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Introduction

This document includes a set of introductory and fundamental concepts for building a solid foun-
dation in analysis and deduction for university students. It also develops students’ research and
discovery abilities through analysis and synthesis, building upon their prior and current knowl-
edge.

The primary objective of the program content presented in this publication is to cultivate stu-
dents capable of addressing problems scientifically and rigorously, developing their computa-

tional skills, and exploring new techniques.

There is no doubt that everything you learned in mathematics during your previous school
years, and especially in high school, is of paramount importance. However, higher education
aims to teach you how to deepen, develop, and explore this knowledge! The first year lays the
foundation, familiarizes you with the tools you will need later on, and allows you to use them
effectively.

It is also an opportunity to discover the many applications of mathematics in most fields, includ-
ing physics, chemistry, economics, and many others. This is where the true beauty and richness of
mathematics lies, from the infinitely large (limits) to the infinitely small (derivatives), from mea-
suring lengths (absolute values) to areas and volumes (integration), and countless other creative
possibilities.

The lessons are presented very clearly with many examples, allowing students to fully under-
stand the program. In each lesson, we have provided practice exercises.

This document contains six chapters, the first of which is "Properties of Real Numbers."

This chapter provides a brief overview of some fundamental mathematical concepts necessary for

the study of mathematical analysis. While many of these concepts may be familiar to the reader



(with further explanation), others will be new, such as the lower major, upper minor, and integer

part functions.

The second is Numerical sequences.

Numerical sequences aim to understand the evolution of sequences of numbers (real, complex,
etc.). This allows us to model many everyday phenomena. For example, suppose we invest
an amount S; D.A at an annual interest rate of 0.07%. After 10 years, we will therefore have
Si0 = (1.07)195;.

The main topics covered in this chapter are, firstly, a review of the fundamental concepts of nu-
merical sequences, such as their definition, limits, and direction of variation; secondly, the con-
vergence of a sequence and some theorems; and finally, sub-sequences, adjacent sequences, arith-

metic sequences, and geometric sequences, illustrated with examples.

The third is real-valued function.

The main tool explored in this volume of analysis is functions. You are already familiar with
some of them: square root, sine, cosine, logarithm, exponential function... . These functions are
used when we are concerned with phenomena that change according to specific parameters. For
example, the position of a comet as a function of time, or the change in the volume of a gas as a
function of temperature and pressure. This mathematical form is applied in physics, chemistry,
biology, and even economics, and helps us solve problems.

In this chapter, we will cover limits, continuity, extension by continuity, the intermediate value

theorem and its consequences, differentiation, the finite increment theorem, and its applications.

The forth is Limited developments.

In this chapter, for any function, we will find the n*"-degree polynomial that best approximates
the function. The results are only valid for x around a fixed value (this will often be around 0).
This polynomial will be calculated from the successive derivatives at the point considered. Let’s
take the example of an exponential function. The behavior of the function f(x) = exp(x) in the
neighborhood of the point x = 0 can be understood using its tangent, whose equationisy = 1+ x.
We have approximated the graph with a straight line. If we want a more precise approximation,
which parabola with the equation y = ¢ + cpx + c3x? best approximates the graph of f in the
neighborhood of x = 0?. It is the parabola with the equationy =1+ x + %xz.



In this chapter, we will deal with limited development at a specific point or at infinity and the po-

sition of the curve with respect to its tangent or its asymptote, as well as the calculation of limits.

In the chapter five: "Application to Prime Functions", we will deal with trigonometric and
hyperbolic functions, their inverses, and some basic properties for using them in solving equa-

tions and inequalities.

In the last chapter Simple Integrals.
The most important result about integration is the fundamental theorem of calculus, which states
that integration and differentiation are inverse operations in an appropriately understood sense.
Among other things, this connection enables us to compute many integrals explicitly. Integrabil-
ity is a less restrictive condition on a function than differentiability. Roughly speaking, integration
makes functions smoother, while differentiation makes functions rougher. For example, the in-
definite integral of every continuous function exists and is differentiable, whereas the derivative
of a continuous function need not exist (and generally doesn’t). The Riemann integral is the sim-
plest integral to define, and it allows one to integrate every continuous function as well as some
not-too-badly discontinuous functions. There are, however, many other types of integrals, the
most important of which is the Lebesgue integral. The Lebesgue integral allows one to integrate
unbounded or highly discontinuous functions whose Riemann integrals do not exist, and it has
better mathematical properties than the Riemann integral. The definition of the Lebesgue integral
requires the use of measure theory, which we will not describe here. In any event, the Riemann
integral is adequate for many purposes, and even if one needs the Lebesgue integral, it’s better to

understand the Riemann integral first.
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Chapter 1

Properties of the Set R

1.1 Upper bounded, lower bounded, and bounded part.
1.2 Maximum element, minimum element.

1.3 Absolute value, integer part.
1.1 Upper bounded, lower bounded, and bounded part

1.1.1 Upper bounds and lower bounds

Definition 1.1.1 :

Let E be a non-empty subset of R.

> The set E is bounded from above, if there exist the real number M in R, called an upper bound of E, Such
that x < M for every x in E.

> The set E is bounded from below, if there exist the real number m in R, called an lower bound of E, Such

that x > m for every x in E.

Bounded sets

Definition 1.1.2 :
A set is said to be bounded, if it is both bounded above and bounded below. i.e., if there exist the two real

numbers m and M, Such that m < x < M forall x in E .

Examples 1.1.3 1. Let E = | — 00,3 ].
This set E is bounded from above, and has an infinite number of above bounds, for example, the numbers

3, V10, 13—0 and 7 are its upper bounds of E. It also has no lower bound, so it is unbounded from below.

10



1.1.1 Upper bounded, lower bounded, and bounded part

Therefore, it is unbounded, even though it is bounded from above.

2. Let E=1[2,+o00].

Then E is bounded below, and has an infinite number of below bounds, for example, the numbers 0, V2, g
and 2 are its lower bounds of E. It also has no upper bound, so it is not bounded from above.

This imply that, it is unbounded, even though it is bounded from below.

3.Let E=[0,v5].

Then E is bounded from below, and has an infinite number of below bounds, for example, the numbers
-2, _Tl and 0 are its lower bounds of E. It also has bounded from above, and has an infinite number of
above bounds, for example, the numbers \/5 and 3 are its upper bounds of E.

This imply that, the set E is bounded.

4.LetE={-1,0,1,3}u] -1 1.

The set E is both bounded above and bounded below. Because, has an infinite number of below bounds and

an infinite number of above bounds, for example, the numbers —2 and —1 are lower bounds of E and the

numbers % and 4 are upper bounds of E. This imply that, the set E is bounded.

1.1.2 The supremum and infimum

Definition 1.1.4 :

The supremum of a set is its least upper bound and the infimum is its greatest upper bound.

Definition 1.1.5 :

Suppose that E C R is a set of real numbers.

*x If M € R is an upper bound of E such that M < M’ for every upper bound M’ of E, then M is called
the supremum of E, denoted M = supE.

*x If M € R is a lower bound of E such that m > m' for every upper bound m’ of E, then m is called the
infimum of E, denoted m = infE.

Remarks 1.1.6 : e If E is not bounded from above, then we write supE = +oo, and if E is not bounded
from below, we write infE = —oo.
o If E = Q is the empty set, then every real number is both an upper and a lower bound of @, and we write

sup@ = o0, infd = —oo.

Archimedes property
This property is a fundamental mathematical principle.

11



1.1.1 Upper bounded, lower bounded, and bounded part

Property 1.1.7 For any two real numbers, x and y, and x is positive, there exists a natural number n such

that nx is greater than y.

Proof : We assume, by contradiction, that: dx € R’ ,y € R%,Vn € IN;nx < y. We consider the
set B defined by B = {nx;n € IN}. B is a non empty subset of IR, bounded from above by the real
number y. This imply that supA = M exist, hence

nx < M;VneIN = (n+1)x < M; Vn € N

— nx < M-—x; Vn € N.

then M — x is an upper bound of B and M — x < M, because x > 0. This is a contradiction

because M is a smallest upper bounds of B. n

Example 1.1.8 : Determine sup(A) and inf(A) where

A:{ 1 ;nE]N}.
n+1

Solution: We can see that sup(A) = 1 because 1 € B and it is an upper bound of A (since x < 1

for all x € A). We have that zero is a lower bound since nlﬂ > 0 for all n € IN. Furthermore, we

can see that zero is the greatest possible lower bound since, if we assume that m is the minimum of A
with m > 0, then this assumption leads us to a contradiction, and that is: by Archimedes property on m
and 1 we have : there exist n in IN such that n.m > 1. This imply that, there exist n € IN such that
m+1)ym>1+m>1=m> n%l € A. This means that m is not a lower bound of A, it follows that
contradicts to the above hypothesis, and therefore that inf (A) = 0.

1.1.3 Methods of proving the supremum and infimum

To prove that a given number M (resp. m ) is a least upper bound ( resp. greatest lower bound )

of a set E, we can use one of the methods:

Method 1: Characterization of supremum and infimum

In this first method, we generally follow the following two steps:

Step 1. Prove that M is an upper bound (resp. m is a lower bound) for E i.e. show that M > x
(resp. m < x)forallx € E.

Step 2. Prove that M (resp. m ) is the least upper bound ( resp. greatest lower bound ) for E. Often

this is done by assuming that there is an ¢ > 0 such that M — ¢ ( resp. m + ¢ ) is also an upper

12



1.1.1 Upper bounded, lower bounded, and bounded part

bound ( resp. a lower bound ) for E. One then exhibits an element x € E with x > M — ¢ (resp.
x < m + ¢), showing that M — e (resp. m + €) is not an upper bound (resp. a lower bound ) of E.

Or, to prove that supE = M, we prove the two following properties

1). M>x, Vx € E
M = supE & .
2). Ve>0,dx € E; x >M—c¢

And, for infE = m, we prove the two following properties

1). m<x,Vx€E

m = infE &
2). Ve>0,dx € E; x <m+e.

Method2: Reasoning by contradiction

In this second method, we can use the reasoning by contradiction as follows:

To prove that supE = M, we assume that M is not the least upper bound of E. Therefore, there
exists an upper bound M’ € R of E such that M’ < M. Applying Archimedean property to the
number M — M’ and calculating based on the given information, we can arrive at a contradiction

with our hypothesis that M’ is an upper bound of E.

Example 1.1.9 x1: Find the least upper bound for the following set A and prove that your answer is

3
correct. A—{O,z, 5 20 niﬂ,}

Solution: By first method: We note that every element of A is less than 1 since ;75 < 1 foralln € IN.

This imply that 1 is an upper bound fo A.
We claim that the least upper bound of A is 1i.e supA = 1. Assume that 1 is not the least upper bound

of A. Then there is an € > 0 such that 1 — € is also an upper bound of A. However, we claim that there

is a natural number n such that 1 — e < ;. This inequality is equivalent with the following sequence of
inequalities
1-1 1 1 1
LIS R (e DL DI P |
n+1 n+1 n+1 e €

This imply that: there exist n > % —1suchthat1l —e¢ < Showing that 1 — e is not an upper bound

n+1
for A. This means Ye > 0, Ing = E (% — 1> +1€eIN;Vn > ng,x = n_+1 € A; x > 1— ¢. Thus show
that supA = 1.

By second method: We show that supA = 1. we assume that 1 is not the least upper bound of E.

Therefore, there exists an upper bound M’ € R of E such that M' < 1. Applying Archimedean property
to the number 1 — M', that there exist n € N such that n (1 — M') > 1, this imply that M' <1 — 2

1- m € A which contradicts to the fact that M’ is an upper bound of the set A. that is supA = 1.

13



1.1.1 Upper bounded, lower bounded, and bounded part

Example 1.1.10 %2: Find the sup and inf of the following set and prove your answer.

—2n+1

B={——, N
{n+1 n € N}

Solution: We write the first five terms of B:

-1 -5 -7 —2n+1
B={1, o —1, 2, e, o),
It seems that the largest lower bound of B is —2 and the smallest upper bound of B is 1.
We must first show that —2 is a lower bound of B and 1 is an upper bound of B.
For this we have % = -2+ n%lfor alln € N, and =2 < =2 + n%l <1 forall n € N. This proves
that the set B is bounded from below by the number —2 and from above by the number 1.
Next we show that —2 is the greatest lower bound of B i.e infB = —2, we use the characterization of the
lower bound.

For this, we show that:

—2n+1
for every e > 0 there existn € IN such that —2 +¢ < nn——i——: (1.1)
Suppose € > 0, we search for the existence of a natural number n € IN that satisfies : =2+ ¢ < ff{l.

However, this leads to the following:

—2n+1 3 3
-2 —_— s 2 24+ —& - —1.
+e< ] +e< +n+1 n<8

Since there exist n € IN (‘we can choose n = E(%) ) satisfying the inequality (1.1), then —2 4 € it is not a
lower bound of B. This means infB = —2.
Since , 1 is the upper bound of the set B. Therefore, since B is not empty, then, sup(B) exists and sup(B) <

1. In fact, sup(B) = 1 because 1 is an element in B.

Proposition 1.1.11 The supremum or infimum of a set E if it exists, is unique.

Moreover, if both exist, then infE < supE.

Proof : x Uniqueness Proof by contradiction: Suppose that there exist two distinct suprema (or
infima) of the set E. and show that this leads to a contradiction.

. Let M; and M, be two distinct suprema of the set E. This imply that M; and M, are upper
bound of E. Since M; is the supremum of E, this means M; < Mj, and since M; is the supremum
of E, this means M;< M;. This imply that M; = M,. This contradicts the hypothesis that they

are distinct.

14



1.1.2 Maximum element, minimum element

* Relationship If infE and supE exist, then E is non-empty. Choose x € E, this means infE <

x < supE, since infE is a lower bound of E and supE is an upper bound of E. It follows that

infE < supE. m
Now, we state the following axioms:

® Axiom 1: Every non-empty bounded subset of R has a least upper bound.

® Axiom 2: Every non-empty bounded subset of R has a greatest lower bound.

® Axiom 3: Every non-empty bounded subset of R has a least upper bound and a greatest lower

bound.

1.2 Maximum element, minimum element

Definition 1.2.1 :

Let E C R non-empty. We will say that:

& E has a maximum (denoted max(E)) if it has an upper bound that belong to E.
In the other words:

max(E) =M <= (x <M,Vxe Eand M € E).

& E has a minimum (denoted min(E)) if it has a lower bound that belong to E.
In the other words:

min(E) =m <= (x >m,Vx € Eandm € E).

Examples 1.2.2 a) Let E=B =] — 3, 4 ].

The set of upper bounds of Bis U = | g, +oo [. It follows that the smallest upper bounds of B is supB =
g, since 4 € B then maxB = g

The set of lower bounds of Bis L = | — oo, —% |. It follows that the greatest lower bounds of B is infB =
—%, since —% & B then minB does not exist.

b)Let E=D = {x € R, x> +4x+3 < 0}.

Since x> +4x+3 <0+ -3<x< —1,thenD =]-3,—1].
The set of upper bounds of D is Uy = [ — 1,400 [. It follows that the smallest upper bounds of D is
supD = —1, and the set of lower bounds of D is Ly = | — oo, —3|. It follows that the greatest lower

bounds of D isinfD = —3. Since —1 ¢ D and —3 ¢ D then, maxD and in f D does not exists.
c¢) We find the infimum, supremum, minimum and the maximum, if they exist, of the set

F= {2— Gyl ]N*}.

n

15



1.1.2 Maximum element, minimum element

Answer: We can identify some elements in this set as follows: F = {3, %, %, %, %, %, . }

We observe that the infF = 2 and supF = 3. but this is not sufficient, we must prove it.

Forall n € IN*, we have

1 —1)"
1< (-1)"<1<=1> >—( )

=
=

This imply that f is bounded from below by 1 and from above by 3.

We show that supF = 3. Consider M any upper bound of F. That is M > x,Vx € F, since 3 € F we have
M > 3 for any upper bound of F. Thus, supF = maxF = 3.

We show that infF = 1. suppose that m is a lower bound of F. That is m < x,Vx € F, since 1 € F we
have m < 1 for any lower bound of F. Thus, infF = minF = 1.

Theorem 1.2.3 Let E C R. Then, if max(E) (or min(E)) exists, it is unique.

Proof : Let’s assume that E C R has two different maximum values, M; and M,. Based on the

definition of the maximum value of a set, we have:

M is a maximum of E <= x < M, Vx € E and M; € E. for x = My we obtain M, < M;.

M5 is a maximum of E <= x < M,, Vx € E and M, € E. for x = M; we obtain M1 < M,.

It follows that My = M,.

Similarly for the minimum. ]

1.2.1 Compatibility of sup and inf with algebraic operations

We define the following sets where A, B are non-empty subsets of R and « € R

aA:={ax, x € A}.
a+A:={a+x xeA}.
A+B:={x+y, x€ Aandx € B}.

Properties 1.2.4 Let A, B are non-empty subsets of R and a« € R, then:

1x If A, B are bounded and A C B then, infB < infA < supA < supB.

2% If A, B are bounded from above, then, sup (AU B) = max {supA,supB}.
3% If A, B are bounded from below, then, inf (AU B) = min {infA,infB}.
4x If A, B are bounded from above, then, sup (AN B) < min {supA,supB}.

16



1.1.2 Maximum element, minimum element

5% If A, B are bounded from below, then, inf (AU B) > max {infA,infB}.

6x If A, B are bounded from above, then, sup (A + B) = supA + supB.

7% If A, B are bounded from below, then, inf (A+ B) = infA +infB.

8x If « € Ry and A is bounded from above, then, sup (x.A) = a.supA

and if &« € Ry and A is bounded from below, then, inf (x.A) = a.infA.

9x If « € R_ and A is bounded, then, sup (x.A) = a.infAand inf (x.A) = a.supA.
10% sup (A —B) =sup (A+ (—1)B) and inf (A — B) = inf (A+ (—1) B).

Proof : 1x We show that: If A C B then, infB < infA < supA < supB.

© first, we show that inf A < supA similarly for infB < supB.

Since A # ¢ then by definition of infA and supA we have : Vx € A,infA < x < supA. So
infA <supA.

© We show thatinfB < infA.

Since A C B then, infB < x, Vx € A. This imply that infB is a lower bound of A. AsinfA is the
greatest lower bounds of A, conclude thatinfB < infA.

© We show that supA < supB.

Since A C B then, supB > x, Vx € A. This imply that supB is an upper bound of A. As supA is
the least lower bounds of A, conclude that supA < supB.

2x We show that: sup (AU B) = max {supA,supB}.

Since R is totally ordered, then, we have supA < supB or supB < supA.

Let us suppose that supA < supB, then we have max {supA,supB} = supB.

Since B C (A U B), then, from 1x we have

supB < sup (AUB). (1.2)

Since supB is an upper bound of B and of A because supA < supB, then, is also an upper bound

of (AU B). Since sup (A U B) is smallest upper bounds of (A U B), then,
sup (AUB) < supB. (1.3)

From (1.2) and (1.3), we obtain the desired result.

3xinf (AUB) =min{infA,infB}.

The proof is similar to what came before.

4x We show that: sup (AN B) < min {supA,supB}.

We know that (ANB) € A and (ANB) C B. From 1x we have sup(ANB) < supA and
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1.1.2 Maximum element, minimum element

sup (AN B) < supB. this means that sup (AN B) < min {supA,supB}.
5xinf (AUB) > max{infA,infB}.
The proof is similar to the previous one.
6x We show that: sup (A + B) = supA + supB.
For this we show sup (A + B) < supA + supB and sup (A + B) > supA + supB.
@ Letac Aand b € B, thena < supA and b < supB. Thusa + b < supA + supB. this imply that
supA + supB is an upper bound of A + B. Since sup (A + B) is smallest upper bounds of A + B,
then
sup (A+ B) < supA + supB. (1.4)

®Leta € Aand b € B, thena+b € (A+ B), and this implies that, foralla € Aand b € B
a+b<sup(A+B)=a<sup(A+B)—b.So,sup(A-+ B)—bisan upper bound of A. Since
supA is least upper bounds of A, then, forall b € B, supA < sup (A + B) — b and this equivalent
to b < sup (A + B) — supA. Therefore, we can say that sup (A + B) — supA is an upper bound of
B. Since supB is least upper bounds of B, then,

supA +supB < sup (A+B). (1.5)

From (1.4) and (1.5), we arrive at the desired result.
7x Forinf (A+ B) = infA +infB.
The proof is similar to the previous one.
8x We show that: If « € R then, sup (x.A) = a.supA and inf (v.A) = a.infA.
© We know that, for all x € A we have : x < supA this imply that, if « € R then, a.x < a.supA.
It follows that a.supA is an upper bound of a.A. Since sup (x.A) is least upper bounds of a.A,
then,
sup (a.A) < asupA. (1.6)

© We know that, forall x € A wehave: a.x < sup («.A) this imply that, x < %sup (a.A), Vx € A.
It follows that Lsup (x.A) is an upper bound of A. Since sup (A) is least upper bounds of A, then,

a.supA < sup (a.A). (1.7)

From (1.6) and (1.7), we obtain sup (x.A) = a.supA withw € Ry.

& We use the same steps to prove that: inf (x.A) = a.infA witha € R,

9x We show that: If &« € R_ then, inf (x.A) = a.supA and sup (a.A) = a.inf A.

© We know that, for all x € A we have : x < supA this imply that, if « € R_ then, a.x > a.supA.
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1.1.3 Absolute value, integer part

It follows that a.supA is a lower bound of «.A. Since inf (a.A) is greatest lower bounds of a.A,
then,
inf (x.A) > a.supA. (1.8)

® On the other hand, for any z = a.x € (x.A) we have: z > inf (a.A) this imply that, 1z = x <
linf (x.A), Vx € A. 1t follows that linf (a.A) is an upper bound of A. Since sup (A) is smallest

upper bounds of A, then,
asupA > inf (. A). (1.9)

From (1.8) and (1.9), we obtain inf (x.A) = a.supA witha € R_.
@ We use the same steps to prove that: sup (x.A) = a.infA witha € R_. ]

1.3 Absolute value, integer part

1.3.1 Absolute value

definition The absolute value or modulus of a real number x, denoted |x| , is a positive real
number defined by:
X, ifx>0
x| = Or |x| =max{x,—x}.
—x, Iifx <O.

Examples 1.3.1 1/(—3)* = |-3| = 3,

V2| =va,

\/5—3‘ :3—\/§und‘x2‘ =x2, Vx € R.

Properties of absolute value

Properties 1.3.2 Let « € R, we have :
1® |—x| = |x|, Vx € R.

20 x < |x|and —x < |x], (or — |x] < x < |x|), Vx € R.

3¢ |xy| = |x|.|y|, Vx,y € R.

49 |x?| = |x[>, Vx € R.
5@ E ZL,VyG]R*.
yl oyl
6e |- :‘%:, Vx,y € R with y # 0.
7® ch/\gtx]i:) —a < x<a, Forall x € Rwitha > 0.

8b |x| >a <= (x >worx < —a), Forallx € R.
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1.1.3 Absolute value, integer part

9 [x£y| < |x|+y], Vx,y €R
106 |[x] —|y|| < [x £y| < |x[ +|y|, Vx,y € R.

Proof : 1§ From definition of absolute value |—x| = max {— (—x), —x} = max {x, —x} = |x|.
2@ We know that x < max {x, —x} and —x < max {x, —x}, for all x € R. This imply that x < |x|
and —x < |x]), Vx € R.

3@ For all x,y € R we have

|x|.ly] =max{—x,x} max{—y,y}
= max {xy, (=x)y,x (~y), (%) (~y)}
= max {—xy,xy} = |x.y|.
4@ Based on property number 3% mentioned previously, and taking x = y, we find |x?| =
x|?, Vx € R.
5@ For all y € R* we have %‘

= 1. This imply that 1 = ‘y%‘ = |y|. ‘%

,Vy € R*. this means the
property number 5x is true.

6@ Using properties 3« and 5« mentioned previously, we find ‘E‘ = ‘xl‘ = |x| ‘1' = %, Vx,y €
R with y # 0. ! ! / !

7@ For all x € R and « > 0 we have:
|x| =max{—x,x} <a <= —x<aandx <«
— —a<x<a.
8@ For all x € R and a« > 0 we have:
|x| =max{—x,x} >a <= —x>aorx>u
<~ x< —axorx > a.
9@ For all x,y € R we have
[ <x<lxfand —|y| <y <|y| = — (x| +]y]) <x+y < [x[+]yl
= |x+y| < |x| +|y|, (using the property 7% ).

And for |x — y| = |x + (—y)| then using the above property.
10¢ For all x,y € R we have

= =+ < |x=+ — |yl <|x=£
{x (e y) Fyl < xyl + @{w vl < Jx =]

yl = [y £x) Fx| < |x+yl+ ] x[ = [yl = =[x+ yl

This imply that — |x £ y| < |x| — |y| < |x £ y|, then, according to 7 arrive at the desired result. m
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1.1.3 Absolute value, integer part

1.3.2 Integer part

This function appeared in the literature in the early years of the nineteenth century.
For more information on the history of this function, see ([8], p. 3-8). For the development of its

fundamental theorem and a discussion of the symbols mentioned above, see Murray’s thesis [9].

Definition 1.3.3 The integer part of a real number, denoted [x]| or E(x), is the unique integer such that
[x] <x < [x]+1.
In other words: These symbols [x] or E(x) are also called the largest integer less than or equal to x. That is

[x] =max{p € Z/p < x}.

Examples 1.3.4 :

1. [3,9999] = 3. Because the largest integer less than or equal to 3,9999 is 3. Furthermore, 3 < 3,9999 <
4.

2. [—\/E} = —2. Because the largest integer less than or equal to —+/2 = —1.4142135624... is —2.
Furthermore, —2 < —/2 < —1.

3. [—cos(m)] = 1. Because cos(7t) = —1 and the largest integer less than or equal to —cos(7r) is 1.

Graph of the integer part function

v = E(x)
£ —

* The domain of the integer part function is R.

* Range (i.e. values taken by [x] ) of the integer part function is Z. 2 —

* The integer part function is increasing inlR,

3 2 0| 1 2 3 4 5«

but it is not strictly increasing.

— 2

— 3

* The integer part function is not continuous on all integer points.

Uniqueness of the integer part
Proposition 1.3.5 Every real number x has a unique integer part.

Proof : By contradiction, we assume that there exists a real number x that has two distinct integer

parts n and m (with n > m), that is: they satisfy the definition of the integer part for x as follows:
n<x<n+l et m<x<m+l—m<n<x<m+1l<n+l1.

This implies that m —n < 1 and nm < 1, therefore we have -1 < m —n < 1,som —n = 0.
This contradicts the fact that n and m are distinct. This shows that the hypothesis n # m is false.

