)
—(TyT1)*(TyT)* >4 (2T (ToT)F)*

hence 15T, Class Agj.
Suppose Ty is A-normal (TQTIi = TgTz) and T belongs to Class A?ﬂ.We then obtain the following
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relations:

<[(T1T2)ﬁk(T1T2)k - ((T1T2)ﬁ(T1T2))k] v[v) a

— (| T TETS — (BT T) | ofo) 4

([ mh i — T i) TS o) a
= (AT [T — (i) TS vlo)
— (T35 A [T TR — (TET)FT | o)
= (A|T{*Tf — (T{T)*| TholThv)
= ([T — (T{T)*| TholTHv)a > 0
then ToT, Class Ai.

Proposition 2.2.7 Let Ty; Ty € Ba(H) such that TiTy — ToTF = TyTy — ToTy = 0.
when T1; Ty are Class Ai and Ty o(N(A)) C N (A),then ThT5 is Class Ai.

Proof 2.2.11 Let 17 and T5 are Class Ai operators.

If k is even number. Then,
(T ) ull 4 = ITFT5 ul| 4

> |(TVT) 2 Thul 4

= | THT) 2 ull4

> |(ToT5)% (1T 2l 4
— (TETITE) > w4
— (VTR TETE) 2 w4
= |(LTa(ThT2)) 2 ulla

so T1Ty is a Class Ai.
If k is odd number. Then,

(T To) ulla = | TFTEul| 4
> | THITE 5 Thulla
= |TFTHIT = ull 4
> | T5(TTS) T THITE) = ulla
— | TETH (T TH 5 )4

k—1

= (LT (T TET) = ulla

k-1

= (VT2 (T To(ThT2)") 2 |
so T\ Ty is a Class Aﬂk.
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2.3 Tensor Product of Class Aﬁ;C in Semi-Hilbertian Spaces

The tensor product of operators is a bilinear operation that constructs a new operator on a tensor
product space from two given operators.If you have two operators 17,715 acting on spaces Hi, Ha.
respectively,the tensor product operator 77 ® T5 is the induced operator on the tensor product
space H1®@Ho.It is defined as

(T1 @ Tp)(u1 ®@ ug) = (Thur) ® (Tous).
We need in the following lemma.

Lemma 2.3.1 Suppose T1,Ts, T}, Ty € B(H) and A, A" € B(H)™,satisfy the inequalities

T1 2412240
Jthen (Th @ TY) > (T @TY) > ' 0
{T{ > T > 40 0 (T @T)) Zaga (T2 @T5) >as4

Proposition 2.3.1 Let A, A’ € B(H)" and T1, Ty, T}, T4 € B(H).Assume that T; is A-positive and
T! is A'-positive for i = 1,2.Then the following are equivalent:

1. Ty ®T2/ ZA@A’ T ®T{
2. There exists p > 0 such that pTo >4 T1 and pflTé > a Tl’.

We will require the following properties in the proof of the subsequent theorem.
1. (T1 ® TQ)(Tl X Tg)* = (TlTl* X TQTQ*).
2. p1p2T1 @ Ts = p1'Th ® paTh,for any real numbers pq, ps.

3. (Th @ To)(Ty @ Tr)*)” = (VTT)’ @ (TyT)”  Vp e RT.
Theorem 2.3.1 Let A, A" € B(H)" and Ty € Ba(H) and Ty € Ba/(H).The following are equiva-

lent:

i. The operators 11,15 belong to Class Aﬁk and Class A;f,respectively.
it. Ty @ Ty is a Class (A® A’)uk,.

Proof 2.3.1 Suppose T1 are Class A’; and Ty Class A;f.Then,

(ony) meny = (1H o) (1o 7)
= Ti*1F © TS T
> s0n (TITHE @ (TyTH)*
= (T © TTY)"
= (v @ To)(T{ ® T)))*
— (O @ BT @ T

37



Class Ai Operators 38

hence Th ® Ty is Class (A ® A’)ﬁk.
Assuming the converse, Ty @ Ty belongs to class (A ® A’)ﬁk. This yields
£\ " k 1k
(M) (T8 T)* Zaea (T & T)(TL © Ta))
= (o) (T e T) 2aen (T @ BTH

ST 0 T Zasa (TTH @ (RT5)
ST © T 2 a0 o TTH © o7 (BT
It follows from Proposition that we can find p > 0 satisfying
pTHTE > 4 p(TyTHE
A
pITITY 2a 9 (TRT)
a simple computation
THTE >0 (NTHY  and  TETE >4 (ToTH)*

we conclude Ty is Class Ai and Ty is Class A;f.

Proposition 2.3.2 Consider two operators Ty and T in Class A,ﬁC and both satisfy T1 2(N(A)) C
N(A) and the conditions T1Ty — ToT) = Tng — TQTlti = 0.Under these assumptions,

T'To Ty and TyT, @ Ty € Baga(HRH) are Class (A ® A)?C

Proof 2.3.2
1 Suppose T and Ts belong to Class Ai.]t follows that

TS 240 TN TH T

= T3 Ty (T
>4 (TTHF (T Tk
— (LTI TH*
= (LT(ToT)H)*
hence
T TR > 4 (T2 (T T2)F)F >4 0.
A
THTE > 4 (T TH* >4 0.
alternatively,

(T1T2 & Tl)ﬁk(TlTQ & Tl)k = ((Tsz)ﬁk & Tfk) ((TlTQ)k & Tf)
— (rfri*riT) @ TiFTY)
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lemma implies that
(TngfkaTgk ® Tfka) > A (T (T T2)*)" @ (T T

then
k
(T1T2 & T1)ﬂk(T1T2 & Tl)k >A ((TlTQ & T1)(T1T2 & Tl)ﬁ>

therefore (ThT> @ Th) is Class (A ® A)f,i

2. In the same way,we may deduce TyTy ® Ty belong to Class (A ® A)?€ operators.
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Chapter 3

The Quasi Class A’; Operators in
Semi-Hilbertian Space

3.1 Introduction

Our aim here is to introduce a novel Class of operators,called Quasi Class Ai operators,in the
setting of semi-Hilbertian space (H, (. | .)4).We explore their fundamental properties and analyze
their structural characteristics in detail.additionally,tensor product formulations specific to Quasi
Class Aﬁk operators are investigated.The discussion further establishes key structural properties
intrinsic to this class,shedding light on their algebraic and functional behavior in semi-Hilbertian
settings.

3.2 The Concept of Quasi Class Ai Operators

we now present definitions that generalize the concepts of Class Auk and Quasi A-Hyponormal
operators([fi. ).

Definition 3.2.1 we say that an operator T € Ba(H) is of Quasi Class Ai if for some positive
integer k,
A[TH*HLTRL _ T8 THET] > 0

equivalent
TH|THE — [T T 240
Remark 3.2.1 Let T' € Ba(H).The following observations hold:
1. For A = I,the class Ig is simply Quasi Class Aj.

2. Under the assumption that N'(A) is an invariant subspace for the Quasi Class A§ operator T,it
follows that T* is Quasi A-Hyponormal.

3. If R (T'T*) C R(A),then Class Ag is A-normal.

4. Assuming that A is injective, Class A% coincides with the class of A-normal.

Theorem 3.2.1 For an operator T € Bs(H),the following are equivalent:
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. . . ¢
i. T is Quasi Class Aj.

1. T satisfies the condition below: {

k
)2Tul 4,

k41
) 7 ulla,

1Tl > (7T
17" ull4 > [(TFT

if k even.

if k odd.

Proof 3.2.1 Assume that T is a Class Ai

<Tﬁ(TTﬁ)kTu|u>A {

|

(ATH(TT*)*Tulu) ;
(ATH(TT*)*Tulu) ;

(T*A(TT*)*Tulu); if k even.
(T*A(TT*)*Tulu); if k odd.
(A(TTH*Tu|Tu); if k even.

if k even.
if k odd.

