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Abstract

This thesis is consecrated for the study of the existence and uniqueness of local solu-
tions and the blow-up phenomenon, for certain effectively damped wave models involving
non linear memory, represented by a fractional nonlinearity through the Riemann-Liouville
fractional operator. Indeed, we mainly based on the following Cauchy problem of effectively
damped wave models with non linear memory involving two types of damping, friction and
viscoelastic terms:

t
U — Au+ b(t)uy — Auy = /0 (t—s) "u(s,-)|Pds, t>0, 0
w(0,2) = ug(x), u(0,2) =wui(z), x€R™
where p > 1, v € (0,1) and b = b(t) is effective in the sense of Definition [I.1} We split our
work into two principle parts. In the first part, we take b(t) = 1 that is, we consider Cauchy

problem for the model

Uy — Au+ up — Auy = /Ot(t—s)_7|u(s,-)|pds, t>0, @)
w(0,2) = ug(x), w(0,2) =wui(x), =€R™
where p > 1, v € (0,1) where we proved that the damping term dominates the viscoelastic
term by proving that Cauchy problem has the same critical exponent with Cauchy
problem (1.1)) considered in [§] and [I7]. The influence of the nonlinear memory on the
critical exponent is still happening as we will explain in the historical overview. For each
model, we establish the existence and uniqueness of local solutions using the fixed-point
theorem. Additionally, we investigate blow-up results for the solutions, utilizing the test
function method for the first model and the modified test function method for the second.
Keywords: Damped wave equation, Local existence, Global existence,

Critical Fujita exponent, Test function method, Nonlinear memory, Blow-up.
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Résumé

Cette these est consacrée a I’étude de I'existence et 'unicité de solutions locales, ainsi que
le phénomeéne d’explosion (blow-up), pour certains modéles d’ondes amorties efficacement
avec mémoire non linéaire, représentés par une non-linéarité fractionnaire via 'opérateur
fractionnaire de Riemann-Liouville. En effet, nous avons basé principalement sur le probléme
de Cauchy suivant pour les modéles d’ondes amorties efficacement avec mémoire non linéaire,
intervenant deux types d’amortissement: friction et viscoélastique :

t
U — Au~+ b(t)uy — Auy = /0 (t—s) u(s,-)|Pds, t>0, 3)
w(0,z) = ug(x), w(0,z) =wui(x), =€R™
oup>1,v€(0,1) et b=0b(t) est efficace au sens de la Définition Nous avons divisé
notre travail en deux parties principales. Dans la premiére partie, nous prenons b(t) = 1,
c’est-a-dire que nous considérons le probléme de Cauchy
t
U — Au+ up — Auy = / (t —s) "u(s,-)|Pds, t>0,
0 (4)
uw(0,z) = up(x), w(0,2)=wu(x), xe€R™
oup > 1,7 € (0,1). Nous avons prouvé que le terme de friction domine le terme viscoélas-
tique en démontrant que le probléme de Cauchy posséde le méme exposant critique que
le probleéme de Cauchy considéré dans [8] et [17]. L'influence de la mémoire non linéaire
sur l'exposant critique reste pertinente, comme nous l’expliquerons dans ’apercu historique.
Pour chaque modéle, nous établissons 'existence et l'unicité de solutions locales en utilisant
le théoréme du point fixe. De plus, nous étudions les résultats d’explosion pour les solutions,
en utilisant la méthode de la fonction test pour le premier modéle et une version modifiée

de cette méthode pour le second.

Mots clés: Equation d’onde amortie, Existence locale, Existence globale, Exposant

critique, Méthode de fonction test, Mémoire non linéaire, Explosion.
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Notation

V.V,
AA,
D7, | D,|”

uSw

Symbols used in all parts of this thesis

Euclidean norm of z € R"™;

The operator of partial differentiation with respect to x,
Length of the multi-index o = (avy, ..., ) € N™;

The norm of a function v € X;

Gradient operator (with respect to) z;

Laplacian with respect to the spatial variables;

Pseudo-differential operator with symbol [£]7;

If there exists a positive constantC' such that u < C'v;

If there exist constants Cy, Cy > 0 such that Civ < u < Cyv;

If u = C'v for some constant C' > 0;

Convolution of functions v and v;

Convolution between u and v with respect to the spatial variables;
Fourier transform of g;

Inverse Fourier transform of g;

Support of the function f;
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Functional spaces used throughout this thesis

€* = €F(R") Spaces of k-times continuously differentiable functions;

€ = ¢ (R") Spaces of infinitely continuously differentiable functions;

65° = 65°(R") Spaces of infinitely continuously differentiable functions with compact suppor
LP = LP(R™) Lebesgue spaces, 1 < p < o0o;
L. =L (R") Spaces of locally p-measurable functions, 1 < p < oc;

W= WmP(R")  Sobolev spaces based on LP(R"), 1 <p < oo, m € N;
H*®* = H*(R™) Sobolev spaces based on L*(R"), s € R;
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Chapter

]_ Introduction

1.1 Motivation

In the study of wave dynamics, some systems are devoted of behavior that has a finite
life and characterized by conventional expectation, leading to phenomena where solutions
do not only disappear but blow-up in finite time. In this thesis, we study some kind of
these systems, namely, the effectively damped wave models with nonlinear memory. These
models represent a topic of great significance for several reasons, making it an important and
worthy subject for investigation. In the following we state some some events that modeled

mathematically by this type of models

e Real-World Applications: ([I],[20], [41]) These models are crucial for understand-
ing and predicting the behavior of various physical systems. They have applications in
fields such as geophysics (seismic wave propagation), engineering (vibration analysis),

and materials science (stress-strain relationships in viscoelastic materials).

e Advanced Mathematical Techniques:( [34], [49]) Studying these models involves
sophisticated mathematical tools and techniques. This includes fractional calculus,
integral equations, and nonlinear analysis. This research can lead to the development

of new mathematical methods and theories.

e Memory Effects:[12] Nonlinear memory effects are essential in many natural and en-
gineered systems. These effects help describe how past states of a system influence its
current and future behavior. Understanding these effects can lead to better modeling

and prediction of complex systems.

e Stability and Control:([7], [54]) Investigating the stability and control of wave mod-

els with nonlinear memory is crucial for designing systems that can withstand distur-
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bances. This has practical implications for structures and materials that need to

remain stable under various conditions.

e Technological Innovation: [58] The insights gained from this research can drive
technological innovations. For example, in designing materials with specific damping

properties or in creating new diagnostic tools in medical imaging and treatment.

1.2 Background overview

In this section we present the historical of damped wave models with a semi linear or

non linear memory as a forcing term.

1.2.1 Cauchy problems for damped wave models with constant co-

efficients

Let us consider the following nonlinear Cauchy problem for the classical damped wave
equation:

uy — Au+u, = f(u), = eR" t>0, @)
u(0,2) = f(x),u(0,z) = g(x), ze€R"™ |

where f is a given function, null or depending on the solution u which represent the non
linear term in the non trivial case. We distinguish between several cases regarding the

function f.

A. Homogeneous equation

It corresponds to the case f(u) = 0. In this case, the solutions to linear Cauchy problem
(1.1) represent wave propagation with friction, such as the telegraph equation and heat
conduction with a finite propagation speed of perturbations.

The wave energy of Sobolev solutions to the linear Cauchy problem (1.1)) is defined as
follows:

E(u)(t) = 5 (IVau(t, )72 + lue(t, )72).

NO| —
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Here E(u)(t) is monotonically decreasing. This result is obtained by differentiating the
energy F(u)(t) with respect to t and applying integration by parts. In other words, it can
be expressed as follows:

d
EE(U)(IS) = / (upugy + Vu - V) de = —/ u(t, z)* dr < 0.

Therefore, we cannot expect energy conservation due to the presence of the damping
term. This does not provide any information about whether the energy converges to zero
or remains positive and so far to zero at all times. However, this raises a question regarding
the behavior of the energy as t — oco. A particularly important question is whether the
energy E(u)(t) approaches to 0 as ¢ — oo or not? This behavior is known as decay in the
PDE’s literature.

In [42], precise decay estimates for solutions to the linear Cauchy problem are
established where the author demonstrated that the solutions to the damped wave equation

(1.1]) satisfy for any k € N and a € N” the following estimates:

lo

1Dy D3 u(t, )llze < (1+ t)*%(7§>777k(||f\|m+waw + gl mesier-s + 1(F, 9)Lm),

for all ¢ > 0 and m € [1,2). In this estimate, f and g are the first and the second initial
data respectively. In this context, the estimates are improved by introducing an additional
L™ regularity, where m € [1,2). The associated LP — L? decay estimates for the Cauchy
problem are presented as follows:

luu(t, ), Tt Vo S (L 7EGTD7 (o + gl )

forn > 2, p € [1,2), }D + é =1land N, > n <% + é) . In other words, these decay rates
correspond to the estimates for the heat equation (see [50]). Therefore, this parabolic struc-
ture can be described in terms of the so-called diffusion phenomenon, and the asymptotic
behavior of the solutions to the damped wave equation is related to the solutions of the heat

equation.

B. Semi linear damped wave equation

For non vanishing f, the study becomes very delicate. We present only the interesting

cases considered by the researchers in the last decades. The most important form is when
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f(u) = |ulP. This form is known as semi linear term or power-type non-linearity. In this case
Cauchy problem ([1.1)) is called Cauchy problem for the semi linear damped wave equation.
It reads as follows:

uy — Au+uy = |ulP;, z€R™ ¢t >0,
(1.2)

u(0,2) = f(z),w(0,7) = g(z), =eR"
Many authors was interesting in this model where they investigated the global existence
for small data solutions and local existence for any data. The main propriety for this type
of models is the so-called "critical exponent of Fujita" denoted usually p* or ppy;.
In paper [53], it is proved that the critical exponent of Fujita for Cauchy problem ([1.2)
is

Pry;(n) =1+ % (1.3)

and a global existence result for energy solutions is established too, under the condition
compactly supported initial data, for p > ppy;(n) and p < pey = -5 if n > 3. The last
requirement is caused by the use of Gagliardo-Nirenberg inequality and the parameter pgy
is called the Gagliardo-Nirenberg exponent. These results open the door for researchers to
discover the connection between the classical damped wave equation and parabolic models.
In addition, the same paper contains a blow-up result for 1 < p < ppy;(n), assuming that
the data satisfies some integral sign conditions. Later, in [61] and [53], blow-up results for
Cauchy problem (|1.2) was refound by using what is known actually as the test function
method. Specifically, the author extended the analysis to the broader framework of com-
plete non compact Riemannian manifolds and demonstrated the blow-up of local solutions
for 1 < p < ppy;(n), again under the same integral sign conditions as in [53].
Recently, in [32], the authors reduced the assumption of compact support for the data in
the global (in time) existence result for [1.2]

Moreover, other cases where the power nonlinearity is substituted with the nonlinearity
+|ulP~! in have been widely studied in the context of the classical semi-linear damped
wave equations. We refer the reader to check Eg. [29], [33], [45],[47], [48].

Comparing the results for [I.2] with those of the classical free wave model with the fol-
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lowing power non-linearity:

uy — Au = |ulP, xR t>0,
(1.4)

u(0,z) = f(z),u(0,2) = g(x), x€R™

We can immediately observe the beneficial effect generated by the presence of a lower order
term, specifically the damping term w,, since po(n) > ppy;(n), where po(n) represents the
positive root of the quadratic equation (n—1)p? — (n+1)p = 2. In [52], it was proposed that
po(n) is the critical exponent for the Cauchy problem (1.4)), and called the Strauss exponent.
Recalling, as previously mentioned, the Fujita exponent acts as the critical exponent for
the semilinear heat equation. The addition of the damping term significantly changes the
characteristics of the model making it appears as "parabolic-like" from certain viewpoints.
This phenomenon can be further elucidated by exploring two key aspects.

The first point is the so-called diffusion phenomenon observed between linear heat equations
and linear classical damped wave equations, which particularly results in identical decay
rates in the L — L9 estimates for the solutions and their derivatives of both the linear
heat equation and the linear classical damped wave equation. Therefore, in terms of decay
estimates, the classical damped wave model can be considered "parabolic-like." The second
noteworthy point is that the test function method was initially developed to derive blow-
up results for semi linear parabolic models. Additionally, the precision of this method in
determining the upper bound for p, which leads to a blow-up result (given appropriate
assumptions for the data), further emphasizes the parabolic nature of the classical damped
wave model. Nonlinearity plays a crucial role in the analysis of wave equations, evolution

equations, and damped equations.

C. Damped wave equations with non linear memory

In certain cases, fractional nonlinearity is introduced through the Riemann-Liouville
fractional operator and known as a nonlinear memory term. In this kind of models we
based on the following Cauchy problem

t
Uy — Au+ uyp = / (t — 1) u(r,)Pdr, (t,z) € (0,00) x R,
0 (1.5)

w(0,2) = f(z), w(0,2) = g(x), =R,
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with v € (0,1). This model is considered in [17] and more recent in [8]. The author of [17]
focused on the global existence and blow-up phenomena together of solutions for the Cauchy
problem described by . He utilized the weighted energy method to establish the exis-
tence and uniqueness of energy solutions, by considering a weight similar to that considered
in [53] while he applied the test function method to study the of blow-up phenomenon. In
particular, he proved that the critical exponent in Fujita sense is

2(2 — ) 1}
max {n —2y+2,0} vJ’

Pruj(y,n) = max{ (1.6)

Among the disadvantages of the weighted energy method is that creates some gaps. For
this reason, the author of [§] thought to filling these gaps by changing the method. He used
the method of linear estimates to establish global existence. He also, succeed to replace
the condition of compactly supported of the data required in [I7] by small L?—norm of the
data. The disadvantage of this method for this model is that it imposes hight regularity
of the data and gives positive results in a space dimension smaller than six only. Finally,
we mention that the author in [§] does not investigate blow-up results since they are done

correctly in [17].

D. Semi linear damped wave models with viscoelastic term

Another remarkable model that has been extensively studied in several recent papers, we
cite for instance [9], [30], [3I] and [43], is the following Cauchy problem for the semi-linear
wave equation with friction and viscoelastic damping, and power nonlinearity:

utt—Au—i—ut—Aut:]uP’, $€Rn,t>0,
(1.7)

u(0,z) = f(z), w(0,2) =g(x), ze&R™
Obviously, it is possible to explore Cauchy problem by incorporating both friction
and viscoelastic damping terms. The topic of the qualitative characteristics of solutions to
arises somehow. the understanding of the relationship between friction and viscoelastic
damping is an interesting aspect. As a result, the authors in [30] demonstrated that the
effect of frictional damping is more significant than that of viscoelastic damping in the

asymptotic behavior as shown as t — co. Recently, D’Abbicco [9] studied Cauchy problem
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(1.7), assuming that the data (f, g) belong to the energy space with additional L' regularity,
specifically (H* N L') x L?* N L'). The study demonstrated the global in time existence of

small data energy solutions for the range of admissible exponents 1 + % <p<1l+ % for
n > 1. One can see that the critical exponent of Fujita proposed for Cauchy problem
is as in . This explain why the friction term dominates the viscoelastic damping. In
the other other hand, the authors of [43] characterized a generalized diffusion phenomenon
and showed that the asymptotic behavior of solutions over a long period is a combination

of diffusion and wave equation solutions.