Therefore, the proof is complete. m
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1.1.3 Absolute value, integer part

1.3.3 Basic properties

For every x € R and n € Z we have:

1). [x] =nifandonlyifn <x <n+1.
2).x—1<[x] <x<[x]+1

3). [x +n] = [x] +n.

4). [[nﬂ} = [%] withn # 0.

5). [—x] = { —[x], if x is an integer '

—[x] =1, otherwise.

6). If m and n are positive integers, then [Z] — [ =

1, ifn dividesm
mfl] _ )
0, otherwise.

0, if2 divides [x]
%, otherwise . .

>—, otherwise.
9. [x]+y] <[x+y] <I[x]+[y] +1, forallx,yinR.

Proof : 1). and 2). By definition.

[zﬂ if2 divides [x]
. :
<

3). From property 2) we have [x] +n < x +n < [x] +n + 1. This imply that the integer part of

x +nis [x] +n.
[x]

n

[+]

<m+ o <

n

is [[nﬂ}

5). @ If x is an integer, then —x is also, and —x 4+ x = 0. According to the property 3) we have

+ 1. This imply that [M} < [2] <

n

-

<

IR

4). From property 2) we have

2= A
=

[% + 1] . Thus, the integer part of

[—x + x] = [—x] + [x] = 0. This imply that, [—x] = — [x].
@ If x ¢ Z, then —x ¢ Z and [—x| < —x. From property 2) we have

¥ <x<[x]+l<= —[x]-1< x<—[x]<=(—[x] -1) < —x<(—[x]-1)+ 1

This imply that the integer part of —xis — [x] — 1 forallx € R — Z.
6). Firstly, suppose that n and m are two positive integers such that n divides m i.e, there exist
m—1 m 1

q an integer number such that %2 = g. Since == = & — -, then, from property 3) we have

[mfl] — [q 1} —q+ [—ﬂ =g — 1because 0 < 1 < 1’.1 Thiz imply that, [mfl} = [%] —1,and

n T n n
so the desired result.

Secondly, suppose that n and m are two positive integers such that n does not divides m, i.e, there

exist g and r integer numbers such that m = gn + r where 0 < r < n. then, from property 3) we
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1.1.3 Absolute value, integer part

have[ } [q+r1]—q+[r 1]—qbecause0<’1<1 And [Z] =[g+L] =q+[L] =¢
because 0 < L S <1 This means that[

- ] = [%] for all m and n positive integer numbers. which

completes the proof.

7). From property 2) we have M%l < % <3< [x]; L

® If [x] is even integer number, then, U <3< Hl — % <3 [2ﬂ +1< % + 1. By the
definition of integer part we conclude that the integer part of 5 is [2—} Thatis, [5] = [2ﬂ if 2 divides
[x].

® If [x] is odd integer number, then, M{ ! < % <5< MEHZ = M{ LI By the definition
of integer part we conclude that the integer part of 7 is Mz_l, if 2 does not divides [x]. which

completes the proof.
8). From property 2) we have [x] < [x] +1 < x+1 < [x] + 2, then we have % < MZH < <
SIS

x+1 [x]+1

® If [x] is even integer number, then, % < &= < 55—, By the definition of integer part we

conclude that the integer part of 1! is [zﬂ That is, [il] = %, if 2 divides [x].

2
® If [x] is odd integer number, then, MZH < ’CTH < bz Hl +1= [x ]2+1 + % < MTH + 1. By the
definition of integer part we conclude that the integer part of ¥+ is [x ]2+ ! [x].
which completes the proof. ]
Using the integer part function to solve equations or inequalities
1). Solve in R the equation 3 [2x — 1] = 4.
Answer: First, we isolate the bracket of the integer part as fellows: [2x — 1] = 6, then from the

property 3)x we have [2x] = 7. Next, apply the definition of the integer part function, we arrive
at 7 < 2x < 8. Therefore, dividing by 2 we obtain % < x < 4. This means that the set of solutions
for the proposed equation is [7,4 [.

2). Find all x € R such that [3x + 2] = 2x + 3.

Answer: We have,

Bx+2] =2x+3 < [3x] =2x + 1.

This imply that 2x +1 € Z and 2x +1 < 3x < 2x + 2. So, we can obtain x = ]%1 where k € Z
and 1 < x < 2. These imply that 3 < k < 5. For k = 3 we have x = 1 and for k = 4 we have
X = % we conclude that the set of solution of our equation is S = {1, %}

3). Solve [3x 4+ 1] = [—x + 4], where x is a real unknown.
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1.1.3 Absolute value, integer part

Answer: We have

[Bx +1] = [—x +4] [3x] +1 = [—x] +4, by the property 3)x

Bx] = [—x]+3

<~

—

<= |[—x]+3 <3x < [—x]+4, applying the property 2) « to [3x]
— —x+2 < 3x < —x+4, applying the property 2) x to [—x|
—

2<4x <4

= J<x<l

Therefore, the set of the solutions to our equation is the subset S of ] 3,1[.

Case 1: If x € ]%,%[ then% < 3x < 2 and —% < —x < —%, so [3x] = 1and [-x] = —1. Thus,
[3x] # [—x] + 3, and consequently [3x + 1] # [—x + 4].
Case2: If x € [§,1[then2 <3x <3and -1 < —x < —3,s0 [3x] = 2and [-x] = —1. Thus,
[3x] = [—x] + 3, and consequently [3x + 1] = [—x +4].

This gives us the set of solutions to our equation which is S = [%, 1.

4). Solve the inequality [x]> — [x] —2 < 0.

Answer: We denote [x] = k, where k € Z. Our inequality becomes: k* —k —2 < 0.

Next, we can factor the quadratic polynomial inequality above into (k + 1) (k — 2) < 0, this imply
that: —1 < k < 2. Since k € Z, the possible values for k are: k € {—1,0,1,2}.

Convert back to x. We now solve the union of the conditions for k: If [x] = —1, then —1 < x < 0.
If [x] =0,then0 < x < 1.If [x] =1, thenl1 < x < 2. If [x] =2, then 2 < x < 3. Combining these
intervals: we obtain the solutionset S = [—-1,3].

5). Solve the inequality —2[3x + 5] + [3x] +6 > 0.

Answer: We have,
—2[8x 45124 [3x] +6 >0 <= —2[3x + 5>+ [3x + 5] +1>0.

We denote [3x + 5] = p, where p € Z. Our inequality becomes: —2p? + p +1 > 0.

Next, we can factor the quadratic polynomial inequality above into —2 (p — 1) (p + %) > 0, this
imply that: —3 < p < 1. Since p € Z, the possible values for p are: p € {0,1}.

Convert back to x. We now solve [3x +5] = p where p = 0 or p = 1: If [3x + 5] = 1, then
—% <x < —1. And if [3x + 5] = 0, then —g <x< —%. Combining these intervals: we obtain the

solution set S = [—3 , —1[.
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Chapter 2

Numerical Sequences

2.1 Concepts of Numerical Sequences.
2.2 Convergent Sequences.

2.3 Comparison Theorems.

2.4 Extracted Sequences.

2.5 Adjacent Sequences.

2.6 Special Sequences (arithmetic, geometric, recurrent).
2.1 Concepts of Numerical Sequences

2.1.1 Fundamental Concepts of Numerical Sequences

Definition 2.1.1 :
A sequence of real numbers is a real-valued function whose domain is the subset of natural numbers IN or

an infinite subset Ny C IN to the real numbers i.e:

u: NCN — R

n —  u(n) or Uy

Notations: The sequence u is denoted by (u4),cn cN-
u (n) or uy, is called the general term or n'* term of the sequence (1), cN cN-

e We can defined the sequence by:
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2.2.1 Concepts of Numerical Sequences

1. Explicit definition

Definition 2.1.2 :

A sequence (uyeNcN) is said to be explicitly defined if we know the function f such that:
u, = f(n); n € N.

Example 2.1.3 :
Let (uy),cp the sequence defined by : u, = \/%, Vn € IN. Is defined explicitly by the function f where

f(x)= \/;ﬁwithx € Ry.

2. Property definition

Definition 2.1.4 :

We can define a sequence by giving the properties or characterization of the sequence’s terms .

Example 2.1.5 :
1) Let (un), e the sequence of strictly negative even numbers.

2) Let (4n)neN the sequence defined as u, = n if n is a multiple of 3 and u,, = n — 1 otherwise.

3. By induction (recurrence) definition

Definition 2.1.6 :
A sequence (Uy)neNcN is defined recursively if there exists a function f such that: n € N; uy1 = f (un)

and by defining an initial value.

Example 2.1.7 :
Let (uy)neN the sequence defined by : 1,1 = (un)2 —3uy, Vn € N and ug = 2. Is defined recursively
as uy 1 = f (un), Vn € N where f (x) = x> — 3x with x € R.

2.1.2 Bounded sequences

Definition 2.1.8 :
Let (un)nenciN be a real sequence.

® A sequence (in)neNCN Is bounded from above if and only if:

dM e R,Vn € N; u, < M.
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2.2.1 Concepts of Numerical Sequences

® A sequence (iln)neNcN is bounded from below if and only if:
dm € R,Vn € N; u,, > m.

® A sequence (uy)neNnciN is bounded if and only if: it is bounded from above and bounded from below

which means :

dC e R4,Vn € N; |u,| < C.

Example 2.1.9 :

Let (1n)neN the sequence defined by : u, = 32=3,Vn € IN. Then the sequence (uy) is bounded from

below by —1 and from above by % Because for all n € IN, we have u, = % = %(1 — %) and for all

nGN,6n+323$—1§un§%.

Proposition 2.1.10 The sequence (i, )nencN is bounded if and only if the sequence (|uy|)neNciN IS

bounded above, that is, for alln € N C IN, there exist M € R such that |u,| < M.

Example 2.1.11 :

Let the sequence (uy)neN defined by : u, = M,Vn € IN is bounded. Because for all n € IN, we

have |sin(3n)| < 1, this imply that, for all n € N, |u,| < 2.

2.1.3 Operations on sequences

Let (uy)nencN and (v,)pencN be two numerical sequences and A € R.

Sum of sequences

The sum of (uy),encN and (v )en oN is the numerical sequence whose general term is u, + vy,
i.e (un)neNcN + (Vn)neNcN = (Un + Un)neNcN-

Product of sequences by a scalar

The product of (uy),enciN by A is the numerical sequence whose general term is (Au) ., that is,
Atn)neNcN = (Aln)nenN ON-

Product of sequences

The product of (i1, )nencn and (v,)nencN is the numerecal sequence whose general term is 1.0y,

that is, (11n)neNcN-(Un)neNcN = (Un.Un)neNCN-
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2.2.1 Concepts of Numerical Sequences

Inverse of a sequence

If uy, # 0, forallm € N C IN, then the inverse of the sequence (u,),encN is the numerical

is Ll je —1 (L1
sequence whose general term is - . i.e., v (- )neNCN-

Quotient of Sequences

If v, # 0foralln € N C N, then the division of (u,),encN bY (vn)nencN is the numerical

. . M
sequence whose general term is 3 that is, " ”EN N (” ) .
n Un neNCIN neN CIN

2.1.4 Increasing and decreasing sequences

Definition 2.1.12 :
Let (un)nencN be a numerical sequence.
 (Un)neNCN s an increasing sequence iff: Yn € N C IN; 11 > uy.

* (Un)neNCN 1S a strictly increasing sequence iff: Vin € N C IN; w41 > uy.

*

Un)neNCN I8 a decreasing sequence iff: Vn € N C IN; u,4q < uy.

*

Un)neNCN I8 a strictly decreasing sequence iff: Yn € N C IN; u,4q < up.

*

*

(ttn)

(ttn)

(t4n)

(Un)neNcN is monotonic if it is increasing or decreasing.

(tn)neNcN is strictly monotonic if it is strictly increasing or strictly decreasing.
(t4n)

* (Un)neNcN 1S a constant sequence iff: Vn € N C IN; w41 = uy .

Proposition 2.1.13 Let (ut,),encN @ numerical sequence given by a regressive expression:
Ups1 = f (un), Vn e N CIN.

If f is increasing, then (uy)yeNCN IS monotonic.

Example 2.1.14 :
Let the numerical sequence (uy)neN defined by : uy1 = f (un), Vn € N and uy = 1 where f (x) =
2x — 3. We have the function f is increasing. The sequence (i, )neN is strictly decreasing in IN, because

Upt1 — Up = Uy — 3 <0, Vn € N, and we can prove by recurrence that u,, <1, Vn € IN.
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2.2.2 Convergent sequences

2.2 Convergent sequences

Finite and infinite limit of a numerical sequence

Definition 2.2.1 :
Let (un)nenciN be a real sequence.

We say that the sequence (u,),encN tends to | as n tends to infinity if and only if:
Ve >0,Ing e IN; Vne N; n > ng = |u, — 1| <e.

In this case, we say that the sequence (i, ) e NCIN convergent and converges to | and we note lim u, = 1.

H—r+-00
Example 2.2.2 :
We show that the sequence (uy),eN defined by u, = 2”;11 converges to % For this, we use the definition
of convergence.
Let € > 0 we have:
un—%‘ <e & %—%‘ <e

-3
Ad 4n+2’<€
3
& g2 <
& 4dn42< 3
& n<i-3
Bysettingn0:E<%—%>+l, we obtain:
3 1
Ve > 0,dng = E & 7 +1eN,vneN; n > ny = u”_§ <e.

L . 1
This imply that n1_1>rJrr100un =5

Definition 2.2.3 :

1. We say that the sequence (it )neNCN tends to +oo as n tends to infinity if and only if:
VA >0,dng €N, Vn € N; n > n0 — u, > A.

In this case, we say that the sequence (uy),eNcN iS divergent and diverges to +oco and we note | irf Uy =
- n— —+00

—+ o0

2. We say that the sequence (U, ),eNCN tends to —oo as n tends to infinity if and only if:
VA >0,dng e N, Vn e N; n > n0 = u, < — A.

In this case, we say that the sequence (U, )neNCN IS divergent and diverges to —oo and we note | iT Uy =
= n——+0o0

—00
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Example 2.2.4 :
Let (Un)nencN and (vy)penciN be two sequences defined by: u, = ”;n_l and v, = % + 3 respec-
tively.
We show that lim u, = +ooand lim v, = —o0.
H—r 400 n——+oo
1. Let A > 0 we have:
n?—1 n 1 n_n 1 n
> > > > > — .
u, > A< _A<:>2 2n_A<:>2>2 2n_A:>2>A$n>2A

Let’s put ng = E (2A) + 1 > 2A this imply that
VA >0,3np =E(2A)+1€ N, Vn e N; n > ngy = u, > A.
2. Let A > 0 we have:

(n+1)(n?—n+1)
—

0, < —Ae Tl 13 A o <—A-3 onl2—n4+1>A+3

n+1
—n?+1>n —n+1>A+3

—n2>A+2=n>VA+2.
Let’s put ng = E (x/A+2> + 1 we obtain

VA>0,3n0:E<\/A+2>+1€]N, Vi eN; n>ny — v, < —A.

Divergent sequences

Definition 2.2.5 :
Let (un)neNciN be a sequence of real numbers. We say that the sequence (in)neNncN is divergent if it is

not convergent, i.e ¥Vl € R, 3¢ > 0, Vng € N; In € N; n > ng A |u, — 1| > e

Remark 2.2.6 Here are two types of divergence
1* Divergence of infinite type: in this case the sequence converges to 400 or —oo. For example the sequence
with general term u, = — 2n®> + 3 is converges to —co.

2* Divergence of type limit does not exist: in this case the sequence does not have a finite or infinite limit.

Example 2.2.7 :

The sequence with general term u,, = (—1)" + HLH is divergent. Because lim up, = 1and

lim u =
n—s+oco nos oo 2

—1. That is the limit of this sequence does not exist.

Or We will show that the sequence (uy),,c does not have a finite or infinite limit.
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2.2.2 Convergent sequences

1). By contradiction, suppose that: lim u, =1, I € R. According to the convergence definition with
n

—r+o00

€= }I we get: Iny € IN, Vn € IN such that:

n>ny = Uy € [l—}i,l-i—ﬂ

— (-1)"+35 € [l—}I,lJrﬂ

— l—1<—1+ﬁ<l+%andl—l<1—|—ﬁ<l—l—%
— —I-i<1-sls<-l+}jandl—}<1+527<I+}
1 1 1
- _§§2+(2n+2)(2n+1)§§
5 1 3
— _§§(2n+2)(2n+1)§_§'

It's a contradiction.
This means that the sequence (i, )N has no finite limit.
2). By contradiction, suppose that: lim u, = +oo.

n

—r+00

According to the limit definition with A = 4 we have: 3ng € IN,Vn € IN such that:

n>nl — u, >4

— (-1)"+7 >4
1 n
= n< —%.
It's a contradiction.
3). We use the same method for the case: lim u, = —oo.
n——+00

According to the limit definition with A = 4 we have: 3ng € IN,Vn € IN such that:

n>ny — u, < —4
= —1+ﬁ<—4and1+ﬁ<—4

— < 3and2+1§ -5.

2n—|—2
It’s a contradiction.

From 2) and 3) we imply that the sequence (1, ),cN does not have an infinite limit.
Proposition 2.2.8 If a sequence of real numbers (i, )nencN has a limit, then this limit is unique.

Proof : By contradiction. Suppose that: liT u, =1, 1 € R and liT u, = m, m € R, where
n——+4o00 n——+4o00

| # m. Taking ¢ = ™ which implies :

dng € N, Vn € IN; n2n0:> lup — 1| <e,andIny € N, Vn € IN; n > ny = |u, —m| <e.

Putting ny = max(ng,n1) , and this imply that :
VneN; n>ny = |u, — | + |uy, —m| < 2e.
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2.2.2 Convergent sequences

With n > np we have |l —m| = [l —uy +uy —m| < |uy — 1|+ |uy —m| < 2e = e < 5. it'sa

contradiction. n
Proposition 2.2.9 If (u,),eNcIN iS a convergent sequence, then is a bounded sequence.

Proof : We’ll show the following implication:

(un)neNcN is a convergent sequence = (Uy)yeNcN is bounded.

Suppose that (u,),encN is convergent, then for e = % we have:

dnp e N,Vne N; n >np = |u, — | s:%

—m=1- §un§l+%:M,Vn2n1€IN.

pi— A

So the set {up,, Up,41, ...} is bounded. On the other hand the set {un, Uny41, -, Un;—1} (
where 1y is the first number of N ) is bounded. ( Because it contains a finite number of terms ).

Then the sequence (i, ),encN is bounded. n

Remark 2.2.10 In general, the converse is false. Indeed, there exist bounded sequences that don’t converge.

Example 2.2.11 :
The sequence defined by general term wy, = sin (“F), n € N is bounded, because |sin ()| < 1,Vn €

. . 1 1
IN, but it is not convergent because the two sub-sequences (ws, 1) and (wsy,+s5) tends to 7 and ~5

respectively. This imply that (w,) has no limit.

limit’s operations

Theorem 2.2.12 Let Iy, I and A are real numbers, (1) nencN and (0y) neNcIN two convergent sequences

with: lim u, =1y and lim v, = I, then:
n——+oo n—-+oo

1. lim Au, = Aly with A € R.

n——4oo

2. lim (up+oy) =+

n—+oo

3. lim uy.v, = L.b.
n——4o00

.1 1
4. Ifuy, # 0 foralln € N and Iy # 0O then nl—l>Toou_n =1

L oup _h
5. Ifvy, #0foralln € N and I, # 0 then nnga =5

Infinite limit’s operations

In the case where I/} and I, are infinite, the above theorem remains true if the results of the opera-

tions are not indeterminate.
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2.2.3 Comparison Theorems

2.3 Comparison Theorems

Theorem 2.3.1 Limits and inequalities
Let (un)nencN and (vn)nenciN be two convergent sequences, then:
a). If, there exist ng € N such that Vn > ng; u, < vy this implies lim u, < lim v,.
n——400 n—r+00
b). If, we have (uy),cn cN and (Un) pen o be two sequences, satisfies : Ang € N, Vn > no; uy < vy
and lim u, = +oo this implies lim v, = +oo.
n—-+oo n—+o0
c). If, we have (un),c e @14 (Vn) e ncN be two sequences, satisfies : Ing € N, Vn > no; uy < vy and
lim v, = —oo this implies lim u, = —oo.
n——+oo n——+oo
d). Squeeze Theorem (gendarme theorem): If (un),cn cN/ (9n)yen cN @14 (Wn),en o three se-
quences satisfying: Ing € N,Vn > no;up, < vy, < wyand lim u, = lim w, = 1then lim v, =I.

n——+oco n—-400 n——+o0

2.3.1 Monotone Convergence Theorem

Theorem 2.3.2 Convergence of monotonic sequences

* If a sequence of real numbers (un),eNncN IS increasing and bounded from above, then it converges to
SUPUy.

neN

* If a sequence of real numbers (uy),eNncN is decreasing and bounded from below, then it converges to

infuy.
neN

Examples 2.3.3 :

Let (un)nenN be a numerical sequence defined by: uy = 1 and 4u, 1 = U + 4.

a. We prove that: VYn € N; u,, < 2.

b. We deduce that the sequence (11,),cN is convergent.

Answer: a. Using proof by induction: we denote Py : u, < 2.

Forn = 0, we have ug =1 < 2,s0 Py is true.

Let’s assume that the proposition Py, is true for an n € IN and we’ll show that 1,1 < 2.

According to the assumption we have: u, < 2 = Ul +4 < 8§ = Uy, < 2. So, assertion the
proposition Py is true for all n € IN.

b. We have Vn € IN; u, 11 — uy = ””1—“ — U, = (””T2>2 > 0. Since (in)penN is increasing in IN and

bounded from above by 2 this imply that the sequence (uy),eN is convergent.
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2.2.4 Adjacent sequences

2.4 Adjacent sequences

Definition 2.4.1 :
Let (un)nenc and (vn),, o\ o be two real sequences.
We say that (u,) and (v,) are adjacent iff: (uy) is increasing in N and (v,) is decreasing in N and

lim u, —v, =0.

n——+00
Example 2.4.2 :
n
Let (un)nen+ and (vn)neN+ be two real sequences defined by: u, = Z 7 and v, = u, + % This
k=1""
sequences are adjacent, because :
n+1 1 noq 1 “ L. .. . .
1 typq — Uy = k_zl i k_21 = L > 0, Vn € IN¥, this imply that (uy),eN+ is increasing in
IN*.
2. Uyl — Uy = Upiq — Uy + ﬁ — % = (n+21)n! — % <0, Vn € IN*, because: we have
(nle) <1, VneN*— W < %, Vn € IN*. So (vy)neN+ is decreasing in IN*.
3. lim u, —v,= lim — =0.
n—+o0 n—-+oo!

Theorem 2.4.3 If the sequences (uy)nencN and (vn) are adjacent then they converge to the same

neN’'CIN
limit.

n
1
Training exercise: (u,)nen- and (vn)nen+ be two real sequences defined by: u, = ) K1)
k=1

and v, = un+%.

Show that the sequences (1, ),eN+ and (v,),eN+ are adjacent.

Cauchy sequence

Definition 2.4.4 :
Let (tn)nenciN be a numerical sequence.The sequence (i, ) neNcN IS said to be a Cauchy sequence in R if

and only if : Ve > 0,3ng € N,Vp,g € N; p,q > ng = |up —uy| <e.

Example 2.4.5 :
The sequence (uy)yeN+ defined by u, = Y _4 klz is a Cauchy sequence. Because: Let p,q € IN* with

p < q then we have:

up =14+ 45
SIS RTINS ESIS I §
g =l ettty
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2.2.4 Adjacent sequences

And
1 1
Uy —Ug| = ———— + -+ —. (2.1)
As .
1< 11 1
(p+1)* — p(p+1) — p  ptl
1 < 1 -1 1
(p+2)* = (ptD)(p+2) — pt1 pt2 (2.2)
1 1 1 1
(7 SED T T g
Then from (2.1) and (2.2) we arrive at:
1 1 1 1 2
= [1-Y <141 <2
P q p q9 P

Let ¢ > 0, we can choose ng = E (%) +1. So,

2

Ve > 0,3dng = E (E) +1eN*Vp,qeN%; p,qg> ny= }up —uq‘ <e

Remark 2.4.6 If (un)nenciN is Cauchy sequence, then l_z>1_1g Uyi1 — Uy = 0. The converse, however,
- n (o)

does not hold.

= 0, but (u,) is not

V2
E le 2.4.7 | = \2n,th li — = i
xample If u, = /2n , then niToo(u”H Up) n%”foo\/m_p 7
Cauchy. Indeed, for e = 1, and any ny € N, we have |ugy, — un,| = 2¢/2m1 — /211 = /211 > 1.

2.4.1 Limit inferior and limit superior

Definition 2.4.8 :
Let (4n)neNcN be a sequence of real numbers. Denoting by S = {u,; n € N CIN} i.e the set of clus-
ter points of the sequence (uy)nenciN. We define the limit superior (resp. inferior) of (in)neNcN S

limsup u, = sup S (resp. liminfu, = infS).
Theorem 2.4.9 If (uy)eNcN is a Cauchy sequence, then it is bounded.

Proof : Let (1) ,encN be Cauchy sequence, taking ¢ = 1. Then there exists N € N such that for
all p, ¢ > Ny, we have |u, —uy| < 1. Take g = Ny. Then for n > Nj,

up — up, | < 1. It follows
that |u,| < ‘un — uN1] + |uN1| <1+ |uN1} forall n > Nj.

Ifwelet M = max{\u1|,\bl2’,"‘ ,

un, —1|,14 |un,|}, then |u,| < Mforalln € N. This means

that the sequence (u,),encN is a bounded. ]
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2.2.5 Extracted Sequences

Theorem 2.4.10 Let (uy),enciN be a real sequence then: (uy)yencn is a Cauchy sequence if and only if

(Un)neN cIN is convergent.

Proof : x We show that if (u,) is convergent then (u,) is Cauchy sequence.

Suppose that lim u, = I. Note that
n—-+oo
|up —ug| = |up =1+ 1= ug| < fup = 1]+ ug —1].

Thus, given any & > 0 there is an N1 € N so that if k > Nj then |u; —I| < 5. Thus, if p,q > N; we
have |u, —uy| < |up — 1| + |ug —I| < e. This means, (u,) is a Cauchy sequence.

* We show that if (u,,) is a Cauchy sequence then (u,) is convergent.