(TTH) - (TT) TulATw Y ; if k odd.

ktime

TH(TT?) - (TT*) Tu|T*ATu ) ;
k—1 time

TH(TT) - (TTH) Tu|T*ATw ) ;

(k—1)time

if k even.

[

if k odd.

[

TH(TT?) - (TT*) Tu|AT*Tu ) ;

k—1 time

if k even.

[

TH(TT) - (TTH) Tu|AT*Tu ) ;

(k—1)time

if k odd.

[

ATH(TT?) - (TT*) Tu|T*Tu ) ;

k—1 time

if k even.

[

ATH(TT?) - (TT*) Tu|T*Tu ) ;

(k—1)time

if k odd.

[

T*A(TT?) - (TT*) Tu|T*Tu ) ;

k—1 time
(TT*) - (TT*) Tu|T*Tu ) ;

(k—1)time

if k even.

[

T*A if k odd.

> :if k even.
> ; if k oodd.

[

A(TT?) - (TT* Tu|TT Tu
k—1 time
A(TT") - (TT" Tu|TT*Tu

(k—1)time

|

(
(
i
(
(
(o
(2
(ma
I
(

I
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(TT*) - (TT*) Tu| (TT*)-- (TTﬁ)Tu> . if k even.
7tzme §time A

NNl L

1 time Tl time

<TﬂT TT Tu| T TTE - - TTﬁTu> . if k odd.

A

(TT*) 2Tu] TTﬁ)2Tu>A; if k even.

THTT) 5 Tu|THTTE) 5 Tu> . if k odd.

_ {H QTUHA; if k even.
(o) 5

3 u||A; if k odd.
alternatively,
(THI TR ) 4 =(A <Tﬁ> Fl THH )
= (T*+1 AT+ )
— (AT*+1y|TH+1y)
=|| T %
If k even,

k+1 k+1
<(Tﬁ) TEL — PHTTHFTulu) 4 > 0 < (T* (Tﬂ) TELufu) 4 > (TH(TTHFTulu) 4
ST 4 > | THTTH3 T .
If k odd,
k+1 k1 k k+1 bt 1 k
<(Tﬁ) TEL _ THTTH R Tulu) 4 > 0 @((Tﬁ> TE+Lulu) 4 > (THTTH Tulu) 4
S| T 4 > | THTTH T T4

Proof is complete.

Proposition 3.2.1 Let T € Bs(H) with (TTH* — (T*T)* = T*T% — T*Tk — 0 and N'(A) is an
tnvariant subspace. At that point,
An operator T belongs to Quasi Class Ai if and only if T* also belongs to Quasi Class A,ﬁc.

Proof 3.2.2 Prove that if T is a Quasi Class Al then T? is a Quasi Class Ai. We have
A [(1t)seriptert (Tﬂ)ﬁ(Tﬁ(Tﬁ>ﬁ)kTﬁ]
[ k+1rmtk+1 k
=A | (Prga T Prea)* T — (PrcayTPrcay) (T (Prcay TPy T°

Tﬂ

[ k-+1rpik
=A|Pria(T) T — (P TPra) Praay (T D) Priay

[ k k k
= A [P T — P T(T9T) Tﬂ]

— A [ThHipekel T(TﬁT)’fTﬂ >0
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hence T* is a Quasi Class Aﬁk.
now,we can prove that T is a Quasi Class Ai implies T is a Quasi Class Ai. We have

(T 20 (T

then,
ktk k k k
(THRTHR > 4 (TH(TH)F)* = P TP R( A)Tﬁ >4 (TﬁPR( T Prxy)
k
= Py T T Py >4 P (THD)* Py
kpk
=D R(A)Tﬁ T" Priay 24 Py (TTﬂ) R(A)

=THTk >4 (TTH*

hence T is a Quasi Class Aiopemtor.

Theorem 3.2.2 IfT is Quasi Class Aﬁk and it has dense range. Then T is Class Aﬁk.

Proof 3.2.3 Assume that T is Quasi Class Auk and it has dense range (i,e:R(T) = H).Then,

for any u € H,one can find a sequence (x,,) in H satisfying T (Tn) —>n—soc0 U.

k+1

| T*+ )4 > H(TTﬁ)%TUHA, if k even number
| T+ || 4 > |[(T*T) 2 ulla, if k odd number

If k even number
ITH )% > | (TTﬂ) Tz,|% VneN
this yields .
|AZTE L, |2 > || A2 (TTﬂf Tz,|?% VneN
we go to the lim
| lim AzThH g, 1?2 > || lim Az (TTﬁ) Ta,|?

n—oo n—oo

thus

[IES

1T ulla > || (TT%) ulla
If k odd number

kE+1
2

I a3 = ) (T97) * wald

this yields

|AZT 1, |2 > || AZ T (TTﬂ) 7 T,

we go to the lim

| lim ASTH Y, |2 > | lim A>T (TTﬁ) 7y, 2
n o0

n—00
SO

k=1
IT%ulla > |1T% (TT%) * w4
hence T is Class A’;.
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Proposition 3.2.2 Let T € Ba(H) with (T*T)** — (TTH)**! = 0. Then,

T is a Quast Class A’; operator iff it is a Class Aiﬂ.

Proof 3.2.4 Suppose that T is a Quasi Class Ai .Then,

THT*TE — (TTHF)T >4 0 =THHITrL _THTTHRT >4 0
— kIR i T >4 0
i1"1}§1]”u‘+11"1k+1 _ (TTﬁ)k+1 ZA 0

hence T is Class Ak+1 operator.
Suppose that T is Class Ak+1 Then,

T]ik+1Tk+1 o (TTﬂ)k)+1 ZA 0 zTﬁk+1Tk)+1 o TTﬂ(TTﬁ)k ZA O
—THT*TRYT — TH(TTH*T >4 0
—THT*TE — (TTHR)T >4 0.

hence T is a Quasi Class Aﬂk operator.

Proposition 3.2.3 For T € Bs(H) where T*1 commutes with T**! and N'(A) invariant,we have

T is a Quast Class Aﬁ iff T' is a Class Ak+1

Proof 3.2.5 Suppose that T is a Quasi Class Ajj and we prove T* is a Class AkJrl We have,

THT*TE — (TTHNT >4 0 =TTk _ THTrTHrT >4 0
i1"1}§1]”u‘+11"1k+1 _ (TﬁT)k+1 ZA 0
— TR (TRl > 0.

on other hand

(@) @t - @ s = (P TPagy ) (D~ (T (PrgayT Pacay) ™ ufu).a
= (A [—T’““(Tﬁ)k“ Priay(TFT)+ | ulu)

< |:Tk+1( )k+1_(TﬂT)k+1} u‘u>

= (T T (TT) ) o

>4 0.

hence T* is Class AﬂkJrl operator.
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Suppose that T* is Class AiJrl.Then,

k+1 I k+1
A [((Tﬁ)g (THM — (Tﬁ(Tﬁ)ﬂ)kH] >0=4 (PR(A)TPR(A)) (T — (Tﬁ(PR(A)TPR(A))k+1:| >0
[ k k k
= A [Py (94— Pros(TFT)F] > 0

—A 'Tk:+1(Tu)k+1 _ (TﬁT)k—H} >0

(Tﬁ)k+1Tk+1 o (TﬂT)k+1i| Z 0

— A |TH (T - (TTﬁ)k’)T} > 0.
hence T is a Quasi Class Ai operator.

Proposition 3.2.4 Let T € Bo(H) is a Quasi Class Ai.
|(TT*) Tulla, if k even.

k+1

THTHTE — (TTHT)u € N(A) is equivalent to ||TFHul|4 =
(T%( (TT*)")T) (A) is eq I Il 4 () 5 L, if & odd.