E. viscoelastic damped wave models with non linear memory

In this direction, there is not a lot of results since this topic is new. The following Cauchy
problem of viscoelastic damped wave equation with friction and nonlinear memory
U — Au+ up — Auy = fg(t — 1) Vu(r,)Pdr, = e€R"t>0, (18)
u(0,7) = £(x), u(0,7) = g(x), zER".
is considered in [14] where the authors proved the global existence of solutions for the Cauchy
problem (|1.8)) with small data, but they did not study blow-up results for this problem. In
particular, they proposed as critical exponent the parameter pp,;(y, n) defined by (1.6) (See
Section . One can understand that the proposed parameter is just a threshold of the
zone of global existence since the blow-up has not been investigated yet. In order to show
that ppy;(7y,n) is sharp one has to study what happens if p < ppy;(7,n). This is considered
as an open subject of scientific research. As a consequence, our work is motivated by this

open subject.

1.3 Connection between semi-linear and non linear mem-
ory terms

In fractional analysis, one can remark that, for any v € (0,1), p > 1 and ¢ > 0, one has

LAa—rrwwmﬂww:ra—vmﬁwmw»m,
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where I' is the well known Gamma function of Euler defined by 1) and Iég” denotes for

the right fractional Riemann—Liouville integral of order 1 — 7 defined by Hence, we
have, in distributional sense

limD(1 — ) /0 (t— ) ulr, P dr = Jult, ). (1.9)

y—1

Based on (|1.9)), one can see that when ~y tends to 1, the non linear memory term converges to
the semi linear term up to a constant. Consequently, Cauchy problem converges to the
Cauchy problem ([L.4), it follows that Fujita exponent approaches to Fujita exponent
. The same turns true for Cauchy problems and . One may interpret this

remark as a continuity of Cauchy problems and Fujita exponents with respect to 7.

1.3.1 Cauchy problems for wave models with time-dependent co-

efficients

This kind of models is very delicate and require additional tools and based results. We

select for example the main following difficulties:

e We can not express explicitly the solution of the corresponding Cauchy problem. As
a consequence, we can not get directly the estimates of the L?—norm of the solution
and its gradient which complicates the study of whether the initial value problem is

dissipative or not since we can not conclude that the energy decreasing to 0!

e We can not shift the fundamental solutions obtained by applying Fourier transform to
express the solution of the non linear problem from the solution of the corresponding

linear problem.

e Without some restrictions on the coefficients, we don’t have always diffusion phe-

nomenorn.

e In the study of blow-up, the classical test function gives worth results, it requires to

apply the modified method instead and this last one is more complicate.

Obviously, these difficulties turns the study hard somehow.

There is not a lot of results concerning these models. For this reason, we present, only,
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some models considered by some researchers in this direction. Let us start with the following
most important Cauchy problem for the damped wave equation that involves time-dependent
dissipation

Ut — Au + b(t)ut = 0, T € RTL’ t > O,
(1.10)

uw(0,2) = f(x),u(0,z) = g(x), z=€R"™
The term b(t)u; is referred to the damping term. It hinders the wave effect and decreases
its energy. The coefficient b = b(t) measures the intensity of the damping. It is clear that,
the solutions’ asymptotic behavior and the evolution of their wave energy depend on the

positive coefficient b = b(t) in the damping term.

1.3.2 Classification of time-dependent dissipation

In the PhD thesis [60], the author summarizes his pioneering works by introducing a

classification of time-dependent dissipation terms as follows:
e Scattering producing to the free wave equation,
e Non-effective dissipation,
e Effective dissipation,
e Over-damping producing.

If the solutions behave asymptotically like those of the wave equation, meaning that the
damping term in has no essential influence on the behavior of the solution, then the
solution scatters to resemble that of the free wave equation as t — oo. This case is referred
to as the scattering producing case. If the LP — L7 estimates for the solution to the Cauchy
problem (|1.10]) are closely aligned with those of the solutions to the free wave equation, then
the damping term is referred to as non-effective.

If the solution to the Cauchy problem has the same decay behavior as the solution of
the corresponding parabolic Cauchy problem

U = ~~Au, = €R"t>0,
O (1.11)

u(0,z) = f(x), xe€R",
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that is, if the damping term has a stronger influence, then the damping term is called
effective. Finally, if there is no decay estimate for the energy of the solution, specifically, if
the damping term exerts too strong an influence, then the damping term is referred to as
over-damping producing.

In general, in cases of scattering or over-damping, there is no decrease in energy. Specifically,

the effectiveness of the model ((1.10)) is defined as follows:

Definition 1.1. (Effective dissipation) The damping term in is considered effective
if b= b(t) satisfies the following properties:

(1) b(t) > 0 for any t > 0.
(2) b is monotone and tb(t) — oo ast — oo.
(3) (1+1)%(t))~" € L([0,00)).

(4) b€ %0, +0) and

b® (1) < ot) for any k=1,2,3.

(5) 5 ¢ 1(0,00).

For whom asking for examples of such b(t) we refer him to check Eg. [I1], [59], [60] and
the references therein. In the case of effective dissipation, the LP — L? decay estimates of

the solution (1.10]) and its derivatives were provided as follows in [59] 60]:

2]

IR TS
IDEDEu e S s (14 [ 505) ([ TT—

where p € [1,2], % + é = 1 and the regularity Np > 2 — 2. Tt is important to note that this
decay rate aligns with the corresponding estimate for the heat equation.

Next, we examine the following Cauchy problem for the semi-linear time-dependent damped
wave equation:

uy — Au+b(t)uy = |[ulP, e R" t >0,
(1.12)

u(0,2) = f(z),u(0,2) = g(x), = €R™

10
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In the case where b(t) = pu(1 +¢)™" with g > 0 and r € R, We can classify the damping
term into four cases based on the different values of r. When r» < —1, the damping term
is referred to as over-damping, and the solution does not approach to zero as t — oo. If
—1 < r < 1, the solution behaves similarly to that of the heat equation, and we refer to
the damping term as effective. Hence, the term wuy in does not affect the solution’s
behavior, and the L? — LY decay estimates for the solution are nearly identical to those of
the heat equation. In contrast, when r > 1, it is established that the solution behaves like
that of the wave equation, indicating that the damping term in does not affect the
behavior of the solution. In this case, the solution scatters to that of the free wave equation
as t — 0o, and therefore, we refer to this phenomenon as scattering. Finally, when r = 1,

the equation in (1.10) remains invariant under the scaling
v(x,t) =u(sz,s(1+¢t)—1), s>0.

Thus, the damping term is referred to as scale-invariant. In this scenario, the behavior of
the solution to ([1.10]) is observed to depend on the value of .
The classifications of the damping term in (|1.10)) are summarized in the table below.

Range of r | Classification

r € (—oo,—1) | over-damping

rel[-1,1) effective
r=1 scale-invariant
r € (1,00) scattering

Let us revisit problem (|1.12]), which adopts the aforementioned terminology and exhibits
significantly different behaviors depending on the case. Let us compile some global existence

and blow-up results in the following two tables.

11
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Authors Range of r | Dimension n Exponent p
Ikeda,Wakasugi [2§] r<—1 n>1 p>1
Wakasugi [57] r=-—1 n=1,2 p > pr(n)
n>3 Pr(n) <p <5
Todorova,Yordanov [53] r=0 n=1,2 p > pr(n)
n>3 Pr(n) <p <3t
D’Abbicco, Lucente,Reissig [11] —-1l<r<l1 n=12 p > pr(n)
Nishihara [46] Lin, Nishihara,Zhai [38] r#0 n>3 Pp(n) < p < 2£2
Liu, Wang [40] r>1 n=3,4 p > ps(n)
Table 1.1: Global-in-time existence for r # 0.
Authors Range of r | Exponent p
Fujiwara, Tkeda, Wakasugi [19] r=-—1 1 <p< Pg(n)
Ikeda, Inui|24] p =pr(n)
Li, Zhou [39], Zhang [61]
Todorova, Yordanov [53] 1 <p< Pr(n)
Kirane, Qafsaoui [35] r=0
Ikeda, Ogawa [25]. Lai, Zhou [37] p=pr(n)
Ikeda, Wakasugi [27]. Nishihara [46]
Fujiwara, Ikeda, Wakasugi [19]
Fujiwara, Ikeda, Wakasugi [19]
Ikeda, Inui [24] —l<r<1|1<p<Pp(n)
Ikeda, Ogawa [25] r#0 p=pr(n)
Ikeda, Wakasugi [27]
Lai, Takamura [30] r>1 1 <p< Ps(n)
Wakasa, Yordanov [55] p = ps(n)

Table 1.2: Blow-up in finite time for r # 0.

D’Abbicco, Lucente, and Reissig [11] (see also [10]) broadened this finding to encompass
more general forms of b(t) that satisfy a monotonicity condition and exhibit polynomial-like

behavior. Additionally, they relaxed the data assumptions to allow for an exponentially de-

12
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caying condition. They also addressed initial data belonging to the class L'(R™) N H'(R™) x

LYR™) N L?(R") when n < 4, and the authors generalized this blow-up result to more gen-
eral damping terms b(t)u; by using a modified test function method(cf.[I0]). More precisely,
the dissipation b(t)u,, that is considered in [I1], is effective according to the classification
given in [59][60].

Next, we review some scientific studies that addressed wave equations with effective damp-
ing, where nonlinear memory appears as a forcing term

e — Au+ by, = [t —7)ulr, )7, (t,2) € (0,00) x R, (1.13)

u(0,2) = f(z), w(0,2) =g(z), x€R™,
is considered in [21] and [22] where the authors proved global existence of small data solution
in [22] by using Matsumura type estimates method and blow-up in finite time of weak

solution by the test function method in [22] for a family of effectively
b(t) e {(1+1¢)", re(—1,1)}.

In this thesis, we focus on studying two types of damped wave models. The first type
involves the Cauchy problem for damped waves with viscoelastic properties and nonlinear
memory, while the second type is a model for damped waves where the damping depends
on time-related parameters. Our study will examine cases where the damping is effective,
accompanied by a viscoelastic term and nonlinear memory. The primary objectives of this
research include exploring the relationship between the first and second models by proving
blow-up results for local (in time) energy solutions and determining the critical exponent in
the sense of Fujita for both models. To prove the local existence of solutions, we will apply
the Banach Fixed Point Theorem along with well-known mathematical tools, such as the
Gagliardo-Nirenberg inequality. For proving blow-up results for the solutions, we will use
the test function method for the first model, and the modified test function method for the
second model.

The importance of this study lies in its ability to provide several key results, including
understanding the relationship between frictional damping and elastic damping in the first
problem, and examining how these terms affect the critical exponent. As for the second

model, which includes an effective damping term b(¢)u;, we aim to study how the size of

13
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b(t) influences the shape of the solution when ¢ is sufficiently large. Since the models we
are studying resemble the parabolic models in terms of energy decay estimates, and given
that the damping is effective, we expect the solution to behave similarly to the solution of
a parabolic equation. Therefore, the critical exponent is expected to be the same as the
critical exponent for the damped wave equation with nonlinear memory, as well as for the

heat equation with nonlinear memory.

1.4 Plan of the thesis

This thesis consists of four main chapters and an appendix. The first chapter provides an
introduction that includes a brief historical overview of the most prominent damped wave
models, as well as a discussion of results related to the global existence of solutions. It also
highlights blow-up results, critical exponent values for these models, and their connection
to nonlinear memory. Furthermore, the chapter reviews the methods and approaches used
to study these models, whether they involve constant coefficients or time-dependent ones.

Chapter two is dedicated to defining some notations and preliminary concepts. In this
chapter, we introduced some spaces that we work on in this thesis, such as Sobolev space
and some related properties. We also defined the Fourier transform and its properties in
these spaces. Additionally, we reviewed some techniques and results necessary to understand
the rules of fractional calculus, focusing on the Riemann-Liouville concept. This chapter
concludes with the concepts of diffusion and blow-up phenomena, where we discussed some
methods used to study the blow-up phenomenon, such as the test function method.

The third chapter is dedicated to studying the damped wave model that includes a vis-
coelastic term and nonlinear memory. In this chapter, we focus on investigating the local
existence of solutions by applying Banach’s fixed-point theorem, along with utilizing math-
ematical tools such as the Gagliardo-Nirenberg inequality. Additionally, we explored the
blow-up phenomena of solutions and determined the critical exponent using the test func-
tion method. This study generalizes the work of Cazenave [0] and Fino [17].

In Chapter Four, we will explore a different type of damped wave models, specifically the

14
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damped wave model with effective damping, accompanied by a viscoelastic term and non-
linear memory. This study aims to establish the local existence (in time) of solutions for
this model. Additionally, we will investigate the blow-up phenomenon under the condition
of positive initial data, utilizing the modified test function method, which is considered a
useful tool for addressing time-dependent damping terms, and in this chapter, we aim to
highlight the impact of the damping term on the critical exponent.

This thesis concludes with a bibliography, which is an alphabetically arranged list of all the

references used in its preparation.

15



Chapter

2 Preliminaries and Basic Concepts

In this chapter, we review some mathematical concepts that will be utilized throughout

this thesis. In all this chapter, we denote by X for a bounded domain of R™.

2.1 Special functions

Special functions play an important role in the fractional calculus. In this thesis, we
need to this kind of functions in the study of blow-up of our problem since the method used
is the test function method which itself depends on the right choice of the test function. In
our case we choose a test function defined via the right fractional differential operator of
Riemann-Liouville. For this reason, we set the definition and some properties of the special

functions used in this thesis.

2.1.1 Gamma function:

The Gamma function generalizes the notion of the factorial (defined only in N) for any

positive real number. It is defined for any x > 0 by the following integral:
['(k) = /OO t" e tdt, (2.1)
0
In the following lemma, we select among the proprieties of I" that we need in this thesis :
Lemma 2.1. For any k and > 0, one has
e '(k+1)=rl(k).
e I(}) = V7.

o I'(k)['(u) =T(k + p).

16
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In particular, the first propriety gives I'(k) = ! if K € N. From this remark we can

understand the generalization we are talking about.

2.1.2 Beta function:

The second special function is the Beta function which is defined, for any u, x > 0, by:

1
B, k) = / (1 — )"t (2.2)
0
Recalling, that the Beta function is related to the Gamma function by the following useful
identity:
['(%)I(p)
Bk, 1) = , 2.3
R (2.3

for any p,x > 0.

2.2 Functions Spaces

2.2.1 Lebesgue L” Spaces

Definition 2.1. [j/ Let p € [1,400), the LP space is defined as :
LP(X)={f:X = R; f is measurable and / |f(z)] dz < +oo},
X
which is a Banach space with respect to the norm

N fllze = 1 fll, = (/X |f(g;)|Pd:E>1/p'

Definition 2.2 (p = o0). [Jl/ In the case p = oo, the space L>®°(X) is called space of
essentially bounded functions and defined by

L>(X) = {f : X — R; f measurable and 3C > 0 suth that |f(z)] < C a.e. on X},
which is a Banach space with respect to the norm

[fllzee = [ flloe = mf{C5 [f(z)] <C a.e. on X}.