Let (u,) be a Cauchy sequence. By Theorem (2.4.9), (u,) is bounded. Bolzano Weierstrass The-
orem implies the existence of a converging sub-sequence (u,, ). Let u,, — I. So, we have a

candidate for the limit of (u,). We claim that x, — x. Lete > 0.
Since x,, — x, there exists Ny € N such that |x,, — x| < %,Vk > Nj. (2.3)

For the same ¢, since (u,) is Cauchy, there exists N, € IN such that

|Xn — xm| < %, foralln,m > Ns. (2.4)

Let N = max {Ny,N;}. Fixank > N, and let m = ny. It follows from Equation (2.3) that
|xm — x| < 5, because m = ny > k > N > N1 (Check this ). On the other hand, from Equation
(2.4) it follows that |x, — x| < 5, whenever n > N (Why m > N2 ). Everything is ready now For

n > N, wehave |x,;, — x| < [x; — Xp| + [x — x| < 5 + 5 = €. This completes the proof. ]

2.5 Extracted Sequences

Definition 2.5.1 :
Let (un)neNncN be a numerical sequence.
We say that the sequence (v,)neNcN IS a sub-sequence of (uy)yeNcN if there exists a strictly increasing

function ¢ : N — N such that v, = 1,y).

Examples 2.5.2 :

1

1. Let (un)nencN the sequence with general term uy, = (=1)" + ;05,

then the two sequences defined by
v, =1+ ﬁ and w, = —1+ ﬁ are sub-sequences of (Un)yeNcN Where vy = Uy, and Wy = Uy 1.
2. Let (un)nencN the sequence with general term u, = sin (%), then the sequence defined by v, =

Uppy1 = sin (nw+ §) = cos (nmw) = (—1)" is a sub-sequence of (in)neNCN-
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2.2.6 Special Sequences

Proposition 2.5.3 Let (uy),encN be a sequence of real numbers:

@ Every bounded sequence has a convergent sub-sequence.( Bolzano-Weierstrass Property ).

& The sequence (1) nenciN converges to | if and only if all sub-sequences of (ii,)peNcIN converge to the
limit [.

@ If the sequence (uy)nencN has a divergent sub-sequence, then (U, ),eNcN is divergent.

& If the sequence (iin)neNncN has two sub-sequences that converge to distinct limits, then (uy)peNcN S

divergent.

2.6 Special Sequences

2.6.1 Arithmetic sequences

Definition 2.6.1 :
Let (un)nenciN be a numerical sequence and r a real number.

We say that the sequence (u,),eNncN IS arithmetic sequence if and only if:
Uyy1 = Uy +71; foralln € N.
The real number r is then called the common difference of the sequence.

Examples 2.6.2 :

> The sequence defined as: %, %, 12—3, 12—9, cee, % +3n, ... isarithmetic sequence with a common difference
3.

> The sequence defined in IN by general term u,, = 3 — 2n is arithmetic sequence with common difference
-2.

> The sequence defined in IN by general term w1 = w, + 5 is arithmetic sequence with common differ-

ence b.

Theorem 2.6.3 Let (u,),enciN be an arithmetic sequence with common difference r.
® Ifr > 0, then the sequence (Uy)yeNcN S increasing in N.
® Ifr < 0, then the sequence (Uy)yeNcN iS decreasing in N.

© Ifr = 0, then the sequence (uy)yeNcN IS constant in N.
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2.2.6 Special Sequences

Expression in terms of n

Let (14, )neNciN be an arithmetic sequence whose first term is u,, and common difference r.

Its general term is given by the following relation:

Uy = Uny + (1 —ng) 1, VY > ny.

Examples 2.6.4 :
© The general term of the arithmetic sequence with a common difference r = 2 and ug = =3 is u, =
—3 +2n; Vn € IN. © The general term of the arithmetic sequence with a common difference r = % and

7)1:%1'5

N

1
vn:§+—(n—1);VnelN*.

O8]

Sum of consecutive terms of an arithmetic sequence

Let (uy)nencN be an arithmetic sequence with common difference r. We denote by S,, the sum of
the first n terms of the sequence (u,),eNcN, that is:

Sn = Uyt -+ Upyin—1

_ (first term+last term )
= (Number of terms) x .

- % (uno + un0+71—1) .

Examples 2.6.5 :
1% The sum of the first fifteen terms of the arithmetic sequence (u,),en+ defined by its general term is
U, =3 —2n;VYn € N*, is
S5 = uj+dots+ uis
= (15) x tatus)
— 51+ (-27))
= 195.
2% The sum of the twenty consecutive terms starting from the tenth term of an arithmetic sequence defined
by its first term uy = 2 and its common difference 3 is
S0 = ug+ -+ g
= (20) x ()
= 2(29 +86)
= 1150.

38
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Because the general term of this sequence is u, = ug +nr =2 +3n; n € N.

2.6.2 Geometric Sequences

Definition 2.6.6 :
Let (un)nenciN be a numerical and g a real number no Zero.

We say that the sequence (uy),eNcN is geometric sequence if and only if:
Uyi1 = Uy X 1; foralln € N.
The real number q is called the common ratio of the sequence.

Examples 2.6.7 :

1o The sequence defined in IN as: 2, 1, %, }1, %, %,- -2 (%)n , ... is geometric sequence with a
common ratio q = % and the first term ug = 2.

20 The sequence defined in IN* by general term v, = 3(—2)"~1 is geometric sequence with common ratio
—2 and the first term v; = 3.

30 The sequence defined in IN as w,, 1 = %wn and wy = 1 is geometric with common ratio % .

Theorem 2.6.8 Let (u,),eNncN be a geometric sequence with common ratio q # 0.
« If g > 1, then the sequence (Uy)yeNcN iS increasing in N.
x If0 < g <1, then the sequence (i, )eNcN is decreasing in N.

x If g = 1, then the sequence (uy),eNcN is constant in N.

Expression in terms of n

Let (#x)neNciN be a geometric sequence whose first term is 1,,, and common ratio g # 0.

Its general term is given by the following relation:

Uy = Uy, X q(”* ") \in > ny.

Examples 2.6.9 :

a. The general term of the geometric sequence with a common ratio q = 3 and ug= 2isu, =2 x3"; Vn €
IN.

b. The general term of the geometric sequence with a common ratio q = % and vy = =3 isv, = =3 X

(2)"™"; ¥n e N,
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2.2.6 Special Sequences

Sum of consecutive terms of a geometric sequence

Let (1, )neNcN be a geometric sequence with common ratio g4 # 1.

We denote by S, the sum of the first n terms of the sequence (u,),encN, that is:

Sn -

= (First term ) x

1_n
= Uy, X Tk

Examples 2.6.10 :

Upg 4 -+ + Upg4n—1

1 _q(Number of terms)
1=q

1—q -

© The sum of the first ten terms of the geometric sequence (i) cN+ defined by its general term u, =

3 x2":¥Yn € N¥, is
S10

up+---+uq
1_q10
up X e
1_210
6 X T5

1138

@ The sum of the five consecutive terms starting from the forth term of a geometric sequence defined by its

first term vo = 3 and its common ratio 3 is

Ss

U3+...+u7

1_5
U3Xﬁ
81 o 1
8 1—

7) 5

133.5234375

w NI

Because the general term of this sequence is v, = vg X " = 3 X (%)n, n € N.
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Chapter 3

Real functions of on real variable

3-1 Numerical functions, definitions and properties
3-2 Continuity of real functions of a real variable

3-3 Differentiability of real functions of a real variable
3.1 Numerical functions, definitions and properties

3.1.1 Notion of numerical functions

Definition 3.1.1 Let E and F be two sets and f be a relation from the set E to the set F. We say that f is a

function, if every element of E is associated with at most one element of F, and we write:
f: E — F
x o y=f(x)

Definition 3.1.2 We say that f is a real functions of one real variable if and only if f is a function

from the set E C R to the set F C R, and we write:

f: ECR — FCR

X —  f(x)

Examples 3.1.3 :
u: N — R ¢g: R* — R
1) .
n +— u(n)= (n+)1 + /1. x  — g(x)=lsin(l)
u is a real function of a natural variable. g is a real function of a real variable.
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3.3.1 Numerical functions, definitions and properties

h: C — R

z — h(z):#)z_1

h is a real function of a complex variable.

Domain of definition of a function

Definition 3.1.4 :

Let f be a real-valued function of a real variable.

The domain of the function f, denoted by Dy, is the set of real numbers that have images by the function f:
iff:1CR— I' CRR, then, we have,

D¢ = {x € I such that f(x) € I'} .

Examples 3.1.5 :

v: N — R w: Z — R
. In(—
noo— v(n):\/ﬁsm(nlﬂ), no— w(”):\/n%r
. In(—
D, = {n € NN such that \/%sm(nln) € IR} D, = {n € Z such that \/n% € IR}
= {n € Nsuchthatn >2 A n # n} = {n € Z such that16 —n*> > 0\ —n > 0}
= N* — {1;2}. = {3, -2, —1}.
f: R — R

X f(x) = \/xlTZSin(xfln)’

Df = {x € R such that \/xlfzsin(x_ln) € JR}
= {x € Rsuch thatx >2 N x # 7}

= 2,7 [U] 7, +oo .

Graphical representation of a function

Definition 3.1.6 :
The graph (or representative curve) of a function f : E C R — F C R, is the subset Gy (resp. or Cy ) of
E x F such that:

Gf = {M(x,f(x)) / x € Df /\f(x) € F} .
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3.3.1 Numerical functions, definitions and properties

Operations on functions

Definition 3.1.7 :

Let f and g be two functions defined respectively on D¢ and Dy. The domain of definition of f + g, f —

and f x g is the set D¢ N Dy, that is:
Df+g = Df—g = Dyxg = Dy D
Forall x € Df N Dg, we have
(f+8) () =fx)+8(x),(f ) (x) = f(x) —g(x) and (f xg)(x) = f(x) xg(x).
The domain of definition of f is the set

Dy = (DyNDg) — {x € Dg such that g(x) = 0},
8

N N

_ flx
and for all x € Dé' <§) (x) = g(—x

Comparison of two functions

® Two functions f and g are equal (f = g), iff: Df = Dy = Dand Vx € D; f(x) = g(x).
® Let f and g be two numerical functions defined on the same domain D C D¢ N D

We say that f is less than (resp. greater than) or equal to g, denoted as f < g (resp. f > g): if

Vx e D, f(x) < g(x) (resp. f(x) = g(x)).

Definition 3.1.8 e The function f is said to be positive (or strictly positive) on D C Dy if:
Vx € D; f (x)> 0 (f (x)> 0).
o The function f is said to be negative (or strictly negative) on D C Dy if:
Vx € D; f (x) <0 (f (x) < 0).
Remark 3.1.9 e If the function f is positive, its graph lies above the X-axis.

e If the function f is negative, its graph lies below the X-axis.

&
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3.3.1 Numerical functions, definitions and properties

3.1.2 Operations and Monotonicity of real functions
Operations on real functions

Let f: UCR — Rand g: U C R — R be two numerical functions .

The sum of the functions f and g is the function f 4 ¢ :— IR defined as follows:

Ve U (f+8)(x) = f(x) +8(x).
The product of the functions f and g is the function f x g : U — R defined as follows:
Ve W (fxg)(x) = f(x) xg(x).
The product by scalar A in R and the function f is the function A X f : U — IR defined as follows:

Ve e U, (A x f)(x) = A x f(x).

Remark 3.1.10 If the function f is greater than or equal to g, then the graph of the function f lies above
the graph of the function g.

Monotonicity of a function

Definition 3.1.11 :
Let f be a real function of a real variable defined on an interval I C R. We say that :

e f isincreasing on I if :

V(x1, x2) € % x < xp — f(x1) < f(x2).
o f is strictly increasing on I if:

V (x1, x2) € ?:x < x = f(x1) < f(x2).
o f is decreasing on I if:

Y (x1,x2) € ?:x < x = f(x1) > f (x2).
o f is strictly decreasing on I if:

V(x,x) €2 ixy <xp = f(x1) > f(x2).
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3.3.1 Numerical functions, definitions and properties

e f is constant on I if:
V (x1,%2) € I% f (x1) = f (x2).
Or,

Vx € I; f (x) = C, where C is a real constant.

e f is monotone (resp. strictly monotone) on 1 if f is either increasing on I or decreasing on I. (resp. f

is strictly increasing or strictly decreasing on I).

Examples 3.1.12 :

e Let n be a positive integer. The function f from R to R defined by f(x) = In(x*"*1), is strictly
increasing on IR’ Therefore, it is strictly monotonic on R’

e The function g from R to R defined by g(x) = 2E(x) is increasing on R. However, it is not strictly

increasing on R because it is constant on each interval [k, k + 1] with k € Z.

Direction of variation of f + gand f — g

LetI C D N Dg be an interval:

o If f and g are increasing (resp decreasing) on I, then f + g is increasing (resp decreasing) on I.
e If f and ¢ do not have the same direction of variation on I, we cannot say anything about the
direction of variation of f 4+ g on I.

e The direction of variation of f — g on I, is the direction of variation of f + (—g) on I.

3.1.3 Definition and properties of Composite functions

Let f : D — Rand g : D’ — R be two functions such that f(D) C D’. The function defined
by f and g, denoted g o f, is called the composition of f and g. For every x € Dyor; (g0 f) (x) =
g (f(x)) where Dyos = {x € D such thatx € Dy and f(x) € Dg} .

Example 3.1.13 :
Let f and g be two functions from R to R defined by f(x) = /x and g(x) = Inx. Let's determine the
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domains of definition Dgo ¢ and D ¢.q and the functions g o f and f o g.

oDy ={xeR/xeDsandf(x) € Dy} oDso, ={x€R/xe€Dg andg(x) € Dy}

={xeR/xeRy and /x € R} ={xeR/xeR} andInx >0}
=R7%. =[1,+o0].
° Vx € Dgos = R, we have : ° Vx € Dgog = [1,+00 [, we have :
(gof)(x) =g(f(x)) (fog)(x) =/f(g(x))
=In (V/x). = VInx.

Proposition 3.1.14 :
Let f and g be two real functions defined on D and D' respectively with f(D) C D'
1e The composite of two functions, decreasing or increasing, is an increasing function.

2e The composite of two functions, one decreasing and the other increasing, is a decreasing function.

Proof :

Suppose f and g are increasing on D and D’ respectively, and let’s show that g o f is increasing.
For all x; and x; in D with x; < xp, we have: f(x1) < f(x2) because the function f is increasing on
D. Since g is increasing on D’ and f(D) C D', then g (f(x1)) < g (f(x2)). Therefore, (g o f) (x1) =
(g0 f) (x2). This shows that g o f is increasing. Similarly, for the other cases. n

3.1.4 Parity and periodicity of real functions
Let f be a real function of a real variable with domain of definition Dy.

Definition 3.1.15 :
* We say that f is an even (or odd) function on Dy if and only if

Vx € Dy; (—x) € Df A f(—x)=f(x) (resp.f (—x) = —f (x)).

* We say that f is a periodic function on D¢ with period p € R* if and only if
Vx€Dp ((x+p) €D A f(x+p)=f(x)) A ((x=p) €Dy A flx—p)=f(x)).

Graphic interpretation

Let f be a real function of a real variable.
e f is even if and only if its graph is symmetric with respect to the y-axis (Y'Y). e f is odd if and

only if its graph is symmetric with respect to the origin. e f is periodic with period p if and only if
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%
its graph on an interval of length |p| is invariant under translations by vectors kp i where k € Z

%
and i is the unit vector with respect to the x-axis (X'X).

Examples 3.1.16 :

e The functions defined by x — x*" withn € Z and x — cos(%) are even on R*. e The functions
defined by x — x*"*1 with n € Z and x — sin(L) are odd on R*. e The functions defined on R by
x —> sin(x), x — cos(x), and x — sin(x) + cos(x) are periodic and have period 27t. The function

defined on R by x — x — E(x) is periodic and has period 1.

Proposition 3.1.17 :
Let f be a real function of a real variable defined on R.

If f periodic function of period p € IR*, then,
VkeZ, Vx € R; f(x+kp) = f(x).

Proof :

Let f be a real-periodic function of a real variable with period p € R*

¢ By induction on IN,

Let P(n) be the periodicity property: Vx € R; f(x +np) = f(x).

It is clear that P(0) and P(1) are true.

Assume that P(n), for n € N fixed, is true, and we show that P(n + 1) is also true.

For all x € R we have:

flx+(n+1)p) = f((x+np) +p) = f(x +np) = f(x) (by hypothesis).

Then, the property P(n) is true for all n € IN. @ For all k € Z_, there exists n € IN such that
k= —n.

For all x € R, we have:
f(x+kp) = f(x —np) = f((x —np) + np) (from the preceding result).

Therefore,

Vx e R,Vk € Z, f(x+kp) = f(x).

This completes the proof. ]

Proposition 3.1.18 :
Let f and g be two real functions defined on D and D' respectively, with f(D) C D’.
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a e If f iseven on D, then g o f is also even.

be If fisodd on D and g is even on D', then g o f is even on D.

ce If fisodd on D and g is odd on D', then g o f is odd on D.

d e If f is periodic with period p and function g such that H(f) C D(g) then a composition h(x) =
(g o f)(x) is periodic with the same period p.

e o If f is periodic with period p and a € R*, then function g(x) = f(ax) is periodic with period L.

Proof:

a e Let f be an even function on D, then for all x € D, we have:

(g0 f)(=x) =g (f(=x)) =g (f(x)) = (8o f) (),
therefore, g o f is even.

Similarly for properties b e and c e.

d e Let f be a periodic function of the period p on D, then for all x € D, we have:

(gof)(x+p)=g(f(x+p)=g(f(x)) =(gof) (x)

, Therefore, g o f is p periodic on D. ]

3.1.5 Upper, Lower bound of real functions
Upper bound, lower bound of a subset of R

Definition 3.1.19 :
The upper bound (resp. lower bound) of a subset E of IR, if it exists, is the smallest upper bound (resp.
greatest lower bound) of E, and is denoted supE (resp. infE).

Example 3.1.20 :
e ForI =] —2,1], we have supl = 1and infl = —2.

Upper bound, lower bound of a function

Definition 3.1.21 Let f be a real function of a real variable defined on its domain Dy.
1. We say that f is bounded above if and only if there exists a real number M such that:

Vx € Df,f(x) < M.
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2. We say that f is bounded below if and only if there exists a real number m such that:
Vx € Df;f(x) > m.

3. We say that f is bounded if and only if there exist two real numbers m and M such that:

Vx € Dgm < f(x) < M.
Or f is bounded on Dy if f is both bounded above and bounded below on I.
Examples 3.1.22 :
e The functions defined on R by x — sin(x), x — cos(x) and x — sin(x) x cos(x), are bounded
above by 1 and below by —1.

e The function defined by x — 7" on R is a bounded function on R.

Indeed, for all x € R, we have:

(Jx] =1)2>0 <= |x

Maximum and minimum values of a function

Definition 3.1.23 Let f be a numerical function defined on the set Dy, and let xo € I C Dy.
1) We say that the number f(xo) is the absolute maximum value of the function f if:

Vx € Df,‘ f(x) < f(xo).

We write sup f(x) = f(xg).
xeDy

2) We say that the number f(xo) is a relative maximum value of the function f at the point xy on the
domain I if:

Vx el f(x) < f(xp).
We write supf(x) = f(xo).

xel
3) We say that the number f(xg) is the absolute minimum value of the function f at the point xg if:

Vx € Dy; f(x) > f(xo)-
We write min f(x) = f(xg).
XGDf
4) We say that the number f(xg) is a relative minimum value of the function f at the point xo on the
domain I if:
Vx eI f(x) > f(xo).

We write r;zez?f(x) = f(xp).
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Examples 3.1.24 :

o Let f:x — 2¢¥ —1, then we have, inf (2¢* — 1) = —1. Because f(R) = ] — 1,400 ].
xeR

o Let g : x — Inx — x, then we have, sup (Inx — x) = —1. Because g(R%) = | — oo, —11].
xeRY

3.1.6 Limits of real functions with a real variable
Limit of a function at a point xg

Definition 3.1.25 :

Let f be a real function defined on an bounded interval I of R, and xo € R a point of I or a on the boundary

of L
e We say that f tends to £ € R at xq (or f(x) tends to ¢ when x tends to xo) if and only if:
Ve>0,30>0, Vxel,|x—xo| <0=|f(x) —{| <e

We then note lim f(x) = /.

X— X

e We say that f tends to +oo at xg if and only if:
VAeRL, 36 >0, Vxel,|x —x| <d= f(x) > A.

We then note lim f(x) = +o0.
X—rXQ

o We say that f tends to —oo at xq if and only if:
VAER, 36 >0, Vxe I, |x —x <J= f(x) < —A.

We then note lim f(x) = —oo.

X— X
Examples 3.1.26 :
2x +2
1)e Let f: —-1,2| — .
Joletf:xe] [ 42x+3
Let’s show that lim f(x) = =.
x—1 5

Forx € | —1,2[ we have :

1

1<2x+3<7= [20+3|<7= - <=
T [2x+3 2x+3] 7

4 2
Il < Zlx— —11l.
— ’f(x) 5‘ < % x —1] <2|x—1]
Therefore, for all e > 0, we can find 6 > 0 (for example, § = %) such that
5

4
Vxel,]x—1]§5:§:>‘f(x)——‘§e.
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2
2)eletg:xec | —1, —.
Joletg xe ]~ fool s oy

Let’s show that lim g(x) = +oo.
x——3

2
Forall A > 0, we can find 6 > 0 (for example, 6 = Z) such that

Vxel|x—(=3)| <= % = |g(x)| > A.

Limit of a real function at infinity

Definition 3.1.27 :
® Let f be a real-valued function defined on an interval of the form I =]a, +00[C R.
e We say that f tends to £ € R at +co if and only if:

Ve>0,dBeR; Vxel,x >B=|f(x) —{| <e

We then note xﬂ)nioof(x) =/

e We say that f tends to +oo at +oo if and only if:
VAeR:, d3BER’; Vx € [, x > B= f(x) > A.

We then note lim f(x) = +oo.
X—>+400

e We say that f tends to —oo at +oo if and only if:

VAeR!,dBeR; Vxe,x >B= f(x) < —A.

We then note  lim f(x) = —oo.
X—> 400
® Let f be a real-valued function defined on an interval of the form I =] — co,a[C R.

o We say that f tends to £ € R en —oo if and only if:
Ve>0,3BER; Vxel',x < —B= |f(x) — (| <e.

We then note ﬂ)m f(x)=¢
X —00
o We say that f tends to +oo at —co if and only if:

VAeR!,, IBeR; VxeI',x < —B = f(x) > A.

We then note  lim f(x) = +oo.

X——00

e We say that f tends to —oo at —co if and only if:
VAERY, BBeR; VxeI',x < —B= f(x) < —A.

We then note  lim f(x) = —oo.

X—>—00
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Example 3.1.28 :
2x
x—3
Let’s show that lim f(x) = 2.
X—>—00

eleth:x €| —00,2[+—

For all B > 0 we can find B > 0 ( for example B = g — 3 ) such that
6
Vxel,x<-B= _E+3:> |h(x) —2| <e.

Right-hand limit, left-hand limit at a point

Let f be a real function defined on D, « > 0 and | xg — «, xo [ U | xo, x0 +a [ C D.
* The right-hand limit of f at xg is defined as the restriction of f to | xg, o + « [ which has a limit
{ (finite or infinite) at xg.

We then note: . lz_r)nx0 f(x) (or . lz;}nx0 f(x) ). Precisely

X>X0

lim f(x) =0 <= Ve>0,30 >0;VxeD,xg<x<x+0=|f(x) /| <e.

X— X
>

« We call left limit of f at xq if the restriction of f to ] xo — «, xo [ admits a limit ¢’ (finite or infinite)

in xg.
We then note: xlz_ngxof(x) (or xlz_r}nxof(x) )-
x<x0 <

lim f(x) =0 <= Ve>0,30 >0;Vx € D,xg—d <x<xg= |f(x) —{| <e.

X—> X
<

Remark 3.1.29 :
If f has € as a left-hand and right-hand limit at xo and f(xo) = € then { is the limit of f at xo.

Examples 3.1.30 :
1)e The function E : x € R —— E(x) (the integer part function), does not admit a limit in xy = k

where k € Z. Because for all x € |k, k + 1[ we have limkE(x) = kand for all x € |k —1,k[ we have
x—

lim E(x) =k—1.

x?k

2)e The function f : x € R* — %

has a left limit and a right limit at 0 and limof(x) = lim f(x) = +oo.
X—>

x—0
<
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41 ifx>1
3)e The functiong : x € R — ¢ —2 ifx=1
3—x% ifx <1
has no limit at the point 1. Because lim g¢(x) = lim (x*> +1) = lim g(x) = lim (3 —x3) = 2 and
1 x—1 x—1

x— xtﬂ
g(l)=-2

Proposition 3.1.31 :

The limit of a function at a point, if it exists, is unique.

Proof :

Suppose that £ and ¢’ are two distinct limits of f at x(. By the definition of a limit, we have:
Ve >0, 361 > 0; Vx € Dy, |x —xo| <6 = [f(x) —{| <,

and
Ve > 0, 3§2>0;Vx€Df,|x—x0|§52:>}f(x)—€"gs.
=4 =i

———— and take 6, = min {61,0,}, thenforall0 < e < ———

We choose ¢ < >

Vx € Dp,x € |xg—0e, X0+ 0 [ = f(x) € [L—el+e[N]l —el +ef.

This is absurd, because:
in the case ¢ < ¢/ we have ¢ < ZIZ;E == l(+e<lV —¢
and in the case ¢/ < ¢ we have ¢ < K_TZ/ =V te<l—e¢.

We deduce that the limit is unique. m

3.1.7 Convergence and divergence of a function

Definition 3.1.32 :

We say that f converges at x if there exists a finite real number ¢ such that anf f(x) = £. Otherwise,
X X0

we say that f diverges at x.

Theorem 3.1.33 :
If f converges at x( then f is bounded in the neighborhood of x.

Proof :

Suppose lim f(x) = £. Fore < 1, there exists 6 > 0; Vx € |xo—J,x0+[; |f(x) =L+ (| <

X—> X
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|f(x) =]+ |¢] <1+ 4.
Thus f is bounded in the neighborhood of x. ]
Attention: The converse is false, the function x — COS(%) is bounded in the neighborhood

of 0, but this function diverges at 0.

Operations on the limits

Theorem 3.1.34 :
Let f and g be two real functions defined on D C R having respective limits £ and ¢ (finite or infinite)
when x — xq where x is a point of D or an endpoint of D and £+ ¢', £ x ¢ and % are defined (exist) in
R

le Iim (f(x)+g(x)) = limof(x) + limog(x) =0+ 1.

20 lim (f(x)  g(x) =1<xljvgx()f(x)) (i g)) = £ 2

Proof :

Let’s write the definitions of the limits:

lim f(x) =0<+=Ve>0,30>0,VxeD, |x—xg| <d=|f(x) —{]| <e.