Proof 3.2.6 let T is a Quasi Class Ai.
suppose that

TTﬁ)gTuHA, if k even number

T* )%UHA, if k odd number

( TTu)gTUKTTﬁ)gTUM, if k even number

k+1
(

17" ula = |
<Tk+1u|Tk+1u
(T | ThHy TAT) 'S u|(T*T) 5 w)a,  if k odd number
(TFATHRA Y| y) 4 = (THTTH Tulu) 4, if k even number
(THALTRH Ly |u) g = (THT*T)* Tulu) 4,  if k odd number

N

{”T Bl 4 = |

= < — =

(
(

A=
A=

— (T [TW“T’c - (TTﬁ)k} Tulu)s = 0
applying the Cauchy-Schwarz inequality yields
(Tt [TﬁkT’“ - (TTﬁ)’“] Tulv)s = 0| YoeH

SO

T [TﬁkT’f - (TTﬁ)k} Tu € N(A)
Conversely if
AT [Tﬁka - (TTﬁ)k} Tu=0
this implies that
(T* [TW“T’“ - (TTﬁ)k} Tulu) s =0

hence X
{”TkHuHA = |(TT*)2Tulla, ifk even number

7"+ |4 = ||(T¥T) "5 ulla, if k odd number

Proof is complete.
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Proposition 3.2.5 Let T € Ba(H) such that TT*+1 — TH+1T = 0.

If T belongs to Quasi Class Ai then it is belongs to Quasi Class Aﬁ_H.

Proof 3.2.7 suppose that T is Class Ai.Then,
THT*TY — (TTH)T >4 0

we have

THT(THTHRTY — (TTHET) >4 0 = THT(THTHRTRYT) — T (THTTHET) >4 0
— TITTHHIPEL i T TR >, 0
— k2R _ Tjj(TrTﬁ)kJrlT >, 0
— THTHHITL _(TTHE T >4 0

hence T is a Quasi Class A?H_l operator.

Proposition 3.2.6 Suppose T € B4(H) commutes with T*+™ for all n € N. Then,

Quasi Class Aﬁ C Quasi Class Ak 41 €+ € Quasi Class Ak e

Proof 3.2.8 suppose that T is a Quasi Class Ai. We have
THT*TE — (TTHT >4 0
then

(T*T)™(TH(T*T* — (TTH*)T) >4 0 T THTH*TRYT — (T (THTTHH)T) >4 0

— (I*T)"T

= (T'T)" AT TR — T T TR T >4 0
— (TR k2R _ ph (T TRk >

— (TET)R RS TR i (TR >
= pik ket _ (TR >, 0

— THTH Tk (TTHM™T >4 0

hence T is a Quasi Class A?C_i_nopemtor for all positive integers number n.

Proposition 3.2.7 Let T € Ba(H) with T(N(A)) C N(A).The following are equivalent:

1. T* is Quasi Class A/,chl

2. [THH2TH+2 — (TTHk+2] s A-positive operator.
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Proof 3.2.9 Assume T* is Quasi Class Aiﬂ and T(N(A)) C N(A).That is,
fk+1 #
(T ((Tﬁ> TH (7 (17) )k+1) T >, 0

therefore we have for all u € H
k+1
<(Tﬁ)ﬁ ((T‘Qti T+ (T <Tﬂ>ﬁ)k“> Ty | u> >0
A
( e T P T — (T4 P TP )’f“) Ty | u>A >0

R(A) R PR
k+1pk+1 k+1
Prcs (PR(A)T HTHH s (T9T)R )Tﬁu | u>A >0

— <
e <
— <
— <PR (T’f“TWf+1 (TﬁT)kﬂ) Thy | u> >0
A
— <AP—T (T’MTW1 (TﬂT)k“) Tty | u> >0
— <AT (Tk“TW““ (TﬁT)k“) Thy | u> >0
— <T (Tk“TW““ - (TﬁT)kH) Thy | u> >0
A
:>Tk+2T]jk‘+2 EA T(TﬁT)kH’lTﬁ
on other hand
Tk’+2Tﬂk+2 (TTIi)k+2 jT(Tk+1Tﬁk+l)Tﬂ >4 T(TﬂT)k+1Tﬂ

k-+1pfk+1 k+1
= P T (T T Py > a4 P T (T TF Py
k+1 k+1
=P R(A) TP R(A)\P R(A)T P R(A)Tﬁ T 24 P R(A)TP R(A) (T*P. R(A)TP R(

= (THH(TH*HITHRTE > 4 (THHTHTHE T
(Tﬁ)tik+2Ttik+2 (Tti) (Tﬁ(Tti)ﬁ)kHTﬁ‘

so T% is Quasi Class Ak+1.

Theorem 3.2.3 For T € B(H),the following are equivalent:

1. T is a Quasi Class Ai.
2. The inequality (p* + 1)THHITRL > 4 2p(THT)* L holds for every p € R.

Proof 3.2.10 Assume that T is a Quasi Class Auk. We consider two cases based on the parity of k.
If k is even number,
1T ulld = (TT#)2 Tullh <=0 = (T3 Tullh — 175 ull}
k
= | T a3+ 20l|(TTH) 2 Tul% + | TH  ul% > 0
= (P2 + 1) < THTH >4 04 2p < (TTHETu|(TT?) 2 Tu >4> 0
= ((p? + 1)THFITFHL L op(THT)F L yfu) 4 > 0
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If k is odd number,

ITH > | THTTH S Tully <=0 > |THTTH S Tuly — | T ull}
=T )l + 20| THTTH) ™= Tull
+ |7 || >0
=p? < TF | TH 1y > 4 +2p < Tﬁ(TTﬁ) Tu]Tﬁ(TTﬁ) T Tu>40
= ((p? + D)THHTEL L op(THT)F Lyfu) 4 > 0
= (p? 4 V)THHLTRHL > o p(ThT)R L

we conclude that (p* + 1)THRHITEFL > 2p(TAT)E+L vp e R.

Proposition 3.2.8 Consider two 11, T Quasi Class Aﬁk operators such that TYTy =TT = TQﬁTl =
Tng =0 and Th 2(N(A)) C N(A).Then sum Ty + T is a Quasi Class A?ﬁ.

Proof 3.2.11 Computing directly,we obtain,

(T1 + o) (T1 + o)™ (Ty + To)* — (Th + To) (11 + To))*)(Th + T)
k-1 ,. k-1 ,.
k k ? kik—i ¢ —i
=it g e Y () )it vt e X () )i
i=1 i=1

— (IVTF + TV TS + ToT? + TyTE*) (T + Tn)

= (T} + T5)((T{*Tf + T Tf + 1T + T T8 — (T + (BT ) (T + T)
= (1} + TS 1f + T T8 — (DTHF + (LT3 + Ty)
= T{(rf* T + 15T — ()

+ (DTN + THIPTE + T TE — (0T + (1T5)*) T
+ (T T + TP Ty — (T + (115)9) T

+ (T T + TP Ty — (TS + (115)9) T

= TH(riF Tl + T — (T + (TR T

+ THIFETE + T3 TE — (T + (1T5)) T

= THTIT — (OTHN T + T T TS — (TTHN T

>4 0.

Thus Th + T is Quasi Class A,ﬁc.

Proposition 3.2.9 Let T} is Quasi Class A’; and Ty in BA(H) such that TYTy — ToT) = Tng —
Tngﬁ =0 and 11 is Quasi Class Az;. We have,

1. If Ty is A-selfadjoint,then ToT1 is a Quasi Class Alﬁﬁ.
2. If Ty is A-normal,then 15T is a Quasi Class Aﬂk.

Proof 3.2.12 Assume that T1 is Quasi Class Ai.Then,
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1. Using the properties of A-selfadjoint,

THATEN > THOTHIT
— R ph LA S ki TR T
— TR IR L L S Ty AT (T TP TE TV T
— (T, TH (M) > 4 ToTH T T T ) Ty T
— (TITHFH YT Ty)F Y > 4 TETH Ty TS T Ty
— (ML) YT )M >4 (VD) (T T (T T)) T Ty

so ToT1 Quasi Class A?C.
2.Let Ty is A-normal operator that is Tng = TQﬁTg and T is a Quasi Class Aﬁ.Then,

(7t [Tk - (TfTI)’f] Tiufu)s >0 VueH

we get that

(TTo) | (TN (T T)* (<T1Tz>ﬁ<T1T2>)'“] (T1T2)ulu) 4

ktk k
= (11} [T T Ty — TN ()T | (1T )

— (AT} [T{*Tf — (TfT)* | TTf i T )

= (1} [Tfka - (Tle)k} T pl Ty u)a > 0

so ToTy Quasi Class A?C.