17
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2.2.2 Space of test functions

Definition 2.3. Let X C R" be an open set and ® : X — R be a function. The support of
® is defined as

supp(®) = {x € X : &(x) # 0}.

Definition 2.4 (Test functions space). The space of infinitely differentiable functions with
compact support in X is called space of test functions defined on X. It is denoted Z(X) or

5 (X).

Definition 2.5. Let X C R"™ be an open set. A measurable function f : X — R is considered

locally integrable if, for every compact set K C X,

/K lu(z)|dr < oo. (2.4)

The space L, .(X) denotes for the space of locally integrable functions defined on X.

loc

2.2.3 The space of distributions 2'(X)

Definition 2.6. 2'(X) is the vector space of linear maps T : €5°(X) — C satisfying the
following condition: For any compact set K C X, there exist constants C' > 0 and k € N
such that:

(To)| <C Y supld®pl, Vo € G (K). (1.1)

o<k
2.2.4 The Schwartz space S(R")
Definition 2.7. S(R™) is the vector space of €*°—functions f : R™ — C which satisfy:

Va, 3 € N*, 3C, 5 > 0 such that |1°0°u(z)| < Cop, Yz € R".

2.2.5 Sobolev Spaces

Let X C R™ be an open set and let p € R with 1 < p < o0.

18



2.2. FUNCTIONS SPACES CHAPTER 2

Definition 2.8. Let m € N. Then the Sobolev spaces W (R") are defined as

W) = {f € PR : flwp = 3 102 fllir < 00}

la|<m

Definition 2.9. Let s > 0 be not an integer number. By m we denote the integer part of s.

Then the Sobolev-Slobodeckij spaces W3 (R™) are defined as
Wi(R") = {f € W®") : |[fllw; < o0) },
where the norm || - || in W;(R”) is defined by

02 f(x) = g f)P  \
1 lhws = 1l + / / |x— g dedy)

| [=m
In the particular case p = 2, the space W3 (R") is simply denoted W?*(R™).

Definition 2.10. Let s € R. Then the Sobolev spaces of fractional order H;(R™) are defined
as

Hy(R™) == {f € S'(R") : || f|

;= [F7 7€) T (f))llLe < o0}
Again, when p = 2, we also use the notation H*(R™) instead of H5(R™). Where S’'(R"™) we
denote the topological dual to S(R™).

Definition 2.11. Let 1 < p < oo and s € R. Then the homogeneous Sobolev spaces of
fractional order H;(R”) are defined as

R = {f € Z(R"): = | F U FUNw < 00}

Based on that, we define the function space
ZR") :={f €L R"): DIF(f)() =0 for all « € N"} .
By Z'(R™) we denote the topological dual to Z(R™).

Remark 2.1. The property of homogeneity is an important tool to prove embeddings be-
tween, the spaces Hi(R"™) and LP(R") (see [5]). Among other things, we have the following
embeddings:

o Ifsc [O E) then the space H(R") is continuously embedded in LI(R™) if and only if

q= nz 5;- Consider the following embedding for non-homogeneous spaces: if s € [0, %),
then the space H5(R") is continuously embedded in LY(R™) if and only if q € [2, -2%-].

o Ifpe (1,2], then LP(R") is continuously embedded in H3(R™) with s = n (l - 1).

2 D
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2.2.6 Basics of Fourier Transformation

This section focuses on providing the principles of Fourier transform, which is a key tool
in analyzing the global existence of solutions.
The Fourier transform is one of main types of integral transformation. It is defined on
L'(R™) using the classical definition as follows:

F(w)(€) = a(€) = W /R ua)dr, § R (2.5)

The inverse Fourier transform is defined, formally, using the classical definition as follows:

F(0) () = W /R (s, @ € R

Some proprieties of .7 used in the sequel

Among the proprieties of .# needed in particular, in the proof and some estimates of

global existence of small data solution for Cauchy problem types we select

Proposition 2.1. Let u € L*(R™). Then, Z (u) belongs to L>=(R™). Moreover, the following
identity of convolution holds for all u,v € L*(R") :

F(uxv)(§) = F(u)(§)F()(E), ¢eR™

In the space L?, Fourier transform is defined by density technique. We recapitulate the

main proprieties of .% in L? the following theorem

Theorem 2.1. [16] Let F the Fourier transform operator defied by . Then the follow-

ing assertions hold
1. The Fourier transformation is a unitary operator on L*(R™).
2. The Fourier transformation % satisfies the well known Parseval-Plancherel formula
(F(u), F )2 = (u,v) 2 for any u,v € L*(R™).
3. The Fourier transformation F is isometric from L*(R™) into it self satisfying for any

ue L*(R")
[ullrz = [|-F (u)]| L2
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Application to H* Spaces

We will define the space H™(R™); m € N. This space consists of functions given by

H (R = {we SR |l = [ IR+ )" de < o0}

This space is norm-equivalent to the Sobolev space W3 (R™). In fact, by applying Parseval-

Plancherel’s formula and utilizing the properties of the Fourier transform, we obtain
107 ull> = 1§ F(w)][ > for all |af < m.
It can be generalized to all real s € R
Theorem 2.2. [16] The Fourier inversion formula holds on H*(R™), that is,
F Y F@w)=u for ue H(R").

Theorem 2.3. [1)] The Fourier transform of a smooth function is a smooth function.

2.3 Functional analysis

2.3.1 Green’s formula

Theorem 2.4. (Green’s formula)[/]] Suppose Q C R™ is a bounded domain of class €

and n denotes its outward unit normal. If u,v € €%(Q), then

ou ov
vAudr = | uAvdx +/ v— — u— |do
/Q /Q 8Q< on 6’77)

where o is the surface measure on OS.

2.3.2 Banach fixed point theory

We present one of the fixed point theorems, which plays a fundamental role in proving

the existence and uniqueness of solution to nonlinear equations and systems.

Theorem 2.5 (Contraction mapping principle). [23] Let (]| - ||) be a Banach space
and let K be a closed convex set in . If N is a mapping defined on K such that
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i) Nu€ K forallu € K,
it) Ik € (0,1), such that ||[Nu— No|| < klju—v| for any u,v € K,
then N has a unique fized point 4 satisfying N(a) = u in K.

The following corollary that the proof is based on Theorem is used, in particular, to
prove the results of Section [3.5]

Corollary 2.1. [13] The operator N maps X into itself and has one and only one fized
point u € X if the following inequalities hold:

[Nullx < Co() [[(uo, u)llx, + Ca(t) [Jvllx
INu— Novjly < Ca(t) [lu = wll (lull "+ [lvll% )
where (ug,uy) € Xo, C1(t),Ca(t) — 0 fort — 0.

The proof of this corollary can be found in [I3].

2.3.3 Gronwal type lemma

In this section we announce two main inequalities regarding there importance in this
thesis. The first one, is known as Gronwal lemma. it permits to extract an estimate for a

function defined via a integral recurrent relation somehow. It reads as follow

Lemma 2.2. Leta, b€ R, a <b and f = f(t) be a continuous real valued function on the
interval [a,b] and let £ € R. Suppose that k(t) is a continuous nonnegative function on |a, b
satisfying

1. 1o !

§f (t) < §€ + k(s)f(s)ds
for any t € [a,b]. Then

t
FO1< 10+ [ ks

holds for any t € |a, b).

Proof. Put, for t € [a,b] and £ > 0,

F.(t) = %(62 +%) + / k(s)f(s)ds.
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Then F.(t) is strictly positive and satisfies
FU(t) < k()| f(1)] < (2F-(1))2k(t),

which means that

Integrating over [a, t] we get

(2F.(1))? < (2F.(a))? +/ k(s)ds.

From the inequality
(2F.(a))? < (2 +e%)2 < ||+«

we obtain according to the assumption,

N

[f()] < (2F:(1))
< (2F.(a))? —i—/ k(s)ds

=

t
< | +6—I—/ k(s)ds.

Finally, by taking the limit as ¢ — 0, we derive the required estimate. O]

2.4 Tools from fractional analysis

The second member of the model we consider can be expressed by a fractional integral
of Riemann-Liouville up to a constant (see Section [1.3)). Then is better to present the
main tools needed to treat this member and the results in connection. First we present the

definitions

2.4.1 Fractional integration and differentiation

In this section, we will review essential definitions and useful lemmas concerning frac-
tional derivatives and integration, which will be utilized in this thesis. we restrict ourselves

on Rimann-Lioville sense. First
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Definition 2.12. [51/(Absolutely continuous functions): A function h : [a,b] — R with

a,b € R, is absolutely continuous if and only if there exists a Lebesque measurable function

Y € L'[a,b] such that
@+ [ )

The space of these functions is denoted by ACla,b|. Furthermore,
AC*[a,b] = {f [a,b] — R; £®) € ACla,b], forallk € N}.

Definition 2.13. [51/(Riemann-Liouville fractional integrals): Let g € L'(0,T) with
T > 0.The Riemann-Liouville left- and right-sided fractional integrals of order o € (0,1)
are, respectively, defined by

Ig.9(t) = ! ] /0 (t —s8)* tg(s)ds for t>0, (2.6)

T(a)

and

o) = gy [ =07 "alhds for ¢<T.

where T(+) is the Euler’s gamma function, defined by (2.1)).

Definition 2.14. [51/(Riemann-Liouville fractional derivatives): Let g € AC[0;T]
with T > 0. The Riemann-Liouville left- and right-sided fractional derivatives of order
€ (0,1) are, respectively, defined by

1 d

Dhalt) = 515700 = sy | (=9 ads fore>o.(2)

and

Diirg(t) = thﬂT g(t) = ﬁ%/t (s —t)"“g(s)ds fort<T. (2.8)

We state some properties as preliminary results

2.4.2 Some proprieties
The fractional version of integration by parts formula is given in the following proposition

Proposition 2.2. [57): Let T > 0 and o € (0,1). The fractional integration by parts

formula is given by

/0 g(t) D rh(t)d = / (Dgua(t))h(t)dt, (2.9)
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holds for every g € Ifi(LP(0,T)), h € I5,(L%(0,T)), where 1 + o > % + % with p,q > 1 and

5. (L9(0,T)) = {g — I§.f for f € Lq(O,T)},

i (L20,7)) = {g = Iipf for | e 1/(0,T)}.

The following proposition will show us that the composition of right hand sided fractional

integral with right fractional differential operator gives the identical operator

Proposition 2.3. Let T > 0 and o € (0,1). The following identities are valid:

( 0jt © gjt)g(t) = g(t) for all g € LY([0,T7), (2.10)

and

(—=1)"dy Diirg(t) = Dgi"g(t), neN, forall g € AC"™0,T), (2.11)

where 1 < ¢ < oo, n € N and d? is the ordinary n'" derivative.

2.4.3 Typical example

In the following proposition, we state an example where we explain how the operator

(2.8)) operates. We also consider it as a preparatory result for Section .

Proposition 2.4. Given > 1, let po be the function defined by

t\B

p2(t) = (1 - :F> : (2.12)

+

Then, for all « € (0,1) and j =0, 1,2 we have

: (2.13)

t\B—a—i
i )

D () = C T (1 L
902( ) J T i

where
r'p+1)
r—a+1-—yj)

Proof. The proof of Proposition (2.4)) depends on straight forward calculations. Indeed, we
have by definition (2.14)

@ _ 1 d g 902(8)
Diirpa(t) = _F(l——a)ﬁ/t G- t)ads

Cj:

25



2.5. TOOLS FROM HARMONIC ANALYSIS CHAPTER 2

Then, using the Euler’s change of variable

Gy — s—1
y - T_ta
we have for j = 0 after using formula ({2.3)),
Lo gy
D¢ )y = ———— ~T7_d
t\TQ02( ) F(]_ I O[) (9t/t (S _t)a §

-5 1
= o= g_a)% ((T—t)ﬁa“/o y‘“(l—y)ﬁdy)
B-—a+1)B(l—-a,f+1)

_ Fi-a) 79T -t
I (S R
R CErES TR

where 4 is the Beta function defined by (2.2)).
For j = 1,2 we apply directly formula (2.11]), we get after using Lemma (2.1)),

Vit € [0,T]: Dﬁ;lwg(t) = —d;Dijrpo(t)  and Da‘;ﬂgag(t) = detOngpg(t).

Hence the result is concluded. O

Corollary 2.2. Let o be the function defined by (2.13). Then for all « € (0,1) and
7=20,1,2 one has
Dy 5(0) = G,

where the constants C; are as in Proposition [2.4]

2.5 Tools from harmonic analysis

In all this section p € [1,+00] and ¢ is its harmonic conjugate that is

1 1
=1
P q

Then we have :

Proposition 2.5. (Young’s inequality)[jl] Let 1 < p,q < oo be real conjugates, then

P |ple
lab| < la” + u For all a,b € R.
p q
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As a consequence, if p=q =2, we have
o, 1o
lab| < ea” + —b°, Ve > 0.
4e
It is sometimes convenient to use the form ab < ea? + C.b? with C, = g~ 1/p-1)

Proposition 2.6. (Minkowski’s Inequality).[]] Assume 1 < p < 0o and u,v € LP(Q).
Then

lu+vllze < flullze + [|v]| o

Proposition 2.7. (Hélder’s inequality) []|/
Let Q) be an open subset of R". Suppose that u € LP(§2) and v € L1(QQ) where 1 < p < oo.

[ el < all o,

Proposition 2.8. (Cauchy-Schwarz inequality)[]] Let X be a Hilbert space and (-,-) be

Then, uv € L' and

its inner product, then

) < )29, 9)%, VfgeX.

Gagliardo-Nirenberg inequality types are used, in general, to estimate the L”—norms
of a given function u by its L" and L? norms of u and its derivatives. It is announced as

follows:

Proposition 2.9. [16/ Let j,m € N with j < m and let u € €J"(R"). Let 6 € [L,1] and let
p,q,r € [1,00] be such that

Then,

j m,_ 10 1-0
| D7), SID™ullL [Jull
On condition that
<m—ﬁ>—j€N, that is, E—|—j>morﬁ§;éN.
T r r
If
n
——)—j5 €N,
(m——) =

then Gagliardo-Nirenberg inequality holds provided that 6 € [%, 1).
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In the particular case j = 0, m = 1 and r = p = 2, the Gagliardo-Nirenberg inequality
reduces to the classical Gagliardo-Nirenberg inequality which used frequently to estimate
the LP—norm of a given function u via L?—norms of u and the gradient of u. Classical

Gagliardo-Nirenberg inequality is summarized in the following corollary

Corollary 2.3.

0 1-6
[l o S (V]| 950 ] 32

Where 0(q) is defined by the equation

o) =5(1-2).

q

Fubini theorem is a a fundamental result in integral calculus that used to evaluate the

integral of an integrable function of two variables expressed in the separate form.

Theorem 2.6. (Fubini) If f € L'(R™ x R™), then:

| sewden = [ ([ repa)a=[ ([ e @

provided the inner integral exists.

The dominate convergence theorem is one of the useful in analysis. it allows to in-
terchanging the limit with the integral of a functional sequence. The version below is a

corollary of dominated convergence theorem of Lebesgue.