X—rXQ
lim g(x) =0 < Ve>0,35 >0;VxeD, |x—x| <& = |g(x) - | <e.

X—>X

le For all x € D we have:
[(f+8) (x) = (+ )| = [(f(x) =) + (g(x) = )| < |f(x) — €] + |g(x) = £'].
and
Ve >0, 35" = min {5,5'} > 0; |x — xo| < 8" = |f(x) — €] < ¢ and |g(x) — £'] <e.

Then
Ve >0, 36" > 0; |x —xo| < 8" = |f(x) — €|+ |g(x) = ¥'| < 2.

/

If we choose 0 < € < %, then we find

Ve' > 0,36 >0; |x—xo| <&'= |[(f+g)(x) —(L+ )] <¢.
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Therefore, by definition, we have: lim (f+g)(x) =¢+ /(.

X—rXQ
2e For all x € D we have:

[(f xg) (x) = (£ x £)] = [f(x) x g(x) —£g(x) +Lg(x) — L]
= lg(x)(f(x) =€) + £(g(x) = )]
8 [(f(x) = )] + €] [(g(x) = £)]
< e([g(x)[ + [€]).

Asl € Rwehave ¢! —e < g(x) < ¢’ + ¢, thatis, forall x € |xg— &, x0+6'[;
|g(x)] < max {|¢' —¢|,|l' +¢|} = M.

We deduce that if

IN

|x —x0| < 68" then |(f x &) (x) — (£ x )| <e(M~+|€]).

/

£
If we choose 0 < ¢ < ————, we obtain
M+ ¢

Ve' >0,36" >0; |[x—xo| <& = [(fxg)(x)—((x ) <¢

Then, we have: lim (f x g)(x) =¢x (.

3e Forall x € wa—e> jﬁave : 1 1 1 1
() -1 =|75-1]
|

0.f(x)
O
[€.f (x)]
Asl{ e Rwehave ! —¢ < f(x) < {+¢, thatis, forallx € |xg —J,x0+J[;
|f(x)] > min{|l —e¢|,|l+¢|} =m.
We deduce that if

|x — xp| <6 then

1
£ .
If we choose 0 < ¢ < ———, we obtain

m. |¢|
/! 1 1 /!
Ve > 0,30 >0; [x —xo| <= 7 (x)—z <e'.
Then, we have: lim L —1 m
' e \f(x)) L
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3.1.8 Limits of functions and limits of sequences

Proposition 3.1.35 :

Let f: D — R, xg € D and ¢ € R. We have im f(x) = ¢ if and only if for every sequence (uy) of D
0

converging to xo, nﬂ)n}roof(un) =/

Proof:

Suppose xlz_r>nx0f(x) = ¢, and (u,) a sequence of D such that niniooun = xp. Let ¢ > 0. Since f of

limit ¢ in xg, there exists 6 > 0 such that:
VxeD, [x—xg| <0=|f(x)—{| <e
Since u, converging to xo, there exists N € IN such that: Vn > N, |x — x¢| < . We then have
Vn >N, |f(u,) —¢] <e.

Thus f(u,) converging to £.
Conversely: Let’s reason by contradiction. Suppose that for any sequence (u,) in D such that

lim u, =xy, lim f(u,)=¢and that f does not have ¢ as a limit at x.
n—-+oo n——+o0

We have that (f does not have ¢ as a limit at x() can be written as:
de >0,V >0, IxeD; |[x—xg| <det|f(x)—{ >e

1
Let us take 6 = P with n € IN, we obtain an element u, of D such that

Vn > N, 3u, € D; |u, — xo| <

— >
p—— et |f(u,) — 0] > e

This means that the sequence u, € D converges to xo, but the sequence with general term f ()

does not converge to £. This contradicts our hypothesis. n

Remark 3.1.36 :

To show that a function f has no limit at xo, we must exhibit two sequences (uy) and (v, ) such that:

i tin = L Jon = o but, T fluw) £ L F(on).

Or we find a sequence (u,) converges to xo and for which the sequence with general term f(u,) diverges.

Examples 3.1.37 :

1)* The function f : x — sin— has no limit at 0. This is because the sequence (uy) with general term
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4
Un = —— comnverges to 0, but the sequence with general term f(u,) = (—1)" diverges.

2) The function g : x —— cos(2x) has no limit at +oo. Consider the sequence (vy,) with general term
2n+1)m
2
the sequence with general term g(v,) = cos(2nm) converges to 1 and the sequence with general term

vy, = n7 tends to oo and the sequence (wy,) with general term w, = tends to +oo but

g(wy) = cos((2n + 1) 7t) converges to —1.

3.1.9 Limit of a composite function

Let D and D’ be two non-empty subsets of R, xo a point or endpoint of D, ¢ a finite or infinite
real number, f a function from D to R, and g a function from D’ to R such that f(D) C D’. If
lim f(x) =band lim ¢(x) = £ where b is a point or endpoint of D’, then lim (gof) (x) =
x—b X—>Xp

X—> X

3.1.10 Comparison Theorems

We now give a very important proposition which means that we can pass to the limit in a broad

inequality.

Proposition 3.1.38 :

Let f, g and h be three functions from D to R, xg a point of D or an endpoint of D, and ¢ and ¢’ two finite

or infinite real numbers.

® Ifxlﬂi)ixof(x) =/, lim g(x) = /{0 and forall x € D; f(x) < g(x) then £ < (.

®If lim f( ) = —I—ooandforallxeD f(x) <g(x )then lzm g(x):+oo

® If llm g( ) = —ooandforulleD f(x) < g(x) then lzm f(x)
) = )

X—X0 X—Xg
_ : Vi
®Uxhl;>1xg(x %Oh(x)—ﬁ and forall x € D; g(x) < f(x) < h(x )then€<xlﬂ'fx0f( x) <L
Proposition 3.1.39 :

If f is a bounded function on neighborhood of xo and if lﬂ? g(x) = 0 then lﬂ?}i f(x) x g(x)=0.
x X0 X X0
That is, f is negligible compared to g in the neighborhood of xo. We can also write,

Vxe DfNDgN]xo—a,x0o+al, Ve>0; |f(x)] <elg(x)].

Example 3.1.40 :

1
lim x2 cos 1 = 0 because lim x? = 0 and the function x — cos — is bounded on neighborhood of 0.
x—0 x—0 X

Remark 3.1.41 :

For n € IN* we have :
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When x — +o00,

1 1
e << — << — <<Inx << Vx << x" << N
x" Inx

When x — 0T,

1 1 1
X << VX << — << Inx << —= << —

Inx VX xn
3.2 Continuity of real functions of a real variable

3.2.1 Continuity of real functions at the point

Definition 3.2.1 :
Let f be a function from I to R and xy € L.

o We say that f is continuous at xg if it is defined on an open interval containing xo and if h_r}n f(x) =
X X0

f(xo).

In other words, if
Ve >0, 36 > 0; Vx € Dy, [x —xo| <5 = |f (x) — f (x0)| < e

e We say that f is continuous on an interval I of R if f is continuous at every point of 1.

We denote by C(I,R) or C°(I,IR) the set of functions defined and continuous on I with values in R.

Examples 3.2.2 :

1) The function f(x) = izj is discontinuous at 1. Because the function f is not defined at the point 1,
that is f(1) is undefined.
2) The function

1
is continues in 0, because lim f (x) = lime 2 =0 = f (0).
X:SO sz
X X

, x> —1lifx< -1 | '
3) The function g (x) = is not continuous at —1.
x> —1ifx> -1
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3.3.2 Continuity of real functions of a real variable

Because 0 = limy_, 1§ (x) #limy_,_13(x) = —2=g(—-1)

4) The function h (x) = { 72 is not continuous at 7. Because

T _qf 1 s
lim h(x) = im0 oy W3 msin@) sin(3) g, (5)=1
x—Z x—FX—7%5  y—0 y y—0 y 2

5)However, the integer part function E is not continuous at the points xy € Z, since it does not have a limit

at these points. Because lim E (x) = k = E (k) and lim E (x) = k — 1 # E (k). But it is continuous on
x—k x—k

>
[k, k+ 1] forall k € Z. 6) The function f : x — sin x continues at every point xg € R. Indeed,

. . . X—Xp X+ Xp
_ -9
|sin x — sin x| Sin — 5
. X—Xo
< 2|sin , because (Va € R; |cosa| < 1)

< |x —xp|, because (sinx ~ x on neighborhood of 0).

Therefore, for all € > 0, there exists 6 = € such that

|x — xp| < 6 = |sinx —sinxg| < e.

Continuity on the right and on the left

Definition 3.2.3 :

Let f be a function defined on an interval I of R and xo € 1.

e We say that f is right-continuous at xo if: lim f (x) = f (xo).
>

X—r X0
In other words, if

Ve>0,30>0Vxe [ 0<x—x0<dd=|f(x)— f(x)] <e

e We say that f is left-continuous at xq if: lim f(x) = f (xo).
x—<>x0
In other words, if

Ve>0,30>0,Vxe [ 0<xp—x<d=|f (x)— f(x)] <e

Remark 3.2.4 :
The function f is continuous from the right and from the left at the point xg if and only if f is continuous

at xo.
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3.3.2 Continuity of real functions of a real variable

Examples 3.2.5 :
1) The integer part function E is continuous from the right at the points xy € Z, and discontinuous from

the left at the points xo € Z. Because lim E (x) = xo = E (x9) and lim E (x) = x9 — 1 # E (xp).
> <

X—Xg X—>Xp
X0€Z XOGZ
. , T
2) The function g defined on | — Y] [ by
t
T ifx £0
gx)=4 ¥
1 itx =0
o . . . .t .t
it is continuous in 0, since Hm o = lim —* =1 = < (0).
x—>>x0 X x—<>x0 X

3.2.2 Operations and composite continuous functions

Theorem 3.2.6 :

® Let f and g be two real functions defined on D and continuous at a point xo € D, where A is a real
constant.

x Af, f+ get f x gare continuous at xo.

« If f(xo) # 0, then 1 is continuous at x.

® Let f and g be two real functions defined on I and | respectively such that f(I) C J. If f is continuous

at a point xo € I and g is continuous at f(xg), then g o f is continuous at xo.

Proof : The proof is a result of the properties of the limits. n

Theorem 3.2.7 :(Weierstrass’s Theorem)
Every real function f continuous on an interval [a,b] C R is bounded and attains its bounds, in other
words, it has a minimum and a maximum. That is to say: 3c,d € [a,b]; Vx € [a,b], f(c) < f(x) < f(d)

or f(d) < f(x) < f(e).

3.2.3 Intermediate Value Theorem

Theorem 3.2.8 :
Let f be a continuous function on [a,b] C R, then for every real k between f(a) and f(b), there exists at
least one real ¢ € [a, b] such that f(c) = k.

Proof: :

Let’s prove the theorem in the case where f(a) < f(b). Suppose that k is a real number such that
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3.3.2 Continuity of real functions of a real variable

fla) <k < f(b).

1. The set F = {x € [a,b] / f(x) > k} is non-empty (since b € F) and it is bounded below (by a):
it therefore has a lower bound ¢ such that ¢ > 4. Let’s show that f(c) = k.

2. First, let’s show that f(c) > k. Since ¢ = infF, then

Ve>0,dx, € F, c<x. <c+g, (3.1)

1
From (3.1), for n € IN*, taking ¢ = pt we have:

1
3anF;chn<c—|—%.

We deduce that the sequence (x;), - converges to c. Since f is continuous at ¢, the sequence
(f (xn)),en+ converges to f (c). Now, for all n € IN¥, we have f (x,) > k because x, € F.
Therefore, by taking the limit, we find f (c) > k.

c—a
_7’1 .

3. Let’s now show that f(c) < k. Consider the sequence (y;), N+ defined by y, = ¢ —
This sequence is strictly increasing and converges to ¢, since ¢ > a. Since f is continuous at c,
the sequence (f (yu)),en+ converges to f (c). Since, for all n € IN*, we have f(y,) < k because
(c = infF, which implies y, ¢ F). Therefore, by taking the limit, we find f(c) < k. Finally, we

have f(c) > kand f(c) < k. This implies f(c) = k. ]

Examples 3.2.9 :

a) We will demonstrate that this equation 2x> — 6x* + 7x — 4 = 0 has at least one solution in the interval
[1,2].

We can use the Intermediate Value Theorem.

We consider the function f(x) = 2x3 — 6x> + 7x — 4 over the closed interval [1;2]. The function f is a
polynomial, therefore it is continuous over [1;2]. We have f (1) = —1and f (2) = 2. Since f (1) < 0 <
f(2), then by the Intermediate Value Theorem: there exists at least one value k in the interval |1,2] such
that f(k) = O, that is a solution for the equation f(x) = 0 in the interval ]1,2[.

. . T .
b) The function f : x — tanx 4 x — 1 has at least one zero on the interval [O, Z} . This is because the

function f is continuous on | — %T, g [, and f(0) = —1, f(%) = %, and 0 lies between f(0) and f(;—T)
According to the Intermediate Value Theorem, there exists at least one c € [0, %] such that f(c) = 0.

3.2.4 Results of monotonic continuous functions

Theorem 3.2.10 :

If f is a continuous, strictly monotonic function on an interval I = [a, b] with finite or infinite bounds,
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3.3.2 Continuity of real functions of a real variable

then:

1) f(I) (the direct image of the interval I by the function f) is an interval of the same type as I, and whose
boundaries are the limits of f at the boundaries of the interval I.

2) f establishes a bijection from I to f(I).

3) Moreover, its inverse function f~1 : f(I) — I is continuous and has the same monotonicity as f.

Proof :
1) e Letyy,y2 € f(I), y1 < ya. Let’s show that if y € [y1,y2], then y € f(I). By hypothesis, there
exist x1,xp € I such thaty; = f(x1), y2 = f(x2), and therefore y is between f(x1) and f(x). By

the Intermediate Value Theorem, since f is continuous, there exists x € I such thaty = f(x), and

thusy € f(I).

e We assume that I = |a,b[[ C R and f is strictly increasing on I. Since f is strictly monoton-

ically continuous on I, then the limits of f at a and b exist in R and lii>n f(x) = inf f(x) and
X—a x€la,b|

lim f(x) = sup f(x).

x—b x€la,b]

Then, for all x €]a, b]; Jim f (x) < f(x) < limb f(x) because f is strictly increasing. So
X—

£ (a,b) <) Jim f(x), Tim £(2)].

X—a

Vice versa:

Lety e]xlinaf(x), limbf(x)[. There exists x1, X3 €]a, b] such that f(x1) <y < f(x2). Applying the
X—r

Intermediate Value Theorem on the interval [x1, x5], we find x € [x1, xp] C|a, b[ such thaty = f(x).

So
| Jim £ (x), Tim £(x)[C £ (Ja,b]).

X—a

Eventually

£ (a,b) =] lim f(x), lim f(x)].

X—a
In the case where I = [a,b[C R.

The continuity to the right from f to a2 imposes lim f(x) = f(a). And like

X—a

f(la,b]) = f({a}Ula,b])

— {f@} U (ab)
= {f@} U] lim f(x), lim £(x)|
= [f(@),, lim ()|
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3.3.2 Continuity of real functions of a real variable

3) Let’s assume, for the sake of clarity, that f is strictly increasing on an interval I. The same
applies to the case where f is strictly decreasing on I. Let (x1,x2) € I? be such that x; # x. Then
we have x1 < x or x; > xp. Since f is strictly increasing on I, this implies that f(x1) < f(x2)
or f(x1) > f(x2), in all cases we have f(x1) # f(x2). Therefore, f is injective. According to the
Intermediate Value Theorem, for every real number between f(a) and f(b), f has at least one
preimage under f, meaning that the function f is surjective. This clearly shows that f is bijective.
4) e Let’s show that if f is strictly increasing on an interval I, then f -1is strictly increasing on
f(I). Let (y1,y2) € f(I)?> be such that y; < y, and let x; = f~!(y1) and x = f~(y»). Then we
have f(x1) =y and f(x2) = yo2. If f(x1) < f(x2), since f is strictly increasing on I, then we have
x1 < x7. This shows that f ! is strictly increasing on f(I).

e Let’s show that f~! is continuous at yo € f(I).

We need to show that for all ¢ > 0 there exists § > 0 such that forall y € f(I);

ly—vol <6 = |f'(v) — f ()| <&

Let xg — ¢ < x < xp + e since f is continuous and strictly increasing on I we have

flxo—¢) < f(x) < f(xo+¢) [taking ¢ small enough so that xy — ¢ and xo + € remain in I].
Consider & = yo — f(xg —¢) and B = f(xo +¢) — yo. Wehave f 1 (yo —a) = xg —eand f~(yo +
B) = xo+¢. Fory € [yo — B,yo + B] where 6 = min {«, B}, we have yy —a < y < yo + B. Since

f~1is strictly increasing

fTryo—a) <fHW) <f ' y+B) <=x—e<f(y)<x+e
= (o) —e< 1Y) < f 1 (wo) +e
Which shows that

Ve > 0,36 = min {a, B} > 0,¥y € f(I); |y —vo| <5 = |f 1 (y) — f Lwo)| <&

3.2.5 Extension by continuity

Definition 3.2.11 :

Let I be an interval of R, xq a point of I, and f be a real function defined on I — {xo}. We say that f is

extendable by continuity at xq if f has a finite limit at xo. Let { = 11_1)11 f(x). We then define the function
X X0
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3.3.2 Continuity of real functions of a real variable

fby

o f(x) =f(x) ifxel—{x}
flx) =¢ if x = xg.

Then f is continuous at xo and we call it the continuous extension of f at x.

Examples 3.2.12 :
1. Let f be the function defined on R — 0 by f (x) = ws(x# Yz”hen the function f is not defined at 0, but
the limit of f at 0 is % Because lim_ % = limy_y szzn( x()zz) = %
2
. . . o i x £0
The continuous extension of f at 0 is the function g defined on R by g(x) = . X

2. Consider the function f defined on R* by f(x) = xcos(1/x). Let’s see if f has a continuous extension
at 0. Since for all x € R* we have |f(x)| < |x|, we deduce that f tends to 0 at 0. It is therefore extendable
by continuity at 0 and its extension is the function f defined on R by:

7 xcos% if x#0
0 if x=0.
3. The function h defined on R — {1} by h(x) = (x — 1) In |x — 1|, extendable by continuity at 1 and its

extension is the function h defined on R by:

(x—1DIn|x—1] if xeR—-{1}
(x)—{ _
0 it x=1.

3.2.6 Exercises

Exercise 3.2.13 :
a) Study the continuity of the function f defined on R by:

f(x)=|x—2E (x—;l)‘

b) Show that the function f is periodic with period 2 and even.

c) Represent graphically f on the interval [—2,2].

Exercise 3.2.14 :
Let f and g be two functions from IN to IN defined by:

) =2 dg(x) X if x is even
x) =2xand g(x) = _
le if x is odd
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3.3.2 Continuity of real functions of a real variable

1. Are the maps f and g injective? surjective?

2. Are the maps (f o g) and (g o f) injective? surjective?.

Exercise 3.2.15 :
Consider the application f defined as follows:
f: N — N
n +— f(n)=n+(-1)"
1. Is f injective?.
2. Is f surjective ?.

3.Calculate (f o f)(n).

Exercise 3.2.16 :

Consider the following two applications:

f: R? — R g: R — R?
and
(x1,%2) = f(x1,x%2) =x1+x2 x o (x%,x2)
1. Is f injective? Is f surjective?.
2. Is g injective? Is g surjective?.
3. Calculate (f o g)(x).

4. Is (f o g)(x) injective?, is (f o g)(x) surjective?.

Exercise 3.2.17 :
1. Are the following functions extendable by continuity on R?

@) X — COSX.COS

)

2. We consider the function f defined by
fixr— (ocxz + X — n2> tan(2x).

a. Determine its domain of definition.

o T
b. For what value of « can we extend f by continuity to x = Z?'

Exercise 3.2.18 :

For what value(s) of the real number A is the function g defined by:
g(x) = smgc)\x) if x<0
g(x) = M it x>0,

Is it extendable by continuity at 0? We will then specify this extension.
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3.3.3 Differentiability of real functions of a real variable

Exercise 3.2.19 :
1) Show that for every integer n € IN, the equation tanx = x has a unique solution denoted u,, in the
interval | nm — z,nr{ +z [. 2) Let v, = u, — nm. Calculate f(u,1 — 7v). Deduce that the sequence

2 2
(0n)n>0 is strictly increasing, then that it converges, and find its limit.

3.3 Differentiability of real functions of a real variable

3.3.1 Derivatives of a real function

Differentiability deals with the instantaneous rate of change of a given function, while its rules
form a set of principles that facilitate the calculation of derivatives in specific ways and provide

important information about the properties of numerical functions.

Definition 3.3.1 :

Let f be a real-valued function defined on an open interval I and xq a point of 1. We say that f is differen-
tiable at xq if and only if this limit xli_rgcof%w exists and is finite. This limit, denoted f'(xo), is called
the derivative of f at x.

We say that f is differentiable on an open interval | C I if it is differentiable at every point x € J.

. ! . . . . ! d
The function x — f (x) is called the derivative function, denoted by f or %.

Examples 3.3.2 :
1) The function f defined on [—1,1] by f(x) = V1 — x? is differentiable at every point xo € | —1,1].
Indeed, forall xo € | — 1,1,

i L) = f(x0) _ m_m

X—>Xg X — Xp X—>X0 X — Xo

. (Vi—x2-\1-%3) (VIi—+/1-})
%0 (x — xp) (M—i— \/1_73%)

= lim * + Xo
I (To i+ 1- )
— i cR

24/1—x3
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3.3.3 Differentiability of real functions of a real variable

2) The function g defined on I =] — g, [-
o

25k

N[ S

[ by g(x) = tanx is differentiable at every point xy €] — g,

NN

Indeed, for all xy €] —

lim §(x¥) —g(x0) _ lim tanx — tanxg
X—>Xp X — X X—>Xg X — X
xp€l xg€l
. SINnXx.cosxp — Sinxy.cosx
= lim
X (x — x0) (cosx.cosxp)
Xp€
~ lm sin (x — xp)
g (x — xp) (cosx.cosxp)
Xp€
1
= 5 €R.
(cosxp)
' ' h(x) = xcos (%) ifx #0
3) The function h defined on R by h : x —
h(x) = 0 ifx =0,

is not differentiable at 0. Because

1
_ xcos | +
lim h(x) =1 (0) = lim —<x>
x—0 X x—0 X
= lim cos (1> ( has no limit ).
x—0 X

4. The function k defined on R by k(x) = x" where n € IN* is differentiable at every point xy € R, and

that f'(xo) = n.xj~'. Because

k —k

lim K@) —k(x)

X— X0 X — Xp x—xp X — X
xX#X(

= lim (x”_l + 1" 2xg 4+ xg_z.x + x6"1>
X—rXQ
xX#X(

n__ N
X xo

_ n—1
= n.xo .

Remark 3.3.3 :
df

The derivative of the function f at xq is sometimes written I (x0) and by the change of variable x — xo =

h, we have:

f/(xO) — lim f(xo + h) _f(xo)

h—0 h '

3.3.2 Geometric interpretation of the derivative

The line passing through the distinct points My (xg, f(x0)) and M(x, f(x)) has a direction coeffi-
cient which is the value f " (xg) when x aproches xp. This line is called the tangent at the point

Mo (xo, f(x0)) of Cy, and its equation is defined as: y = F(x0) (x — x0) + f(x0).
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Proposition 3.3.4 :
Let f :]a,b[— R and xg €|a, b[. There is equivalence between the following three statements:
(i) f is differentiable at x.

(ii) There exists a real number £ which will be f'(xo) and a function ¢ defined on |a, b[ such that

f(x) = f(xo) +€.(x —x0) + (x — x9)e(x) and lim e(x) = 0.

X—> X

f(x) = f(xo) —€(x —x0) _ 0,and £ = f'(xo).

(iii) There exists a real ¢ such that lim

X—>XQ X — _XO
Proof :: ,
(R (DRI HCOICRE DR
(i) = (ii). It suffices to set X — X0
e(x) =0 if x = xo.
(ii) = (iii) and (iii) ==(@). They are obvious. n

3.3.3 Differentiability and continuity

Theorem 3.3.5 :
(1) Any function f that is differentiable at a point x, then it is continuous at that point.

(2) If a function f is not continuous at a point xo, then it is not differentiable at that point.

Proof : :
(1) Suppose f is differentiable at xo and let’s show that it is also continuous at this point.

For x # xp, we have

F0)— flroy = TR FE) ()

X — X
Taking the limit in this identity, we find
im, (£(+) ~ fo)) = fim (HEZLE0)) (o) — o o,

X—XQ X—rXQ X — X0

Thatis, lim f(x) = f(xo). Thus, f is continuous at x. ]
X—rXQ

3.3.4 Derived from the right and from the left at a point

Definition 3.3.6 :
Let f be a real-valued function defined on an open interval I and xg a point of I. We say that f is right-

/

differentiable (vesp. left-differentiable) at xy if: li>m f(x) = f(x) = f,(x0)

x—xg X — X0
f(x) = f (x0)

/
= Xo)) exists and is finite.
X — xg fg( 0)) fi

(resp. lim
xéxo
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3.3.3 Differentiability of real functions of a real variable

Examples 3.3.7 :

o) The function f : [—1,1] — R defined by: f(x) = +/x2 (1 — |x|) is differentiable from the right and
from the left at 0 and f(0) = 1 and f¢(0) = —1

o) The function g : [0, +co[— R defined by: g(x) = |1 — x2| V/x is differentiable from the right and
from the left at 1 and g},(1) = 2 and go(1) = —2.

Property 3.3.8 :
f is differentiable at xq if and only if it is differentiable from the right and from the left at xo and f}(xo) =
fe(x0).

Examples 3.3.9 :

a). We show that f (x x% + |x — 1] is not differentiable at the point 1. The right-hand derivative at

(x-D(x+2) _ 4

x—1

2+x—1-1
x—1

) =
the point 1 is : lzm,Hl flx ) f( ) — limy,_ = lzm,Hl
>

The left-hand derivative at the point 1 is : limy_,q f(xi:{(l) = lzmxﬁl lell =1

Since the right-hand derivative and the left-ha;d derivative are dzﬁferent that is f3(1) # f3(1), then the
function f is not differentiable at point 1.

xsin <%> , Iif x#0
0, if x=0

= limy,__,ysin (%) , which does not exist.

b). We show that g (x) = { is not differentiable at the point 0.

Since lim,__ g(x);g(O)

This means the function g is not differentiable at the point 0.
x%sin (%) , it x#0
0, if x=0

c). We show that h (x) = { is differentiable at the point 0.

h(x)—h(0)

X

function h is differentiable at the point 0.