Proposition 3.2.10 Let Ty; Ty € Ba(H) such that T\Ty — ToyTy = TPTy, — ToyTH = TVTIT, TS —
i/’ngi/’lTl’i =0. If Th, T are Quasi Class Aﬂk operators,then T Ty belongs to Quasi Class A,ﬁc.

Proof 3.2.13 Suppose T1 and T are a Quasi Class A?g operators.
If k is even number,

||(T2T1)k+1u||A — ||T1k+1T2k+1uHA
k
>4 (VT2 T Ty |4
— | T (T TE) s Ty a
Ek k
ZA H(T2T§)§T2(T1T1ﬁ)§T1uHA
iy &
= [(TeTWT7135) 2 Th Toul|
k
= (274 (ToTh)*) 2 Ty Tou| 4

so ToT1 Quasi Class Aﬂk.
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If k is odd number,
(ToTy)* ul|a = | TF T )
k41
>4 |(TFT0) ™= T )|

k+1

= |3 N(TIT) % ulla

k+1 E+1

>4 |(T3T2) 2 (TT1) % ula
= [(TETTIT) ™ ull 4

— (TETITRT) 5wl

= (BT TTh) 5 ulla

so ToTy Quasi Class A?ﬁ.

3.3 Tensor Product of Class Ai Operators in Semi-Hilbertian Spaces

While the tensor product operation preserves many properties of its constituent operators,it is im-
portant to note that this preservation does not extend universally.This illustrates how properties
are selectively preserved under tensor product.

In this section,we rigorously examine the tensor product structure,delineate its fundamental prop-
erties,and conduct a detailed analysis of its behavior within this class.We present a theorem that
characterizes when the tensor product 77 ® T5 belongs to class (A ® A’ )ﬁk

Theorem 3.3.1 Let A, A’ be positive operators. The following are equivalent:

1. T and T is element of Quasi Class A,ﬁC and Quasi Class A/ﬁ,respectively.

2. The tensor product falls within Quasi Class (A ® A’)ﬁk.
Proof 3.3.1 Assume that Ty is Quasi Class A’; and Ty is Quasi Class A;f operators. We obtain

[(Tl ® Tg)ﬁ] FH (T) ® Tp)** = (Tfkﬂ ® T2tik+1) (le+1 ® T2k:+1)
_ Tfk+1Tf+1 ® T§k+1T2k+1
> an THDTHET) @ T5(TRT)FTy
= (Tf @ TH((MT])* @ (LTH*) (T @ T)
= (T} @ TH (T © TyTHMNT @ T)

- @iem) [men)rien)) men)

k
= ({ © T3) |(Ty © To)(Ty © )| (1) © Ty).

Consequently, Ty ® Ty belongs to class (A ® A’)ﬂk.
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For the converse suppose Th ® Ty belongs to Quasi Class (A ® A’)?{.Thz’s yields,

((T1 ® T2>ﬁ) - (T1 @ To)"*! > agar (Th @ To) ((Th @ To)(Th @ T2)F)*)(T1 @ To)*
_ (Tlﬂkﬂ . T2uk+1> (T @ T > 40 a (TL © THTITE © TTHHT) © T)
:>Tfk+1Tf+1 ® THHTIH >, Tf(Tle)’“Tl ® Tg(TgTQﬁ)sz
:>Tfk+1Tf“ ® T§k+1T2k+1 > Aol pTﬁ(Tle)le ® p—ng(Tng)sz
applying Proposition ,we obtain 0 < p satisfying,
pTHHTIL > TR TR and  p ' TR S o TR TE AT
Canceling p and p~1 yields
Tfk+1Tllc+1 >4 Tf(Tle)le and T2ﬁk+1T2’f+1 > Tg(TzTQﬁ)kﬁ
as a result T1 is Quasi Class Aﬁk and Ty is Quasi Class A;f'

Proposition 3.3.1 Let T1 and 15 are Quasi Class Ai such that Ty Ty = T5T7.The following state-
ments hold:

1. If Tng — T2T1jj = 0 then both T'To @ T1 and T1Ty ® Ty belong to Quasi Class (A ® A)uk
2. If T1T2ti - TQﬁTl =0 then both ToT) ® Ty and ToT) ® Ty are Quasi Class (A ® A)?C

Proof 3.3.2
1. Suppose TlﬂTg = Tng a simple calculation,

(T ® T)* N © TP = (OT)*H @ TH Y (T) ! @ (1))
_ (Tgk—l—lTlﬁk—l—lle-i-lTéc-&-l ® TkaTf“) .
together this

TPATPITIATEN >, TR T T
= T T ThHE T
>4 THLTHF L TH T THE T
= T T5) L TH (T TH T
= (TN T (ToT)))F (T Ty).

thus
TR PR LTk S (T T ( Ty Ty (ToT))))FTLT) > 4 0.
and
TEHTE 20 THDT T 24 0.

yields that
(Tg’“HTf’““TfHTfﬂ ® Tf’““Tf“) > 4 (LT DT )P @ THDTHE T
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SO

k
(T1T2 & Tl)ﬁkJrl(TlTQ & Tl)k+1 >A (TlTQ &® Tl)t1 ((TlTQ ® Tl)(TlTQ & Tl)ﬁ) (TlTQ ® Tl).

Consequently (T1Te @ T1) belongs to Quasi Class (A ® A)ﬁk
In the same way,we may deduce the Quasi Class (A ® A)iof TV @ T5.

52



Chapter 4

Class A7 and Quasi Class A7
Operators

4.1 introduction

In this chapter,we examine the Hilbert space analogue of the class introduced in Chapter 2 We
present examples,observations,and foundational results.This classes that develops and expands
upon earlier studies conducted by several researchers([R27],[29]).

4.2 Class A; Operators

Definition 4.2.1 Let T' € B(H). We say that T' a Class A}, if there exists a positive integer k such
that

_ |T*’2k Z 0

2
Tk > (TT*Y e ’T""

Remark 4.2.1 Let T € B(H).The following observations hold:

1. If T is Class Aj,then T is a hyponormal.
2. If T,T* are Class Aj,then T is a normal.

3. If T is Class A5,then T is %-Class A.

Theorem 4.2.1 Let T € B(H).Then,

k
Tko|| > | (TT*)2 v||, if k
The operator T is a Class A}, operator if and only if Il = 11 ¢ ) U,U,l if ko even
IT*ol| > |17 (TT%) 7 oll, i k odd

Proof 4.2.1 Assume that T is Class Aj;
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If k even,
(T vlv) = ((TT*) - (TT*) vlv)
k time
=((TT*)-- - (TT*)v|TT*v)
~—_——

k—1 time

= (TT* - - TT*v|TT*--- TT*v)
g time % time

— (| (TT*)? o||.

other hand,
(’Tk‘2v|v> = <Tkv\Tkv>
= ||T" 0|,
as a result,
(U:rkf . |T*ﬂ o) > 0 = <(T*)kav|v> > <(TT*)kv]v>

E
2

= [Tl > [[(TT*)?2 v

If k odd,
(T ** vlo) =((TT*) -+ (TT*) v|TT*)
~———

k—1 time
=((TT*) - (TT*) v|TT*v)
| —
k—1 time

=(T*TT* - TT*o|T*TT* - -- TT*v)

k=1 4. k=1 ..
5 time 5 time

k—

1
=|T*(TT*)"= |,
we conclude,

(|

2
‘ - \T*ﬂ o) > 0 = <(T*)kav]v> > <(TT*)kv]v>
= |[Th|| > |T*(TT*) 7 o]

Proof is complete.