Theorem 2.7. (Dominated Convergence Theorem)

Let (f,) be a sequence of measurable functions on R™ converging simply almost everywhere
to a function f. If there exists a function g € L*(R™) such that | f,(z)| < g(x) for all n and
a.e. v € R™, then f € L'(R™), and

o [lfn =Sl =0

o lim Jan fu(@) dx =[5, f(z)de.
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2.6 Diffusion phenomena

The diffusion phenomenon between classical damped wave models and the heat equation
is one of the main reasons for studying solution estimates in equation . The key result is
the remarkable relationship between the solutions of the heat equation and the damped wave
equation. In other words, solutions to damped waves seem to behave more like solutions
of the heat equation at large times, which allows us to use estimates of solutions to heat
models to understand some properties of the solutions to equation . It is worth noting
that the critical exponent obtained for damped wave equations with nonlinear memory is

exactly the same as the critical exponent for the heat equation with nonlinear memory

w— Au= [yt —7)u(r,)Pdr,  (t,z) € (0,00) x R",

u(0,z) = f(z), xeR™

2.7 Concepts of Blow-Up

Introduction. In the theory of nonlinear evolution equations, a solution is said to be
global in time if it is defined for all positive times. Conversely, if a solution exists only on
a bounded time interval of the [0,7), it is called a local (in time) solution. In the last case,
and when the maximal existence time is associated with a blow-up alternative, that is the
solution grows without to be bound within a finite period of time or over a limited region
of space the solution is said to blow-up in finite time. However, to give a precise meaning
to the notion of finite time blow-up, it is necessary to clearly specify the functional space
in which the solution is considered and the norm used to "measure" it. This phenomenon
arises in different types of PDEs, such as parabolic, hyperbolic, and elliptic equations.

Based on this remark, we may conclude the following definition:

Definition 2.15. Let X C R" and v = v(t,x) be a solution of a given evolution PDE on
the set X =1[0,T) x A. We say that v blows up in finite time T if such that

lim |v(t, z)| = +00.
t—=T—
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In this case one has

sup|v(t, z)| = +o0.
reX

and T is called the time of Blow-up.

A referential example of the blow-up phenomenon in partial differential equations.
The blow-up phenomenon arises particularly when the unknown function in the studied
problem depends on both time and the spatial variable, especially in reaction-diffusion
problems or wave propagation evolution. The notion of blow-up showed the light for the
first time in 1966 by the Japanese mathematician H. Fujita in his pioneering works especially
in the study of Cauchy problem below.
Critical exponent of Fujita
Let us examine the following Cauchy problem associated with Fujita’s equation

u—Au=uP, xeR"t>0,
(2.15)

uw(0,z) = f(z), x€R™

This equation was studied by Fujita in 1966 in his pioneering work [I8]. In particular, he

showed that if p € (1,14 2), then all solutions within a given class blow up in finite time.

Definition 2.16. The upper bound 1 + %, of the parameter p, s called the exponent of
Fugita, it is denoted pry;(n). That is ppy;(n) =1+ % It is characterized by the following:

o If1 < p<ppyj(n) then all solution blows up in finite time.
o If p> ppy;(n) all solution is global in time, that is defined on (0,00) x X, X C R™
o If p=ppy;(n) this is a critical case!

To prove the blow-up of solutions in partial differential equations (PDEs), particularly in
nonlinear damped wave equations, the test function method and the modified test function
method are commonly utilized. Below is a comprehensive explanation of each method, how

they function, and the differences between them:

1) Standard Test Function Method
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Definition 2.17. The test function method involves the use of a smooth, compactly
supported function (the test function) to derive inequalities that provide information
about the behavior of the solution to a PDE. This method often relies on energy es-
timates or integral inequalities to show that a solution cannot remain bounded for all

time.

The basic steps of how this method works:

— Selection of Test Functions: Choose a suitable test function ¢ = (¢, z) that

is smooth and has compact support within a domain of interest.

— Multiplication and Integration: Multiply the differential equation by the
test function and integrate over the relevant domain. This step often leads to

inequalities that provide insights into the solution’s behavior.

— Estimation of Growth: By analyzing the resulting integral inequalities, one

can derive conditions under which solutions may blow up in finite time.
Modified Test Function Method

Definition 2.18. The modified test function method is an extension of the traditional
test function method, incorporating adjustments to improve its applicability and effec-
tiveness in proving blow-up results. This method often involves altering the choice of
test functions or adding additional terms to better capture the dynamics of the solu-

tions.

The basic steps of how this method works :

— Improved Test Functions: Choose or create modified test functions that may
incorporate parameters or extra terms to capture the specific features of the

problem under investigation.

— Integration with Modifications: Like the original test function method, the
differential equation is multiplied by the modified test functions and then inte-
grated. However, this step may include more complex interactions or extra terms

that account for nonlinearity or other contributing factors.
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— Refined Analysis: The modifications allow for a more nuanced analysis of
how solutions behave as they approach blow-up, often leading to sharper results

regarding lifespan estimates and conditions for blow-up.

The modified test function method can yield more robust results than the standard

approach by uncovering finer details of the solution’s behavior near critical thresholds.
3) Differences Between the two Methods

A) Complexity: The modified test function method is, in general, more complex
than the standard test function method because it involves a family of functions
that can adapt to the blow-up behavior, whereas the standard test function

method typically uses a single, fixed function.

B) Adaptability: The modified test function method is more flexible and can cap-
ture a wider range of blow-up scenarios by adjusting the test functions based
on the solution’s behavior. The standard test function method may not be as

effective in cases where the solution’s growth is not uniform or predictable.

C) Results: The modified test function method can often yield sharper results or
conditions for blow-up, especially in cases where the blow-up is influenced by the

structure of the solution itself.

In the context of blow-up phenomena for damped wave equations, the choice between classic
and modified test functions can significantly impact the results. The classic method may
provide a broad understanding of when blow-up occurs, but it might not capture the nuances
of how the blow-up develops over time or under specific initial conditions. The modified
method allows for a more detailed analysis by incorporating additional information about
the damping terms or the geometry of the domain into the test functions. This can lead to
more precise criteria for blow-up or even reveal new types of blow-up behavior that were

previously unnoticed.
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Chapter

3 Non influence of the visco-elastic

term on the blow-up results

3.1 Introduction

The results presented in this chapter were published in [2].
In this chapter, we focus on the study of the viscoelastic damped wave model incorporating
two types of damping and a nonlinear memory term as well. The first damping, which is
assumed to be effective, is a friction that measures the dissipation in the PDE literature
while the second is viscoelastic. Our aim is to get blow-up results and to find the critical
exponent in Fujita sense for the following Cauchy problem:

t
gy — Au 4 uy — Auy = / (t—s)"u(s,-)|Pds, t >0,
0 (3.1)

u(0,2) = f(z),u(0,2) = g(x), z€R",
where v € (0,1) and p > 1. Before starting the study of blow-up, it is necessary, first, to
ensure that Cauchy problem ((3.1)) is, really, well posed in some appropriate space, typically,
the energy space. This what we will do in Section [3.3] For this reason, we begin by proving
a local well posedness result for Cauchy problem (3.1). In other hand, in order to clarify

our aim, we see that is better to add a motivation of our goal.

3.2 Motivation

Cauchy problem (4)) is considered in [14] where the authors investigate global (in time)
existence for small data solution and proposed as a critical exponent the parameter . In
particular, they proved that if p > pp,;(7,n) then Cauchy problem ({4 is dissipative and has
a unique global energy solution, but they don’t show what happens if 1 < p < ppy;(7,n).
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The researchers in this domain consider this as a gap. In fact, for this values of p the
solutions of ([]) blow-up in finite time. This what we will discover in Section [3.4 By filling
this gap, one can understand the interplay between effective damping, viscoelasticity and
nonlinear memory terms, which play a significant role in the qualitative behavior of solutions

and show that the proposed parameter ((1.6) is sharp.

3.3 Local existence

The aim of this section is to establish a local (in time) well-posedness result for the
Cauchy problem [3.1] with assuming that the data (f, g) belongs to the energy space H'(R™) x
L?(R™). To do so, let us, first, turn for T > 0 to the linear Cauchy problem for non
homogeneous viscoelastic damped wave equation

ug — Au+u — Aug = F(t, 2), (t,2) € (0,T) x R, (3.2)

u(0,7) = f(z), w(0,7) = g(z), z€R"
The key result from PDE analysis related to the Cauchy problem [3.2] and needed in this

section is given in the following lemma:

Lemma 3.1. [50] Let (f,g) € H'(R") x L*(R") and F € €([0,T], L*(R")) for all T > 0.
Then, there exists a unique energy solution u € € ([0,T], H'(R")) N ¢*([0, T], L*(R"™) to
. Moreover, the energy solution u = u(t,x) satisfies to the following estimates for any
t in the interval (0,T) :

t
IVult, ez + et )z < 1V Fe + llgllze +/O (s, ) > ds,

e Mez < Wz + 019 ez + lglez) + | ([ NP s

Proof. By multiplying equation u; — Au + u; — Au; = 0 by u, and integrating over R", we

obtain:

1
5% (Jue]? + |Vul?) da — V.(utVu)am—l—/ uldzx —/ w Auyda :/ F(t, z)udz.
R™ Rn n n n

Next, we employ the divergence theorem, and using the fact that u,Vu € L', we find after
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using Green’s formula

1d
—— (Jwe]? + |Vu|?)dz < C [ F(t,2)u(t, z)dx

< CNF(t, )| o lluelt, )l 2

Utilizing the Cauchy-Schwarz inequality, and then integrating over the interval [0, ¢,
We derive

N —

(ot s 17t 2) < 5 (s + 19 5152)"+ € 1.l s
By applying Gronwall-type Lemmas precisely Lemma 2.2 we achieve at
t
lue(t, ez + 1 Vult, ez < Cllgllze + 1V £l +/0 1F(s, )| r2ds). (3.3)
For the second estimate, we may deduce it directly from the above estimate and formula
u(t,) = f+ /Ot u(s, -)ds. (3.4)
O

Now, we are able to present the main result of local existence and uniqueness of energy

solution for Cauchy problem in the follwing theorem.
Theorem 3.1. Let v € (0,1) and (f,g9) € H'(R") x L*(R"). Ifp > 1 forn = 1,2 or
1 <p< 25 forn >3, then the Cauchy problem

U — Au+ up — Auy = /t(t — 1) Nu(r, )P dr, (t,x) € (0,00) x R",

0

u(0,2) = f(x), u(0,2) =g(x), R,

has a unique local (in time) energy solution
u € €([0, Traw), H'(R™) N € ([0, Trnaa), L*(R™)),

where Tra, < 00.

The proof of Theorem [3.1] is based on the Banach fixed point theorem. In order to

Lemma (3.1, we have to ensure that the function

h(s, v(s, ) = /Os(s =) o(r )P dr (3.5)

satisfy the requirement of Lemma This what we will do in the following lemma.
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Lemma 3.2. Let T > 0 and h be the function defined by . Then, the L?*—norm of
h(t,-) fulfils the following estimate for allt € (0,T):

1At 0)llz2 S N0l s 0.0 11y
In particular, h € € ([0, T), L*(R™)).
Proof. Applying Gagliardo-Nirenberg inequality !!, we obtain
Ibtt ) % [ 0= 9) ol o s
< =) e T s,
with 6 = 3 — 2+ € (0, 1] if and only if
p>1 for n=1,2 and 1<p§% for n > 3. (3.6)
Noting that 0 < € < 1, we may derive by applying Young’s inequality the following estimate:
12t v)]|2 S /Ot(t = 8) 7 ([lv(s, )T + [IVo(s, )I2) ds
< [6= 9 M s
< s Il [ (657 ds S oy
te(0,T)

finally, from this estimate we may conclude that h € (K([O, T], LQ(]R”)). H

Proof of Theorem [3.1l. Let us define, for some T > 0, the space of solutions
X(T)=%(0, 7], H'(R")) n¢*([0,T], L*(R")),

occupied with the norm

Julxcry = mase {u(t, s+ [Vt Vs + et s

For any R > 0, we denote by Bg(T') for the centered ball in X (7") defined by

Ba(T) = {u€ X(T) : llullx) < R},
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and consider the mapping N on X(7) defined by N : v — N(v) = u, where u = u(t, z) is
the energy solution to the Cauchy problem

Uy — Au+ up — Auy = /t(t — 1) No(r,-)|Pdr, (t,z) e (0,T) x R",
0
uw(0,z) = f(z), w(0,2)=g(x), x€R"™

Using Duhamel’s principle with the fundamental solutions Ej, and E; together, one can

express explicitly N(v) = u as follows:
t
N(v) = Eo(t,0,2) 55 f + Ei(t,0,2) %0 g + / Ey(t,s,x) % h(s, v(s, x)) ds, (3.7)
0

To establish that N has a unique fixed point in X (7'), it suffices to show the existence

of some positives T" and R such that
e For all v € Bi(T') we have N(v) € Bg(T),
e N is a contracting mapping from Bgr(T') to Br(T), that is

Jk € (0,1) : [|[N(v1) = N(v2) |l x(ry < kllvi —va|x(r)y for all vi,v, € Br(T). (3.8)

Let v € Bg(T). By applying the estimates from Lemma , we obtain the following results:

(90t 2 + o) < Chy =+ [ G5, e s, 3.9)
where
Io = 172 + 19 fll2 + gl

and

lu(t, |2 < C(1+T) 10+0/ / 1h(7, o(7, )| 2 dr)d (3.10)

From the estimates and ( - ) it follows
HUHX(T) S CI() + CTZi’YRp,

where C' is a suitable positive constant and T is supposed to be smaller or equal to 1. If we
choose R = 2C1,, then we can choose T' < 1 so small such that |lu|/xr) < R. Consequently,
u= N(v) € Br(T).
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Now we deal with the contraction property. So, let us consider vy, vy € Bg(T') such that
uy = N(vy) and up = N(vp). Putting w = u; — uy the function w = w(t, ) is the energy

solution to the homogeneous Cauchy problem:
t
wy — Aw + wy — Awy = / (t —8) "(Jui(s, )P — |vals, ) ") ds, (t,x) € (0,T) x R",
0
w(0,2) = w(0,2) =0, x € R"™
As a result of the estimates provided in Lemma [3.1] it can be concluded that
t s
IVw(t, )ee + llwe(t, )2 S/ / (s = 7)o (7, )P = [oa(7, )P llL2 drds,  (3.11)
0o Jo
and
t s T
wtt e S [ [ =0 oo = sl Pl dpdrds. (312)
o Jo Jo
Therefore, by Holder’s inequality we have
Hor (7 )P = foa(r, ) Pllz S Non(7,-) = va(m, )l zee ([fon (7, 2w + [z (7, )20
Applying the embedding H*(R™) — L*(R") for 1% > § we arrive at
or (s )P = oo, PNz S lon(r, =) = va(r, Yl (lon(r, 5" + oo, )50 (3.13)
Setting (3.13)) into (3.11)) and (3.12)) implies for 7" < 1 the relation
lw(t, )lze + IVw(t, )llzz + [lwe(t, )|z < 2CR" T |or = vl xr.
Choosing T' < 1 so small that 2CRP1T?77 < 1 leads to the desired contracting property
(3.8) by taking for example k = 2CRP~'T*™7 = | that is,
1
[N (v1) = N(vo) | xr) = [[wlx) < §||Ul — Vol x(1)-

Applying the Banach fixed point theorem, we can finalize the proof of the local (in time)

well-posedness for energy solutions as follows

3.3.1 Concluding by the fixed point principle the existence of so-

lution

Let T > 0. Define the recurrent functional sequence (u(™),, on [0,7] x R™ as follows:

uO(t,z) = u(0,z) = up(x), x€R",

(3.14)
u™(t,z) = Nw™ V) (t,2), n>1, 0<t <T, v € R"
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Then, (u™), satisfies the following propriety:

Proposition 3.1. Let (u(”)) be the sequence defined by m then there exists some
u e ¢([0,T]; H') such that (u"™) converges to w in € ([0,T); H') as n — oo with respect
to the topology of L>([0,T]; H').

