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Introduction

This document includes a set of introductory and fundamental concepts for building a solid foun-

dation in analysis and deduction for university students. It also develops students’ research and

discovery abilities through analysis and synthesis, building upon their prior and current knowl-

edge.

The primary objective of the program content presented in this publication is to cultivate stu-

dents capable of addressing problems scientifically and rigorously, developing their computa-

tional skills, and exploring new techniques.

There is no doubt that everything you learned in mathematics during your previous school

years, and especially in high school, is of paramount importance. However, higher education

aims to teach you how to deepen, develop, and explore this knowledge! The first year lays the

foundation, familiarizes you with the tools you will need later on, and allows you to use them

effectively.

It is also an opportunity to discover the many applications of mathematics in most fields, includ-

ing physics, chemistry, economics, and many others. This is where the true beauty and richness of

mathematics lies, from the infinitely large (limits) to the infinitely small (derivatives), from mea-

suring lengths (absolute values) to areas and volumes (integration), and countless other creative

possibilities.

The lessons are presented very clearly with many examples, allowing students to fully under-

stand the program. In each lesson, we have provided practice exercises.

This document contains six chapters, the first of which is "Properties of Real Numbers."

This chapter provides a brief overview of some fundamental mathematical concepts necessary for

the study of mathematical analysis. While many of these concepts may be familiar to the reader
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(with further explanation), others will be new, such as the lower major, upper minor, and integer

part functions.

The second is Numerical sequences.

Numerical sequences aim to understand the evolution of sequences of numbers (real, complex,

etc.). This allows us to model many everyday phenomena. For example, suppose we invest

an amount S1 D.A at an annual interest rate of 0.07%. After 10 years, we will therefore have

S10 = (1.07)10S1.

The main topics covered in this chapter are, firstly, a review of the fundamental concepts of nu-

merical sequences, such as their definition, limits, and direction of variation; secondly, the con-

vergence of a sequence and some theorems; and finally, sub-sequences, adjacent sequences, arith-

metic sequences, and geometric sequences, illustrated with examples.

The third is real-valued function.

The main tool explored in this volume of analysis is functions. You are already familiar with

some of them: square root, sine, cosine, logarithm, exponential function... . These functions are

used when we are concerned with phenomena that change according to specific parameters. For

example, the position of a comet as a function of time, or the change in the volume of a gas as a

function of temperature and pressure. This mathematical form is applied in physics, chemistry,

biology, and even economics, and helps us solve problems.

In this chapter, we will cover limits, continuity, extension by continuity, the intermediate value

theorem and its consequences, differentiation, the finite increment theorem, and its applications.

The forth is Limited developments.

In this chapter, for any function, we will find the nth-degree polynomial that best approximates

the function. The results are only valid for x around a fixed value (this will often be around 0).

This polynomial will be calculated from the successive derivatives at the point considered. Let’s

take the example of an exponential function. The behavior of the function f (x) = exp(x) in the

neighborhood of the point x = 0 can be understood using its tangent, whose equation is y = 1+ x.

We have approximated the graph with a straight line. If we want a more precise approximation,

which parabola with the equation y = c1 + c2x + c3x2 best approximates the graph of f in the

neighborhood of x = 0?. It is the parabola with the equation y = 1 + x + 1
2 x2.



In this chapter, we will deal with limited development at a specific point or at infinity and the po-

sition of the curve with respect to its tangent or its asymptote, as well as the calculation of limits.

In the chapter five: "Application to Prime Functions", we will deal with trigonometric and

hyperbolic functions, their inverses, and some basic properties for using them in solving equa-

tions and inequalities.

In the last chapter Simple Integrals.

The most important result about integration is the fundamental theorem of calculus, which states

that integration and differentiation are inverse operations in an appropriately understood sense.

Among other things, this connection enables us to compute many integrals explicitly. Integrabil-

ity is a less restrictive condition on a function than differentiability. Roughly speaking, integration

makes functions smoother, while differentiation makes functions rougher. For example, the in-

definite integral of every continuous function exists and is differentiable, whereas the derivative

of a continuous function need not exist (and generally doesn’t). The Riemann integral is the sim-

plest integral to define, and it allows one to integrate every continuous function as well as some

not-too-badly discontinuous functions. There are, however, many other types of integrals, the

most important of which is the Lebesgue integral. The Lebesgue integral allows one to integrate

unbounded or highly discontinuous functions whose Riemann integrals do not exist, and it has

better mathematical properties than the Riemann integral. The definition of the Lebesgue integral

requires the use of measure theory, which we will not describe here. In any event, the Riemann

integral is adequate for many purposes, and even if one needs the Lebesgue integral, it’s better to

understand the Riemann integral first.
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Chapter 1
Properties of the Set R

1.1 Upper bounded, lower bounded, and bounded part.

1.2 Maximum element, minimum element.

1.3 Absolute value, integer part.

1.1 Upper bounded, lower bounded, and bounded part

1.1.1 Upper bounds and lower bounds

Definition 1.1.1 :

Let E be a non-empty subset of R.