Proposition 4.2.1 Let T € B(H) such that TT***" = T**+"T for all positive integers number
n.Then,
Class A}, C Class Ay, VneN.

Proof 4.2.2 Suppose that T is Class Aj.Then,
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SO

T (T*’“Tk - (TT*)’“) >0
we have
TT* <T*ka - (TT*)k> > 0 = TT*H 7% — 77 (TT*)* > 0
— T*k+1Tk+1 o (TT*)]C+1 > 0

thus Class Ay C Class Aj; 1
Assume that Class Ay, C Class Ahn i.e:

T*ka: o (TT*)k >0 — T*k+nTk+n . (TT*)k+n > 0.

now we prove that Class Ay, C Class Ay, i.e:

T*ka o (TT*)k >0 — T*k+n+1Tk+n+1 _ (TT*)k+n+1 > 0.
we have

S T*k+n+1Tk+n+1 _ (TT*)k-‘rn-‘rl > 0.

hence Class A}, C Class A2+n+1'

We conclude that Class A} C Class Ay, ,,for alln € N.

Theorem 4.2.2 Let T € B(H).Then,

T is Class A} if only if  p*T*T* +2p (TT** + T*T* > 0,vp € R

Proof 4.2.3 Assume that T € B(H).
If k is even number,

k
2

ool > erryt ] om0 > e ] ~ sl

2 2 2
—p? HT’“UH +2pH(TT*)§ TUH + HT'IH_IU ‘ >0

= p? < Thu|TRu > 4 +2p < (TT*)? u| (TTH)2 u >
+ < Tku|Tku >4>0

— < (pQT*kT"” 2 (TT*) T + T*kT’“> ulu >> 0

= p?T**TF 4+ 2p (TT*)* + T*TF > 0.
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If k is odd number,

k—1

k 4 * xy =L 4 * *\ —5— 4 k 4
HT uH > HT (TT*)"2 uH —0> HT (TT*) "= TuH - ’T uH

2
>0

—p? HTkuHQ +2p HT* (TT*)"F uH2 + HT%’

e=p? < Thu|Thu >4 +2p < T (TT*) 7 u|T* (TT*) 7 u >
+ < T*u|TFu >> 0

— < (pQT*ka +2p (TTHF + T*ka) ulu >> 0

= p?T** Tk 4 2p (TT*)" + T*TF > 0.

The desired result is attained.

Proposition 4.2.2 Let T1,T> € B(H).If T> is a Class A}, operator and T is unitary equivalent to
Ty then Ty is a Class A, operator.

Proof 4.2.4 T is Class A}, operator. Then,

2
— T3P 2 0 = |OTUn| - |onu =0

2
4]

2
— ‘UT{“U* _UTEUR* > 0

k2 * * |2k 77%
:>U‘T1’ U~ UT [ U* >0
2
:U(’T{“‘ —\Tf]%)U*ZO
kQ * |2k
:>‘T1‘ —[T71™ =0

hence Ty is Class Ap* operator.

Proposition 4.2.3 Let 11,15 are Class A} operator such that TyTy = ThTy = 15Ty = T{T =
0,then Ty + T3 is Class A}, operator.
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Proof 4.2.5 Let T\,T> € B(H) are Class A}, operator.Then,

2 2
((T1 + TQ)’f‘ T+ T = |+ TQ)’C‘ — (1 + To)*|**

k—1 . 2

Z .

= ([TF+ T+ (k B 1>TfT2’“_Z
=1

— (T + To)(T1 + To)*)*
k—1 . 2

=T+ T+ <k ' 1>TfT§—i
=1

— (VT + ToT} + ToTs + Ty T3)"
‘2

= |TF+ T — (WTF + ToTy)"

= (1% + 1) (7 + 7F)
) ((TlTl*)’“ (o) ff (k 1 1) (TlTl*)k(TzT;)k—i>
=1

= TPTF + T3 Tl + T + TR T — (M) - (1)
= TrRTE 4 T3l — (T — (T T)F > 0.

so Ty + T4 is Class Aj, operator.

100
Example 4.2.1 Let Ty =| 0 0 0 | € B(C3)
00 0
then
, 100\ /100\" 100 10 0\\"
‘Tf‘—|Tf\2k:000 ooof| —{[o0oo0o0 000
00 0 00 0 00 0 00 0
00 0
=000 |=>0
00 0

thus Ty is Class Ay operator.
00

1
andTo =1 0 0 | € B(C?
1 0
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then
, 00 1\"/00 1\" 001\ /00 1\\"
‘Tz’“’—]TZ*]%: 00 0 0oo00]| —[|o0o0 o0 00 0
100 100 100 100
—1)k41 —(—1)k4+1 —1)k41 —(=1)k+1 k
= 0 0 0 0 0 - 0 0
—(=1)F+1 0 (=1F+1 —(=DF+1 0 (=1)k+1 00 1
2 2 2 2
000
=000 |>0
00 0
hence T is Quasi Class A} operator.
00 1
And TiTo=| 0 0 0 | € B(C?)
00 0
) 000\ /00 1\" 001\ /00 0\
‘(Tng)k‘ ()= 0 0 0 0o00]| —|[ooo 00 0
100 00 0 00 0 100
00 0 100
=[ooo|-[00o0
00 0 00 0
~1 00
= 0o 00 |<o
0 0 0

so T1T5 is not Class A}, operator.

Proposition 4.2.4 Let T, Ty € B(H) are doubly commute.If T is normal operator and Ty is Class
Ay operator,then ThT is Class A} operator.

Proof 4.2.6 T is Class A}, operator and T5 is a normal operator. Then,

T*TF — (T >0 and Ty = T34

after our calculation
(L) (MT)" — (LT (D))"

= (mrryh) (TiTd) - (13 () o)

= T3t (17T ) T - T () T

= 13" (Tt - (nr)*) T > 0.
therefore ThT is Class Aj.

Proposition 4.2.5 LetT1,T> € B(H) are doubly commute.If Ty and Ty are class A} operator,then
T1T3 is class A} operator.
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Proof 4.2.7 Let Ty and T are Class A}, operator. Then,
THRTE — (TP >0 and  TIRTF — (1T >0

therefore
()t (Mm)* = T3¢ (T4 ) 74
> T3* (WTE)" Ty
= T3*T3 (T TY)"
> (TT3)" (T TY)"
— (T (TVTo)*)* .
thus ThT» is Class A}, operator.

Lemma 4.2.1 (Holder-McCarthy’s inequality) (see/@])Let T > 0.The following assertions hold:
(1) (TTv,v) > (Tv,v)"||v]|2T="), 1)1 and for allv € H.
(2) (T"v,v) < (T, )" ||Jv)|>A=7),0 <7 <1 and for all v € H.
Proof 4.2.8 let T > 0,by the spectral theorem.It has a spectral decomposition
T = Z(/\z‘ei, €i)
i
where \; > 0 are eigenvalues and {e;} from an orthonormal basis. Then,

T =) (Neiei)

i

expand v in eigenbasis v =", c;e; with Y, |c;|* = 1.Compute
(Tv,v) = Z Nlei|? and (TTv,v) = Z Al e; 2
i i

the function f(t) =t" is concave 1 > r > 0 by jensen’s inequalty for the concave function f:

(Z Ai!Ci\2> > Ml

this directly gives
(Tw,v))" = (T"v,v)

assume v # 0,let v = HZ—H so ||v|| = 1. therefore,

<<T|rvu’uvr>> Tl ol

Y

hence

then
(Tv,v)" |02 > (TTv,0) YveH
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(2) if ' > 1 onpose r = % and J =T".Then,

(Tv,v)" |02~ > (TTv,0) Yo eH

therefore

(T70,0) ol 2 (Tvv) Yo e
hence ) )

(T v,0) 7 |l > (Tv,v) Yo eH
then

(T v, )]0 > (T, o) Yo eH
therefore

(T v,0) = (Tv,0)" o0 Vo e H

Proposition 4.2.6 Let T is Class Af.
If T is Class A}, operator then ||T*v|| > || T*v|*|Jv||*"* Vv € H.