Since lim__ = limy__,oxsin <%> = 0, because the function sin is bounded. This means the

3.3.5 Derivative function

Let f : I C R — R be a differentiable function on | C I. The derivative of f is the function

denoted f’ which, for each x € ], associates f’(x) the number derivative of f at x, that is

f't JCR — R

x — f(x).

Examples 3.3.10 :
a) The function tan is differentiable on I = | — = —l— km, — —|— k7t [ with k € Z and its derivative is tan’
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3.3.3 Differentiability of real functions of a real variable

defined on Iy by :

/ 1
tan (x) = o 1+ tan®x.

b) The function cot differentiable on j, =]k, (k+ 1) 7t[ with k € Z and its derivative is cot’ defined on
i by:

/ 1
f (x) = ———— = —1 — co?x.
cot (x) T cot“x

Operations on differentiable functions

Theorem 3.3.11 :

Let f and g be two functions differentiable at a point xo on an interval I of R and A € R, then, the
functions A.f, f + g and f.g are also differentiable at xo and ((x.f)/ (x0) = a.f (x0), (f +g)/ (x9) =
£ (x0) +8 (x0) and (f.8) (xo) = f (x0) g (x0) +& (x0) f (x0).

o If g (xg) # O, then the function g differentiable at xq and

(f)’ () = £ (70)8 (x0) =8 (30) £ (x0),

g - (3 (x0))?

Proof: :

First, we show that (f x g)' = f' x g+ f x ¢'.

Letxg € I,
o lim /&) —flx)gx) _ . f(x).8(x)—f(x0)8&(x)+f(x0)g(¥)—f(x0) 8 (x0)
X—X X — Xp x—Xg X — X
- [f(x) = f(x0) (x) — g (x0)
= Jm | W S

= f (x0)g(x0) +& (x0) f (x0).

This implies that the function f x g is differentiable on I with derivative f' x g+ f x ¢’.

Secondly, let’s show (é) = fx gg;f *8
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3.3.3 Differentiability of real functions of a real variable

Let xy € I, we have

foag_t
LT ) s~ f ) xg ()
Xx—x X —Xg X— XX — X0 g (x) x g(x0)
o S0 X8 (x0) — f (o) X g (x0) + f (30) X 8 (30) — f (x0) X 8 (x)
X% (x — x0) g (x) x g (x0)
o1 ) [~ )~ f () [3 (1) — g ()]
X—X0X — XQ g (x) x g (x0)
o[l @S fn) | s —g(n)
A lg@ T xmm gmxgl) | x-x
= g(io) x f (x0) — (;((—xo)))z x g (x0) because1 is continuous at x
X0
_ f(x0) x g (x0) = f (x0) X & (x0)
(8 (x0))?
This implies that the function j—f is differentiable at every point x( of I with derivative f x g(;zf a g/.

3.3.6 Derivative of a composite function

Theorem 3.3.12 :

Let f be a function defined on an interval I and g a function defined on an interval | containing f(I), and
xo a point of I.

If f is differentiable at xo and g is differentiable at f(xg), then g o f is differentiable at xy and

/

(gof) (x0) = f (x0) & (f (x0)).

Proof: Let yp = f(xp). According to our hypotheses, f is differentiable at x( and g is differentiable
at yo. Let G be the function defined on | by:
Gly) = SW :g(yo)
Y—Yo
G(y) =8'(v) ity = yo.

ify # yo

Since the function g is differentiable at y, the function G is continuous at yo. The function f is
continuous at xy, therefore the function G o f is continuous at xy, so its limit at xy is g/ (Yo)-

Forall x € [ — {xp} we have:

(gof) (x) —(gof) (xo) _ &(f(x)) =8 (f (%))

X — Xp X — X
— G (f(x)) W by definition of G.
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3.3.3 Differentiability of real functions of a real variable

By taking the limit, when x tends towards x(, we therefore have g o f is differentiable at xy with
derivative number (g of)/ (x0) = f (x0) g (f (x0))- ]
Examples 3.3.13 :

1). Let I be an open interval of R and f a function defined from I to R. Let h be the function defined on 1
by h(x) = (f(x))".

If f is differentiable at xo, then the function h is also differentiable and h' (xo) = n.f (xg) x (f(x0))" .
Indeed, h = g o f with g(y) = y".

2). Let 1 be an open interval of R and g be a function defined on I with values in RY, .

If g is differentiable at xo € I, then the function k defined on I by k(x) = In(g(x)) is differentiable at x
g (x0)

and (In o g) (x0) = < (50)

3.3.7 Bijections and Inverse Functions
Definition 3.3.14 The function f : D(f) € R — R s injective on Dy if
Vxq1,x € Df; f(xl) = f(xz) — X1 = Xp.

Equivalently:
Vx1,x2 € Dy ;x1 # x0 = f(x1) # f(x2).

Remark 3.3.15 f is not injective if 3x1,x2 € Dg;x1 # x2 and f (x1) = f(x2).

Proposition 3.3.16 :

A sum of two increasing (decreasing) functions is an increasing (decreasing) function.

Theorem 3.3.17 :
Let f be strictly monotone on D C R then f is injective on D.

Definition 3.3.18 :

Let f : D(f) — H(f) C R be an injective function where D(f) is the domain of f and H(f) is the
range of f. Inverse function of f (denoted f~1) is defined by the relation y = f(x) <= x = f1(y).
Obviously the domain D(f~1) = H(f) and range H(f ') = D(f).

Remarks 3.3.19 :
* The graph of f~1 is symmetric to the graph of f with respect to the line with equation y = x.

xVx e D(f); fH(f(x) =x
«VyeD(f)=H(); f(f ') =y
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3.3.8 Derivative of an inverse function

Here we mention a theory that is widely used in practice to prove that the function is bijective.

Theorem 3.3.20 (Bijection Theorem).

Let f be a function defined on an interval I of R.

If f is continuous and strictly monotonic on 1, then f is a bijection from I to | = f(I) and has an inverse
bijection = from | = f(I) to .

Furthermore, the inverse function f~1 is continuous and strictly monotonic on | and has the same direction

of variation as f.

Proof :
Let’s assume, for the sake of clarity, that f is strictly increasing on I.
1) Recall that the image of an interval under a continuous function on that interval is an interval.
Therefore, | is an interval.
To show that f is injective, we assume that x1,x, € I such that f(x;) = f(x2) and show that
x1 = xp. If x1 < xp, since f is strictly increasing on I, then f(x1) < f(x2) is impossible, because
f(x1) = f(x2), we deduce that x; > x;.
® Similarly, if x; > xp, we can show that x; < x. We conclude that x; = x,. Therefore, f is
injective.
By the Intermediate Value Theorem, we have Vy € | = f(I), 3x € I; f(x) = y. We conclude that
f is surjective. The function f thus establishes a bijection from I to f(I).
2) * Let’s show that f~! is strictly increasing on J.
Let y1,y2 € ] be such that y; > y, and we denote x; = f~!(y;) € Tand x, = f~! (y2) € I. We
then have f (x1) = y; and f (x2) = y» and since y; > vy, then f (x1) > f (x2). This implies that
x1 > xp (since f is strictly increasing on I), that is, f~'(y;) > f~'(y2). This shows that f~!is
strictly increasing on J.
Let’s show that f~! is continuous on J.
Let y € J be such that xg = f~!(yo) € I and yy is not an endpoint of .
To show that f~! is continuous at 119, we need to show that: for all ¢ > 0, there exist 6 > 0; for all
yel,

y—yol <6 = |f(y) - f'(wo)| <&

Lete > Osuch that x € [xg — ¢, %9 + €] C I, as f is strictly increasing and continuous, we therefore

have f(x) € [f(xo—¢),f (xo+¢€)]. Wenotea =yo— f (xo—¢) > 0and B = f (xo+¢) —yo > 0.
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We have:

On the one hand, f(xg —¢€) = yo — &, hence xg — & = f~!(yo — a),

and on the other hand, f(xo +¢) = B + yo, hence xg + ¢ = f~(yo + B).

Fory € [yo — J,y0 + 6], where 6 = min {a, B}, we havey € [yo — a,yo + B].

Since f~! is strictly increasing, then f~'(y) € [f~'(yo—«),f ! (yo+ B)] and we then have
fYy) € [xo — & x0 + ¢, thatis, f1(y) € [f 1 (yo) —& f ' (yo) + €. This shows that the function

f~1is continuous on J. n

Theorem 3.3.21 :
Let f : I — | be a continuous bijective function differentiable at a point xoy € I and if f (xo) # 0, then
the function f~1: | — I is differentiable at yo = f (xo) and
1
~ f'(x0)
1

U w0))

(F ) (vo)

Proof ::

Letyo € ] and x € I be such that yy = f(x0). The rate of change of the function f~! with respect

to yo is:
') —f o) _  x—x
Yy —Yo f(x) —1f(xo)
T () fxo)
X — X0

Wheny — yo (withy # yo), x = f 1 (y) — f ! (yo) = xo because f~!is continuous in yy and
1

by limit composition we have: 5 . m
Y P )~ fxo) (%)

X — X0
Example 3.3.22 :

The function f from R*. to |1, +oo| defined by f(x) = x% + 1 is a continuous bijective function differen-
tiable at every point xo € R% and its inverse function f =1 :]1, +oo[ defined by f(y) =1 Vy—1is dijlfferen—

tiable at every point yo = f(xg) €]1, 00| and (f_l)/ (o) = f(fY(yo)) 2f1(yo) ZW'

3.3.9 Successive derivatives

Definition 3.3.23 :
Let f : I C R — IR be a differentiable function, and f its derivative.
If the function f' : I € R — R is also differentiable, we denote f = (f')’ the second derivative of f.
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/

More generally, we denote: fO) = £, f1) = £, f@) = " apd fir+1) = (f(”)> . If the n-th derivative
of f ( f")) exists, we say that f is n times differentiable.

Examples 3.3.24 :
By proof by induction, we can verify that the n'* derivatives on R of these functions

fix+—cos(ax+0b), g:x—sin(ax+b)eth:x— (ax+b)P are

£ (x) = a"cos(ax + b+ ng), ¢ (x) = a"sin(ax + b+ ng)

and
0, if n>p

h(x) =< g, if n=p
alp(p—1)---(p—n+1)(ax+b)P ", if n<p.

is

b
And the n'" derivative on R — {——} of the function | : x —
a ax +b

T (x) = (=1)"nla" (ax +b) " 1.

Similarly, we verify that the nth derivative on | — Z, +oo| of the function k : x — In(ax +b) is

KW (x) = (=1)" Y(n—1)La" (ax +b) ",

Class of a function

Definition 3.3.25 :
o A function f : I — R is said to be of class C" (with n € IN) if it is continuous and its derivative of
order n exists and is continuous.
We denote by C" (1, R) the set of real functions defined on I and n times continuously differentiable.
o A function f : I — R is said to be of class C* if it is infinitely differentiable on I.
We denote by C*(1,R) the set of real functions infinitely differentiable on I.
Thus, C*(I,R) = (N C*(I,R).
nelN
Examples 3.3.26 :
(1) The function f defined by:
f: R — R
{ f(x) = xzcos(%), ifx #0
X — x
f(x) =0, ifx =0,
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is not of class C'. Because the function f differentiable on R* with derivative f' : x € R*
2 2 — 2
2x. cos( )+ 2sin(=). Since lim fx) = f(0) = lim x.cos(=) = 0 = f'(0), then f is differentiable in
X x—0 X x—0 X
0, on the other hand the function f" has no limit in 0, therefore the function f' is not continuous in 0.

(2) The function g defined by:

g: R — R

NN g(x) = x3sin(%), ifx #0
f(x) =0, ifx=0,

. . . . . P .1
is of class C'. Because the function g differentiable on R with derivative ¢ : x € R* 3x.sm(;) -

M = lim xz,cos(z) =0, and since lim 8 ‘(x)=0= g(0), then

X x—0 X x—0

1 /
x.cos(=),and ¢ (0) = lim
, X x—0
g is continuous at 0.
(3) The functions sin, cos, exp and polynomials are of class C* on R. The functions In and x — \/x are

of class C* on R%..

Proposition 3.3.27 :
Letn € Nand A € R. If f,g : I — R are n times differentiable on I, then A X f, f + g, and f x g are

n times differentiable on I, and for all x € 1, we have:

(Ax )™ (x) =A% f (x), (f+ )" (x) = £ (x) + g™ ()

and
(f x g ZC F=R) (x) x ¢ (x) (Leibniz’s formula),
where
k n!
=g (n—k)!
f

Furthermore, if ¢ does not vanish on I, then q is n differentiable times on .

Proof :

These properties can be proven by induction. Let’s show, for example, Leibniz’s formula.

n
Let P(n) be the property (f x g)" (x) = Y_Ckf("=0) (x) x ¢® (x).
k=0
For n = 1 the property P (1) is true, because

(Fxg) (x)=f (x) xg(x) +f(x) x g (x)
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and
kiocllff(l—k) (x) x g0 (x) = COFI-0) (x) x ¢ (x) + CLFO-D) (x) x g (x)
= f® (1) x 8 () + £ (x) x g (x)
=f () xg(x)+f(x) xg (x).

Suppose that the property P(n) is true for n € IN. We will show that P(n + 1) is true. We have

/

(Fx" M@ = ((Fx") @ |

ZCﬁf(”_k) (x) x g (x)) because P(n) is verified
0

= Y0k (£ (2) x g ()

I
-~
T

/

k=0

=G (f<"+1—k> (x) x g (x) + £ (x) x g6+1) (x))
k=0

— Zciclf(n—s—l—k) ( _|_ ZC f (n+1—(k+1)) (x) w g(k+1) (x)
k=0
n n+1

— Zciclf(n—s—l—k) ( ) (x + ch_lf (n+1—k) (x) % g(k) (x)
k=0 k=1

— CZ+1f(O) (x) n+1 + ZC f (n+1—k) ) % g(k) (x)
n+1

+ 3G HR) (2) x g (x) + GO () % g0 ()

nkfl1 n+1

= Y CRfUH0 (x) x g®) (x) + Y CR U (x) x g ()
k=0 =
n+1

= Y (O G FUR () % g ()
k=0
n+1

= Zc AU () x W) (x) (car CETT+CE = CE ).
This implies that the property is hereditary, so P(n) is true for all n € IN. ]

Example 3.3.28 :
Let’s calculate the n'" derivative of the function f : x — (x* 4 3x)e?*. Since f is the product of two
infinitely differentiable functions on R, then it is also infinitely differentiable.

By Leibniz’s formula, we have:

f(n)(x) _ inl(x2+3x)(k) <ezx>”—k

k=0
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Since, for all k € N* — {1,2}, (x® + 3x)%) = 0. Then, we have

f(n) (x) — CQ(XZ + 3x)(0) (62x)(”) + C%(XZ + 3x)(1) (62x) (n-1) + C%(XZ + 3x)(2) (BZx)(”_z)
= (x2 +3x)2"e** + n(2x + 3)2"1e2* + n(n — 1)2" 2%
=22 (4x% + (4n + 12)x) + n(n +5)) e
Remark 3.3.29 :

We say that a function £ is differentiable on an interval 1 when £ is differentiable in any point of 1.

Theorem 3.3.30 :

If f has a derivative at xq, then f is continuous at x.

Proof :
Suppose that f is differentiable at x(, then we have:

limy,—0 (f(x0 +11) = f(x0)) = limy_ FEOT= B0y
f

= limh_>0 w X limh_>0 h

= f (x0) 0
=0,

which implies that f is continuous at xy. ]

Proposition 3.3.31 :

Let f be a differentiable real function on an Intervale I C IR we have:

1Vx € I, f (x) = 0 if and only if f is constant on I.

20fVx € I, f (x) > 0( f (x) > 0), then f is increasing (resp strictly increasing).
3IfVx € I f (x) <O(f (x) <0), then f is decreasing (resp strictly decreasing).

3.3.10 Theorem of finite increases
Extrema (Local and Absolute)

Definition 3.3.32 :

Let f be a real function defined on a set D C R.

e We say that xo € D is a critical point of f if f (xo) = 0.

o We say that f admits a local maximum (resp. a local minimum) at xo € D if there exists an open interval
I C D containing xo such that for all x € I; f(x) < f(xo) (resp. f(x) > f(xp)).

o We say that f admits a local extremum at x if f admits a local maximum or a local minimum at this
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point.

e We say that f admits a global maximum (resp. a global minimum ) at xo € D ifforall x € D; f(x) <

f(x0) (resp. f(x) = f(x0))-

Proposition 3.3.33 :
Let f be a real differentiable function on an open interval I containing x.
1e If f has a local maximum (or a local minimum) at xq then f (xo) = 0.

2e If f'(x9) = 0 and the function f changes sign at xo, then f has a local extremum at x.

Proof :
1e Suppose that f has a local maximum at x, then there exists an open interval I containing x

such that forall x € I, f(x) < f(xp). It follows that, for x € I;

X — X X — X
By passing to the limit, and since f is a differentiable function at xy, we have

@ fytxo) = Jim =IO > gand e £ o) = tim TEZIE0) < gand £ x0) = g =
£ (x0).

So the only possibility is that f (xq) = 0.

® if x < x( then

2e uppose that f'(xo) = 0 and there exists « > 0 such that

/

Vx €lxg — a;x0); £ (x) <0 A Vx € [xo;x0 +af; £ (x) >0.

This implies, Vx €]xg — a; x0]; f(x) > f(x0) A Vx € [xp;x0+af; f(x) > f(x0), In other words,

forall x €|xg —a; xo + [, f(x) > f(xp). Therefore, the function f has a local extremum at xo. =

3.3.11 Rolle’s Theorem

Theorem 3.3.34 :

Let a,b € R witha < b.

If f : [a,b] — R a function continues on [a, |, differentiable on |a,b[ and f (a) = f (b), then it exists
¢ € |a, b[ such that f (c) = 0.

Proof :
e Firstly, if f is constant on [a, b], then for all ¢ € ]a,b[; f (c) = 0.
e If f is not constant on [a, b], there exists xy € [a,b] such that f(xg) # f(a).

For example, suppose f(xg) > f(a). Since f is a continuous function on a closed and bounded
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interval, it has a maximum at a point ¢ € [a, b].

Since m[aag]f(x) = f(c), then f(c) > f(x9) > f(a), so ¢ # a. Similarly, since f(a) = f(b), then
x€la,

¢ # b. Thus, ¢ €]a, b. f is therefore differentiable and admits a (local) maximum at ¢ so, according

to the proposition 3.3.33 we have f (c) = 0. n

3.3.12 Graphical interpretation of Rolle’s theorem

At the point My(xo, f(xp)) the graphical representation of f admits a horizontal tangent.

Theorem of finite increasing

Theorem 3.3.35 If f a continuous real function on the closed, bounded interval [a,b] C R and differen-

tiable on the open interval | a, b [. Then, there exists c in | a,b [, such that

Proof :

Consider the auxiliary function g : [a,b] — R defined by

The function g is continuous on [4, b] and differentiable on |a,b[ . Indeed, it is the sum of two
functions continuous on [4, b] and differentiable on | a, b |.

Furthermore, we have

)= f(x) - LSO g 0) = g 0).

Applying Rolle’s theorem to the function g, we deduce that there exists a ¢ in | a4, b [such that
¢ (c) = 0, which completes the proof. n

Example 3.3.36 :

Let’s show that for all x > 0, xL—H < In(1+ x) < x. Consider the function t — In(1 -+ t) on the

interval [0, x] with x > 0. This function is of class C*° on | — 1; 400 [. By the Mean Value Theorem, there
1

1
exists ¢ € ]O,xi such that In(1+x) —In(1) = 1L—|—C Since 0 < ¢ < x, we have T+ s < Tre <1

+x

and therefore 7 <In(l+4+x) < x.
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Inequalities of the finite increasing

Proposition 3.3.37 :
Let f : I — R be a differentiable function on an open interval 1. If there exists a constant M such that

forallx € I; '(x)} < MthenVx,y € I; |f(x) — f(y)| < M|x —y|.

Proof :
Let x,y € I with x < y. Then f is continuous on [x,y] and differentiable on |x,y[. By the
Mean Value Theorem, there exists ¢ € |x,y[ such that f(x) — f(y) = f'(c) (x —y) and since
f(x)| < M, then [£(x) = f(y)| = |F ()

y <X |

y| < M|x —y|. This inequality also holds for

Proposition 3.3.38 :
Let f : I — R be differentiable. If there exists m, M € R such that Vx € I, m < f'(x) < M, then for
all a,b € I such that a < b, we have

m(b—a) < f(b) - f(a) < M(b —a).

Proof :
Case a = b. This is immediate.
Casea < b.

Since f is differentiable on I, then the function f is continuous on [4, b] and differentiable on ]a, .
By the Mean Value Theorem, there exists ¢ €]a, b[ such that f(b) — f(a) = f (c)(b — a) and since
m < f(x) <Mandb—a >0, we deduce that m(b —a) < f(b) — f(a) < M(b—a). ]

Examples 3.3.39 :

Since the derivatives of sin and cos are bounded by 1 on R, then:
Vx,y € R; |sinx —siny| < |x —y| andVx,y € R; |cosx — cosy| < |x —y|.

In particular, if we fix y = 0, then we obtain |sinx| < |x|.

3.3.13 L'Hopital’s rule

Corollary 3.3.40 Let f and g be two differentiable functions on an open interval I containing xo such that
f(x0) = g(x0) = 0. If vx € I — {x0}; g (x) #0,
f(x) _ f (x0)

lim = = .
x—ug (x) g (xo)
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Proof :

Suppose that f and g are two differentiable functions on I, f(xg) = g(xp) = 0O and Vx € I —
{x0}; & (x0) #0.

Consider the function ¢ : I — R defined by ¢(x) = g(t)f(x) — f(t)g(x) with t € T — {x}
fixed such that t < xp. Since the function i continues on [t, x¢], is differentiable on |t, xo[, and
P(xp) = 0 = ¢(t), then, by Rolle’s theorem, there exists ¢; €]t, xo[ such that ¢'(c;) = 0. Now,
Vx € I;

psi (x) = g(t)f (x) — f(t)g (x), therefore g(t)f (c;) — f(£)g (c;) = 0. Since g’ does not vanish on

/

I — {xo}, this leads to (jg% = f ,Ect;. Since t < ¢; < xg9, when we let t tend towards x, we obtain
8 ¢t

¢t — xo. This implies

Example 3.3.41 :
€x2+2x GRS
Let’s calculate the limit in 1 of h(x) =
cos(Ex)
Let f(x) = e*' 2% — 3% and g(x) = cos(gx), then f(1) = 0 = ¢(1) and for all Vx € R we have:

F(x)=(2x+2)e" 2 3¢ and ¢'(x) = —g.sin(gx).

Let's take I = ] 0,2, then ¢ does not vanish over 1. Therefore

i ex2—|—2x PR B f’ (1) B 3 B —2¢3
x—1 cos(%x) g (1) —% T

Theorem 3.3.42 L'Hépital’s' rule
Let f and g be two numerical functions differentiable on I and both tending to 0 ( or both tend to co) when

x — xq (or c0). We assume that ¢ (x) # 0 does not vanish in a neighborhood of x and that: li_}m f ; Ex;
x—x0 g (x

exists and finite . Then,

In other words, If the limit of é% is of indeterminate type 8 or 22 for : x — xq or oo then we have:
/
fx) o f )
= 2
x=x0g(x)  x=x0g (x)
!Guillaume de I'Hopital 1661-1704, student of Johann Bernoulli
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Remark 3.3.43 To use the rule, you take the derivative of the numerator and the derivative of the denom-
inator separately and find the limit of that new fraction. If the new limit is still indeterminate, you can

repeat the process.

3.3.14 Using L’'Hépital’s rule to calculate limits

Limit Indeterminate Transformation to | Hopital’s rule
0
form 0 |
1 1
limy_, % = limy_s, ﬁ limy_., (g(lx))/
) W)/
limy_q f (x).g(x) 0.00 limy_s, JL") limy, (f(lx)),
3 (75) /
11 11
lim o ( () — g(3)| 00— o0 e (B2 |t ()
G .8G) (7 )
f(x).8(x)
/
limﬁu< o > e (3(1")> /)
limy_q f ()8 (0>)° e nf (%) e (i)
!
i (Inf(x))
lints (l”ff")) e (1)’)
limy_q f (x)g(x) 1% e g e 30)
/
i (g(x))
ll'mx%ﬂ< g(1x) > fitx ( 1 )/)
limy_q f (x)5) 00! e ) e e

Examples 3.3.44 :

1« Let’s find, for example, lim,_,1 (1 + sin (x — 1))%1Tl By replacing x with 1 into (1 + sin (x — 1))%1Tl we
obtain the indeterminate form 1%, that is (1 & €) where ¢ is very close to zero. To remove this indetermi-
nate form, we can use L'Hospital’s rule as follows.

Let’s put f (x) = (14 sin (x — 1))% then we caculate limit of limy_,1 In (f(x)) .

We have limy_1 In (f(x)) = limy %

Substituting x = 0 into the above limit gives the indeterminate form 8, so we can now apply L'Hopital's

rule to calculate this limit.

’ -1
(In(1+sin(x —1))) . 1iossig1x(x7)1)

iU =y T Th

We found that lim,_,1In(f(x)) = 1, which means limy_1In(f(x)) = In(limy_q f(x)) = 1,
because function In is continuous. This imply that lim,_,1 f(x) =e.

2x Some limits, which do not appear as limits of quotients, can be obtained using this rule: for example,
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limy—s oo (x +vx2 4+ x).
By replacing x by —oo into x + v/ x% + x we obtain the indeterminate form —oo + oo . We can convert this

indeterminate shape to an indeterminate shape 8, as follows :

_ T
limy—s— oo (x + V2 4+ x) = limy—_oo ﬁ

X

Then we use L’'Hopital's rule :

lim = lim —%
X—r—00 % X—r—0Q (%)/
< ()

!/
/

1—/1+1 (1—\/F)

1

o . 2\/1+y
= lzmy:}o ‘ = —5.

Nl—

3x Here is an example involving the indeterminate form 0.c0, which is rewritten as the form 32, for example

lint, s Zn(sz?(x))
> sin(x) ,
lint, . (In(sin(x) /))
> 1
(wter)
cos(x)
sin(x)

= limy0 —qg = — limyx—o sin (x) = 0.
- sin? (x) -

limxjo sin (x) In(sin (x) )

/
Caution: Note that we cannot use L'Hopital’s rule "in reverse" to deduce that fgi, has a limit if é

has a limit.
Example 3.3.45 :

f(x) _ In(x) +sinx . flx) .. . . o0 : flx)
Let D = TICOI Then limit ofg(—x) is indeterminate type 32 as x — oo and limy_, @ =

lim oo (14 255) =1,

/

\'\

1
(x) _ limy oo ( x+fos x) = limy_s 100 (1 4 xcos x) does not exist.