. The set E is bounded from above, if there exist the real number M in R, called an upper bound of E, Such

that x ≤ M for every x in E.

. The set E is bounded from below, if there exist the real number m in R, called an lower bound of E, Such

that x ≥ m for every x in E.

Bounded sets

Definition 1.1.2 :

A set is said to be bounded, if it is both bounded above and bounded below. i.e., if there exist the two real

numbers m and M, Such that m ≤ x ≤ M for all x in E .

Examples 1.1.3 1. Let E = ]−∞, 3 ].

This set E is bounded from above, and has an infinite number of above bounds, for example, the numbers

3,
√

10, 10
3 and 7 are its upper bounds of E. It also has no lower bound, so it is unbounded from below.
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1.1.1 Upper bounded, lower bounded, and bounded part

Therefore, it is unbounded, even though it is bounded from above.

2. Let E = [ 2,+∞ [ .

Then E is bounded below, and has an infinite number of below bounds, for example, the numbers 0,
√

2, 5
3

and 2 are its lower bounds of E. It also has no upper bound, so it is not bounded from above.

This imply that, it is unbounded, even though it is bounded from below.

3. Let E = [ 0,
√

5 [ .

Then E is bounded from below, and has an infinite number of below bounds, for example, the numbers

−
√

2, −1
3 and 0 are its lower bounds of E. It also has bounded from above, and has an infinite number of

above bounds, for example, the numbers
√

5 and 3 are its upper bounds of E.

This imply that, the set E is bounded.

4. Let E = {−1, 0, 1, 3} ∪ ]− 1
2 , 11

3 [ .

The set E is both bounded above and bounded below. Because, has an infinite number of below bounds and

an infinite number of above bounds, for example, the numbers −2 and −1 are lower bounds of E and the

numbers 11
3 and 4 are upper bounds of E. This imply that, the set E is bounded.

1.1.2 The supremum and infimum

Definition 1.1.4 :

The supremum of a set is its least upper bound and the infimum is its greatest upper bound.

Definition 1.1.5 :

Suppose that E ⊂ R is a set of real numbers.

? If M ∈ R is an upper bound of E such that M ≤ M′ for every upper bound M′ of E, then M is called

the supremum of E, denoted M = supE.

? If M ∈ R is a lower bound of E such that m ≥ m′ for every upper bound m′ of E, then m is called the

infimum of E, denoted m = in f E.

Remarks 1.1.6 : • If E is not bounded from above, then we write supE = +∞, and if E is not bounded

from below, we write in f E = −∞.

• If E = ∅ is the empty set, then every real number is both an upper and a lower bound of ∅, and we write

sup∅ = +∞, in f ∅ = −∞.

Archimedes property

This property is a fundamental mathematical principle.
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1.1.1 Upper bounded, lower bounded, and bounded part

Property 1.1.7 For any two real numbers, x and y, and x is positive, there exists a natural number n such

that nx is greater than y.

Proof : We assume, by contradiction, that: ∃x ∈ R∗+, y ∈ R∗+, ∀n ∈ N; nx < y. We consider the

set B defined by B = {nx; n ∈N}. B is a non empty subset of R, bounded from above by the real

number y. This imply that supA = M exist, hence

nx < M; ∀n ∈N =⇒ (n + 1)x < M; ∀n ∈N

=⇒ nx < M− x; ∀n ∈N.

then M − x is an upper bound of B and M − x < M, because x > 0. This is a contradiction

because M is a smallest upper bounds of B.

Example 1.1.8 : Determine sup(A) and in f (A) where

A =

{
1

n + 1
; n ∈N

}
.

Solution: We can see that sup(A) = 1 because 1 ∈ B and it is an upper bound of A (since x ≤ 1

for all x ∈ A). We have that zero is a lower bound since 1
n+1 > 0 for all n ∈ N. Furthermore, we

can see that zero is the greatest possible lower bound since, if we assume that m is the minimum of A

with m > 0, then this assumption leads us to a contradiction, and that is: by Archimedes property on m

and 1 we have : there exist n in N such that n.m > 1. This imply that, there exist n ∈ N such that

(n + 1)m > 1 + m > 1 ⇒ m > 1
n+1 ∈ A. This means that m is not a lower bound of A, it follows that

contradicts to the above hypothesis, and therefore that in f (A) = 0.

1.1.3 Methods of proving the supremum and infimum

To prove that a given number M (resp. m ) is a least upper bound ( resp. greatest lower bound )

of a set E, we can use one of the methods:

Method 1: Characterization of supremum and infimum

In this first method, we generally follow the following two steps:

Step 1. Prove that M is an upper bound (resp. m is a lower bound) for E i.e. show that M ≥ x

(resp. m ≤ x ) for all x ∈ E.