First, let us proof that (u), is a Cauchy sequence.

For all n € N and ¢ € [0,7] we have by the contraction propriety of N

)~ u ) = [N () E) = N@O) )
< k() = D) (315

We iterate inequality (3.15)) n times we find
[ () = ) m < R luM () = wO . (3.16)

Next, for all p € N we get after using (3.16)

Hu(n+p) (tv ) - u(n) (t7 )”H1 < ||u(n+p)(t? ) - u(neril)(tv )HH1 +teet Hu(nJrl)(tv ) - u(n)<t7 )HH1
< R R e (2 ) =
k?’l
< M= >|| (1, =
k” 0) :
< . Hu (t,) —u®|| 1, since k < 1. (3.17)

The inequality (3.17) holds for all ¢ € [0, T therefore, we get from (3.17)

n

sup ||u™ P (t,-) — u™(t, )| < 1 sup [luV(t,-) — ul®|| g (3.18)
t€[0,T] — Niefo,1)

Since the right hand side of is independent of p and goes to 0 as n — +oo then (u™),,
is a Cauchy sequence in ‘5([0, T}, Hl).

Finally, since the space €'([0,7]; H') is a complete (and then closed) subspace of
L>=([0,T]; H') then (u™), converges to some @ in ¢([0,T); H'). The aim, now, is to
show that this @ belongs to X (7T') and is solution to Problem (3.1)). This is the aim of the

following proposition.
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Proposition 3.2. Let (u'™),, be the sequence defined by and let u be its limit in
¢ ([0,T); H'). Then @ belongs to X (T') and satisfies

N(u) = u.

In particular @ is solution to Problem .

Since u™ € Bg(T), then (u("))n and (uﬁ”))n has a weak convergent subsequences
(u(”k))k and (ugn"))k) in Loo([O,T]; Hl) and LOO([O,T]; Lz)) respectively. By Proposition
, (u™),, converges to % in ‘5( 0,T]; H 1), then, the above subsequences converge weakly
to @ and @, in L*°([0,T]; H') and L*>*([0,T]; L?)) respectively. As a consequence, we show
that u € L>([0,T]; H') and @; € L>*([0,T]; L?). This means that

ue L*([0,T); H') N L>([0,T); L*) N Br(T)}

Consequently,
N(u) € L=([0,T); H") N L>=([0, T]; L*) N Br(T).

Next, applying the contraction proriety (3.8) of N, we get

sup || N(u™) — N(@)||x) <k sup |[ul™(t,) —a(t,)|xx), K €JO,1]. (3.19)

0<t<T 0<t<T

Since the right hand side of (3.19) goes to 0 as n — +o00, then N(u(™) converges to N(u)
in ¢([0,T); H'). Passing to the limit in u™ = N(u"~Y) as n — +oc0, we get after using
the fact that u{” — @ in ¢ ([0,T); H')

N(i) = @ € Br(T)

Finally, by definition of IV, this u is apparently, the desired solution of Problem (3.1)).

3.3.2 Uniqueness of the solution

The uniqueness of a such solution in X (7") follows immediately from formula (3.8)).

Assume that Problem ({3.1]) admits two solutions u; and uy. Then one has

N(up) =u; and  N(ug) = us. (3.20)
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Again, by using the contraction propriety (3.8) of N, we get

sup [V () (t) = Nua)(t)lxen <k swp () = (bl (321

0<t<T

Thanks to (3.20]), we get from ([3.21]) the following inequality

(1= ) sup flua(t,”) — us(t, ) xcr < 0. (3.22)

0<t<T

Using the fact that 0 < k£ < 1 we get from ((3.22])

sup |[Jui(?, ) — ua(t, )| x() = 0. (3.23)
0<t<T

This implies that
ur(t, ) —ue(t,x) =0, forallt >0 andzx e R"

that is

Uy = uUs.

This achieves the proof of Theorem [4.2] O

3.4 Blow-up of solutions

Among the various methods to achieve blow-up results, the test function method is a
key approach introduced by Zhang in [61]. This method is successfully applied for parabolic
models (See [I8, [62]). Recently, it is discovered that this method could also be utilized for
classical damped wave models having "parabolic-like behavior" in terms of decay estimates.
However, this method fails to give positive results for classical wave models. The model we
consider in this section is parabolic-like then to show blow-up results, we may employ the
test function method.

Before presenting nonexistence results of a global solution for , let us introduce,

first, the notion of weak solution for (3.1). Noting that

/0 (t— ) uls, )P ds = D(1 = I (fult, 7). (3.24)

Then one may conclude the definition of weak solution as follows
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Definition 3.1. Let T > 0 and v € (0,1). A weak solution for the Cauchy problem
on (0,T) x R™ with the initial data f,g € L}
u € LP((O,T) L

loc

loe (R™) is a locally integrable function

(R™)) satisfying the relation

/ /n o/t (Ju|?)e(t, x) dx dt+/n g(x)p(0,z) dr — . f(@)@:(0, ) da

+ | f@e0r) e~ | fa)Ap(0.7)da (3.25)

:/OT/n u(t, 2)pult,7) dxdt—/OT/nu(t,x)Ago(t,x) da dt
—/OT /n u(t, z)p(t, x) do dt—l—/OT /n u(t, ) Apy(t, x) dz dt, (3.26)

for all nonnegative test functions ¢ € €*([0,T] x R™) such that o(T,-) = ¢4(T,-) = 0 and
a=1-—r.

The usual method to get the weak formulation is to multiply the equation of (3.1)) by ¢
and making integrations over [0, 7] x R™. At this stage, we are able to announce the blow-up

result for the Cauchy problem (3.1]) that reads as follows:

Theorem 3.2. Let 0 <y <1, p€ (l,00) forn=1,2and 1 <p < "5 forn > 3. Assume
that (f,g) € H'(R") x L*(R™) and satisfy

f(z)dx >0, / g(x)dz > 0. (3.27)
Rn n
Then,

1. If p < ppyj(7y,n) then the solutions of Cauchy problem does not exist globally in

time.

2. If p < % forn > 1 orp= '_1y and p < = for n > 3 then the solutions of Cauchy

problem does not exist globally in time.

W here

2(2—9)
wilyn) =14 ——=— 1

Proof of Theorem [3.2l The proof of the Theorem [3.2 is achieved by contradiction argu-
ment. Assume that u is a non trivial global weak solution for Cauchy problem (3.1)) in the
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sense of (3.1). Since the method depends on the right choice of the test function, we select

a test function ¢ defined for some T > 0 as follows:
p(t,x) = Dipy(t,2) = ¢1(2) Dijrea(t), (t,x) € Ry x R, (3.28)

where ¢ > 1 and D;TT denotes the right fractional derivative operator of order « in the sense
of Riemann-Liouville, and the functions ¢; and ¢y are given by

x? t\B
1(x) = (b(E)’ and pa(t) = (1 - T)+7 (3.29)
with § > 1, K is a positive constant that will be appropriately chosen later, and ¢ is a

non-increasing cut-off function satisfying the following conditions:

1 if0<s<1,
¢(s) = { decreasing if 1 <s <2, (3.30)
0 if s> 2,

0 < ¢ <1 everywhere and satisfies the technique condition

C
/
< .
()] < -
We denote by (2 for the support of ¢y, that is
Qr = suppp; = {z € RV, |2* < K}, (3.31)

and by Ar, for the support of Ay, defined as follows:

Ar = suppAyp; = {z € RV, K < |z|* < 2K }. (3.32)

Treatment of the left-hand side (|3.25

Introducing the test function defined by (3.28)), we get by using the integration by parts
formula (2.9) and the identity ([2.10)

T T
| [ ssanetaias = [ [ 15un 05,2
T
= [ [ Dbt (lupyu. e
0 Rn

T
= / \ulP(t, x)dtdz. (3.33)
0 Jrn
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For the second term of the left-hand side of equality (3.25]), we use Corollary with
7 =0, then we get

| s@eo.ain = [ o) @)Dgpeatt)_da
= ar [ gl (3.34)

since
rpB+1)

Diirest)| 0 =53 —aq ! = CT

For the third term, noting that

0 .
pilt,a) = 52 (6,2) = = (@) D (),

then, after using Corollary [2.2) with j = 1 we get the following estimate:

f@)@i(0,2)de = i7" [ f(x)py(x)da, (3.35)
R7 R
since
rg+1),, .. e
Da-‘rl t_:—Ta1:CTa1.
tT 902( )|t—0 F(B—Oé) 1
In the same way we may estimate the forth term of the left hand-side of the weak formula-
tion (3.2
F@)plta)),_ydo = T~ [ f@)e e (3.36)
R R
since
- F<6 + 1) —a, b . —a, b
@(t,x)‘tzo = WT p1(x) = CoT "¢y ().

Finally, after using results form Corollary we have the estimate:

. f(2)Ap(0,z)de = CT™“ . f(z)Ap!(z) d. (3.37)

Treatment of the right-hand side

Now, we deal with the terms of the right handed side of the weak formulation (3.26)).
First, by using the identity (2.11]) we have

pult,r) = P1(2)d; Diires(t) = @l{(x)Dﬁqtz%%(t)-
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Therefore

/ / (t,2)pu(t, x)dtde = / / (t, )l (x lef;r2 o(t)dtdx. (3.38)

Using formula (2.11]) we have

it w) = = (2)d Dfirpa(t) = =1 (2) Dyt oo (8).

/ / (t, 2)p(t, x)dtdr = / / (t, )l (x Df“;l o(t)dtdz. (3.39)

For the third term the formulation (3.26)), after using the following identity

Therefore

A(@h) = L5 Ay + (0 — 1) 572V %, (3.40)

/OT / u(t, ) Ap(t, x)dtdx

T
= / / u(t, ) (Lo Apy + £(€ — 1)90?’2]V901]2)D§TT¢2(t)dtd:c. (3.41)
0 n

Finally, by using (2.11)) and the identity (3.40)), we obtain

/oT / ult,2)Api(t, w)dide

T
= —/ / u(t, z) (Lol Ay + €€ — 1) 2| Vipy | )Dfl;l o(t)dtdzx. (3.42)
0 n

we get

Including formulas (3.33), (3.34), (3-35), (3-36), (3-37), (3-38), (3-39), (.41) and (3.42) in

the weak formulation ([3.25))-(3.26]) we get
/ / |ulP(t, x)dtdr + CoT™ / g(x)t (z)dr + CY T [ f(2)p!(x)dx

n n Rn
7 [ g@)@de—GT [ glo)ad (@
T

:/ / ut, z) (x )Dﬁ#@z dtd:p—f—/ / (t, ) (x Df“‘TH o(t)dtdx
0 R

)
T

<,
0

u(t, z) Loy Ay 4 £(0 — 1)y |V o1 |*) Dilpipa (t) dtd

u(t, z) (Cpi ™ Apr + €0 — 1)@ 2| Vi1 |?) DS oo () dtdx. (3.43)

tr P

— 55—
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The fact that

[0t A+ £(0 = 1) Vi P S o2 (JApi| + [V ) (3.44)

with together ¢; < 1 allow us to have from formula (3.43)) the following inequality:

n

ColT ™ /n g(x)@t (z)dr — CoT™ /n g(z) AL (z)dx

T T
< / [t )l @)D a0l + / [ Jult2)l¢ @) Dg a0 dtda

T
re) [ [ lretayies + Gre [ g@il@ds+ Gt [ @@

T
[ It 801 + Ve P Direa(tldes
0o Jrn
T
=[] ol a0+ 90 P05 w0l (3.45)
0o Jrn
Now, applying the following e— Young inequality
AB <eA?+C(e)B?, €>0,C(¢)>0 and pg=p+yq,
to the terms of the right-hand side of inequality ([3.45)) we get
T T o
| [ taled@ingeolade = [ [ o el @y el
o Jrn o Jrn
T
< 5/ |ulPypdtde + C(e / / Whp, P = fo;zgoﬂﬁdtdx. (3.46)
0 R n
For the second term of the right-hand side in (3.45)) we have
T T
| [ ueald@iograoiada < [ [ uapi.aad
0o Jrn
/ [ Ao DG ealt) Frrde (3.47)
In the same way we estimate the third and forth terms as follows

T
/ / a2 (| Agr] + [V )| Ditpepldids < e / uPidtde
0 R™

p

=N = SR
5)/ / ve(pr)pr T e T | Dijpipa| P did, (3.48)
O n
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and
T
[ / et (1801 + [T ) D slitde <= [ [ jupwatas
0 Rn
£=2 f1 p 1 (6] 2
/ / Uq (p]_ ()01 P @2 ‘Dt‘;l(,pQ’P*l dtd.’L’7 (349)

where

oq(p1) = |Ap1|? + [V |2,

Taking into account the fact that (3.27)) implies that

. f(x)pt(x)dx > 0, /n g(x)¢*(z)dx > 0.