(%)

but the limit limy_, 1 oo

X

oQ

3.3.15 Exercises

Exercise 3.3.46 :
1. For what value(s) of the real number « is the function f defined by:

Is it extendable by continuity at 02 We will then specify this extension, which we will denote by h.

2. For what value of B is the function h differentiable at 0?
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3.3.3 Differentiability of real functions of a real variable

Exercise 3.3.47 :

Determine the n'"* derivative of the given function in each of the following two cases:

X242

2 b)x — sin(2x + 1).cos*x.

a)x —

Exercise 3.3.48 :
Using the theory of finite increases, prove the following:

1 1 1
Vx > 0; —<lnx+
x+1 X X

Deduce that for all strictly positive real numbers x, we have :

1 X 1 x+1
(1+—) <e<(1+—> .
X X
Exercise 3.3.49 :

Let f be a twice differentiable function on the interval [a,b], such that f(a) = f(b) = 0 and for all
x € |a,b| wehave f' (x) < 0. Show that Vx € [a,b]; f(x) > 0.

Exercise 3.3.50 :
By the theory of finite increases, show that:

3 3

1)Vx>0;x—%§sinx§x. 2)Vx>0;x+%§tanx.
2 2 3
3)Vx>0;x—%gln(1+x)§x—%+%. 4)Vx € R*; e* > 1+ x.

Exercise 3.3.51 :

Let f, g be two continuous functions on |[a,b] differentiable on |a,b [, not equal to zero, and such that

f(a)g(b) = f(b)g(a) Show that there exists ac € |a, b such that L& = £

f(o) g(c)”
Exercise 3.3.52 :
(1) Show that:
x2 x2  x3
>0 x— — < <x— 4.
Vx >0; x 5 <log(1+x) <x 5 + 3

(Only one derivative will be calculated for each inequality).

(2) Deduce that:
lim log(1+ %) =1

x—0 X
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Chapter I

Application to elementary functions

4-1 Inverse trigonometric functions
4-2 Hyperbolic Functions

4-3 Inverse hyperbolic functions
4.1 Inverse trigonometric functions

411 Trigonometry formulas

Forallw, B € R;

cos(a + B) = cosa.cos B — sinw. sin B.

(4.1)
sin(a + ) = sinw. cos § + sin B. cos .
Remark 4.1.1 :
1). For cos(a — B) and sin(a — ) by replacing B with — B in the formulas (4.1).
2). By taking « = B in (4.1), and using
Vx € R; cos?a +sina = 1, (4.2)
we obtain
cos(2.a) =2cos’w —1=1—2.sin?a and sin2x = 2sina.cosa. (4.3)
By settinga = a + fand b = « — B we obtain foralla,b € R,
b _
c:osonrcosb:Zcosanr .cosazb. (4.4)
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4.4.1 Inverse trigonometric functions

a+b Cosa—b
2 2

sina + sinb = 2.sin (4.5)

Remark 4.1.2 :
1). For cosa — cos b, replace B with T — B in the formula (4.4).
2). For sina — sin b, replace B with — B in the formula (4.5).

Half angle formulas

Forallx e R—{(2k+1)/k € Z} and for t = tan% we have

and when x # (2k + 1) g/k € Z we have

tanx =
1—1¢2

4.1.2 arc-sinus function
., . T TT . . . . . .
The restriction of sinto I = [— 5 E} to the interval [—1, 1], is a continuous and strictly increasing
, T T : . Lo
function on [— X 5} , therefore it establishes a bijection and consequently

Vx € [~1,1],31 € [—g g] ;sint = x. (4.6)

Definition 4.1.3 :

For any x € [—1,1], we denote by arcsin x or sin~! x the unique angle in the interval [—g, g] whose
sine is equal x.

This defines a function arcsin : [—1,1] — [—g, g} which is the inverse bijection of the restriction
sin, : [ = [-%,%] — [-1,1].

Properties 4.1.4 :

e Forall x € [—1,1], we have the following simplifications

sin(arcsinx) = x,  cos(arcsinx) = /1 — x2.
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4.4.1 Inverse trigonometric functions

And when x €] —1,1]

X
tan(arcsinx) = ——.
e Forallx € [—%,%], we have :
arcsin(sin x) = x. 4.7)
Vx € [—g,g] , Yy € [-1,1]; sinx = y <= x = arcsiny. (4.8)

Proposition 4.1.5 :
The function arcsin is odd, strictly increasing, continuous on [—1,1], of class C® on | — 1,1[ and Vx €

| —1,1]; (arcsin)/ (x) = \/%xz

Proof:

The function arcsin is odd, because Vy € [-1,1],3 —y € [-1,1] and

Vy e [-1,1],3x € [—%, g} ; arcsin (—y) = arcsin (sin(—x)) ( according to (4.6))
= —x (according to (4.7))
= —arcsin (y) ( according to (4.8)).

According to the theorems (3.3.20) and (3.3.21), the function arcsin is strictly increasing, continu-
ouson [—1,1], of class C*® on | — 1,1[ and for all x €] —1,1[ we have

1

sin’ (arcsin (x))
1

cos(arcsin 1(Jc) )

\/1 — sin?(arcsin (x))
( because cos?(arcsin x) + sin?(arcsin x) = 1 since arcsinx €] — %, Z|, then cos(arcsin x) >
1

B V1—x2

arcsin’ (x) =

4.1.3 arc-cosinus function

The restriction cos|, : | = [0, 7] — [~1,1], is a continuous and strictly increasing function on

[0, 7z], therefore it establishes a bijection and consequently

Vx € [-1,1],3't € [0, 7] ; cost = x. (4.9)
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4.4.1 Inverse trigonometric functions

Definition 4.1.6 :

For any x € [—1,1], we denote by arccos x or cos ™! x the unique angle in the interval [0, 7t] whose cosine
is equal to x.

This defines a function arccos : [—1,1] — [0, 7t] which is the inverse bijection of the restriction cos|

J=10,] — [-1,1].
Therefore, by definition of the inverse bijection:

Vx € [—1,1]; cos(arccos(x)) = x.

Vx € [0, 7] ; arccos(cos(x)) = x.

This means
Vx €10, 7], Yy € [-1,1]; cosx = y <= x = arccos y. (4.10)
Proposition 4.1.7 :
The function arccos is strictly increasing, continuous on [—1,1], and of class C* on | — 1,1]
/ -1
and Vx €] —1,1[; (arccos) (x) = —.
1—x2
Proposition 4.1.8 :
: T
Vx € [—1,1]; arcsin x + arccos x = >
Proof :

Let f be the function defined on [—1, 1] by f(x) = arcsin x + arccos x. The function f is continuous
on [—1,1] and differentiable on | — 1,1 [ with derivative f (x) = 0. This clearly shows that f is a

constant function on [—1,1]. Since f(0) = 7, we deduce that Vx € [-1,1]; f(x) = 7. ]

4.14 arc-tangente function

T
The restriction tan , : I '=1]- ) | — R s a bijection. Its inverse bijection is the arctangent
function
T
arctan: R — |——,—
] 272 : S
x +— arctanx ( is the unique angle of the interval | — Y] | whose tangent is x).
And since the restriction tan| p is bijective, we have:
T T
Vxe]R,EI!tE]—E,E[;tant:x. (4.11)
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4.4.1 Inverse trigonometric functions

Properties 4.1.9 :

e By definition of the inverse bijection, we have
Vx € R; tan(arctan x) = x.

x €] — ; arctan(tanx) = x. (4.12)

N[ S
N[ S

4

This means

Vx €] — g,g[, Vy € R; tanx = y <= x = arctany. (4.13)

Proposition 4.1.10 :

The function arctan is odd, strictly increasing, continuous, of class C*° on R
1

1+ x2°

and Vx € R; (arctan)/ (x) =

Proof :

o : . T
The arctan function is odd, because for every y € R there exists a unique x €] — X 5[ such that:

arctan (—y) = arctan (tan(—x)) ( according to (4.11))
= —x (according to (4.12))
= —arctan (y) ( according to (4.13)).

According to the theorems (3.3.20) and (3.3.21) the function arctan is strictly increasing, continu-

ous, of class C* on R, and for all x € R we have

/ 1
arctan (x) = ;
() tan’ (arctan (x))
1 7T 7T /
= because Vt €] — =, =[; tan (t) = 1 + tan?(¢
1 + tan?(arctan (x)) ( ] 2 2[ (*) +tan’ (1))
1
14
]
Proposition 4.1.11 :
Forall x € R, we have :
1 X

a) cos(arctanx) = and b) sin(arctanx) =

V14 x? V142
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4.4.1 Inverse trigonometric functions

Proof :
Letx e R, 0 €] — g,g[and 6 = arctan x
2
29 _ cos” 6
1) cos cos? 0 + sin?6
B cos? 6
cos?f | 1+ ﬂ
cos? 0
1
= 1T @n’o (because V0 €] — o 2[ cos?6 > 0).
So Vx € RR;cos? (arctan x) = T This implies that
Vx € R; cos (arctan x) = !
' V1+aZ
b) sinf = \/1 —cos? 6
- cos? 0
~ cos26 + sin2
cos? 0

sin2 0

2 9
o8 cos2 9>

_ \/1__
1+ tan?6

tan2 0
1+ tan?6’
X
This shows thatVx € IR; sin (arctanx) = ———. [ ]
(arctan ) = —*—
Exercise 4.1.12 :
Show that
X 1 T . 1 T
Vx € R ; arctan x + arctan p = > and Vx € R*; arctan x + arctan p = —5

Exercise solution 4.1.12 :

1
Consider the function f : R* — R defined by f(x) = arctan x + arctan (;)

1
The function f is differentiable on R* and Vx € R*; f (x) = ] L 5 — x2 7 =0
o1t

Therefore, the function f is constant on each interval of R*.

1
Since f(1) = 2arctan(1) = 2.% = g, then Vx € R* ; arctan x + arctan (;) = g
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4.4.2 Hyperbolic Functions

And since f is odd and f(—1) = 2arctan(—1) = —g we then have Vx € R*; arctanx +
arctan ! -
x) 2

4.2 Hyperbolic Functions

4.2.1 Hyperbolic sine function

Definition 4.2.1 :
The hyperbolic sine function is the function denoted sinh or sh which is defined on R by:

er —e %

2

shx =

Properties 4.2.2 :
The function sh is odd, of class C® on R and sh'(x) = chx. Its image is RR.

Proof:

These properties can be shown using the properties of the exp function. n

4.2.2 Hyperbolic cosine function

Definition 4.2.3 :
The hyperbolic cosine function is the function denoted cosh or ch which is defined on R by:

e* e ¥

hx —
cnx 5

Properties 4.2.4 :
e The function ch is even, of class C® on R and ch' (x) = shx. Its image is [1, +oo]

e Forall x € R; ch?x —sh?x = 1.

Proof :

These properties can be demonstrated using the properties of the exp function. n

4.2.3 Hyperbolic tangent function

Definition 4.2.5 :
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4.4.2 Hyperbolic Functions

Properties 4.2.6 :
The function th is odd, differentiable of class C* on R and for all x € R; th' (x) = 1 — th®x = ﬁ Its
imageis | — 1,1 thatisth(R) =] —1,1].

Proof :
e The function th is of class C* on R. Because it is composed of functions also of class C* on R.

And itis odd, Because for all x € R,

th(—x) = izgig _ S}éi’;) _th(x).

e According to theorem (3.3.11), the function th differentiable on IR, and for all x € IR, we have

sh\’ ch?(x) — sh?(x
i (x) = (C_Z) (x) = & (cizz (xgl () _ chzl(x) —1— 2(x).

e For all x € R we have
1—e 2% 2x_1
th = = .
(2) 14+e2x 142

And on the one hand, we have for all x € R

1
-2
—o<1—e“*<1 and O<m<1

This implies that, for all x € R; th(x) < <1

14 e 2
And on the other hand, we have for all x € R

2
—1<€x—1<+00 et 0<m<1
This implies that, for all x € R; th(x) > BT > —
This means that x € R; —1 < th(x) < 1. n

4.2.4 Properties of Hyperbolic Trigonometry
For all «, B € R we have:

ch(a + B) = cha.chB + sha.shp
ch(2a) = ch?a + sh?a = 2ch?a — 1 = 1 + 2sh’«
h(a + B) = sha.chB + shp.cha
(
(

92

sy

)
sh(2a) = 2sha.cha

_ tha+thp
th(a + B) = Trimaiip
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4.4.3 Inverse hyperbolic functions

Proof :
These relationships can be shown by simple calculation from the expression of hyperbolic func-

tions. Let us show for example sh(«x + B) = sha.chf + shp.cha.

e —e P feB P —o B ot e

sha.chB + shp.cha = — )
80‘+%—|— ezxfﬁ _ efnch/S _ efnzf/?) N ezx+,8 + e/szx _ ezx*ﬁ _ efafﬁ
4
28 TP — 26*“*%
N 4
= sh(a + B).

4.3 Inverse hyperbolic functions

4.3.1 Inverse function of the hyperbolic sine

The function sh : R — R is continuous and strictly increasing on IR. Based on the results of the

Mean Value Theorem, we conclude that it has an inverse function, denoted by argsh : R — RR.

Definition 4.3.1 :

The inverse function of the hyperbolic sine function is called argument hyperbolic sine and is denoted
argsinh (or argsh). For any real number x, argshx is the unique real number y such that sinhy = x, that
is:

Vx € R, 3t € R; sht = x. (4.14)
Therefore, by definition of the inverse bijection:
Vx € R, Vy € R; shx =y <= x = argshy. (4.15)

And for all x € R,
sh(argshx) = x,  argsh(shx) = x.

Properties 4.3.2 :

e Forall x € R, we have :

ch(argshx) = /14 x2, th(argshx) =

T et argsh(x) =In(x+ v x2+1).
X
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4.4.3 Inverse hyperbolic functions

o The hyperbolic sine arqument function argsh is differentiable, of class C* on IR, and for all real numbers

x we have:
/ 1
argsh (x) = Ve
Proof :

e ® Since for all x € R; ch(x) = \/1+ sh?(x), we therefore have

ch(argsh(x)) = \/1 + sh? (argsh(x)) = V1 + x2.

® According to the definition of th, we have for all x € R,
_ sh(argsh(x)) x x

~ ch(argsh(x)) ~ \/T+ sk (argsh(x)) V1t
® According to (4.15) we have:

th(argsh(x))

X _ ,—X
y:shx<:>y:e Ze et =y+/1+y?
<:>x:ln<y+\/1—|—y2)

<= x = argsh(y).

Yy € R; argsh(y) = In <y+ /1 +y2> :

e ® The function sh is differentiable on R and sh'(t) = ch(t) > 1, therefore, according to the

Finally

theorem 3.3.21, the function argsh is differentiable on R and for all x € R we have

1 1 1

ch(argsh(x)) ~ /T+sh2(argsh(x)) 1+

argsh/ (x) =

® Finally, since the function x — is infinitely differentiable on IR, then, the function

14 x2
argsh is also differentiable. ]

4.3.2 Inverse function of the hyperbolic cosine

Since the restriction of ch to R to the interval [1, +-00[, continuous and strictly increasing on R,

it therefore realizes an inverse bijection, denoted argch : [1, +00[— R.

Definition 4.3.3 :
The inverse function of the function ch Ik, is called the hyperbolic cosine arqument and is denoted argcosh
(or argch). For any positive real number x, argchx is the unique real number y > 1 such that chy = x,
that is:

Vx € [1,4oo[, !t € Ry; cht = x. (4.16)
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4.4.3 Inverse hyperbolic functions

Therefore, by definition of the inverse bijection:
Vx € Ry, Yy € [1,400[; ch(x) =y <= x = argch (y). (4.17)

And for all x € Ry, argsh(sinh (x)) = x.
And for all x € [1,4o0], sinh(argsh (x)) = x.

Properties 4.3.4 :

e Forall x € [1,+oo[, we have :

2 —

sh(argch (x)) = Vx? —1, th (argch (x)) = and argch(x) = In(x + v/ x% —1).

e The hyperbolic cosine arqument function is differentiable on |1, +o0 [ and for all real numbers x > 1 we

have:
1

x2 —1

argch/ (x) =

Proof :
e ® Since for all x € R, we have coh?x > 1 and [sin x| = v/coh?x — 1, we therefore have for all
x €[1,400]

sh(argch(x)) = \/ch2 (argch (x)) —1=+v/x%2—1.
® According to the definition of th and what precedes it, we have forall x € [ 1,40 [,

_ sh(argch(x))  vx2—1
thiargehx) = ch(argch(x))  x

® According to (4.17), forall x € Ry and y € [ 1, +00 [ we have,
eX+e . 3
y=ch(x)<=y= 5 = et =y+ 4y -1

<:>x:ln<y+\/p>

< x =argch (y).

Yy € [1,4o0[; argch (y) = In (y+ \/y% — 1) .

e ® The function ch is differentiable on R and Vx € R* ; ch'(t) = sinh(t) > 0 therefore, accord-

Finally

ing to the theorem 3.3.21, the function argch is differentiable on ] 1, 400 [ and by differentiation of
the equality ch(argch(x)) = x forall x € |1, 400 [ we have,

argch (x).sh (argch (x)) = 1 <= argch’ (x) \/x2—1 =1 <= argch (x) = 21 o
x [—
1
® Finally, since the function x —— is infinitely differentiable on |1, 4+oc0 [, the function
v Nro y ] [
argch is also differentiable. ]
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4.4.3 Inverse hyperbolic functions

4.3.3 Inverse function of the hyperbolic tangent

Since the function th : R —] — 1,1[ is continuous and strictly increasing on R, it therefore

establishes an inverse bijection, denoted argth :] — 1,1[— R.

Definition 4.3.5 :
The inverse function of the hyperbolic tangent function is called the argument of the hyperbolic tangent
function and is denoted argtanh (or argth). For any real number x strictly between —1 and 1, argthx is

the unique real number y € R such that thy = x, that is:
Vxe]|—-1,1[, Ay e Ry; th(y) = x. (4.18)
Therefore, by definition of the inverse bijection:
VxeR,Vye | —-1,1[; th(x) =y <= x =argth(y). (4.19)

And forall x € R, argsh(th(x)) = x.
And forallx € | —1,1[, th(argsh(x)) = x.

Properties 4.3.6 :

e Forallx € | — 1,1, we have:

argth(x) = %lni j i

e The hyperbolic tangent argument function is differentiable, of class C*° on | — 1,1 and for all real

|x| < 1 we have:

argth/(x) =1

Proof :

e According to (4.19), forallx € Randy € | — 1,1 we have,

2x
er —1 y+1 1, y+1
Yy x(:>y ezx+1<:>€ 1_y<:>x 2n1_y<:>x arginy
From this we deduce
y+1

Vye]—l,l[;argthy:lnl_

1
e The function th is differentiable on R and Vx € R;'(x) = e 1 — th®>x > 0, therefore,

according to the theorem 3.3.21, the function argth is differentiable on | —1,1[ and for all x €
] —1,1[ we have,

1 1 1

argth (x) = th' (argth (x)) T 1—m2 (argth (x)) T 12

97



4.4.3 Inverse hyperbolic functions

is infinitely differentiable on | — 1,1 [, it is therefore the

® Finally, since the function x —— T

function argth of class C*®on | —1,1]. ]

4.3.4 Exercises

Exercise 4.3.7 :
Show that for alle, B € R

shia = B) = sh(w)ch(B) = sh(B)ch(a),  th(a+p) = 7 ihfggo;)r iht(fgw

Exercise 4.3.8 :

Use two different methods to demonstrate the following:

Vx € [~1,1]; sin? (%arcsinx) =

(1-Vi—a).

N~

Exercise 4.3.9 :

Simplify the following expressions:

a) ch(argshx) b) th(argshx), c) sh(2argshx), d) argch(2x* — 1),
e) sh(argchx), f) th(argchx), Q) ch(argthx), h) argsh(2xv/1+ x2)
, x?—1 x?—1 1+ chx

j) argth (xz——l-l) , k) argsh ( e ) , 1) argch ( 5 ) .

Exercise 4.3.10 :

1. Calculate : arccos(cos B3%), arcsin(sin13%) and arctan(tan 137).

2. Write the following expressions in terms of x (that is, without the trigonometric functions)
cos(arctanx), cos(arcsinx), sin(3arctanx). and tan(arcsinx).

Exercise 4.3.11 :

1. Calculate the derivative of f(x) = arctan(x/sqrtl — x?).
Deduce that forall x € | —1,1[, f(x) = arcsin(x).

2. Show that forall x € | —1,1[, arccos(x) + arcsin(x) = 7.

Exercise 4.3.12 :
Let f be a real-valued function of a real variable defined by:

f(x)

_ 1+ tanx
 1—tanx

1) Determine D¢ and D } the domains of f and ]1—c respectively.
2) Show that for all integers n and for all x € D%, we have (f(x))" = f(nx).
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4.4.3 Inverse hyperbolic functions

Exercise 4.3.13 :
Let f and g be two real-valued functions of a real variable defined by:

f(x) = cos? <%arcsin(x)) et g(x)= % (1 +V1-— x2>

1). Determine D¢ and Dy, the domains of f and g respectively.

2). Study the continuity and differentiability of f and g on their domains.
3). Find the expressions f (x) and g (x) forall x €] —1,1[.

4). Deduce that for all x € [—1,1] we have f(x) = g(x).

Exercise 4.3.14 :

2
1°) Let f be a real function of a real variable defined by: f(x) = arcsin (—1 +xx2) .
Plot the variation table of f on its domain of definition.

2°) Show that

2
Vx e R, —1< 1-x <1.
1+ x2
a2
3°) Let g be a real-valued function of a real variable defined by: g(x) = arcsin(?;cz).
Study the function g on its domain of definition.
Exercise 4.3.15 :
1° Show that
Vx €]0 z[' siny = — 0% ond vx €]o E[' cosx = S
"2 14 tan?x "2Y C VI+tanZx

2° Show that

S

0 < arctan § + arctan i <
4 12

3° Solve the following equation in the interval [—1, 1]

arcsin (x) = arctan 5 + arctan El
B 4 12)°

Exercise 4.3.16 :

Solve the following equations:

. . (2 . (3 3 1
arcsinx = arcsin 5 — arcsin ) arccosx = 2.arccos 1 and arctanx = 2.arctan 5

-1 1
arctan(2x) + arctan(3x) = %, and arctan <x_2> + arctan (i—_—::z) = %
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4.4.3 Inverse hyperbolic functions

Exercise 4.3.17 :

Study the changes in the following two functions:

1
f i x — x+arcsin (%)

P X — arcsin 2x 2arctanx
- 14+ x2 '
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Chapter 5

Limited Development

4-1 Limited development in the neighborhood of a point
4-2 Taylor’s Formula
4-3 Limited development of useful functions

4-4 Applications of limited development
This chapter aims to simplify the calculation of limits of real-valued functions of a single real

variable and to examine the position of their curves relative to their tangents or asymptotes. It
also explores the possibility of replacing any function with a simple asymptote at or near a given
point.

We will therefore explore the possibility of replacing any function with a polynomial of degree n

at or near a given point, such that the latter best approximates our function.

5.1 Limited development in the neighborhood of a point

Definition 5.1.1 :
Let f be a function defined on V. = Vy, (the neighborhood of xo), or on V.= Vy, — {xo}. We say that f
admits a limited development of order n in the neighborhood of xo (abbreviated, we note LDy (x)), if there

exist real numbers agy, ay, - - - ,a, and a function e defined on V such that for every x € V,
Fx)=ag+a1 (x —x0)+a (x —x0)* + - +a, (x —x0)" + (x — x0)" € (x — x0),

and lim e (x — xp) = 0.
X—rXQ

We can also write
F(x)=ag4ar (x —xp) +ay (x —x0)* 4+ +a, (x —x0)" + O (x — xq) .
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5.5.1 Limited development in the neighborhood of a point

The polynomial function x —s ag+ay (x — x9) +a (x — x0)* + - - - 4+ a, (x — x0)" is called the reqular

part of the DLy, (xo) of f, and the function x — (x — xo)" € (x — xo) is called the remainder (rest) of the

DLy (xo) of f.

Example 5.1.2 :

1. Letf(x)1 "
We observe that 1+ x + x> + - - - + x™ is the sum of n + 1 first terms of the geometric sequence with

The function f admits LD, (0) as follows:

common ratio x. Therefore, we have

1— n+1
T4x4x24.. 4 x" = X

This imply that

= T4+x+x2+ - +x" 4"
1—x 1—x

= T+x+x2+ - +x"+x"(x).

This means there exist ap,ay,- - - ,a, all equal 1 and the function e defined on the neighborhood of 0 by

e(x) = 7 f z such that

——— = 14+x+x*>+-- +x"+x"%(x) ande(x) — 0.

1—x x—0

This is the limited development of

der n in 0.
1_xofor ernin

Theorem 5.1.3 :

If a function f admits a limited development of order n at xo then it is unique.

Proof :

By contradiction, suppose that f admits two distinct limited developments of order n at xy. There
exist two polynomials of degree at most n, two neighborhoods V;, V5 of x(, and two functions
e1,€p defined on V; or V; — {x¢}, and V, or V, — {x¢} respectively, such that:

On the one hand

f(x) =ag+ay (x —xp) +ax(x — x0)2+---+an (x —x0)"+ (x —x0)"e1 (x) and xli_rgoﬁ (x)=0
(5.1)
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5.5.1 Limited development in the neighborhood of a point

and the other hand

F(x) =bg+by (x —xg) +by (x —x0) >+ +by (x —x0)" + (x —x0)" €2 (x) and lim g5 (x) = 0.
0
(5.2)
Let V =V NV,, then we have, forallx € V — {xp},

(ap—bo) + (a1 —by) (x —x0) + -+ (an — bn) (x — x0)" + (x — x0)" [e1 (x) —e2(x)].  (5.3)
By calculating the limit of this equality as x — xo, we find ay = by.
Therefore, the equality (5.3) becomes, forall x € V — {xg}
T (an = bu) (x = x0)" (v = x0)" [er (x) — €2 (2)].
(5.4)

(a1 —by) (x — xp) + (a2 — b2) (x — xp)

Next, we can divide this equality by x — xp, and by calculating the limit as x — x(, we find
ap = by, and so on.
In the end, we find a9 = by, a1 = by, and so on, a, = b,. The regular parts are equal, and therefore

the remainders are also equal. m

Corollary 5.1.4 :
Let f be a function admitting a limited development of order n at 0.