Step 2. Prove that M (resp. m ) is the least upper bound ( resp. greatest lower bound ) for E. Often

this is done by assuming that there is an ε > 0 such that M − ε ( resp. m + ε ) is also an upper

12



1.1.1 Upper bounded, lower bounded, and bounded part

bound ( resp. a lower bound ) for E. One then exhibits an element x ∈ E with x > M− ε (resp.

x < m + ε), showing that M− ε (resp. m + ε) is not an upper bound (resp. a lower bound ) of E.

Or, to prove that supE = M, we prove the two following properties

M = supE⇔

 1). M ≥ x, ∀x ∈ E

2). ∀ε > 0, ∃x ∈ E; x > M− ε
.

And, for in f E = m, we prove the two following properties

m = in f E⇔

 1). m ≤ x, ∀x ∈ E

2). ∀ε > 0, ∃x ∈ E; x < m + ε.

Method2: Reasoning by contradiction

In this second method, we can use the reasoning by contradiction as follows:

To prove that supE = M, we assume that M is not the least upper bound of E. Therefore, there

exists an upper bound M′ ∈ R of E such that M′ < M. Applying Archimedean property to the

number M−M′ and calculating based on the given information, we can arrive at a contradiction

with our hypothesis that M′ is an upper bound of E.

Example 1.1.9 ?1: Find the least upper bound for the following set A and prove that your answer is

correct. A = {0, 1
2 , 2

3 , 3
4 , · · · , n

n+1 , · · · }.

Solution: By first method: We note that every element of A is less than 1 since n
n+1 < 1 for all n ∈ N.

This imply that 1 is an upper bound fo A.

We claim that the least upper bound of A is 1 i.e supA = 1. Assume that 1 is not the least upper bound

of A. Then there is an ε > 0 such that 1− ε is also an upper bound of A. However, we claim that there

is a natural number n such that 1− ε < n
n+1 . This inequality is equivalent with the following sequence of

inequalities

1− n
n + 1

< ε⇔ 1− n + 1− 1
n + 1

< ε⇔ 1
n + 1

< ε⇔ n + 1 >
1
ε
⇔ n >

1
ε
− 1.

This imply that: there exist n > 1
ε − 1 such that 1− ε < n

n+1 . Showing that 1− ε is not an upper bound

for A. This means ∀ε > 0, ∃n0 = E
(

1
ε − 1

)
+ 1 ∈ N; ∀n ≥ n0, x = n

n+1 ∈ A; x > 1− ε. Thus show

that supA = 1.

By second method: We show that supA = 1. we assume that 1 is not the least upper bound of E.

Therefore, there exists an upper bound M′ ∈ R of E such that M′ < 1. Applying Archimedean property

to the number 1−M′, that there exist n ∈ N such that n (1−M′) > 1 , this imply that M′ < 1− 1
n <

1− 1
n+1 ∈ A which contradicts to the fact that M′ is an upper bound of the set A. that is supA = 1.
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1.1.1 Upper bounded, lower bounded, and bounded part

Example 1.1.10 ?2: Find the sup and in f of the following set and prove your answer.

B = {−2n + 1
n + 1

, n ∈N}.

Solution: We write the first five terms of B:

B = {1,
−1
2

, −1,
−5
4

,
−7
5

, · · · ,
−2n + 1

n + 1
, . . . }.

It seems that the largest lower bound of B is −2 and the smallest upper bound of B is 1.

We must first show that −2 is a lower bound of B and 1 is an upper bound of B.

For this we have −2n+1
n+1 = −2 + 3

n+1 for all n ∈N, and −2 < −2 + 3
n+1 ≤ 1 for all n ∈N. This proves

that the set B is bounded from below by the number −2 and from above by the number 1.

Next we show that −2 is the greatest lower bound of B i.e in f B = −2, we use the characterization of the

lower bound.

For this, we show that:

for every ε > 0 there exist n ∈N such that − 2 + ε <
−2n + 1

n + 1
. (1.1)

Suppose ε > 0, we search for the existence of a natural number n ∈N that satisfies : −2 + ε < −2n+1
n+1 .

However, this leads to the following:

−2 + ε <
−2n + 1

n + 1
⇔ −2 + ε < −2 +

3
n + 1

⇔ n <
3
ε
− 1.

Since there exist n ∈N ( we can choose n = E(3
ε ) ) satisfying the inequality (1.1), then −2 + ε it is not a

lower bound of B. This means in f B = −2.

Since , 1 is the upper bound of the set B. Therefore, since B is not empty, then, sup(B) exists and sup(B) ≤

1. In fact, sup(B) = 1 because 1 is an element in B.

Proposition 1.1.11 The supremum or infimum of a set E if it exists, is unique.