Proof 4.2.9 Let T is Class Aj.Then,
T*ka _ (TT*)k >0
and let v € H we have

(@TT*)* olo) = (TT*olo)*|lo]2—H
= (T*0|T*0)*|lo]* )
= || 7ol o] 20

on other hand
(T*TFo|v) = || T

therefore
k k —k
IT*0 ] = 7] *|fo]*

4.3 Quasi Class A} Operator

Definition 4.3.1 An operator T' € B(H) T is called a Quasi Class A}, when there is a positive
integer k for which

2
T* (‘T’“) - ]T*|2k> T>0 de TS > <(TT*)k) T

Theorem 4.3.1 Let T € B(H).
T is Quasi Class A}, for some positive integer k iff T' satisfying the following condition:

[S1ES

Tv|, if k even number

' v, if k odd number

el
[

[T+ ol > || (TT*)
[T+ )2 > |[(T*T)
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Proof 4.3.1 If k even number,

<T* (TT*)k Tu|u> — (TT*) - (TT*) Tu|Tu)
k time
= (TT*)-- (TT*) Tu|TT*Tu)
—— —

k—1 time

= (TT*---TT*Tu|TT*--- TT* Tu)
% time g time

- <(TT*)§ Tu| (TT*)? Tu>

- H(TT*ﬁ TUHQ.
other hand that
<(T*)k+l Tk+1u‘u> _ <Tk+1u‘Tk+1u>
=

therefore

<T* {(T*)’fT’f - (TT*)’“} Tu|u> >0 = <(T*)k+1 Tk+1u\u> > <T* (TT*)kTu|u>

k
2

— HT’f“uH > H(TT*) TuH

If k odd number,

<T* (TT*) Tu|u> —((TT*)--- (TT*) Tu|Tu)
k time
—(TT*)--- (TT*) Tu|TT*Tu)
——— ———

k—1 time

= (T*TT*-- - TT* Tu|T* TT* - - - TT* Tu)
g time % time
k—

- <T* (TT*) " |T* (TT*)'T Tu>
k=1 2

- HT*(TT*) 2 TuH

=

therefore
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<T* [(T*)k T* (TT*)’“} Tu\u> >0 <(T*)’“+1 T’f“u\u> <T* (TT*)kTu|u>

>
]2 e
The proof is complete.

Proposition 4.3.1 If T is Quasi Class A} and it has dense range. Then T is Class A%.

Proof 4.3.2 Let T is Quasi Class Aj.Then,

IMES

Tv|, if k even number

' v, if k odd number

x
[

1T ol > | (TT%)
IT*+ ]| = (1)

so there exists a sequence (xy) in H such that T (z,) — v as n — oo.
therefore,for all n € N

ITF 202 > | (TT*)2 T,  if k even number.
T+ 2,12 > | (T*T)% xnll, if k odd number.
hence .
| tim T, || > || lim (TT*)2 Tx,|, if k even number.
n—oo n—oo
I li)m Tl > |l lim T (TT*)% Tz, if k odd number.
n—oo n—oo
Then .
| T*v|| > || (TT*)2 v, if k even number.
|IT%|| > |7 (TT*)Z vl|, if k odd number.

hence T' is Class Aj.

Proposition 4.3.2 Let T € B(H) such that TT***t" = T**"T for all positive integers number
n.Then,
Quasi Class A} C Quasi Class A}, C ... C Quasi Class Ay ..

Proof 4.3.3 Suppose that T is Quasi Class Aj.Then,
T (T*ka - (TT*)’“) T>0
we have,
(TT*)" T* (T*ka’ - (TT*)’“) T >40= (TT*)" ' T (TT*T*’“T’“ —TT* (TT*)k) T>0
— (TT* )" T (TT*k+1Tk _ (TT*)k—i-l) T>0

S (TT*)n—l T* (T*k+1Tk+1 _ (TT*)k+1) T 2 0

— T (T*k:-i-nTk‘—l-n _ (TT*)]C+TL) T > 0.
hence T is a Quasi Class Ay, operator for all positive integers number n.
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Theorem 4.3.2 Let T € B(H).
T is Class A} if and only if (p? + 1)TFHTHL 4 2T (TT*)*T >0,Yp € R.

Proof 4.3.4 If k is even number,
ITH Lol > || (TT*)2 To||* <=0 > || (TT*)2 To|* — | T%o||*
k
0| T 0| + 20| (TT*)% Tl + | T o] > 0
—(p? + 1)THFHITRH L opT (TT*) T > 0.

If k is odd number,

k— k-1

T o) > | T (TT*) T To|[t <=0 > ||T* (TT*) = To||* - |T51o|*
= (0 + 1| T o] + 20||T* (TT*) = Tolf? > 0
+ <Tk+1’l)|Tk+1v> > 0
—(p? + V)T L opT (TTF T > 0.
Proposition 4.3.3 If T is a Quasi Class A}, operator then,
1T ol| > | T*To|*|To| ™ Vo € H.
Proof 4.3.5 Let T is Quasi Class Aj.Then,

(T* (TT*)* Tw|v) = (TT*)* Tv|Tv)

=

> (TT*To|Tv)*||Tv|>—F)
= (T*T|T*Tw)*||Tv| >+
= | T*T || To |5

and

<T*k+1Tk+1U|v> = (Tk"'lv\TkHv)
_ HTk:-i-IUHQ_

as a result,
1T ]| > | T*To|* | To ] *.

Theorem 4.3.3 If T is Quasi Class A}, and it doesn’t have dense range. Then,
(T Ty
()

Proof 4.3.6 Since T' doesn’t have dense range,

(T T3
(% %)
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we shall show that Ty is an Class A}, operator.Since T' is Quasi Class A}, there is a positive real
number k such that

T* (T*ka - (TT*)’“) T>0

hence
<T* (Tl*le’“ - (TlTl*)k) To,v>>0 YoeH

it follows that
<(T1*kT1k - (Tle)k) Tv,Tv) >0 YveH.

Consequently Ty is a Class Aj,.

4.4 Tensor Product of Class A} operators

Theorem 4.4.1 Let Ty € B(H1) and Ty € B(Hz). Then,
Ty and Ty are a Quasi Class Ay if only if Th ® Ts is a Quasi Class Aj.
Proof 4.4.1 Suppose that T1 and T are a Quasi Class A} operators. We've,

TP > T (TR T and  TERPIYTETL > T (T TR T

then
(Tl ®Q TZ)*kJrl (Tl ® T2)k+1 _ (Tf Q Tz*)kJrl (Tl ® TZ)kJrl

— (Tfk—&-l ® Tz*k+1) (le’-i-l ® T2k+l)
= TRk @ bkl
> Ty (VT Ty @ Ty (ToTy)* Ty
= (T} @ T3) (NTY)* @ T3 (TT3)" (T @ Th)
= (11 ® To)* (T @ ToT3)" (11 @ T)
= (oD (1o ) (TF © 13)" (11 © Ty)
= (@) (@) (1@ 1)) (11 e D).
so Ty @ Ty is a Quasi Class Aj.
Suppose T1 @ T is a Quasi Class Aj. We've,
(T @ o)™ (T @ To)M > (T @ To)* (T © Te) (T @ o)) (T @ Ty)
= (10T @ (TTEY) > T (T T @ T (115 T
— (Tl*k“le“) ® (T;’f“TQ’M) > o (T @ v (TT3)F.
we deduce from proposition there exists a constant 0 < p such that

pTFERHITIL > o (VTR Ty
p IR HITEL > LT (T Ty )R T
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hence
T > ()t oA TR T > (1)

therefore T1, Ty are a Quasi Class A}, operators.

Theorem 4.4.2 Let Th € B(H1) and Ty € B(H2) such that Ty doubly commute with Ty. We have,

If Ty (resp.T>) belongs to Quasi Class A} then T1To @ T1, 15Ty @ Ty (resp. TiTo @ To, 15T @ T5)
also belong to Quasi Class Af.