We get from (3.45)), (3.46), (3.47), (3.48) and (3.49)), for ¢ small enough, the estimate

/T \u(t, z)|Py(t, z)dtdx
0 R™

<OoT™° . f(@)|Ap (2)| dx + C (I, + Iy + Is + 1), (3.50)
for some positive constant C', where
I = / / ) ot (x )|D;T;2<p2(t)y#dtdx
- / [ eltade D5 patt) P
= [ [ oo T @ty 5 Do)
= [ [ oo @ 0 0 dds

Case p < ppyi(7,n). We choose in (3.29) K = T. In order to estimate the integrals I;,

1=1,2,3,4, we consider the scaled change of variables
x=Tiy and t=Tr. (3.51)

Noting that the integrals I; are null outside Qr (defined by (3.31])), then, by using Fubini’s

theorem, we get, for I

h= ([ d@w)( [ e e = (352)
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We have )
= / #i(x)de =T / ¢‘(y*)dy = CT*. (3.53)
Qr 0

In the other hand, after using Proposition [2.4], we get
T
IR TIN -
Ji2 = / pa(t)” 7 | Dy pa (1) 7 dit
0

1 p
= T/ (1—7) 51 (T (1 — 7)P~02)51 gr
0

1
— 7'+ / (1 — 1)~ 255 gr = o755, (3.54)
0
Putting (3.53) and (3.54)) into (3.52) we find
I = CT~F2p5tett, (3.55)

Now we deal with I,. In the same, we have

L= ([ d@w)( [ e 1ot s (3.56)

Noting that Jo; = J;; then we have immediately

Jn =CT5. (3.57)

The estimate of Jos is straight forward. We have
7= /OT [pa(t)| 77T D lipn (1) |77 dt = OT' (D7 (3.58)

Hence replace and in we obtain
I, = T~ tDp5ti+s, (3.59)

It remains to estimate I3 and I First we choose ¢ so large such that ¢ — 21% > 0. This
—2-2
guarantees that ¢; *7' is bounded since ¢; is bounded. Next we observe that for all

7 =1,--.n we have

0 0,0(E) = (), o (2"

Then, after using the change of variables 1' the facts that K =T and |¢'(s)| < 1%5 we

2q
[,

arrive at

2 2(] n 2
V qu . T2 / 2 qT qu
Voiotdr = (7) 15 [ QB ) dy

2q
<CTq+/ Ld < O, Tz, 3.60
SOOI | Tt e = T (3.60)
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On the other hand, we have for all j = 1,---  n the following relations:

agjgpl:%axj(d)’(%)xj):ﬁﬂ”(@) | 2 ¢(Ix|z>
Al ‘q_‘w ,/(I zf? ), 24 ¢<!xl2)

Then,
Lol B om

Next, applying Minkowski’s inequality in (3.61]) we get, after using the proposed change of

| A (2)|* d =
Rn

variables, the estimate
([ 15 ar)’
< ([ [z (5] )+(/n1
< (wrin [ |¢"<|y\2><T|yF>|"cliy)"
w(emerse [ i)’

1

< (CLAITET) T 4 ((20)1C,TH )T < CTH (3.62)

o () [ar)

where
Cr= [ 1S WPy and = [ P
yl2<2 jyl2<2

Hence, taking into account that ¢ = p we find from 1) the estimate

—1
/ Ay (2)]75 de < CT3 7. (3.63)

Finally, both estimates 1) and 1} with the fact that ¢ — 21% > 0 give the estimate

/ (1A (@) + [Vior () P727) o () 277 dr = CT 7T+, (3.64)

Qr
Now, let us turn to estimate I3 and I. Let us start with I3. As before, we begin by applying

Fubini’s theorem we get

b= ([ ofernel ) (| e O Dga ) = Ty (369
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Due to the estimate (3.64) we have immediately
Ja= [ (8@l + [T FE)e @) e = T (360
Qr

The estimate of J35 is immediate too by using the same argument as we did with Ji5 (see

(3.54))). This leads to

T
Jap = / @a(t) 7T | Difppa(t)[P-Tdt = CT 1t (3.67)
0

Then including (3.66|) and (3.67)) into (3.65)) we find

= o7~ DR (3.68)

for some constant C' > 0. In order to estimate I, we remark that by Fubini’s theorem we

have

L= ([ aertangt as) ([ e 005 waopat) = duda (309

Since

Ju = J31 and  Jyp = Joo,

then, using the estimates (3.66)) and (4.51)) we derive the following estimate for I,

I, = cT (55 +5+L (3.70)

for some constant C' > 0. Finally, we replace (3.55)), (3.59)), (3.68]) and (3.70]) into (3.50) we

obtain
/ / |ulPi(t, z)dtde — CT™
Qp
( (04+2) o T+5+1 + T (O"i‘l) — Tt+5 +1> S CTfts’ (371)
where
P n
0= 1 — —1.
(o + )p 13

At this stage, to prove the first result in Theorem [3.2] we distinguish between two sub-cases.

i) Sub-case p < ppy;(y,n).
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In this case, one can remark that condition p < p,(n) is equivalent to 6 < 0. Then we

pass to the limit as T — oo in (3.71]), we get

T
lim /0 /QT |ulPy(t, z)dtdz = 0. (3.72)

T—+o00

Next, using the dominated convergence theorem of Lebesgue, the continuity of u with respect

to t and z and the fact that

Am et a) =1, (3.73)
we find
+oo
/ / |u|Pdtdx = 0,
0 RN
which implies that
u =0,

and this is a contradiction (because we have supposed that the solution w is not trivial).
ii) Subcase p = pp,;(7,n) First of all, one can remark that the condition p = p,(n)

is equivalent to 0 = 0. Next, taking the limit as T — oo in (3.71) with the consideration

+oo
/ / |ulPdtdx < 400,
0 RN

from which we can deduce that

0 =0 we get

T—o0

+oo
lim / |uPipdtde = 0, (3.74)
0 Ar

where Ar is defined by (3.32)). Fixing arbitrarily R in (0,7") for some 7" > 0 such that when

T — oo we don’t have R — oo at the same time and choosing in ((3.29))
K=TR™"
Using the Holder’s inequality
/Xuvdu < (/X ru|f°du)’l’(/x o)’ we LX), ve LX), pa > Lpg—p+a

instead of the e—Young’s one to estimate the integrals I3 and I4 on the set App-1 (where

they are not null in)

Qrp1 = {z € R": |z|* < 2T R} = suppyp;.
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Noting that suppAp, C Apr-1 C Qpr-1 where
Arp1 ={r € R": TR < |z|* <2TR™ '}, (3.75)

then we get for j = 0,1

T 1
/ / |u’()0 |A§01 + |v(,01| )lDto‘é;J(PﬂdtdiC < </ / ‘U|p1pdtd$€>p
Qrp—t Argp-1
/ / 0121 (|Ap|? + \Vgollz")soé’ | ;T;%@ythda:) :
TR 1

In order to estimate the integrals I;, i = 1,---4 on the set {2rz-1 in this case, we consider
the change of variables

x=T:R 2y, t=Tr (3.76)

Following the same steps as we did above we get the estimate
L+ L < O(Tesmtatt g prledga sty g3, (3.77)
Taking into account the hypothesis p = pp,;(7,n) (or equivalently 6 = 0) we get from ({3.77)
L+, <CR:. (3.78)

Now, let us turn to estimate the integrals I3 and I,. It is clear that is sufficient to estimate

the integrals
1
/ / o (1A |7 + [V ) 1|Df|;’”g02|thdx> Tj=0,1.  (379)
App-1
Following the same argument as we did to estimate I3 above we obtain
I = o7~ e+ E S RS (3.80)
Therefore, since § = 0, we get, for 7 = 0 the estimate for I3

Is = C(T—(a+1)q+%+qu 3 % / / |u|p¢dtdx>;
App-1

— OR"" / / ) |u|p1/1dtdx>, (3.81)
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and for j =1
. T 1
I, = C(T*(a+2)Q+§+1RQ*§>E / / |u\pwdtdaz) P
0 Arg-1
—OT 131” / / |u\p1/zdtdx> 7 (3.82)
Arpg-1
Hence for T' large enough (7" > 1 is sufficient) we get from (3.81)) and (3.82)) the estimate

I+ I, < CR- / / \u]pwdtd:cy. (3.83)

Arp-1

Using the estimates (3.83)) and (3.78)) we get from (3.50|) the estimate

/0 - lu(t, z)[P(t, x)dtde — CT™¢ / uo ()| At ()| da

<CR% +CRl—* / / \uwdtdx)? (3.84)
App-1

Now, taking the limit as T — 400 in (3.84) we find after using (3.74) and the fact that

lim (¢, z) = 1 the estimate
/ / lulP dtdx < CR™%.
0o JrN

T—4o00

which means that necessarily R — +o00 and this is a contradiction.

Now we deal with the second result in Theorem [3.2]

Case p < %

In this case we choose K = R in (3.29)) where R is any fixed positive real number. The aim

is to estimate the integrals I;, : = 1,---4 on the set
Qp:={r e R :|z| < QR%} = Supper,
since they are null outside suppy;. For this reason we consider the scaled change of variables
T = R%y t=1TT.

We proceed as above, we may estimate the integrals I; for i = 1, - - - 4 which appear in|3.50)).

Let us begin with I;. By using Fubini’s theorem we have

n= ([ era)( [ o ogeanr )

T
= (Rg/ (be(y2)dy) X (Tl_(o‘“)pfl/ (1 —T)_P‘%l—'—(ﬁ_o‘_mp%dT)
ly|><2 0
= CR:T' 4255 (3.85)
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Similarly we find for I, the estimate
= CRET!" 55, (3.86)

In the same way we estimate the integrals I3 and I, on Ag where they are not null. Again

by Fubini’s theorem we have for j = 0,1

T 1
029 ~ 71| Mo
. / /A oa(90) iy 7T D ol
0 R

— (/A a4(1) 1 2qu)(/o 902_1911|D§1+~j902’th)
R

= CRi: a7t (3.87)
Including the estimates (3.87)), (3.86]) and (3.85)) in (3.50)) we get

T
/ / |u|p¢(t,a:)dtda:—C'T_a/ uo(x)|Apt ()| d
0 Qr Rn

_CR ( Cx+2)p 1 +T (a+1) +1)+CR2 P 1<T1 a +T1 (a+1) )

< ORng—(oﬁl)ﬁ + C«R%*ﬁjﬂ*aﬁ_ (3.88)

Then, we distinguish between two cases.

i) Subcase p < 1.

First, noting that p < = 1mphes 1- a— < 0. So, the facts that

p—1 p—1
and

lim (t, ) = o (x), (3.89)

T—+00

allow us to get from (3.88)) by taking the limit as T'— +o0

+oo
/ / Pt () dtdz = 0. (3.90)
0 Qpr

Next, we take the limit in (3.90) as R — +o0 and use the fact that lim ¢f{(z) =1 we get

R—+o00
+o0
/ / |u|Pdtdz = 0.
0 n
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This implies that uw = 0 and this is a contradiction.

ii) Subcase p = %

In this case, the following assumption is useful

n

p < if n>3. (3.91)
n_
Noting that (3.91)) implies

n P
———<0. 3.92
> o1 (3.92)

Sincep:%andazl—’ythen
p p p

l—a——=0 d 1-— l)— = ———. 3.93
ap—l , an (o + )p—l P (3.93)

Hence, taking the limit as 7" — oo in (3.88]) we get after using (3.93)) the estimate

/ / P (z)dtde = CR? 91, (3.94)
0o Jog

Next, by noting that if n = 1,2 then § — 1% < 0 for all p > 1, then by taking the limit

as R — oo in (3.94) and using (3.92)) and the fact that RhIP ©{(z) = 1 we derive
— 400

/ / lufPdtdz = 0. (3.95)
0 RN

This implies that u = 0 and this is a contradiction.

Remark 3.1. One can note that the Gagliardo-Nirenberg condition s needed only in

the study of the critical case p = % and not otherwise. Note also that is equivalent to

n—2

<v<l1l, n2>3

in models containing a singular potential term like fg(t — 8)|u(s, -)|Pds which is known as

a memory term in the PDE analysis.

Remark 3.2. Noting that

lim [ (t—s)u(s,)[Pds = T(1 —7)|u(t, ),

=1 Jo

in distributional sense. In the other hand

. 2
yg%ppuj(% n)=1+ = Pruj(n).
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This interpret to us why does ppy;j(y,n) coincide, when v — 1, with the critical exponent

founded in [?] for the Cauchy problem corresponding to
Ut — Au + U — Aut = IU|p, (396)

without additional reqularity (that is when m = 1).

3.5 Global existence of small data energy solution

In this section, we present, some results of global existence of small data solution for
Cauchy problem . The authors of the paper [14] present some interesting results of global
small data well posedness for Cauchy problem for various regularities. In order to close
the cycle, it seems that is better to show what happens if p > ppg,;(7,n)? This what we will
discover in this paragraph. In fact, If p > pp,;(7y,n) then Cauchy problem has global
solution. Since we were interesting in the energy solutions, we will select from the paper [14]
only the results concerning energy solution without proof. For this reason, we announce the
related results in two theorems, the first one concerns with p > pgy;(7,n) while the second
one is interested in the case p > % Before that, let us, First, fix for any real o > 0 the data
space

X, = X,(R") := (H°(R") N L*(R™)) x (L*(R™) N L'(R™)),
occupied with the norm || - ||
1(w, v)lx, = lJullae + lullr + (vl + o]z

Then one has the following theorem of global existence of small data solution. Unfortunately,

this result is valid in space dimensional smaller then 4.

Theorem 3.3. Let 0 € (0,2) be a real number. Assume that n < 2(2 — o), the data

(uo,u1) € X, and the exponent p satisfies the conditions:

P > prui(7,n). (3.97)
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and
2<p if o>12,
’ (3.98)
2<p< 55 if o<3.
Then, there exists a small € such that if
[ (uo, ur)[lx, <, (3.99)

then there exists a uniquely determined global (in time) energy solution to
u € %[0, 00), HY) N € ([0, 00), L2).
Moreover, u and some of its derivatives satisfies the following Matsumura type estimates

lu(t, ez £ (14875 | (uo, wr) I x,

n

DI u(t, )z £ (14875 2| (ug, w) | x,

~Y

e (t, )2 S (L 44) 75| (ug, un) || x, -

The following theorem shows global existence of small data solution for p > % It is valid

in space dimensional larger then 4.

Theorem 3.4. Let n > 4 and o > 2 be a real number. Assume that the data (ug,u;) € X,

Suppose that the exponent p satisfies both conditions

1
Y
and
2<p if o>2,
? (3.101)
2<p< 5 if 0<%
Then, there exists a small € such that if
[ (uo, ur)lx, <, (3.102)

then there exists a uniquely determined global (in time) energy solution to

u € ([0,00), H) N €([0, 00), L?).
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Moreover, the solution and some of its derivatives verify the estimates

lu(t, llze S (1+8)7 54 [ (uo, w)]x,
D17t )z S (148757242 (uo, 1) | x,,

e (8, )22 S L+ )75 (ug, wa)|x,

where § > 5 — 0,8 =86+ F and {3 =& + 1.
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Chapter

4 Influence of the effective damping
on the critical exponent and blow-

up results

4.1 Introduction

In this chapter, we will focus on the following Cauchy problem for effectively viscoelas-
tic damped wave models with nonlinear memory on the right-hand side for any effective
damping b(t).

Uy — Au 4 b(t)uy — Auy = /0 (t — 1) (T, )|Pdr, (t,z) € (0,00) x R™, 1)

u(0,2) = up(x), u(0,2) =uy(z), zeR™,

where v € (0,1), p > 1 and b = b(t) is a non negative effective function in the sense of
Definition . The model is parabolic-like from the point of view of energy decay
estimates. For this reason, parabolic like tools and tricks are appropriate to derive existence
or blow-up results. The Cauchy problem brings a time dependent coefficient that turns

the situation more delicate. For this reason, we consider, first, some positive decreasing b(t).

Concrete examples of effective b(¢) arising in our model

In this section we set, without proof, some typical examples of effective dissipation in
the sense of Definition from [I1]. For the proof we refer the reader to check [11]. The

simplest example is

Example 4.1. b(t) = (1+¢t)™", r € (0,1) Here, we have b'(t) = —r(1 +t)"""'. Since
r € (0,1) then b/'(t) < 0 for allt > 0. This means that b(t) is effective decreasing.
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Example 4.2. As a second example we propose the function

(log(e + 1))

e P

, >0, re(0,1), ve(0,r].

Due to [11)], the function b(t) is effective in the sense of Definition . In the other hand,
for allt > 0, it holds

b'(t):,urw<—l+ 7 )

(14¢)r+t rlog(e +1t)
Since
1
—— < 1 forall t>0,
log(e + t)

then according to the conditions of the parameters p, r and n one has b'(t) < 0. Conse-

quently, b(t) is effective decreasing.