Moreover, if both exist, then in f E ≤ supE.

Proof : ? Uniqueness Proof by contradiction: Suppose that there exist two distinct suprema (or

infima) of the set E. and show that this leads to a contradiction.

. Let M1 and M2 be two distinct suprema of the set E. This imply that M1 and M2 are upper

bound of E. Since M1 is the supremum of E, this means M1 ≤ M2, and since M1 is the supremum

of E, this means M2≤ M1. This imply that M1 = M2. This contradicts the hypothesis that they

are distinct.
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1.1.2 Maximum element, minimum element

? Relationship If in f E and supE exist, then E is non-empty. Choose x ∈ E, this means in f E ≤

x ≤ supE, since in f E is a lower bound of E and supE is an upper bound of E. It follows that

in f E ≤ supE.

Now, we state the following axioms:

⊗ Axiom 1: Every non-empty bounded subset of R has a least upper bound.

⊗ Axiom 2: Every non-empty bounded subset of R has a greatest lower bound.

⊗ Axiom 3: Every non-empty bounded subset of R has a least upper bound and a greatest lower

bound.

1.2 Maximum element, minimum element

Definition 1.2.1 :

Let E ⊂ R non-empty. We will say that:

♦ E has a maximum (denoted max(E)) if it has an upper bound that belong to E.

In the other words:

max (E) = M⇐⇒ (x ≤ M, ∀x ∈ E and M ∈ E) .

♦ E has a minimum (denoted min(E)) if it has a lower bound that belong to E.

In the other words:

min (E) = m⇐⇒ (x ≥ m, ∀x ∈ E and m ∈ E) .

Examples 1.2.2 a) Let E = B = ]− 3
2 ,
√

7
3 ] .

The set of upper bounds of B is U = [
√

7
3 ,+∞ [ . It follows that the smallest upper bounds of B is supB =

√
7

3 , since
√

7
3 ∈ B then maxB =

√
7

3 .

The set of lower bounds of B is L = ]−∞,−3
2 ]. It follows that the greatest lower bounds of B is in f B =

−3
2 , since −3

2 /∈ B then minB does not exist.

b) Let E = D =
{

x ∈ R, x2 + 4x + 3 < 0
}

.

Since x2 + 4x + 3 < 0⇐⇒ −3 < x < −1, then D = ]− 3,−1 [ .

The set of upper bounds of D is U1 = [ − 1,+∞ [ . It follows that the smallest upper bounds of D is

supD = −1, and the set of lower bounds of D is L1 = ] −∞,−3 ]. It follows that the greatest lower

bounds of D is in f D = −3. Since −1 /∈ D and −3 /∈ D then, maxD and in f D does not exists.

c) We find the infimum, supremum, minimum and the maximum, if they exist, of the set

F =
{

2− (−1)n

n , n ∈N∗
}

.
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1.1.2 Maximum element, minimum element

Answer: We can identify some elements in this set as follows: F =
{

3, 3
2 , 7

3 , 7
4 , 11

5 , 11
6 , · · ·

}
.

We observe that the in f F = 2 and supF = 3. but this is not sufficient, we must prove it.

For all n ∈N∗, we have

−1 ≤ (−1)n ≤ 1⇐⇒ 1 ≥ 1
n
≥ − (−1)n

n
≥ − 1

n
≥ −1⇐⇒ 3 ≥ 2− (−1)n

n
≥ 1.

This imply that f is bounded from below by 1 and from above by 3.

We show that supF = 3. Consider M any upper bound of F. That is M ≥ x, ∀x ∈ F, since 3 ∈ F we have

M ≥ 3 for any upper bound of F. Thus, supF = maxF = 3.

We show that in f F = 1. suppose that m is a lower bound of F. That is m ≤ x, ∀x ∈ F, since 1 ∈ F we

have m ≤ 1 for any lower bound of F. Thus, in f F = minF = 1.

Theorem 1.2.3 Let E ⊂ R. Then, if max(E) (or min(E)) exists, it is unique.

Proof : Let’s assume that E ⊂ R has two different maximum values, M1 and M2. Based on the

definition of the maximum value of a set, we have: M1 is a maximum of E⇐⇒ x ≤ M1, ∀x ∈ E and M1 ∈ E. for x = M2 we obtain M2 ≤ M1.

M2 is a maximum of E⇐⇒ x ≤ M2, ∀x ∈ E and M2 ∈ E. for x = M1 we obtain M1 ≤ M2.

It follows that M1 = M2.

Similarly for the minimum.

1.2.1 Compatibility of sup and inf with algebraic operations

We define the following sets where A, B are non-empty subsets of R and α ∈ R

αA := {α.x, x ∈ A} .