Proof 4.4.2 (1) Suppose Ty is a Quasi Class Aj.Then,
TR > T (TR T
s0
(VT @ Ty )™ ™ (T Ty © TP = (T3 T @ TH)F T (VT @ Ty)FH!

_ ((Tng)k-H ®T1*k+1> ((T1T2>k+1 2 le+1>
_ (T;Tl*)k-i-l (T1T2)k+1 ® Tl*k-‘rlle-l-l
_ T;k-l—lTl*k-f—lle-l-lTQk—&-l Q Tl*k—i-lTi’c-i-l
> TR (T TR o T (LT T
=T3¢ ® Ty (L T3TE @ TVTT)* (10T ® Th)
— (T @ T) (MT, @ Ty) (T, @ TN (LT, @ Ty) .

thus ThTo ® 11 is a Quasi Class Aj.
By an analogous reasoning,we conclude that ToTh ® T1 belongs to Quasi Aj.

(2) In the same way,we may deduce the TiTo @ Ty and ToTy ® Ty are a Quasi Class Aj.
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Chapter 5

The Quasi Totally Class A} Operators
in Hilbert Space

5.1 Introduction

In this present chapiter,we will introduce a new class of operators that we call Quasi Totally Class
A7 operator in Hilbert spaces.It is a generalization of some previous studies in the field of classes of
operators,especially for this especially for a Quasi Class A}.We will study some properties,provide
example and discuss tensor product of this class of operators.

5.2 Totally Class A} and Quasi Totally Class A; Operator

Definition 5.2.1 An operator T' € B(H) is said to be of Totally Class A, if there exists a positive
integer k such that

2
‘T’“—n( >|T—n* wpecC.
ie (TF —n)*(TF —n) > (T —n)(T -n)*)* vpeC.

Definition 5.2.2 Let T' € B(H).An operator T is said to be Quasi Totally Class A} if there exists
a positive integer k such that

k|2 w2k
T )T —n( (T - *)T>0 wpec.
In particular (choose n =0) an operator T is called Quasi Class A%.

In general,the following implication holds:

Hyponormal operator = Class A} operator
— Totally Class A} operator
— Quasi Totally Class A} operator.
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Example 5.2.1 Let Iy = < (1) (1) ) € B(C?). Then,
9 Lol _ |1 — 2k 0
* * |2k
12(15—77) — (I = )" )12_<| i 0| " H—nP—[—p* )

For k =1 then Iy is Quasi Totally Class A}, operator.

The following example shows that 77 and 75 are a Quasi Totally Class A} operator but the sum
T7 + T isn’t a Quasi Totally Class A} operator.

100
Example 5.2.2 Let Ty = | 0 0 0 | € B(C3).Then,
000
[1—n)* =1 —n*

, 00
T = | = (T3 =) )T = 0 00
0 0 0

7 (

or |1 —n|? > [1—n*s0 T1 is a Quasi Totally Class A% operator.
Jor |1 —n| U y ko op
0 00
andletTo=| 0 0 1 | € B(C?)
0 00
0 0
0 0
0 | —nl*—1

2
T3 (| 0| = 1@ = )Ty =

o O O

Jor |n|** > |n|* + 1 then Ty is Quasi Totally Class A7 operator.
1 00

and Ty +Ty=1 0 0 1 | € B(C?)then
000

11+ 7 (|0 + T = nf =133+ T ) (14 T

nl> =11 =n[> 0 0
0 0 |n* —n* =1
form=20
, 10 0
(T + Ty ([T + T = = [T+ B— ) ) M+ )= [ 0 0 0
0 0 -1

so Ty + T4 isn’t Quasi Totally Class A}, operator.
Proposition 5.2.1 Let Ty, Ty € B(H) are Quasi Totally Class A}, operator such that Ty(T> —n) =

To(Th —n) = (Ta —n)*T1 = (Ty —n)*Ty = 0 for n € C then T1 + Ty is Quasi Totally Class A}
operator.
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Proof 5.2.1 Let T1,T> € B(H) are Quasi Totally Class A}, operator.Then,

2 2
1 ([t = o 1= ) 120 and 73 (|1f - af — (@) T2 0

SO

2
@+ (| + Tt = = |0+ T ) (1 T

k—1 2

7 .
G D N Ere SR
=1

2 2
:4n+nv<ﬁ—ﬂ-wﬁ—ﬂ—4ﬁ—m%—n>ﬁ%yn+n>

= (N +1T2)" T+ T3 — 77 | (T1 + T»)

2 2
=t ([t —of o+ o = =l = P P 14 )

2

=Ty (‘Tf—n

> 0.

2
At =y ) 1y ([ -] g ) 7

therefore T + T is Quasi Totally Class A, operator.

Proposition 5.2.2 Let T1,T> € B(H).If T5 is a Quasi Totally Class A}, operator and T is unitary
equivalent to Ty then Ty is Quasi Totally Class A}, operator.

Proof 5.2.2 Ty is Quasi Totally Class A}, operator.Then,

2
1 (|7t = of =172 - 0P 722 0

S UTFU* (’UT{“U* —UU*

2
—|UTFU* — nUU*]%) UTWU* >0
2
SUTU* <U ‘T{“ - 77) U* — U |(Ty — n)*[2* U*) UT\U* > 0
* k 2 * |2k *
~UTWU U‘Tl —77‘ U1 — ) ) TU* > 0
* k 2 * |2k *
=UT] ‘Tl —77‘ = [Ty =)™ ) TWU* 2 0
2
=1t (|t = of ~ 1 - 0P 120
so Ty is a Quasi Totally Class A}, operator.

Proposition 5.2.3 Let T1,T» € B(H) are doubly commutes.
If Ty is a Quasi Totally Class A}, operator such that 11Ty = Iy, then T1T5 is a Quasi Totally Class

A% operator.
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Proof 5.2.3 Let Ty is Quasi Totally Class A}, operator,we have that
k|2 w2k
17 (| =n 1@ - ) Tiz0 wec

then
2

oty (|t —of - 107 - ) (i)
2
= (I\TL)* (‘TfTQ’“ — anTQ’“’ — (T\ T — nTlTQ)*\Q’“) Ty
2
= rim)* (13* 1 -t 1 - 73t 0 - P ) o

2
= ;MY (‘Tf — oTf|

|1 - 77T1)*|2k> T
> 0.

hence T1T3 is a Quasi Totally Class Ay operator.
Proposition 5.2.4 If T is Totally Class A}, operator.Then

1T =n)oll = (T —n)*ol*llo| " Yo e H;vpeC
Proof 5.2.4 Suppose that T is Totally Class Aj. We have

(TF =) (T* =) = (T =) (T =n)*)F >0 WpeC.

then
(T = )| =

k —2k
= (T = n) v [lo]*~=~.

therefore
1T =)ol = (T = n)*ol*llo| " Vo e H;vpeC

Proposition 5.2.5 If T is Quasi Totally Class A} operator. Then
I(T* = mTo|| = |[(T =) T|*|Tv|'* voeH, WpeC
Proof 5.2.5 Suppose that T is Quasi Totally Class Aj. We have
T (5 =) (T =) T = T (T =m)(T =)' T vpeC.
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then
(T = n)Tol* = (T* = n)Tw, (T* —n)Tv)
= ((T* = n)*(T* = n)Tw, Tv)
= (T*(T" = )" (T* = )T, )
> (T* (T = n)(T = )*)* Tv,v)
= (T = n)(T = n)*)* Tv, Tv)
> (T = n)(T = n)*To, To)* || To|[*~**
= (T = n)" Tw||?*|| Tw| "
therefore

(T —mToll = (T =) To|*|Toll'™ Yo e, vneC

Proposition 5.2.6 Let T is a Quasi Totally Class A%.Then N(T — a) C N((T — o¥)*) for each
a #0.