The aim of this chapter is to study the influence of the effective damping term on the
critical exponent in the sense of Fujita and to generalize the results of reference [2]. In the
following section, we establish the local existence for suitable data of model using the
Banach fixed-point theorem. The main result of this chapter is the study of the blow-up
phenomenon and the determination of the critical exponent in the Fujita sense. The model
we consider is parabolic-like in terms of energy decay estimates for the corresponding linear
Cauchy problem. Therefore, we use the modified test function method to prove the results

defined in Chapter 2.

4.2 Local existence

The main goal of this section is the proof of a local (in time) well-posedness result
for the Cauchy problem assuming that the data (ug,u;) belong to the energy space
HY(R™) x L*(R").

We proceed as we did in Section [3.3] So, first let us turn for some 7" > 0 to the linear

Cauchy problem

Ut — Au + b(t)ut - Aut = F(t,$), (t, fl?) € (O,T) X Rn,

uw(0,z) = up(x), u(0,2) =uy(z), zeR™,
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Among the achieved results about Cauchy problem (4.2)), replying the requirement of local
existence of solution for Cauchy problem (4.1]), we select the following:

Lemma 4.1. Let (up,u1) € H'(R") x L*(R") and F € €([0,T], L*(R")), where T > 0 is
giwen. Then there exists a unique energy solution u € € ([0,T], H'(R™))n¢€* ([0, T], L*(R™))
to . Moreover, the energy solution u = u(t,z) satisfies the following estimates for all
te(0,T):

t
IVult, e + [lue(t; )l < [ (ur, Vo) |22 +/0 (s, )| 2 ds, (4.3)

lut, )22 < Hu0||L2+t(||(u1,Vu0)||szLz)_|_/O (/OSHF(T,.)HdeT) ds.  (44)

Proof. Multiplying the equation uy — Au + b(t)u; — Au, = F(t,z) by w; and integrating
over R" we get

1d

—— (Jwe]* + |Vul?)dz — | V.(w,Vu)dz — [ V.(wVu)dz

R

—l—/ b(t)uldr + \Vut|2d:v:/ F(t, z)udz. (4.5)
n R

n

Applying the divergence theorem with using the fact that (u;Vu,u;Vu;) € (L'(R"))? and

Green’s formula we find

1d

—— (Jue]® + |Vul?) da +/ b(t)uldr + |V |*dr < / F(t, x)u(t, x)dx

n

< ||F(t7 ')HL2 Hut(t? '>||L27

where we have used Cauchy-Schwartz inequality to get the last inequality.

Next, integrating over [0,t] we get

1 t t
é(Hut(t, Mz + [[Vult, )| z2) —i—/ / b(t)udx —i—/ |Vu,(s, )|*dzds
0 JRrr 0 Jre
1 2 t
< 5l llzz + 1 Vuol12) +/0 (s, ) 22 [[us(s, )l 2 ds.

Taking into account the fact that b(¢) > 0 we may conclude the following estimate:

t 1 t
| [ vutsa)faods < Sl Vao)leage+ [ 1P laslts. s,

N|=

N | —

(et M2 + [IVult, llze) - < %H(uhVUo)H%zmeL/o 1F (s, )z (lus(s, )2z + [[Vuls, )| 22)
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Applying Gronwall type Lemmas (Eg. Lemma 9.12 in [56]) to the above estimate, we find

t
[[e (8, )|z + [Vt )|z < [ (ur, Vo) || 22 +/0 (s, )| z2ds. (4.6)

The estimate of (4.4]) follows immediately from the formula

t
u(t,-) = ug —|—/ us(s, -)ds, (4.7)
0
and the estimate (4.6). We achieve our aim. This completes the proof. O]
Now let us turn to the Cauchy problem (4.1)).

Theorem 4.1. Let b(t) be a decreasing function, v € (0,1) Assume that (ug,u;) € H'(R™) x
LAR™). If p>1forn=1,2 or1 <p< - forn >3, then the Cauchy problem has

n—2

a unique local (in time) energy solution
u € €([0, Trnaz), H'(R™) NE* ([0, Trnas), L*(R™)),
where Thar < 00.
Proof. Let us introduce for T" > 0 the space of solutions
X(T)=<¢([0,T], H'(R")) n€" ([0, T], L*(R")),
with the norm

lellxer) = max It ez + IVt llze + llue(t, )z -

The method we base on to show the existence and uniqueness of solution for Cauchy problem
is the fixed point theorem ( Theorem [2.5). For this reason we need to suitable space
and a contracting mapping. Then, let us denoting, for R > 0, by By (R) for the centred ball
in X(T') defined by

Br(R) = {u e X(T) : |ullxa) < R},

and defining a mapping ® on X (7T) by ® : v — ®(v) = u, where u = u(t, x) is the energy
solution to the Cauchy problem

t
Uy — Au 4 b(t)uy — Auy = / (t—7)"u(r,-)|Pdr, (t,x) € (0,T) x R",
0

uw(0,z) = up(x), w(0,2)=u(x), v €R™
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Noting that, by Duhamel’s principle and with the fundamental solutions Ey and E; we may
express u = ®(v) by

¢
O(v) = Eo(t,0,x) %, up + E1(t,0, ) %, uy + / Ey(t,s,x) * h(s,v(s,x))ds, (4.8)
0

where
h(s,v(s,x)) = / (s —7) o(r,z)|Pdr.
0
In order to conclude that ® admits a unique fixed point in X (7), it is sufficient to show

that there exist positive 7" and R such that
e for all v € By(R) we have ®(v) € Br(R),
e & is a contracting mapping from Br(R) to Br(R) satisfying
|@(v1) — (v2)]|x() < %Hvl — vs||x(ry for all vy, vy € Br(R). (4.9)

Let v € Br(R). Thanks to Lemma we may using the estimates from Lemma[4.1] then,

we get the estimates:
t
IVult, ez + llu(t, )2 < Clo + C/ 12, v(s, ) L2 ds, (4.10)
0

where
Io = l[uollr> + [[Vuol| 22 + [Jua| 2,
and . .
futt, 2 < C<1+T)10+c/0 (/0 (7, ofr, Pl e dr ) ds. (4.11)

From the estimates (4.10) and (4.11)) it follows

ullx(r < Cly+ CT* RP,

where C' is a suitable positive constant and 7' is supposed to be smaller or equal to 1. If
we choose R = 2C'Ij, then we can choose T' < 1 so small that ||u| x) < R. Consequently,
u=®(v) € Br(R).

Now let us prove the contraction property. Let vy,vy € Bp(R) such that u; = ®(vy) and
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us = P(vg). Putting w = u; — uy the function w = w(t,x) is the energy solution to the

Cauchy problem
Wy — Aw + b(t)w, — Aw, = [ (t — ) (|oi(s,)|P — |va(s, )|P) ds, (t,x) € (0,T) x R™,
w(0,x) = w(0,2) =0, x € R".

From the estimates of Lemma [4.1] it follows

IVw(t, )2 + w2 5/0 /OS(S—T)_”IIIM(T, W= loa(r, )Pl 2 drds, (4.12)

and
t S T
Jeo(t, Yz < / / / (r— ) or(p ) — oap, IPllge dpdrds.  (4.13)
0 0 0

By Hoélder’s inequality we have

or (7, )P = Joa(r, )Pl S oa(r, <) = va(r, Mlzze (lor (7, ) 1720 + lloa(r, )1 72)-

Applying the embedding H*(R") < L?*’(R") for 1% > % we arrive at

or (s )P = oo, PNz S lon(r, ) = oa(r, Yl (lon(r, 5" + oo, )50 (4.14)
Setting (4.14)) into (4.12)) and (4.13)) implies for 7" < 1 the relation
lw(t, ez + IVw(t,)lzz + [lwe(t, )lzz < Cllor = vall xery 2R~ T

Choosing T' < 1 so small that 2CRP~1T?77 = % leads to the desired contracting property

(3-8)), that is,
1
Jur — uel|x(r) = [[wllx) < 5””1 — | x(7)

By Banach’s fixed point theorem we may complete the proof of the local (in time) well-

posedness result for energy solutions. O]

4.3 Blow-up of solutions

This section is devoted to prove blow-up results for (4.1) and find the Fujita critical
exponent as well. The presence of the effective coefficient b(t) suggests to us to follow the

modified test function method instead of the classical (or standard) test function method
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since the last one does not give optimal results. The principle of modified test function
method requires the introduction of an axillary function. For this reason, we consider the
following initial value problem

g'(t) = b(t)g(t) = =1, t>0,

g (O) = By,

BO:/OOOeXp(—/Otb(s)ds)dt.

In the following lemma we select among all the results concerning Cauchy problem (4.15)

(4.15)

where

those we need in the sequel

Lemma 4.2. ([26,13]) Let g be the classical solution of Cauchy problem ([{.13). Then g is
well defined and satisfies the following properties:

1) There exist constants Ty > 0, C; > 0 and Cy > 0 such that it holds for any t > Ty

< g(t) < = (4.16)

Cy C
b(t) b(?)

2) For everyt > T,

1+0b
g/(5)] < (4.17)
1 — b
where
by = lim sup b () < 1. (4.18)

t——4o00 b<3)2
Taking into account formula (3.24) and the fact that g is solution for Cauchy problem

, we get
(gu)e + (=A)(gu) = ((¢' = D), + (=A)(gur) = g(O)T (@)L (Jul"). (4.19)

Based on formula (4.19)) we introduce the so-called g—solution or weak solution for Cauchy

problem (4.1)).
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Definition 4.1. Let T'> 0 and v € (0,1). A weak solution (or g—solution) for the Cauchy
problem on (0,T) x R™ with the initial data ug,u; € L}, .(R™) is a locally integrable
function u € Lloc((O,T) s

loc

(R™)) satisfying the relation

) [ [ ooty de i 0) [ 0,0+ o0) [ wera0.)d
+(29'(0) — 1)/ up(x)p(0, ) de — (0)/ 0(2)Ap(0, ) dz (4.20)

// u(t, ) pu(t, z) dxdt — // u(t, ) Ap(t, z) dx dt
// )—1Du tx)%txdxdt—i—// u(t, x)Ap(t, z) dx dt

ult, 2) Apy(t, z) da dt, (4.21)
of [

for all non-negative test functions p € €*([0,T] x R") such that o(T,-) = ¢(T,-) = 0 and
a=1—1, where g(t) is the solution to the Cauchy problem[{.15

Remark 4.1. Assume g(t) is the solution to . By multiplying the first equation m

by g(t) and conducting a direct calculation, one obtains the following result:

Now, we may announce the main result of blow-up for Cauchy problem (4.1)). So, put

for all n > 1 and v € (0,1)

22
5 [

o) =14 L and () = max {5, (n), 1}. (4.92)

v

Theorem 4.2. Let 0 <y <1, pe (1,00) forn=1,2 and 1 <p < =5 forn > 3. Assume
that (ug,uy) € HY(R™) x L?(R") and satisfy

/ (o) + (0(0) ~ By = T o) — Aug(a))d > 0. (4.23)

Then,
If p < pi(n), then weak solutions, in the sense of Deﬁmtion of Cauchy problem

do not exist globally in time.

Proof of Theorem [4.2l The proof of Theorem [£.2] is based on a contradiction argument.

The model (4.1)) is parabolic like as explained above. For this reason we use the modified
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test function method to prove our results. Sins the principal of the method is based on the

right choice of the test function then, we select a test function ¢ in the form:

1
g(t)

where ¢ > 1 and Dfjr is the right fractional derivative operator of order « in the Riemann-

so(t,x)zg(l) D3b(t, ) = @ (£) = Difpepa(t), (t.) € (0,00) x B", (4.24)

Liouville sense, the functions p; and s are as in (3.29) and g(¢) is the solution of Cauchy
problem ({4.15)).

4.3.1 Treatment of the weak formulation (4.20))-(4.21))

Treatment of the left-hand side (4.20

Introducing the test function defined by (4.24), we have by Proposition and the

identity ([2.10)

u/'&/ﬁ )5, (Jul)o(t, z)dzdt = b/)u/j ol (|ul” Do (¢, ) dwdt
_ / / DS I8 ([l ) (t, 3)ddt
_ /0 / (). (4.25)

For the second term of the left-hand side of (4.20]), we use Corollary with j = 0, we get
/ uy(2)p(0, z)dx (4.26)

¢ L Ha = E up ()t (x)dx
:/n Ul(iv)‘ﬁl(I)thlT%(t)}t:odx_Cog(o) /n 1(2)er (z)d,

since

B +1)
=0 " T(B—a+1)
For the third term, noting, first, that by the identity (2.11)) from Proposition one has

it ) = S (0.0) =~ () B Diealt) = (o) Dl

DﬁTgOQ(t) T = CoTioé. (427)

Then, after using Corollary [2.2) with j = 1 we get the following estimate:

/n uo(2)p:(0, z)dx = C’l% /n uo ()t (z)d, (4.28)
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since

I'B+1)
I'(8—a)
Concerning the fourth term, again by Corollary [2.2] we have
T*Oé
/ uo ()t l‘)’tzodx = C’om / o ()l (x)dz. (4.29)
Finally, after using results form Corollary [2.2] we get the estimate:

Dtolz;l(pQ( >|t:0 — T a—1 ClT a— 1

—Q

/n uo(2)Ap(0, z) de = C’OT—

2(0) /n uo(2) At () dr. (4.30)

Treatment of the right-hand side (4.21

First, by using the identity (2.11)) from Proposition [2.3 we have

g”g B 2(9/)2 o 2 @ 1 e
pult ) = ¢1(0)( ~ T Diealt) + 3 Dit at) + - Diginlr)).

Therefore we have

/ / u(t, x)u(t, x)dxdt =

[ [ weonst@ (- P29 g + 2 it + Dt

For the second term of the right-hand side (4.21)), after using the identity (3.40), we obtain

/ / u(t, ©) Ap(t, z)dxdt

=[] e a0 P D)zt (052)
0 n

For the third term of the formulation (4.21)), using the identity (2.11)) with n = 1 we find

/ /n u(t, )y (t, v)dwdt
/ / . ult, z) ey (x )( 7 Diirea(t) + 1D§th1 (t))dxdt. (4.33)

Next, we have directly

/ /n u(t, ) Ap(t, z)dzdt

= /0 / g (B)(g(e) ult 2) (€65 Apy + UL = 1)1 Vi) Difrips (1) dat (4.34)
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Finally, for the last term we use (2.11)) and the identity (3.40)) again, we get

/ / u(t, 2) Ay (t, v)dzdt = / / (t,2) (Loy Ay + £(0 — 1) 2V or [?)