α + A := {α + x, x ∈ A} .

A + B := {x + y, x ∈ A and x ∈ B} .

Properties 1.2.4 Let A, B are non-empty subsets of R and α ∈ R, then:

1? If A, B are bounded and A ⊆ B then, in f B ≤ in f A ≤ supA ≤ supB.

2? If A, B are bounded from above, then, sup (A ∪ B) = max {supA, supB}.

3? If A, B are bounded from below, then, in f (A ∪ B) = min {in f A, in f B}.

4? If A, B are bounded from above, then, sup (A ∩ B) ≤ min {supA, supB}.
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1.1.2 Maximum element, minimum element

5? If A, B are bounded from below, then, in f (A ∪ B) ≥ max {in f A, in f B}.

6? If A, B are bounded from above, then, sup (A + B) = supA + supB.

7? If A, B are bounded from below, then, in f (A + B) = in f A + in f B.

8? If α ∈ R+ and A is bounded from above, then, sup (α.A) = α.supA

and if α ∈ R+ and A is bounded from below, then, in f (α.A) = α.in f A.

9? If α ∈ R− and A is bounded, then, sup (α.A) = α.in f A and in f (α.A) = α.supA.

10? sup (A− B) = sup (A + (−1) B) and in f (A− B) = in f (A + (−1) B).

Proof : 1? We show that: If A ⊆ B then, in f B ≤ in f A ≤ supA ≤ supB.

� first, we show that in f A ≤ supA similarly for in f B ≤ supB.

Since A 6= φ then by definition of in f A and supA we have : ∀x ∈ A, in f A ≤ x ≤ supA. So

in f A ≤ supA.

�We show that in f B ≤ in f A.

Since A ⊆ B then, in f B ≤ x, ∀x ∈ A. This imply that in f B is a lower bound of A. As in f A is the

greatest lower bounds of A, conclude that in f B ≤ in f A.

�We show that supA ≤ supB.

Since A ⊆ B then, supB ≥ x, ∀x ∈ A. This imply that supB is an upper bound of A. As supA is

the least lower bounds of A, conclude that supA ≤ supB.

2? We show that: sup (A ∪ B) = max {supA, supB}.

Since R is totally ordered, then, we have supA ≤ supB or supB ≤ supA.

Let us suppose that supA ≤ supB, then we have max {supA, supB} = supB.

Since B ⊆ (A ∪ B), then, from 1? we have

supB ≤ sup (A ∪ B) . (1.2)

Since supB is an upper bound of B and of A because supA ≤ supB, then, is also an upper bound

of (A ∪ B). Since sup (A ∪ B) is smallest upper bounds of (A ∪ B), then,

sup (A ∪ B) ≤ supB. (1.3)

From (1.2) and (1.3), we obtain the desired result.

3? in f (A ∪ B) = min {in f A, in f B}.

The proof is similar to what came before.

4? We show that: sup (A ∩ B) ≤ min {supA, supB}.

We know that (A ∩ B) ⊆ A and (A ∩ B) ⊆ B. From 1? we have sup (A ∩ B) ≤ supA and

17



1.1.2 Maximum element, minimum element

sup (A ∩ B) ≤ supB. this means that sup (A ∩ B) ≤ min {supA, supB}.

5? in f (A ∪ B) ≥ max {in f A, in f B}.

The proof is similar to the previous one.

6? We show that: sup (A + B) = supA + supB.

For this we show sup (A + B) ≤ supA + supB and sup (A + B) ≥ supA + supB.

⊕ Let a ∈ A and b ∈ B, then a ≤ supA and b ≤ supB. Thus a + b ≤ supA + supB. this imply that

supA + supB is an upper bound of A + B. Since sup (A + B) is smallest upper bounds of A + B,

then

sup (A + B) ≤ supA + supB. (1.4)

⊕ Let a ∈ A and b ∈ B, then a + b ∈ (A + B), and this implies that, for all a ∈ A and b ∈ B

a + b ≤ sup (A + B) =⇒ a ≤ sup (A + B)− b. So, sup (A + B)− b is an upper bound of A. Since

supA is least upper bounds of A, then, for all b ∈ B, supA ≤ sup (A + B)− b and this equivalent

to b ≤ sup (A + B)− supA. Therefore, we can say that sup (A + B)− supA is an upper bound of

B. Since supB is least upper bounds of B, then,

supA + supB ≤ sup (A + B) . (1.5)

From (1.4) and (1.5), we arrive at the desired result.

7? For in f (A + B) = in f A + in f B.

The proof is similar to the previous one.

8? We show that: If α ∈ R+ then, sup (α.A) = α.supA and in f (α.A) = α.in f A.

�We know that, for all x ∈ A we have : x ≤ supA this imply that, if α ∈ R+ then, α.x ≤ α.supA.