If f is even (resp. odd), then its reqular part contains monomials of even (resp. odd) degree.

Proof :

Let f admit a limited development of order n at 0, as follows:

4 4a, ()" "+ (x)"e (x)  and lim g (x) = 0.

x—0

f(x) = a0+ a1 (x) +az (x)

Since V is a neighborhood of 0, then 36 > 0; | — J,5[C V.
Forallx € V — {0}, wehave —x € V — {0} and

f=x) = ap+ar (=x) + a2 (=x)" 4+ (=1)"ay (x)" + (=1)" (x)" €1 (=)

=ag—ax+ax?®+ -+ (=1 a,x" + x"ey (x).

where ¢; = (—1)" g1 and verified lim ¢, (x) = 0.
x—0
Case f even: We have Vx € V;
f (x) = f (—x). By the uniqueness of the limited development to order n of f at 0, we obtain

Vke€{0,1,2,--- ,n}; ap = (—1)kak.
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We deduce that for any odd index k, we have a; = 0. This shows that the regular part of f contains
only monomials of even degree.

Case f odd : We have Vx € V;

f (—=x) = —f (x). By the uniqueness of the limited development to order n of f at 0, we obtain

Vk e {0,1,2,--- ,n}; —ar = (—1)* a.

We deduce that for any even index k, we have gy = 0. This shows that the regular part of f

contains only monomials of odd degree. ]

5.2 Taylor formula

5.2.1 Taylor-Lagrange formula

Let f be a function of class C"*! on an interval I with n € IN and xo, x € I. Then there exists a

value ¢ between xy and x such that:

/ 1

£ = £ o)+ LU0 (e 1 LU0 gy

n

£ ()

n+1
(n+1)! '

(x — x0)" + (x — xo)

This relationship is called the Taylor-Lagrange formula, and the term f ((;11)1()0') (x — xo)n+1 is called the

Lagrange remainder.

5.2.2 Taylor-Young formula

Let f be defined on an interval I, admitting at a point xy € I derivatives up to order n with n € IN. Then

there exists a neighborhood V of xp and a function ¢ : V. — R such that:

7

Vx eV f(x) = f(xo) + L8 (x — xg) + L4 (x — xg)> 4 -+ L2000 (3 ) 4 (3 — xg)e(x)

n!

and lim e(x) = 0.
X—> X

This is Taylor’s formula with a Young’s remainder ((x — x¢)"¢e(x)).

5.2.3 Maclaurin formula

This is the Taylor-Lagrange formula with a = 0 and ¢ = 6x with 0 < 6 < 1, that is:

1

Vel 30 €)0,1]; f(x) = f(x0) + L0 (x - xg) 4+ L0 (x —xg) oo g L0 (o gy
f(n+

D (0x n
G (= x0)"
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5.5.2 Taylor formula

5.2.4 Existence of limited development

Corollary 5.2.1 :
If a function f of class C" on an interval I then f admits a limited development of order n at xo € I of the form:

- if(k)(x())

= (x — x0)* + o((x — x0)™).

f(x)

k=0

That is, if

F(x)=ap+ay (x—x0)+ap (x —x0)* 4 +a, (x —x0)" + (x —x0)" e (x) with lim & (x) =0,

X— X0

then

(k)
f k('xo) =ay forallk € {0,1,2,--- ,n}

Remarks 5.2.2 :

1. If f admits a LD at a point xq of order n > 0 with reqular part ag + a1 (x — x0) + a2 (x — x0)> + - - - +
ay (x — x0)", then f is continuous at xq or is extendable by continuity at xo and f(xo) = ao.

2. If f admits a LD at a point xq of order n > 1, then f is differentiable at xo and we have f(x9) = ag and

f'(x0) = ay, and the equation of the tangent to the graph of f at this point is y = ag + a1 (x — xo).

Every polynomial function has a limited development to any order at 0. If f(x) = ag + a;x +apx> + - - - +
a,x™ and n > m, then f has a limited development of order n at 0 where the regular part is the function
itself and the remainder is the zero function. If n < m, the regular part of the limited development of f at 0
is ag + ayx + ayx? + - - - + a,x" and the remainder is R(x) = a, + 1x(n +1) 4+ - - - + a,,x™ = x"e(x). where
e(x) =appx+ - Fayx™ "

As by example: The function f : x — 3x° — 2x3 + x2 — x + 4 has a limited development of order 4 at 0
whose regular part is 4 — x + x2 — 2x® and whose remainder is x*¢(x) where e(x) = 3x.

The function f also has a limited development of order 6 at 0 whose regular part is 4 — x + x> — 2x> + 3x°

and whose remainder is the zero function.

Proposition 5.2.3 If f : D — R admits a Taylor series expansion of order n at xq of the form:
F(x)=ap+ar (x —x0) +ap(x —x0)° 4 -+ a, (x — x0)" + O (x — x0) .

Therefore, for all m < n, the function f admits a LD,,(xo) obtained by truncation as follows:

f(x):ao+a1(x—xo)+az(x—xo)2+-~‘+am(x—x0)m+O((x—xo)m).
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5.5.3 Limited developments of usual functions

5.3 Limited developments of usual functions

The Taylor-Young formula allows us to obtain the limited development of order n at 0 of several usual
functions.

1e Consider the function exp : x € R —— ¢*. The function exp is infinitely differentiable in R and for all
k€ R,exp®(0) = 1.

We deduce that the LD of order n at 0 of the function exp is,

ex:1+%+§—?+--'+%+x”£(x) withe (x) — 0.

x—0

2e The functions sin and cos are infinitely differentiable in R and for all x € R we have:

sin™ x = sin (x + n%) and cos™x = cos (x + n%) .

We deduce that the LD of order 2n + 1 at 0 of sin and the LD of order 2n at 0 of cos are,

sinx = x — 9?‘7? 4 %? o (=D (2":’:), +x¥2¢ (x)  withe(x) — 0.
[T 5 . N
o 2 4 2n 2 1 .
cosx=1—-%+4+-+(-1)" oay X e (x) withe(x) x—>00.

3e The functiong: x € | — 1, +o0 [ — (1 + x)" (with a € R fixed) is infinitely differentiable in | — 1, 400 |
and forall x € | — 1, +oo [ we have: ((1+x)“)(n) =fax(@—1)x--x(a—n+1)](1+x)""
It follows that the LD of order n at 0 of g is,

1 1) x - - T |
(1+x)“:1—|—f’x—|—ax(;>x2+---+ax(“ )xn'x(zx n—+ )x”+x”s(x) .
withe (x) — 0. .
x—0

4e The function h : x € | —1,+0c0[ —— In(1+ x) is infinitely differentiable in | — 1, +oco[ and for all
+1

x€]—1,+00o[ wehave: In (14 x) = ((1 +x)71)(n g

It follows that the LD order n at 0 of h is,

1 2 1 3 n—-11 n n .
— - - e (— 2 _ 5.6
In(l+x)=x—-x"4+-x"+---+(-1) 1"+ x"e (x) withe(x) x—>00 (5.6)

Remarks 5.3.1 :

e By replacing x by —x in the LD of x — In (1 + x) and x — (1 + x)", we deduce the LD of x — In (1 — x)
and of x — (1 — x)" of order n in 0.

o Let f be a function that admits LD in the neighborhood of 0 and in the neighborhood of xo. To determine a LD of f
at xo, we determine the LD at 0 of the function g — f(xo + h) by making the change of variable x = x¢ + h.
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5.5.3 Limited developments of usual functions

Examples 5.3.2 :
1
1). The LD,, (0) of x — 7

is obtained as follows:

According to (5.5) with « = —1, We have :

1
=1 —x+ (=D 2"+ (—=1)"x"e (x) withe(x) — 0. (5.7)
1+x x—0

By replacing x with —x in (??) we obtain

1
——=1+x+x* -+ x"+x"(x) withe(x) — 0.

1—x x—0

1
2). The LD3 (0) of x — is obtained as follows:
1
According to (5.5) with « = Y We have :
1 1 3 5
A =1- X + gxz — §x3 + 2% (x) withe (x) — 0. (5.8)

By replacing x with —x in (5.8) we obtain

1
1—

1 3, 5.4 ‘
—1—|—2x—|—8x —|—8x +x’e(x) withe(x) ijO.

=

3). The LDy, (2) of x — e* is obtained as follows:
Let'sputh =x -2 — 0.

x—2

eX = p2px2
= ¢2e" withh =x—2

— 2 1+E+h72++hl+h”g(h) Wii‘hE(h)—)O
o 1 2! n!

h—0
2 n
2 x=2 (x=27°  (x=2) o . )
=e* |1+ 1! + o +-t " +(x—2)"e(x—2)| withe(x z)szo'

4). The LDy (1) of x — Inx is obtained as follows:

Let'sputh=x—-1 — 0.
x—1

Inx =In(h+1) withh=x-1

_y Lo Ly g 4 : NV

=h 2h +13h 4h +1h e(h) W1t1;1 h=x—1ande(h) h:)OO

= A4x—(x-1P+-(x-1)° - (x-1*+(x-1D*e((x—1)) with e(x—1) — 0.
2 3 4 x—1

5). The LD3 (1) of x — /2 + x is obtained as follows:
Let'sputh=x—-1 — 0.

x—1
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5.5.3 Limited developments of usual functions

V2+x =+3+h withh=x-1

=3 1+§

1
=3 1+h>2

1h 3 (h\> 5 (h\> [(h\> (h , h

=V3[{1-33+ 8(3) _8<3> +<3> €<3)> W““(e,)hjoo
_ L 1., 5.3 3 -
=3 (1 6h+24h 216h + h’e (h)> w1ths(h)h:>00
_ e 12 Y 1P (e 1P (2 — ithe (x—
=v3(1 6(x l)+24(x 1) 216(x 1)+ (x—=1)"¢e((x 1))> with € (x 1)x:>10.

5.3.1 Operations on limited developments
In this paragraph, we assume that f and g are two functions that admit LD at 0 of order n, where:
f(x) =ao+arx +axx® + - -+ a,x" + x"e; (x) with limoel (x) =0,
X—

g (x) =bo+bix + box® + - - + byx" + x"e5 (x) with liLnosz (x) =0,
X

limited developments of a sum and a product of functions

e f 4 g admits a LD of order 7 in the neighborhood of 0 which is:

f(x)+g(x)=ag+by+ (a1 +b1)x+ (a2 +by) x> + - + (ay + by) x" + x"¢ (x) with lim e (x) = 0.

x—0

e f x g admits a LD of order n in the neighborhood of 0 which is:

f(x) x g(x) =aobg + (apby + a1bo) x + - - - + (apbp + a1by—1 + - - - aybo) x" + x"¢ (x) with lime(x) = 0.

x—0

Example 5.3.3 :
Calculate the LD of e*In (1 + x) at 0 of order 3. We know that

2 3

ex:1+x+x—+x—+x3£(x) withe (x) — 0.
2 6 x—0
andln(l—l—x)-x—1x2—|—1x3+x38(x) withe (x) — 0.
3 x—0
Onnoteaozl,alzl,azzl, 1b :0,b1:1,b2:—1andb3:1. Then
2 6’ 2 3

e*In (1+x) = agby + (aohy + a1bo) x + (aohy + a1by + axby) x* + (aohs + a1by + asby + asbo) x° + x3¢ (x)

_ Lo 135, 3
=X+ ox+gx e(x).
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Limited development of a composite function

Let I and ] be two open intervals containing 0, ¢ a function from I to J, and f a function defined on |. If
¢(0) = 0 (that is, by = 0), then the function f o ¢ admits a LD of order n in a neighborhood of 0 whose
regular part is the truncated polynomial of order 1 of P(x) = ag + a1g(x) + a28(x) + ... + a,8" (x).

Examples 5.3.4 :
1« Let’s calculate the LD of In (14 x + x2) at 0 to order 3.

2

Here we set u(x) = x + x> — 0. We know that
x—0

_ Lo 15 3 -
In(l1+u)=u SUT Ut e(u) w1the(u)u:>00.

We will need to calculate a LD of order 3 at 0 of u* and u®.

u?(x) = ag.ap + (ag.a1 + ay.a0) x + (ap.az + a1.a1 + az.ap) 2+ (ag.a3 + ay.az + az.a1 + as.ap) X3,

whereay =0,a1 =1,a, =1,a3 = 0.
Then, the DL of order 3 at 0 of u? is
u?(x) = x* 4+ 22 + x% (x).
ud(x) = u(x).u?(x)
= ag.b + (ag.by + by.ag) x + (ag.by + a1.by + az.by) x> + (ag.bs + a1.by + ax.by + az.by) x* + x3¢ (x),
whereby = 0,01 =0,b, =1, b3 = 2.
Then, the DL of order 3 at 0 of u® is

w(x) = x> + 2% (x).
From this we deduce,

ln(1+x+x2) :x—l—xz—%(xz—l—Zx?’)+%x3+x3s(x—|—x2) Withs(x+x2)—>0

x—0

— Lo 235, 3 ;
—x+§x 3 + x’e (x) withe (x) ijO.

2x Let’s calculate the LD of v/1 4+ 2e* at 0 of order 3.
We know the LD of e* at 0 to order 3 as:

x x 220 5, B
e :1+F+j+——|—xs(x) withe' (x) — 0.

3! x—0

So

2 3
V142t = \/1+2<1+f'+;+;+x3s’(x)>

1
= \/3+2x—|—x2+3x3+x3£’(x)

2 1 1 x3
14 (%5012, 15 /
—\/§\/ +(3x+3x +5% +3s(x)>
3

2 1 1
=31 +u(x) withu(x) = 3t gxz + §x3 + %e’ (x) — 0.
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5.5.3 Limited developments of usual functions

We know the LD of \/1 + u(x) at 0 of order 3 :

1 1
Vidtu=1+ u—fu—i— —u +uden (u) witheg(u) — 0.
8 16 u—:>0

We will only need to calculate the monomials of degree p such that p < 3 of u? and u3.

u?(x) = ap.ap+ (ag.a1 + ar.ao) x + (ao.as + ar.ay + az.ao) x> + (ap.as + ar.ax + az.a; + az.ap) x> + x>¢1 (x)

_ 42,45 3 '
=5~ —1—9x + x°¢1 (x) withep (x) x:>00,

2
where ag = 0, a1 = 3 0=

uwd(x) = u(x).u?(x)
= a9.bg + (ﬂo.bl + bl.ao) X+ (Elo.bz +a1.b1 + Elz.b()) x2 + (ﬂo.bg +a1.by +ar.b + 113.[70) x3 + x382 (x)

= §x3 +x%; (x) withey (x) — 0,
27 x—0

4 4
herebg = 0,01 =0,bp = =, b3 = —.
where by 0102939

Then we have,

1/2 1 1 3 1 /4 4
V14 2e* :\/§<1+<3x+3x2+9x3+x38’(x))—8<9x2—|—9x + % (x )>

1/8 ; .
+E <27x + 2%, (x )) +x’e (x) withe(x) h— O.>

V3 V3.2 V8.5 .
\[+7 X+ gt T S (x) w1ths(x)x:>00.

Limited development of an inverse

1
Here is how to calculate the LD of — where f has a LD, (0) as follows:

f
f(x) =ag+apx+apx® + - - +a,x" + x"¢; (x) with xlinoel (x) =0.

ai az » ay , X" 1. ) 1 1 1
Ifa Owesetu(x)=—x+—x"+---+ —x"+4+ —e¢ Then, — is written — = — —.
o lfag # (x) o 0 aol() f f apl+u
1
o If g # 0 forsome k € N* withk <nandVp € {0,1,2,--- ,k—1}; a, = 0, the function 7 does not admit
m
a Taylor series expansion in a neighborhood of 0. But the function x — fJZX) with m > k admits a LD of
order n — k in a neighborhood of 0, because for all x € D L - {0}
A ym—k
f(x)  ap+apxt 4+ agxtk 4 xnkey (x)
xmk 1
o 1+4o(x)’
k+1 an n—k n-k
where v(x) = ——x+ .-+ —x""" 4 €1 (x).
ay ay ay
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Examples 5.3.5 :
1) Let’s calculate the LD of x — 5 i . at 0 of order 4.
1 11
2—x 24 _%
L () ) o ()
=%+£+%+%+%+O<x4>.
2)% Let’s calculate the LD of x — colsx at 0 of order 5.
I 1
cosx 1—%x2+ix4+0(x5)
i with uzixz—ix‘L—O(xS)

=1+u+u?+0 (u?) with u> = 19(4—1—0(355) andO(uz) :O(x5)
_ 1, 1 4 5 1, 5 5
—1+<2x TR o(x)>+(4x +O(x))—|—O(x)

:1+—x2—£x4+0(x5).

2 24
3)x Let’s calculate the LD of x — pr in the neighborhood of O of order 4.
X 1
: =X.—
sin x sinx 1
= x.

X. 1 1
R R 4
x(l 6x +120x +O(x ))
_ 1 oo 1, 1y 4
= 1ru with u = gx —i—ﬁx —|—O<x>

1
1 2 2 a2 4 4
=1—u+u*+0 (u*) withu = 3% +O(x>

—1- (—éx2 + ﬁxuo <x4>> + <316x4+O (x4)> +0 (x4)

:1+%x2+%x4+0<x4).

Method: If g(0) # 0, then the LD of j; is defined via the quotient of the division of the regular part of f by
the regular part of g according to increasing powers.
Examples 5.3.6 :

2—x+4+2x2—x3
14+ x—x2

1)e Let’s calculate the LD of x — at 0 of order 3.
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5.5.3 Limited developments of usual functions

The algorithm for calculating the quotient of the division, according to increasing powers
2 —x +2x2 —x3 1+ x—x?
-2 +2x 2% 2 —3x +7x* — 11x°
= —3x +4x? —x3
—(=3x —=3x*  +3x%)
= 7x2 —43
—(7x2 473 =7x%)
= —11x3 +7x*
—(—11x%  —11x* +11x5)
= 18x*  —11x°
X
2)e Let’s calculate the LD of x — o at 1 of order 3.
Let'sputh=x—-1 — 0.
x—1
We have
ex eh+1
x—Inx  h+1-—In(1+h)
e.el

T htl—In(1+h)
2 h3
e. <1+h+++o(h3)>

2 6
- h+1-— h—1h2+1h3+o(h3)
2 3
Woon
1+h+3+€+0(h3)
= e. .
1 1
1— L2 143 3
ht5h* = 3h"+0 (h)
2 3
By calculating the division of 1 + h + hz + 3 byl—h+ %hz - %hB according to increasing powers
Lo L3 1o 1,
1 +h +%h +16h 1 h+2h 3311
-1 —h +§h2 —§h3) 1+2h+2h2+§h3
= 2k +%h3
—(2n  —2n* 4K —%h‘*)
= 21? _%m +§h4
—(2n?2  —2n*  +nt +§h5)
— §h3 _1h4 _%hs
2
—(gzﬁ —%1# +%h5 —%hé)
7, 1. A
= nt -k 2k
6 12 2
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5.3.2 Integration of limited developments

Theorem 5.3.7 :
Let f be a differentiable function on an interval I containing xo and f  a function of class C" on I whose LD at xg to

order n is:
F(x) =ag+ay(x —xp) + - +an(x—x0)" 4+ 0((x — x0)"),

then f admits a LD to order n + 1 at xq of the form:
f(x) = f(x0) +ao(x —x0) + -+ + aps1(x — x0)" ™ +0((x — x0)"*1).

This means that we integrate the polynomial part of the DL of f (x) term by term to obtain the DL of
f(x) = f(xo) at xo.

Proof :
Suppose that f admits a LD of order n — 1 at 0 with regular part P. Then there exists P € R[X] of degree
at most n — 1, a neighborhood V of 0, and a function ¢ defined on V — {0} such that:

forallx e V—{0}; f (x) = P(x) +x" 'e(x) and lime(x)=0.

x—0

It follows that:
)+ / t)dt + x"¢e(x).

Since the integral of a polynomial of degree at most n — 1 is a polynomial of degree at most 7, then by the

uniqueness of the limited development we obtain:

Q:x+— f(0 +/ t)dt is the primitive of P which equals f(0) at0.

Hence the result. n
Examples 5.3.8 :
1) We can find the LD of x — In(1 — x) at 0 using this tool.
: -1
Indeed,Vx € | —o0,1[ (In(1—1x)) = —
We know that the LD of the function x — 1 i < at 0 is

1
m:1+x+x2+---+x”+0(x”).

Therefore, by integrating this limited expansion, we obtain

X
/ ﬁdt l (1_x)—ll’l(1):—x_1 2_.. 71+1 +O( 7’1-‘1—1)‘
0 —
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5.5.3 Limited developments of usual functions

2) Let’s calculate the LD of x — arcsinx at 0 to order 7. The function x — arcsinx is of class C* on I =] —1,1]
1

V1—x2

We know that the LD of the function x —

and (arcsinx) =

2

= (1 —y)_% at 0 where y = x* is

1
V1—x2

1
I-y

— 1+ %y + %yz + %f +yPe(x) withe(y) — 0. (5.9)

y—0

Replacing y with x? in the above LD, we have

(1-2) o

_ 1, 5 6 6
—1+2x —|—8x +16x + O (x°).

N —

Therefore, by integrating the above result, we obtain

. . o . . ]. 3 3 5 5 7 7
arcsinx — arcsinQ = arcsinx = x + o + 10" + I +0 (x7).

Attention: A limited development can be integrated but not differentiated. This is because the function f

can admit a limited development, but f does not. For example:

Example 5.3.9 :
The function
2
2x + X2+ 33 4+ 13 cos(=), ifx#0
fixeR— X
0, ifx =0.

This function is differentiable on R with derivative

2 2
2 + 2x + 3x% + 3x2 cos(ﬁ) +4sin(ﬁ), ifx #0

fixeRr—s {
2, if x =0.
Since for all x in a neighborhood of 0 we have f(x) = x + x* + x%¢(x) where e(x) = x (1 + cos(xzz)> — 0,
then f admits a Taylor series expansion of order 2 at 0. But f has no limit at 0, so it cannot have a LD of order 1 at
0. f' has a reqular part of 2 + 2x.
Since for all x in a neighborhood of 0 we have f(x) = x + x> + x%¢(x) where e(x) = x (1 + cos(xzz)> v 0,
then f admits a Taylor series expansion of order 2 at 0. But f has no limit at 0, so it cannot have a Taylor series

expansion of order 1at 0. f has a reqular part of 2 + 2x.

5.3.3 Asymptotic development

Definition 5.3.10 :

Let I be an interval and xo € I be an endpoint of I, and let f be a real function defined on I or on I — {xo}. We say
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5.5.4 Applications of limited development

that asymptotic development of f at xg if there exist simple functions go, g1, - - , §n Such that in the neighborhood of
X0

f(x) = aogo(x) +mg1(x) + -+ + angn(x) +0(gn(x)) and go>g1 >+ =gy,

where ag,ay, - - - ,ay are real constants.

Remark 5.3.11 :

o [n an asymptotic development of a function at xo (finite or infinite), each term of the sum is negligible compared to
the previous one in the neighborhood of xo.

o To form an asymptotic development, we exploit the computational techniques of limited developments.

. . . , 1
o We can perform a limited development at co. We introduce an auxiliary variable X = i 0.
X (o]

Examples 5.3.12 :
1. Let’s calculate the asymptotic development of x — In(1 — x) with 5 terms at —oo. When x is in the neighborhood

of —oo, we have

(1 —x) =In(~x(1- 1))
— In(—x) + In(1 - %)
=In(—x)+In(l —u(x)) withu(x) = % .0
=In(—x) —u(x) — %uz(x) 1u3(x) - 1u4(x) -0 u4(x)> with u(x) = %
e g0 (%)

2. Let’s calculate the asymptotic development of x — /1 + x? with 4 terms at +o00. When x is in the neighborhood

of +00, we have

V14 x2 :xwl—i—%
=x/14u(x) withu(x) :%

=x (1 + %u(x) — éuz(x) + iu3(x) -0 (u3(x))) withu(x) = —

1011
2x  8x3  16x° x5 )

5.4 Applications of limited development

:x—|—

Determining equivalents

Limited developments are an effective tool for finding the equivalent of a given function in the neighbor-

hood of a point.
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% The first non-zero term of a limited development or an asymptotic expansion of a function at a point

provides a simple equivalent of the function studied at the point considered.

Examples 5.4.1 :

I. From the limited developments of usual functions, we therefore obtain the following equivalents in the neighborhood

of O:

2
sinx~x, tanx~x, In(l+x)~x, e —1~x, 1—cosx= %, (1+x)" -1~ ax.
II. Let’s determine a simple equivalent of In(1 — x) + arcsinx in the neighborhood of 0.
We know that

1 1 1
In(l—x)=—x— Exz - §x3 +0(x*) and arcsinx = x + 6x3 +0 (2.

Then In(1 — x) + arcsinx = —%xz - %x?’ + O(x®). This shows the following equivalent

1
In(1— x) 4 arcsinx ~ —Ex2 when x — 0.

III. Let’s determine a simple equivalent of Sl;;iin_; in the neighborhood of 0.
3
From the Taylor series expansion of order 4 at O of the function sin, we deduce that sinx — x ~ —%.

We conclude that

8]

X

sinx — x 6 x .
— R - = because sinx ~ x.
xsinx 0 X 6 0

Limit determination

Obtaining an equivalent allows us to obtain the limit of the function under consideration.

Examples 5.4.2 :
2
1x Let’s calculate the limit at O of the function x — %.
In
2—x

We can calculate this limit as follows:

In2+x) =In2+In(1+ %) =1In2+ % —i—o(%) and In(2—x)=1In2+In(1- %) =1In2— g —1—0(3).

Then we have

24+ x
l =1In(2 —In(2 —
ns— n( +9;) n(2—x)
:x+O(§) Ao
We can therefore deduce that
. 2xcosx . 2XCosx
lim ———— = lim
x—0, 2+x x—0 X
In
2—x
= lim 2.cosx
x—0
=2.
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. , x.tan? x — x°
2x Let’s calculate the limit at 0 of the function x — ——————.
2x2. tan’ x

From the limited development of order 3 at O of the function tan, we obtain

1
tanx =~ x, tanx —x ~ -x°> and tanx +x ~ 2x.
0 0 3 0
Since
x.tanZx — x°3 . tan? x — x?2
2x2. tan3 x "2x2.tan®
tan x — 333 (tanx + x)
= x. 3 .
2x2. tan> x
We can therefore deduce that
13
x.tan? x — x° L 3o
im————e = lim x. =
x—0 2x2.tan’ x x1—>0 2x

3

Remark 5.4.3 :
Taylor series expansions are very effective for calculating limits with indeterminate forms! It is enough to simply note

that if f(x) = co+c1(x — x) + - - -, then lg f(x) = co.
X X0

Extension of a function at a point

Proposition 5.4.4 :
Let xg be a point in an interval I or a finite endpoint of I, and let f be a real-valued function defined on I — {x¢}.
If, in a neighborhood of x, the function f admits a Taylor expansion of the form f(x) = ¢+ c1(x — x0) + 0(x — xp),

then we can extend f by continuity at xq by setting f(xo) = co. This extension is differentiable at a with f'(xo) = c1.