(O)(9() " Dijra(t) + Dij7' pa(t)) dedt. (4.35)

Plugging the estimates (4.25)), (4.26)), (4.28)), (4.29), (4.30), (4.31)), (4.32), (4.33)), (4.34) and

(4.35) in the weak formulation (4.20))-(4.21]) we get

F(a)/o - |u|P(t, x)dzdt + T_O‘/ uy () (x)de

n

+00) = BT [ @it o)dn =T [ ) (6l(e) da

t
/ / (t, )t (x Da;ZQPZ Ydxdt + 2/ / (t,x)p ((t)) Df‘é;l o(t)dzdt

_/0 7929 (t )i ( z) Dijrpa(t)dadt

n

=

T
/ u(t,z) (bp Apy 4+ £(0 — 1) §_2|V901|2)D§TT¢2(t)dxdt

n

¥
/OT /Rn au u(t, ©)¢! (x) Dijppa(t)dwdt

o] tt‘ u(t, 7)) Dy ol

n

=

+

=

(t)
/ / (t,2) (bpy Ay + £(0 = 1) |V u|?) Do (t) dxdt. (4.36)

Taking into consideration the assumption (4.23)), the estimate (3.44)) and the facts that
0<¢; <1, T'(a) >0 and T > 0 we realize the estimate:

IS h+ L+ I+ 1+ Is + Ig + I, (4.37)
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where
T
Iy = In(T) = / /R P (t, 7)dadt
O n
T
11:11<T):/0 / [ult, )|, ()| D32 (1) | dad,

/(¢ .
utt. 0l (a1 D a0

A
=t = [ [ 2 et Dieatasa
i

[u(t, 2) |01 (|1Api| + [Vr|?) [ Dijrpa(t)|dwdt,

=t = [ [ POZ O et @lDgreatodont,

/ / 'gt '\utxmol( 2)| D5 oo (t) | dad,

n

I = I(T) = / |U(t7x)|wf_2 (18] + Vi1 2) | D a8 .
0 R”

The aim, now, is to reformulate and estimate the terms of the right-hand side of (4.37]).

Employing Holder’s inequality with é =1- % we can proceed as follows:

T 1 1
I = / Jult, &) |06 ! ()| D2 () dadt < TEI}
0 Jre

where
Iip= / | e @)Dy (ol dade,

To estimate I, we note initially by Lemmal[4.2] that the term |¢'(¢)| is bounded. The behavior
g(t) ~ b(t)~! , as stated in the first assertion from Lemma [£.2] implies that

T 1 1
I = / ult, ) (2D Do (1) dadt < TR
0 R”

where .
Ly = / / b(t) 7T 0y 7 0 (@) | DS () it
0 n
Now, let us turn to estimate I3. First, noting that ¢"(¢t) = b'(t)g(t) + b(t)g'(t) implies
"y —9 2 bt 1
19”9 2(g) | < g 2(92) 5,b,(t)H(_)Jr 1
g g g g(t) — g*(t)

//|
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Then by using Lemma again we may conclude the estimate From assumption 1) of
Lemma [4.2] and the properties of function b(¢) from definition [I.1} we obtain

l9"9 — 2(g')*|
Consequently, we get the estimate

11
I3<InI7,

where
ok = / / )+ B2 (1) 7T 0y 7 (2) | Difpepa(t) P ddt.
Next, we estimate the fourth term as we did previously for the first term in the following
form
11
Iy < Iplfg, (4.38)
where

T N
L= [ [ 07T @) (181l + 191 Dippalt) s
0 n
Now, we proceed to estimate the term 5. Thanks to Lemmald.2] the terms |¢'(¢)] is bounded.
Since ¢ is solution to Cauchy problem (4.15)) then

lg (t) = 1] ~ b(t)g(?).
Consequently, these considerations allow to get the estimate

1
I3 ps (4.39)

~
s =

I5 <

where .
hR:/(/bwh 71 0t (2) D epa(t) [t
0 n

In an analogous way, we may conclude the following estimate for Ig :
11
Is < IRplg g, (4.40)

where .,
1
Isr = / / b(t)p, p’lwf(x)]Dfﬁflgog( )|?dxdt.
0 n

And finally, we estimate the seventh term as before in the following form:

JgR, (4.41)

~
S =

I; <
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where
g —51 T 2\4 | Hat+1
ha= [ [ o7 e @) (186l + Vi) | D a0 1dade.
0 n
At this stage, we distinguish between two main cases as follows:
Case p < p,(n):
Even this case is divided into two sub-cases.
i) Sub-case p < p,(n): In this case, we choose K = T and [ suitably large in the form
of the test function (3.29). Then, to estimate the integrals I, g,7 = 1,--- ,7 we suggest the

scaled change of variables

x=T2y and t=Tr. (4.42)

Noting that the integrals I; g are trivial outside Qr (defined by (3.31))), then, by using

Fubini’s theorem, we get, for I

L= /Q ot () /0 " onlt) 7 P Dy ()57 dt) = I (4.43)

We have
In= [ p@de=1% [ o0ty =cT?, (4.44)
Qg

where

C = ¢'(y*)dy > 0.

ly|<2

In the other hand, after using Proposition [2.4] we get

= T1 (+2)75 / )P gr = o't (4.45)
Putting (4.44) and (| - ) into - we find
I ST D5ttt (4.46)

Continuing, we make estimations for terms Is g, Is r, Is g and Is g. Again, by fubini’s theo-

rem we have

Y T _pP_ - 1 _pP_
b= / @) ( / b 10y T DG (DA ) = Bk, (447)
R
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= ([ A@)( [ 00+ 20) " o7 D0 dnt) = ki, (149

T
fn= ([ @) [ 007 e IDfrea(t)] Frdode) = It (4.49)
Qr 0
and
T P
ln=( [ el@)( [ w07 Dy ealt) #1dodt) = Iie (4.50)
Qr 0
As one may remark that the estimates for I»1, I3, I5; and Ig; coincide with the estimate for
Iy, that is, with (4.44]). Hence it remains to estimate the integrals I5s, I30, I50 and Igs.
Let’s begin. To estimate the integral I5o, we use Proposition (2.4]) again with 7 = 1 and the

fact that b is a positive decreasing function. In this way, we get
T
S U R p_
= :/ o) b() 7T | Dyt oo (1) 7T d
0
1
_ etz / (1 — 1) Fob(Tr) 7 (1 — 1)Vt g
0

1
< T (a+1)55 sup b(T7)71 1/ (1—7)" B—(at1) 32y oo
0

0<r<1
< T eTETR(0) 5 / 1(1 — )P gy
0
ST (4.51)
Putting (4.44) and (| into - we find
L ST D55+ (4.52)

In the same way, we have

Lp ST “mitath (4.53)
Lp ST “91t2t (4.54)

and
Igp ST OFDFTE+ (4.55)

Now we deal with I, . Again, by Fubini’s theorem we have

__t T »
= [ o7 @ (a0l + 96) o) ( / 037 | Dipat) [t

1= Iy 1y (4.56)

73



4.3. BLOW-UP OF SOLUTIONS CHAPTER 4

In order to estimate the integral I4; we proceed as we did to get the estimates (3.60|) and
(3.61) (pages |48 and . Then we get the estimates

In ST 51 and Ip STV, (4.57)
Counting on the estimates (4.57)) yields

Iip STV D55+ (4.58)

Finally, we estimate the term I7 p in a similar way, we obtain

-4 2\ g =1 1 £
a= ([ o7 @ (el + 1VaiP) de) ([ o7 DG ealt)| 1)
Qr 0

= ]71]72. (459)

Since I;; = Iy, it is sufficient to estimate I;. For this purpose, we use Proposition (2.4))

with j = 1, we obtain:

Iy < T D55, (4.60)
Therefore, putting (4.57) and (4.60)) into (4.59) we find
Irp ST HEH (4.61)

Finally, we replace the estimates (4.46]), (4.52)), (4.53), (4.54),(4.55)), (4.58) and (4.61)) into

(4.37) we may conclude

/ / u(t, ) [P(t, x)dxdt < (T— PR (et R4
Qr

7 (at2) 25 +5 ), (4.62)

In order to guarantee that all the exponents of 7" in the right-hand side of (4.62) are nega-

tives, we require that

P n
—a——+ -+1<0.
ap_ 1 + 5 + 1<
In this way, we have .
/ / u(t, 2) [P, ) dadt < T, (4.63)
o Jog
where
v=v(n,p,a)= a}% - g —1. (4.64)
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Noting that v > 0 is equivalent to p < p,(n). Then, taking the limit as 7" — oo in (4.63)),

we obtain

T
: » _
lim /o /QT |u(t, x)|Py(x, t)dxdt = 0.

T—~+o00

Using the dominated convergence theorem of Lebesgue and the facts that

lim ¢(t,z) =1 forall (t,x)€ (0,T) x R", (4.65)
T—+o0o

and
Jim o, = o, =1
we find
/ |u(t, z)|Pdzdt = 0.
0 JR»

It follows, immediately, that u = 0 and this is a contradiction to (4.23)).

Case p=p,(n)

Firstly, Noting that the condition p = p,(n) is equivalent to » = 0. Moreover, the fact
that p = p,(n) shows, after using the estimate (4.62)), the existence of some positive constant
C independent of T satisfying

T
/ lu(t, z)[Pdzdt < C.
0o Jre

So, it implies that

lim // |u(t, z)|Py(x, t)dxdt = 0. (4.66)
0o Jar

T—~+o00

where Ay is defined by [3.32] Then, fixing arbitrarily R in (0; 7)) for some T' > 0 such that
when T' — oo we don’t have R — oo simultaneously and choosing K = R™'T in . In
order to estimate the integrals I; g, j = 1,..,7 on the set {2y we compute essentially on the
change of variables x =T %R’%y. We proceed as we did in the first case we may conclude

the estimate
L rt+Dhr+I3r+ 15+ 16 r S (Tﬁa”%ﬁgﬂ+T7(°‘H)ﬁ+%“+T7(a+2)%+%+1)R_% (4.67)
Taking into account the hypothesis p = p,(n), we get from m

hp+lhp+hpntlntlonS (1+T 71 T 5 T)R2 (4.68)
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and

Lip+ g ST Ot p=atn

<T iR it (4.69)

taking into account the estimates (4.68|) and (4.69), we deduce from (4.37)) the estimate

T
// fu(t, @) [Po(t, @)dedt < (T75 + 1) R,
0 Ar

Passing to the limit as 7' — oo, we find after using

T
/ / lu(t, z)[Pdzdt < R73.
0 n

which means that necessarily R — oo and this is a contradiction.

The second main result in Theorem [4.2] is :

Case : p< %

In this case, we choose K = R in|3.29, where R is any fixed positive real number. Our aim

is to estimate the integrals /; ,7 = 1,---,7 on the set
Qp = suppy; = {z € R", |z|* < 2R}, (4.70)
since they are null outside suppy;. For this reason, we consider the scaled change of variable
T = R’%y and t=r71T.
Following the same steps as we did above we get the estimate

Lr+Lhpr+zp+lsp+lor S (Tﬁap%ﬁrl T R S T—(a+2)p1’j+1)R_§ (4.71)

and

p

Iip+Ing ST TR 370, (4.72)
Including the estimates (4.71)), and (4.72]) in (4.37)) we get
T
/ /Q u(t, z)[Pp(t, a)dedt < R3T 51t 4 Rme s 1t (4.73)
0 R
Noting that p < % implies that 1 — ap%l < 0. Furthermore, we have

lim ¢(t,z) = (). (4.74)

T—+o0
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Thus it follows, immediately, by taking the limit as 7' — 400 in (4.73)) that

+o0
/ / u(t, z) [Pt (z)dxdt = 0, (4.75)
Qr

Next, we take the limit in (4.75)) as R — +o0o and noting that hm gpl( ) = 1, we conclude

that
400
/ u(t, z)Pddt = 0.
0 R™

This implies that v = 0, which is a contradiction to our assumption (4.23]).

Case: p = % In this case, Noting that the condition p = % is equivalent to 1 —aﬁ =0.

Hence, by taking the limit as 7' — oo in (4.73]) and using the condition p = %, we obtain

/0 /Q luPt (x)dtdx < R™%. (4.76)

Next, by taking the limit as R — oo in (4.76) and the fact that lim ¢f(z) = 1 we

R—+o00

/ /\mezo (4.77)
0 RN

This implies that © = 0 and this is a contradiction.

the following estimate:

derive

7



Chapter

5 Conclusion and concluded re-

marks

In this chapter we interprets some of results we obtained and explain the connection with
the old results in this direction, we try also to explore some open projects based on what
done and understand from the study of Cauchy problems for wave equations with double
damping . Let us first explain the connection between semi-linear and non linear memory

terms, by using fractional analysis techniques.

5.1 Comments on Chapter 3

We succeeded to generalize recent results obtained in [6] and [I7]. In fact, the author
prove in [17] that critical exponent for damped wave equation with nonlinear memory is the
same as the critical exponent of the heat equation with nonlinear memory considered in [6].

For us, we add a third model that has the same critical exponent with the heat equation
and damped wave equation with non linear memory that is the three models have the same
critical exponent. One can interpret this results by saying that the viscoelastic term does
not influence neither the critical exponent nor the blow-up results.

As a second accomplished achievement, is issued from the combining of the results of

Section [3.4] and Section Summarizing,
o If p < pryui(7,n) then all solutions of Cauchy problem blow-up in finite time.
o If p > ppyj(7y,n) then the solutions of Cauchy problem exist globally in time.

These notes show that the parameter pp,;(7y,n) is critical and sharp.
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5.2 Benefits of Chapter 4

In [2] and [14], the authors showed that the critical exponent for the following Cauchy

problem of visco-elastic damped wave equation with non linear memory

t
gy — Au 4 b(t)uy — Auy = / (t —7) u(r,)|Pdr, (t,z)€ (0,00) x R" (5.1)
0
in the case b(t) =1 is
2(2 -9
. =1 ) 2

In this paper we studied the influence of the effective dissipation on the critical exponent
by studying Cauchy problem (4.1)). That is, problem (5.1)) with b(t) # 1. We proved that
the critical exponent for Cauchy problem for the model (5.1)) is

8 2(1-19)

p’y(n) =1+ nt 2y (5.3)

In term of comparison, one can show easily that p,(n) < ppy;(7,n) for all n > 1 and

v € (0,1). This means that the range of blow-up is contracted since

[, py()] C 1, pru;(y, )]

Summarizing, the effective dissipative term contracts the range of blow-up and system-

atically it dilates the range of global existence.

5.3 Concluding remarks

In this section, we present further comments on the results we obtain and some open
problems. First, one can note that for Cauchy problem (4.1)), we find a threshold for the
critical exponent of fujita which is given by (4.22]). Indeed, since the global (in time)

existence is not established yet we can not expect that the parameter p,(n) is sharp.

5.3.1 Open problems

Base on the previous comments, we may conclude the following:
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1. the study of global (in time) existence of small data solutions for Cauchy problem

(4.1) is still open research project.

2. In the other hand, counting on the results of Section [[.3] one may predict that the
critical exponent of Fujita of Cauchy problem for effectively semi-linear damped wave
equation

Uy — Au+ b(t)uy — Auy = |ulP

is p* = 1. One may interpret this result by the fact that all energy solutions (without

additional regularity) are global in time.

3. Since the additional regularity L™ (m € [1,2)) improves the range (for p) of global
existence we predict that even by taking into account the additional regularity, the

solutions of Cauchy problem (4.1)) remain exist globally in time.

4. If some think to get some blow-up results for Cauchy problem (4.1]), he has to think

about hight regular solution by assuming high regular data.

We finish this part by our wish to solve the above still open problems and to generalize our

results for o—evolution problems as well.
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