It follows that α.supA is an upper bound of α.A. Since sup (α.A) is least upper bounds of α.A,

then,

sup (α.A) ≤ α.supA. (1.6)

�We know that, for all x ∈ A we have : α.x ≤ sup (α.A) this imply that, x ≤ 1
α sup (α.A) , ∀x ∈ A.

It follows that 1
α sup (α.A) is an upper bound of A. Since sup (A) is least upper bounds of A, then,

α.supA ≤ sup (α.A) . (1.7)

From (1.6) and (1.7), we obtain sup (α.A) = α.supA with α ∈ R+.

⊕We use the same steps to prove that : in f (α.A) = α.in f A with α ∈ R+.

9? We show that: If α ∈ R− then, in f (α.A) = α.supA and sup (α.A) = α.in f A.

�We know that, for all x ∈ A we have : x ≤ supA this imply that, if α ∈ R− then, α.x ≥ α.supA.
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1.1.3 Absolute value, integer part

It follows that α.supA is a lower bound of α.A. Since in f (α.A) is greatest lower bounds of α.A,

then,

in f (α.A) ≥ α.supA. (1.8)

� On the other hand, for any z = α.x ∈ (α.A) we have : z ≥ in f (α.A) this imply that, 1
α z = x ≤

1
α in f (α.A) , ∀x ∈ A. It follows that 1

α in f (α.A) is an upper bound of A. Since sup (A) is smallest

upper bounds of A, then,

α.supA ≥ in f (α.A) . (1.9)

From (1.8) and (1.9), we obtain in f (α.A) = α.supA with α ∈ R−.

⊕We use the same steps to prove that : sup (α.A) = α.in f A with α ∈ R−.

1.3 Absolute value, integer part

1.3.1 Absolute value

definition The absolute value or modulus of a real number x, denoted |x| , is a positive real

number defined by:

|x| =

 x, if x ≥ 0

−x, if x < 0.
Or |x| = max {x,−x} .

Examples 1.3.1
√
(−3)2 = |−3| = 3,

∣∣∣−√2
∣∣∣ = √2 ,

∣∣∣√3− 3
∣∣∣ = 3−

√
3 and

∣∣x2
∣∣ = x2, ∀x ∈ R.

Properties of absolute value

Properties 1.3.2 Let α ∈ R+, we have :

1⊕ |−x| = |x| , ∀x ∈ R.

2⊕ x ≤ |x| and −x ≤ |x|, (or − |x| ≤ x ≤ |x|), ∀x ∈ R.

3⊕ |x.y| = |x| . |y| , ∀x, y ∈ R.

4⊕
∣∣x2
∣∣ = |x|2 , ∀x ∈ R.

5⊕
∣∣∣∣1y
∣∣∣∣ = 1
|y| , ∀y ∈ R∗.

6⊕
∣∣∣∣xy
∣∣∣∣ = |x||y| , ∀x, y ∈ R with y 6= 0.

7⊕ |x| ≤ α⇐⇒ −α ≤ x ≤ α, For all x ∈ R with α ≥ 0.

8⊕ |x| ≥ α⇐⇒ (x ≥ α or x ≤ −α), For all x ∈ R.
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1.1.3 Absolute value, integer part

9⊕ |x± y| ≤ |x|+ |y| , ∀x, y ∈ R.

10⊕ ||x| − |y|| ≤ |x± y| ≤ |x|+ |y| , ∀x, y ∈ R.

Proof : 1⊕ From definition of absolute value |−x| = max {− (−x) ,−x} = max {x,−x} = |x|.

2⊕We know that x ≤ max {x,−x} and −x ≤ max {x,−x}, for all x ∈ R. This imply that x ≤ |x|

and −x ≤ |x|), ∀x ∈ R.

3⊕ For all x, y ∈ R we have

|x| . |y| = max {−x, x} .max {−y, y}

= max {xy, (−x) y, x (−y) , (−x) (−y)}

= max {−xy, xy} = |x.y| .

4⊕ Based on property number 3? mentioned previously, and taking x = y, we find
∣∣x2
∣∣ =

|x|2 , ∀x ∈ R.

5⊕ For all y ∈ R∗ we have
∣∣∣∣yy
∣∣∣∣ = 1. This imply that 1 =

∣∣∣y. 1
y

∣∣∣ = |y| . ∣∣∣ 1
y

∣∣∣ , ∀y ∈ R∗. this means the

property number 5? is true.

6⊕Using properties 3? and 5? mentioned previously, we find
∣∣∣∣xy
∣∣∣∣ = ∣∣∣∣x.

1
y

∣∣∣∣ = |x| ∣∣∣∣1y
∣∣∣∣ = |x||y| , ∀x, y ∈

R with y 6= 0.