Proof :
Since xlinfxof(x) = xlinfxo (co+c1(x —xp) +0(x —x0)) = co we extend f by continuity at xo by setting
f) = flxo) _ ; (cotci(x —x0) +0(x —x0) — f(x0)

f(x9) = cp. Moreover lim = ¢; and therefore

X—> X0 X — Xo X—>X X — Xp
this extension is differentiable at xp and f'(x¢) = c1. m
Example 5.4.5 :
tan x

Let’s show that the function f : x —

. Lo . T
extendable at 0 and its extension is a function of class C on | — 5

NI

The function f is obviously defined and of class C' on the intervals | — g,o [ and | O,g [

In the neighborhood of 0 we have f(x) =1+ %xZ + o(x?).
Therefore, f can be extended by continuity at 0 by setting f(0) = 1.
Furthermore, this extension is differentiable and f'(0) = 0.

Let’s now examine the continuity of f' at 0.
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5.5.4 Applications of limited development

Forall x €] — g, [— {0}, we have

N[N

—tanx

2
f’(x) COS xx2
x (1+tan®x) — tanx

x2

In the neighborhood of 0 we have

x (1+x%+o0(x?)) — (x + %x3 + 0(x3>

2
2 3 3
X +o(x”)

Therefore, f' is continuous at 0.

Local position of a curve relative to its tangent

Let f be a real-valued function defined on an interval I containing xo.

Let f admit a limited development of order n at x( of the form
f(x) = co+er(x —x0) +ce(x —x0)* + - eu(x = x0)" +0((x — x0)"),

where ¢ is the first non-zero coefficient after ¢c; with 1 < k < n.

Since the function f is defined at xo, we then have that co = f(xo).

According to proposition 5.4.4, It is also established that ¢; = f'(xo).

The equation of the tangent T to the curve of f at the point with abscissa xg is: ¥ = ¢o + ¢1(x — x0).
Let’s now study the position of the graph of f relative to T in the neighborhood of xo.

To do this, let’s determine the sign of f(x) — (co + c1(x — xg)), that is, the sign of cj(x — xg)F.
There are three possible cases.

o If the sign of c;(x — xg)F is positive, then the curve is above the tangent T.

o If the sign of cx(x — xo)*

is negative, then the curve is below the tangent T.
o If the sign of c;(x — x)* changes when moving from left to right at x, then the curve crosses the tangent

line T at the point with abscissa x¢. This point is called the inflection point.

Examples 5.4.6 :
a) Let’s determine the tangent (T) at O of the (T') graph of f : R* — R defined by f(x) =

= f 1 and specify the
position of the graph (T) relative to (T).
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5.5.4 Applications of limited development

In the neighborhood of 0 with x # 0, we have

1
= 2x.
7 xx+x2+x3+x4+o<x4>
2 61 24
=2 x  xr o x8 3
=2———— with u(x)—f+x—2+x—3+0(x3)
 T14u(x) 2 6 24
2,3 3
=2 (1—u+u>—u>+0 () with uz(x):xz+%+0(x3) and u3(x):%+O(x3)
2 .3 3

=2 (1— (;+x6+§4+0(x3)> + <’f+x63+0(x3)) - x8+o(x3)> +O(x3)>

Therefore, we can extend f by continuity at 0 by setting f(0) = 2. Furthermore, this extension is differentiable at 0
and f'(0) = —1. The equation of the tangent (T) isy = 2 — x.

Since f(x) — (2 — x) ~ 11—2x2 > 0, then in the neighborhood of O the curve (T') lies above its tangent (T).

b) Let’s determine the tangent (A) at 0 of the (C) graph of ¢ : R — {—2} — R defined by: g(x) = In(1/x> +
4x + 4) and specify the position of the graph (C) relative to (A). In the neighborhood of 0 we have:

g(x) =In((x+2)72)
= —2In(x+2) with x > -2
x ,
=_2 (an +In(1+ E)) with x > —2

x  xr A8 3
_—2<ln2—2+8—24+0(x )>

= 2In2 +x — %}x2 - %x“o’ +o(x).

The equation of the tangent line (A) is y = —2In2 + x.
Since g(x) — (2 — x) ~ —Alixz < 0, then in the neighborhood of O the curve (C) lies below its tangent line (A).

c) We seck to determine the position of the graph (€) of h : R — R defined by h(x) = x* — 4x® + 2 with
respect to its tangent (D) at the point with abscissa 2.
We note that the equation of the tangent at the point with abscissa 0 is y = 2. Since —4x> changes sign at 0, the
point with abscissa 0 is an inflection point of h.
Because the limited development of h at 0 is h(x) = 2 — 4x> + x*.
e For the LD of h(x) at 2, we set u = x — 2

h(x) =h(u+2) with x=u+2
= (u+2)*—4u+2>+2
= (u* +8u® + 24u® + 32u + 16) — 4 (1® + 6u + 12u 4 8) + 2
= —14 — 16u + 4u3 + u*
= —14-16(x —2) +4 (x —2)° + (x —2)*.
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5.5.4 Applications of limited development

The equation of the tangent (D) isy = —14 — 16(x — 2). Since 4(x — 2)3 changes sign at 2, the point with abscissa
2 is an inflection point of h. Furthermore, for x close enough to 2 on the left (x €]2 —¢,2[ withe > 0), the graph
(C) is below its tangent (D), and for x close enough to 2 on the right (x €]2,2 + ¢[), the graph (C) is above its
tangent (D).

Position of a curve relative to its asymptote

Let f be a function defined in the neighborhood of co and a and b be two real constants. An asymptotic

1
development of f at co of the form f(x) = ax+ b+ % e % + O(E) where k is the smallest integer such

1

that 1 < k < n and the coefficient of —~ is non-zero, allows us to conclude that the line with equation
X

y = ax + b is an asymptote to the curve of f at co.

. . c o . .
Furthermore, studying the sign of x—];( allows us to position the curve of f relative to this asymptote.

Examples 5.4.7 :
1°) Let’s determine the equation of the asymptote (A) of the graph of (C), defined by:
F(x) = ex./x2+ 2x + 1 and specify the position of the graph (C) relative to (A) at 4.

In the neighborhood of oo we have

(
:2+1+§u+—u2—|—o(u2
u 2

—2—|—x+i+i—|—o 1
a 2x = 3x2 x2 )"

Therefore, the equation of (A), the asymptote of f at +o0,is y = 2 + x.
Since f(x) — (2+ x) = % > 0, then in the neighborhood of 4o, the curve (C) remains above (A).
2°) Let’s determine the equation of the asymptote (A") of (C'), the graph of g : R — R, defined by:

1
x) = ——— and specify the position of the graph (C') relative to (A') at —oco.
8(x) Nk ify the p f the graph (C') (A%)
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5.5.4 Applications of limited development

In the neighborhood of —co, we have

1
g(x) =

/ 1 1

—X 1+*+*2

X X

_ 1 1

1 1
1+*+*2

RNEPR[ PR PR

Therefore, the equation of (A"), the asymptote of (C') at —oo, is y = 0. Since g(x) =~ —% > 0, then in the

neighborhood of —oo, the curve (C'") remains above the asymptote (A').

5.4.1 Exercises

Exercise 5.4.8 :
Calculate the limited development in the neighborhood of 0 of

1
of order 3.
1+v1+x+¢1—xf

b) x — In <ln(1x—|—x)> of order 4.

a)x —

c) x —> of order 5.

1 — arctanx

Exercise 5.4.9 :

. . . . 7T .
1* Determine the limited development to order 4, in the neighborhood of 3 of the function: x — cos x

2* Calculate the limited development to order 4, at g, of the function h : x — In(sin x).

V142 .
1+x++vV1+x2

b) Deduce an asymptotic development with 2 terms in +oco of f.

3* a) Give a limited development to the order 2 of f(x) t0.

c¢) Calculate an asymptotic expansion with one term in —oo.

Exercise 5.4.10 :
1. Write the limited development of order 6 at O of the functions — shx and — chx.

2. Calculate, by performing the multiplication, the limited development of order 6 at O of the functions:
x — sh?x, x+— ch®’x and x — shx.chx.
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5.5.4 Applications of limited development

3. Find the results from the previous question, using the formulas:

sh?x = M ch?x = ch(2x) +1 and shx.chx = sh(Zx).

2 ’ 2 2

Exercise 5.4.11 :

We assume that the limited development of the function argsh to order 5 at 0 is
argshx = ax + bx> + cx® + o(x°),

where a, b, and c¢ are real constants.
Find a, b, and c using two different methods.
Recall that for all x € R, we have

argshx = In (x + Va2 + 1) , argsh'x = , ch(argshx) = \/x2+1 and sh (argshx) = x.

1
Va2 41
Exercise 5.4.12 :

(1) Calculate the asymptotic development of x — cothx at 0 to the precision of x°. (2) Calculate the asymptotic

1
development with 3 terms in the neighborhood of +o0 of x — x.arctan <x 1 > :

Exercise 5.4.13 :

Determine the following limits:

x* —a* ) . arctanx — x?
im with a > 0, im ——— -,
x—aarctanx — arctana x—0 cos (x?) — 1
lim shx — 2sh2x + sh3x lim (Zn(x +1) > Hnx
x—00n (1+x+2x2+/1—2x —1—2x2)’ x—>+oo Inx :

Exercise 5.4.14 :

1) Specify the position of the graph (C) of the function f : R — R defined by f(x) = e* + sin x with respect to its
tangent (T) at the point with abscissa 0.

2) Specify the position of the graph (—) of the function ¢ :] — 1,400 — R defined by g(x) = In(x> +2x + 1)
with respect to its tangent (A) at the point with abscissa 1.

Exercise 5.4.15 :

a) Calculate the asymptotic development with 5 terms of x —

X -
in +oo.
x2 -1

1 X
b) Calculate the asymptotic development with 3 terms of x — (1 + x) in +oo.

c) Calculate the asymptotic development with 3 terms of f : x —— V/x3 +1— \/x2 + [x| in +o0 and in —co.

Deduce the limits of f as x approaches +-oco and —oo.

d) Calculate the asymptotic development in 3 terms of g: x —

T X approaches +oco. Then determine the

equation of the asymptote as x approaches +oco and the position of the graph of g relative to this asymptote.
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Exercise 5.4.16 :
Note that f' = g o h where:

g:x€]—-1,1Fr— and h:x € R+ x> +2x.

1+x
1* Find the expression for the limited development of order 4 at 0 of f'.
2* Deduce the expression for the limited development of order 5 at 0 of f.

Exercise 5.4.17 :

Show that the limited development of order 3 at 0 of x — cos x.In (1 + x) ( resp. x — (14 x) 1Lf) has a reqular
3

partx—g—%(resp. 1—|—x—x2—%).

Exercise 5.4.18 :
For n € R, we denote by f, the function defined on R*, by

x"Inx

XX e £1
=y Fo
— 1 —

2

a*) Determine a Taylor series expansion to order 2 at 1 of the function f,.
Deduce the equation of the tangent (T, ) of the graph (Cy,) of f,, at the point with abscissa 1, as well as the position of
the curve (Co) of fo relative to (Ty) in the neighborhood of 1.

Exercise 5.4.19 :

Let f be the function defined on | — 1,1[ by f(x) = Mlcs_znx(zx)'
1.) Determine the function g :] — 1,1[— R such that, forall x €] — 1,1[; f'(x) + g(x)f(x) = 7 —1x2'

2.) Determine a limited development to order 4 at 0 of the function g.

3.) Deduce a Taylor series expansion to order 5 at 0 of f.
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Chapter

Simple Integrals

5-1 Riemann integral.

5-2 Calculus of primitives.
The aim of this chapter is twofold: First, to understand and know integration and its main properties. Most

importantly, it teaches how to quickly calculate integrals using antiderivatives or the two effective tools:

integration by parts and by changing variables.

6.1 Riemann integral

Integral of a Step Function

Definition 6.1.1 Let [a,b] be a closed bounded interval of R such that (a < b). A subdivision of [a,b] is a finite

sequence of real numbers {xo,x1,- -+ , X, } such thata = xo < x7 < --- < x, = D.

Abusing notation, we will denote a partition P either by its intervals

P = {11112/”‘ /L’l}/

or by the set of endpoints of the intervals

P = {x()lxl/"' Ixﬂ}'

® We denote the length of an interval I = [a,b] by |I| = b —a and |I¢| = |[xx_1, xk]| = xx — xk_1.
n n
® Note that Y |I| = ) (xx — x,_1) = |1].
k=1 k=1

For example, the set of ;ntervals
1 11 11 12 25 5
p={los) (&3] [32) 3] 5] [}
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6.6.1 Riemann integral

is a partition of [0, 1].

The corresponding set of endpoints is

Suppose that P = {I;, I, --,I,} is a partition of the compact interval I = [g,b] and f : | — Risa

bounded function on I with M = supf and m = inf f. Then My = supf and my = inff.
[a,b] [a,b] I I
Moreover, since f is bounded on I, then these suprema and infima are finite real numbers and m < my <

M, < M.
® We define the upper (lower) Riemann sum of f with respect to the partition P by

U(f;P) =) Mi|Ll = ) M (x¢ — x¢-1),
P =1

L(f; P) =;Zlmk11k| Zkémk (xx — x5—1) -

® Geometrically, U(f;P) (L(f;P)) is the sum of the areas of rectangles based on the intervals I; that lie
above (below) the graph of f.
Note that

m(b—a) <L(f;P) <U(f;P) < M(b—a).

Let I'I([a, b]), denote the collection of all partitions of [a, b].
Now, we define the upper (lower) Riemann integral of f on [a, b] by

U(f)= inf U(FP) andL(f)= sup U(f;P).
PeT1([a,b)) PeT1([a,b))

Definition 6.1.2 A bounded function f : [a,b] — R is said to be integrable (in the Riemann sense) if U(f) =
b
L(f). This number is called the Riemann integral of f on [a,b] and is denoted / f(x)dxor | ab for f[ o f-
. .

Examples 6.1.3 :
1* Let f : [0,1] — R defined by

1 ifo<x<1
flx)=4 " B
0, ifx=0.

Then f01 Ldx isn't defined as a Riemann integral becuase f is unbounded in the interval [0,1]. In fact, if P =

{x0,x1, -+, %} is a partition of [0,1], where 0 < x1 < xp < -+ < x,_1 < 1, then supf = o0, so the upper
[O,Xl]

Riemann sums of f are not well-defined.

2* Let c areal constant and f the constant function f(x) = c on [0,2] is Riemann integrable. Then foz cdx = 2c.
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6.6.1 Riemann integral

To show this, let P = {1, I, - - , I, } be any partition of [0,2] with endpoints P = {0,x1,--- ,x,_1,2}. Then
M = supf =c, mg= mff =c, fork=1,---,n,and therefore

I

U(f;P) = L(f;P) = Zc X — Xp_1) = ¢ (xn — %) = 2c.

Which implies that
U(f)= inf U(FP)=L(f)= sup U(fP)=2c
Per1(0.2]) Per1([0,2))
U(f) and L(f) are equal, and the integral of f on the interval [0, 2] is 2c.

3*Let g : [1,2] — R defined by
1, ifl<x<?2
8(x) =

2, ifx=1

Then g is Riemann integrable, and fl x)dx = 1. To show this, let P = {I1, I, - - , I, } be any partition of [1,2]
with endpoints {0,x1,- - - ,x,_1,2}. Then, since g(x) =1 for 1 < x < 2, we have

My = supg = my = mfg—l fork =2,-
Ir

The first interval in the partition is I = [1,x1], where 1 < x1 < 2, and My = 2, m; = 1, since g(1) = 2 and
g(x) =1for1l < x < xy. It follows that U(g; P) = x1,L(g; P) = 1.
Thus, L(g) = 1and U(g) = inf {x1;1 < x1 <2} =1,s50 U(g) = L(g) = 1, and the integral of f is 1.

Remark 6.1.4 This example shows that a function can be discontinuous but integrable in the Riemann sense.
Theorem 6.1.5 [2]Let f : [a,b] — R a continuous function on a compact interval, then it is Riemann integrable.

Theorem 6.1.6 [2]If f : [a,b] — R is a bounded function with finitely many discontinuities, then f is Riemann

integrable.

Theorem 6.1.7 (Fundamental theorem) [2]
If f : [a,b] — R is continuous on [a,b] and differentiable in |a,b| with F' (x) = f (x) where f is Riemann
integrable on [a, ], then
b
[ fldx = Fo) - Fla).
a
Examples 6.1.8 1). Let F : [0,1] — R defined by
¥sin(l), if0<x<1
F(x) = ) -
0, ifx =0.

Then F is continuous and differentiable on [0, 1], with

, 3x3sin(l) —xcos(d), f0<x<1
0, ifx = 0.
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6.6.1 Riemann integral

The derivative F' is bounded and continuous on [0,1). From Theorem 6.1.7 implies that F' is integrable on [0,1], and
we conclude that

1 /
/ F (x)dx = sin1.
0

2). Let F : [1,2] — R defined by: F(x) = «/x — 1. Then F is continuous on [1,2] and differentiable in | 1,2 |, with

F(x) = 5 \/171 forl < x < 2. This function is unbounded in 1,2 |, this imply that F' is not Riemann integrable

on [1,2], and Theorem 6.1.7 does not apply. We can, however, interpret the integral of F on [1,2] as an improper

Riemann integral. The function F is continuously differentiable on [1 + ¢, 2] for every 0 < € < 1, so

2 1
/ dx =1— /e
1

+e 24/x —1

Thus, we get the improper integral

2 1
lim
e—0J14¢ 2/ x

dx = 1.
—1
Theorem 6.1.9 [1]Let f : [a,b] — R a monotonic function on a compact interval, then it is Riemann integrable.

Property 6.1.10 If f : [a,b] —> R is integrable, then the restriction of f to any interval [a’,b,] C [a,b] is still

integrable.

6.1.1 Properties of the Riemann integral

Property 6.1.11 The integral has the following three basic properties.
(1). Additivity (Chasles relation).

Let a < ¢ < b be three real numbers. If f is integrable on [a, c| and [c, b], then f is integrable on [a, b]. And we have:

/a ! Fx)dx = / " F(x)dx + / " Fx)dx.

(2). Positivity of the integral ( Monotonicity).
Let a and b be two real numbers and f and g be two integrable functions on [a,b]. If f < g then

/abf(x)dx < /abg(x)dx.

® In particular, the integral of a positive function is positive: That is, if f > 0 on [a, b] then fab f(x)dx > 0.
(3). Linearity: Let f and g be two integrable functions on [a, b]. Then
1. f + g is an integrable function and

/ab(f+g)(x)dx = /abf(x)dx+ /ahg(x)dx.

2. For all real numbers A, Af is integrable function and

/ab/\f(x)dx = A/abf(x)dx.
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6.6.2 Calculus of primitives

3. fg is an integrable function on [a, b] but in general

4. |f| is an integrable function on [a, b] and

[ s < [Cipw)ax

3 1
Example 6.1.12 (a). Evaluate / —2e% + 15— oy dx.
1

Answer: s .
/ 215 dx = -2 [P dx+ [J15dx - ] 7 dx
1
3 3 1
= —2 (1) + [15x]; — £ [In ][]}
=—3(¢®—e)+15(3—1) — 5 (In3 —Inl)

=2 (e~ 1) +30— 3.

6.2 Calculus of primitives

Definition 6.2.1 Let f : I — R be a function defined on any interval 1. We say that F : I — R is an anti-
derivative of f on I if F is a differentiable function on I satisfying F (x) = f(x) forall x € I.

Examples 6.2.2 :

1. Let f : I = R — R defined by f(x) = 2x%. Then F : R — R defined by F(x) = 3x* is an anti-derivative of
f. The function defined by F(x) = Jx* + c where c a real constant, is also an anti-derivative of f.

2. Letg:1=1[0,4+00[ — R defined by g(x) = Vx3. Then G : [ 0, +0c0 [ — R defined by G(x) = %xg is an

anti-derivative of g on [ 0,+co [. For all ¢ € R, the function G + c is also an anti-derivative of g on [ 0,400 [.

Proposition 6.2.3 Let f : I — R be a function and let F : I — R be an anti-derivative of f. Every anti-

derivative of f can be written as G = F + c where c a real constant.

Proof : First, note that if we denote by G the function defined by G(x) = F(x) + ¢, then G (x) = F'(x), but

since F' (x) = f(x), then G'(x) = f(x), and G is indeed an anti-derivative of f.

For the converse, suppose that G is any anti-derivative of f. Then (G — F)' (x) = G (x) — F (x) = f(x) —

f(x) = 0, so the function G — F has a derivative of zero on an interval; it is therefore a constant function!

Therefore, there exists ¢ € R such that (G — F)(x) = c. In other words, G(x) = F(x) +cforall x € I. n
Notation. We will denote an anti-derivative of f by [ f(t)dt or [ f(x)dx or [ f(u)du (the letters

t,x,u,--- are called silent letters, that is to say, interchangeable).

We can even denote an anti-derivative simply by [ f.
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6.6.2 Calculus of primitives

To find an anti-derivative of a function f, one might be lucky enough to recognize that f is the deriva-
tive of a well-known function. Unfortunately, this is very rarely the case, and the anti-derivatives of most
functions are unknown. However, we will examine two techniques that allow us to calculate integrals and

anti-derivatives: integration by parts and the change of variables.

6.2.1 Integration by parts

Suppose that f, g : [a,b] — R are continuous on [a, b] and differentiable in | a,b [, and f', ¢ are integrable
on [a,b]. Then

b, . b, b,
| f8dx = [f()zlh = [ £ gdx = F0)g(0) — Flag(a)— [ fgdx.

1
Examples 6.2.4 (a). Calculation of / x cos(x)dx.
0
Let u(x) = x and v' (x) = cos(x). We will need to know that u' (x) = 1 and that an anti-derivative of v' is simply

v(x) = sin(x). The integration by parts formula gives:

/01 xcos(x)dx = /01 u(x)v (x)dx 1
:[u(x)v(x)]l / i (x)o(x)dx
[x.sin(x / 1.sin(x)dx

= [x. sm(x)Jé — [~ cos(x)];
= (1.sin(1) — 0.sin(0)) — ((—cos(1)) — (—cos(0)))
= sin(1) 4+ cos(1) — 1.

1
(b). We find I = / e>* sin(2x) dx.
-1
Let us make a choice: u(x) = sin(2x) and v' (x) = &3*.
So that u' (x) = 2cos(2x) and v(x) = Le*.

The integration by parts formula gives:

1 1,
/ e sin(2x)dx = / v (x).u(x)dx
-1 -1 ) ,
= [u(x).v(x)]1 / v( ) u (x)dx
6.1)
= [sm (2x). ] ~e.2 cos(2x)dx
[sm (2x). } 3% cos(2x)dx.

This is better than the original integral, but we now integrate by parts again, choosing

f(x) = cos(2x) and g (x) = &3*.
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6.6.2 Calculus of primitives

So that f'(x) = —2sin(2x) and g(x) = 1e3%. This gives

/11(:03 2x).e>*dx /f
~ [f(x /f

= [cos (2x). ] —2 sin(2x). ; erdx (6.2)
1 3x
=3 [cos(2x). ] §/ sin(2x).e>*dx
1
=3 [cos(2x). ]
By inserting (6.2) into (6.1), we obtain
1 1 211 1 2
I =3 [sin(2x).e>*] | — 3 [3 [cos(2x).e*] | + 31} 63)
1 1 2 11 4 '
=3 [sm(2x) 1, — 5 [c:os(Zx).e3 [ §I.
From which, we have
13 1.. 1 2 1
51 ? [sin(2x).e>*] | — 5 [cos(2x).e"] _,
=3 { in(2.1).e>! — sin(Z.(—l)).es'(_l)} - % {cos(Z.l).ea'1 - cos(2.(—1)).e3'(_1)}
% [sin(2).¢> —sin(—2).e %] — % [cos(2).6® — cos(—2).e?] (6.4)
= % in(2) [¢* +¢7°] — %cos(z) [¢® —e7?]
é (e? —e7?) (3sin(2) —2cos(2)).
This imply that

= /_11 e* sin(2x) dx = %3 (¢ — %) (3sin(2) — 2cos(2))

6.2.2 Integration by substitution(Variable change)

Suppose that ¢ : I — R differentiable on an open interval I and ¢ is integrable on I. Let | = g(I). If

f 1] — R continuous, then for every a,b € I,

[ 7 g o= [

2
Example 6.2.5 (a) Pind/ 3x exp(x?)dx.

Solution: We transform the variable x into u by setting u to x>. Therefore, for du = 2xdx, the lower boundary,
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6.6.2 Calculus of primitives

x = —1, becomes u = 1. The upper boundary, x = 2, becomes u = 4. By substitution, we have
2
/_ ) 3xe( 2 / Zxdx
2 e'du (Do the substitution.)
1
= ge“ (Find the antiderivative.)
1
34 31_3 /3
=50 —5e =3¢ (¢ —1). (Evaluate.)

(b) Find | = / _Inx

xlnx — x
Solution: Let the change of variable be u = ¢ (x) = xlnx — x. Then du = ¢ (x) = Inxdx. For x = 1 we have

u=¢ (1) =—1and for x =2 we have u = ¢ (2) = 2In2 — 2. Then

[ = /2 Inx B / Inxdx
N i —x (xInx — x)
21n2 2 4y
= / — (Do the substitution.)
= (In|u|)|~ 21"2 2 (Find the antiderivative.)
=In|2In2 —2| —In|—1| (Evaluate.)
=1In(2—2In2).

6.2.3 Exercises

Exercise 6.2.6 Calculate the integrals using integration by parts:

/7 t sin(t)dt, and /7 t* sin (t) dt,
0 0

then by induction
/7 t" sin (t) dt wheren € IN.
0

Exercise 6.2.7 Calculate the integrals using changes of variables:

/ Va2 —t2dt  and / V1 + cos tdt,
0 —7T

(for the latter, make two changes of variables: u = cost, then v =1 — u).

Exercise 6.2.8 Evaluate the following integrals:

3
I(x) = /sin3 xdx; J(x) = /;xdx; L(x) = /(sz:Lz)zdx.

Exercise 6.2.9 Calculate the value of each of the following:

2 z 2
I :/ ln |x| dx; J= /4 x? sin 2xdx; L :/ Va3In(¥/3)dx
1 0 1
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