Proof 5.2.6 Suppose T' is Quasi Totally Class Ay .It follows from proposition 1 that
I(T* = m)Tol| > |(T = n)*To|*|Tv|'* VveH,¥neC
and we have v € N(T — a) then Tv = aw.In particular( n = o)
I(T* = )T ol| > [[(T = o*)To||*|| T

since

0> |[(T = a*)*To|
then a # 0,

(T = a*)v| =0

therefore

v e N(T — o))
hence N (T — o) C N(T — o*)* for each a # 0.

Proposition 5.2.7 If T is Quasi Totally Class A} and it has dense range then T is Totally Class
A%

Proof 5.2.7 Let T is Quasi Totally Class Ay.Then,

I(T* = m)To)| > |(T —n) Tol|*||To|' ™" Vo e H,¥yeC.

since T' has dense range (T (H) = H) then there exists a sequence (xy,) in H such that T (z,) — v
asn — 0.
in particular,

I(T* =Tl 2 (T = n) Twn|*|Tzal|'™" ¥n €N,y eC.
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therefore
(T = m)Tanl| = | Lim (T* — )T
n—oo
5 k_
= lim |[(T" = )T,
> lim |[(T — n)*Tan ||| Tan| "
n—oo

o . - * k . 1—k
= || lim (T = n)*Twn ||| lim Tay|

= (T —n)*ol|*[lo]*~*.
hence T is Totally Class A%.

Theorem 5.2.1 Let T is Quasi Totally Class Ay, it doesn’t have dense range.Then,
(T Ty
()

where T1 = TIW is a Totally Class A} operator.

Proof 5.2.8 Let T is Quasi Totally Class A}, and T doesn’t have dense range. We can represent T

as matriz follows:

T = < o1y > on H =T(H) ®N(T*)

0 O
therefore
T (T =)y (@ =) = (@ =T =) ) T =0 wpeC
hence
(T =@k = m) = (T =) (T3 = ))F) To,Tv) 20 Woen

(@t =t =) (@ =@ =) ) uu) >0 vuen

then T is a Totally Class A}, operator.

5.3 Tensor Product of Quasi Totally Class A} operators

Theorem 5.3.1 Let T1 € B(H) and Ty € B(K) such that Th ® Iic + Iyy @ To = 0.
If T, T3 are a Quasi Totally Class Ay operator then T1 ® To is a Quasi Totally Class A%.

Proof 5.3.1 Let T1,T5 are Quasi Totally Class A}, operator. We have

(1
(73

k 2 * |2k
(T —nIH)’ (T — L) )T, 0 ) >0 Yo e H

and

2
(T — nIH)‘ — (T — nIH)*]2k)T2u,u> >0 Yuek.
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then
2
(Ty ® Ty)* (\(Tl @ T — | ~ (Mo Ty - 77/\%) (T ® Ty)

2
= (Ty ® To)*( |

TFQTY —nTF @ Ix — Iy @ TY — 0?1y @ Ix

T @ T3 =T} @ Ix — Iy @ T3 — 1’ Iy @ I | )(Ty © T)
2

— (T & To)(|TF @ (TF —nlic) = nl ® (TF = i)

— T} @ (T3 — nlx) — nly @ (T3 — nly) ") (11 @ T»)

2 2
= (17 @ T)(|(TF — 0| @ (T =~ nix)|

— (Th = 1)1 @ |(Tz = i) ) (T1 @ To)

= (1t @ BTt 0| @ (@ — 1|~ 1T — ) 1T — nie) (T @ T)

‘2
2 2 2
= (17 & T5)(|(@F = nb)| @ (@ —nto)| =17 = nbo)* ™ @ |15 - n1c)|

w12k k 2 12k w12k
(T = b P @ (T = nli)| = (T2 = 0™ P* @ (T2 = nlic) )Ty @ T)

= (1 @ T —ntw)| (T — i) ) © (7 — i)

I P o (@ - ot~ @~z PO 0 1)
= (@@t )|~ (@~ nt)* P 0 73 |(f )|
FTY((T — nln) ) @ T (

’2

(1 —ni0)| (T2 — Iy )T & 1)

— Ty — nIn)* )T @ T3

= T7 (|(Tf — nln)

+TE((Ty — nI)* M) © T3 (

. 2
(T3 — nIIC)‘ T

(1 —n1)|| (T — nli)* P43

therefore for ever v € H and u €

(i
+ (BT = i) P Tio, o) (T3
—(1(
+ T = n2) Tyl (T3 (1 (T = 130 = (T2 = nbo)* ) Tou, )
> 0.

(Tf - 77]%)’2

2
1623 = o0 P Tio,0 ) (75 |02 = )| Ta )

L 2
(1§ ~ nix)|

(T - Tlfzc)*l%)Tzu,u> >0

2
(1t = nt)|" = T3 = i) Ti0,0 ) 17 = ) Taul?

then
2
(Th ® T»)” U(Tl ®Ty)* - ?7" — (T @ Ta)* - 77’|2k] (Ty ® Ty) > 0.

therefore Th ® Ts is Quasi Totally Class A, operator.
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Abstract

This thesis investigates novel class of operators acting on both Hilbert spaces and semi-Hilbertian
spaces.Building upon and extending previously studied operator class,we introduce and analyze
three new class: Class Ai,Quasi Class A’; ,and Quasi Totally Class A} .We systematically examine
their structural properties and establish the conditions under which these properties are preserved
under various algebraic operations.Chapter 1 provides the necessary preliminaries,reviewing fun-
damental concepts in Hilbert spaces and presenting essential results on operator theory in semi-
Hilbertian spaces,with particular attention to A-adjoint operators and existing operator class.In
Chapter 2,we introduce Class Ai in the semi-Hilbertian setting,exploring its properties and pro-
viding illustrative examples,along with a discussion of its behavior under tensor products.Chapter
3 is dedicated to Quasi Class Aioperators in semi-Hilbertian spaces,where we establish key results
concerning their structure and stability under direct sums and tensor products.Chapter 4 shifts
the focus to Hilbert spaces,where we study Class A} (the Hilbert space analogue of Class Alji ) and
Quasi Class A7 ,comparing their properties with those of related operator class.Finally,Chapter 5
introduces Quasi Totally Class A7operators in Hilbert spaces,proving several structural theorems
and examining their behavior under tensor product operations.
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vSopdl @ al) Jole SULE G W Camitiey i) Slin ] eyl (it

Résumé

Cette these étudie de nouvelles class d’opérateurs agissant sur les espaces de Hilbert et les es-
paces semi-hilbertiens.En nous appuyant sur des class d’opérateurs précédemment étudiées et
en les étendant,nous introduisons et analysons trois nouvelles class: la classe Ai,la quasi-class
Ai et la quasi-class totalement A7 .Nous examinons systématiquement leurs propriétés struc-
turelles et établissons les conditions de leur préservation sous diverses opérations algébriques.Le
chapitrel présente les notions préliminaires nécessaires,en rappelant les concepts fondamentaux
des espaces de Hilbert et en exposant les résultats essentiels de la théorie des opérateurs dans
les espaces semi-hilbertiens,avec une attention particuliere portée aux opérateurs A-adjoints et
aux class d’opérateurs existantes.Dans le chapitre2,nous introduisons la classe A,ﬁC dans le cadre
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semi-hilbertien,en explorant ses propriétés et en fournissant des exemples illustratifs,ainsi qu’une
discussion de son comportement sous 'effet des produits tensoriels.Le chapitre 3 est consacré aux
opérateurs de quasi-class Aﬁk dans les espaces semi-hilbertiens.Nous y établissons des résultats clés
concernant leur structure et leur stabilité sous l'effet de sommes directes et de produits tensoriels.Le
chapitre 4 se concentre sur les espaces de Hilbert et étudie la classe A7 (I’analogue hilbertien de la
classe Aj,i) et la quasi-class A} ,en comparant leurs propriétés a celles de class d’opérateurs apparen-
tées.Enfin,le chapitre 5 introduit les opérateurs de quasi-totalement classe A} dans les espaces de
Hilbert,en démontrant plusieurs théorémes de structure et en examinant leur comportement sous
I'effet de produits tensoriels.
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