7⊕ For all x ∈ R and α ≥ 0 we have:

|x| = max {−x, x} ≤ α ⇐⇒ −x ≤ α and x ≤ α

⇐⇒ −α ≤ x ≤ α.

8⊕ For all x ∈ R and α ≥ 0 we have:

|x| = max {−x, x} ≥ α ⇐⇒ −x ≥ α or x ≥ α

⇐⇒ x ≤ −α or x ≥ α.

9⊕ For all x, y ∈ R we have

− |x| ≤ x ≤ |x| and − |y| ≤ y ≤ |y| =⇒ − (|x|+ |y|) ≤ x + y ≤ |x|+ |y|

=⇒ |x + y| ≤ |x|+ |y| , (using the property 7? ).

And for |x− y| = |x + (−y)| then using the above property.

10⊕ For all x, y ∈ R we have |x| = |(x± y)∓ y| ≤ |x± y|+ |y|

|y| = |(y± x)∓ x| ≤ |x± y|+ |x|
⇐⇒

 |x| − |y| ≤ |x± y|

|x| − |y| ≥ − |x± y|

This imply that − |x± y| ≤ |x| − |y| ≤ |x± y|, then, according to 7? arrive at the desired result.
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1.1.3 Absolute value, integer part

1.3.2 Integer part

This function appeared in the literature in the early years of the nineteenth century.

For more information on the history of this function, see ([8], p. 3-8). For the development of its

fundamental theorem and a discussion of the symbols mentioned above, see Murray’s thesis [9].

Definition 1.3.3 The integer part of a real number, denoted [x] or E(x), is the unique integer such that

[x] ≤ x < [x] + 1.

In other words: These symbols [x] or E(x) are also called the largest integer less than or equal to x. That is

[x] = max {p ∈ Z/p ≤ x}.

Examples 1.3.4 :

1. [3, 9999] = 3. Because the largest integer less than or equal to 3, 9999 is 3. Furthermore, 3 ≤ 3, 9999 <

4.

2.
[
−
√

2
]
= −2. Because the largest integer less than or equal to −

√
2 = −1.4142135624... is −2.

Furthermore, −2 ≤ −
√

2 < −1.

3. [−cos(π)] = 1. Because cos(π) = −1 and the largest integer less than or equal to −cos(π) is 1.

Graph of the integer part function

∗ The domain of the integer part function is R.

∗ Range (i.e. values taken by [x] ) of the integer part function is Z.

∗ The integer part function is increasing inR,

but it is not strictly increasing.

∗ The integer part function is not continuous on all integer points.

Uniqueness of the integer part

Proposition 1.3.5 Every real number x has a unique integer part.

Proof : By contradiction, we assume that there exists a real number x that has two distinct integer

parts n and m (with n > m), that is: they satisfy the definition of the integer part for x as follows:

n ≤ x < n + 1 et m ≤ x < m + 1 =⇒ m < n ≤ x < m + 1 < n + 1.

This implies that m − n < 1 and nm < 1, therefore we have −1 < m − n < 1, so m − n = 0.

This contradicts the fact that n and m are distinct. This shows that the hypothesis n 6= m is false.

Therefore, the proof is complete.
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1.1.3 Absolute value, integer part

1.3.3 Basic properties

For every x ∈ R and n ∈ Z we have:

1). [x] = n if and only if n ≤ x < n + 1.

2). x− 1 < [x] ≤ x < [x] + 1.

3). [x + n] = [x] + n.

4).
[
[x]
n

]
=
[ x

n
]

with n 6= 0.

5). [−x] =

 − [x] , if x is an integer

− [x]− 1, otherwise .
.

6). If m and n are positive integers, then
[m

n
]
−
[

m−1
n

]
=

 1, if n divides m

0, otherwise .
.

7). [x]
2 −

[ x
2

]
=

 0, if 2 divides [x]
1
2 , otherwise .

.

8).
[

x+1
2

]
=


[x]
2 , if 2 divides [x]
[x]+1

2 , otherwise .
.

9). [x] + [y] ≤ [x + y] ≤ [x] + [y] + 1, for all x, y in R .

Proof : 1). and 2). By definition.

3). From property 2) we have [x] + n ≤ x + n < [x] + n + 1. This imply that the integer part of

x + n is [x] + n.

4). From property 2) we have [x]
n ≤

x
n < [x]

n + 1
n < [x]

n + 1. This imply that
[
[x]
n

]
≤
[ x

n
]
≤ x

n ≤[
[x]
n + 1

]
. Thus, the integer part of x

n is
[
[x]
n

]
.

5). ⊕ If x is an integer, then −x is also, and −x + x = 0. According to the property 3) we have

[−x + x] = [−x] + [x] = 0. This imply that, [−x] = − [x].

⊕ If x /∈ Z, then −x /∈ Z and [−x] < −x. From property 2) we have

[x] ≤ x < [x] + 1⇐⇒ − [x]− 1 < −x ≤ − [x]⇐⇒ (− [x]− 1) < −x ≤ (− [x]− 1) + 1.

This imply that the integer part of −x is − [x]− 1 for all x ∈ R−Z.

6). Firstly, suppose that n and m are two positive integers such that n divides m i.e, there exist

q an integer number such that m
n = q. Since m−1

n = m
n −

1
n , then, from property 3) we have[

m−1
n

]
=
[
q− 1

n

]
= q +

[
− 1

n

]
= q− 1 because 0 < 1

n ≤ 1. This imply that,
[

m−1
n

]
=
[m

n
]
− 1, and

so the desired result.

Secondly, suppose that n and m are two positive integers such that n does not divides m, i.e, there

exist q and r integer numbers such that m = qn + r where 0 < r < n. then, from property 3) we
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1.1.3 Absolute value, integer part

have
[

m−1
n

]
=
[
q + r−1

n

]
= q+

[
r−1

n

]
= q because 0 < r−1

n ≤ 1. And
[m

n
]
=
[
q + r

n
]
= q+

[ r
n
]
= q

because 0 < r
n ≤ 1. This means that

[
m−1

n

]
=
[m

n
]

for all m and n positive integer numbers. which

completes the proof.

7). From property 2) we have [x]−1
2 < [x]

2 ≤
x
2 < [x]+1

2 .

⊗ If [x] is even integer number, then, [x]
2 ≤

x
2 < [x]+1

2 =⇒ [x]
2 ≤

x
2 < [x]

2 + 1
2 < [x]

2 + 1. By the

definition of integer part we conclude that the integer part of x
2 is [x]

2 . That is,
[ x

2

]
= [x]

2 , if 2 divides

[x].

⊗ If [x] is odd integer number, then, [x]−1
2 ≤ [x]

2 ≤
x
2 < [x]−1+2

2 = [x]−1
2 + 1. By the definition

of integer part we conclude that the integer part of x
2 is [x]−1

2 , if 2 does not divides [x]. which

completes the proof.

8). From property 2) we have [x] < [x] + 1 ≤ x + 1 < [x] + 2, then we have [x]
2 < [x]+1

2 ≤ x+1
2 <

[x]
2 + 1.

⊗ If [x] is even integer number, then, [x]
2 ≤

x+1
2 < [x]+1

2 . By the definition of integer part we

conclude that the integer part of x+1
2 is [x]

2 . That is,
[

x+1
2

]
= [x]

2 , if 2 divides [x].

⊗ If [x] is odd integer number, then, [x]+1
2 ≤ x+1

2 < [x]−1+1
2 + 1 = [x]+1

2 + 1
2 < [x]+1

2 + 1. By the

definition of integer part we conclude that the integer part of x+1
2 is [x]+1

2 , if 2 does not divides [x].

which completes the proof.

Using the integer part function to solve equations or inequalities

1). Solve in R the equation 2
3 [2x− 1] = 4.

Answer: First, we isolate the bracket of the integer part as fellows: [2x− 1] = 6, then from the

property 3)? we have [2x] = 7. Next, apply the definition of the integer part function, we arrive

at 7 ≤ 2x < 8. Therefore, dividing by 2 we obtain 7
2 ≤ x < 4. This means that the set of solutions

for the proposed equation is
[7

2 , 4 [ .

2). Find all x ∈ R such that [3x + 2] = 2x + 3.

Answer: We have,

[3x + 2] = 2x + 3⇐⇒ [3x] = 2x + 1.

This imply that 2x + 1 ∈ Z and 2x + 1 ≤ 3x < 2x + 2. So, we can obtain x = k−1
2 where k ∈ Z

and 1 ≤ x < 2. These imply that 3 ≤ k < 5. For k = 3 we have x = 1 and for k = 4 we have

x = 3
2 . we conclude that the set of solution of our equation is S =

{
1, 3

2

}
.

3). Solve [3x + 1] = [−x + 4], where x is a real unknown.
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1.1.3 Absolute value, integer part

Answer: We have

[3x + 1] = [−x + 4] ⇐⇒ [3x] + 1 = [−x] + 4, by the property 3)?

⇐⇒ [3x] = [−x] + 3

⇐⇒ [−x] + 3 ≤ 3x < [−x] + 4, applying the property 2) ? to [3x]

=⇒ −x + 2 < 3x < −x + 4, applying the property 2) ? to [−x]

⇐⇒ 2 < 4x < 4

⇐⇒ 1
2 < x < 1.

Therefore, the set of the solutions to our equation is the subset S of ] 1
2 , 1 [ .

Case 1: If x ∈ ] 1
2 , 2

3 [ then 3
2 < 3x < 2 and −2

3 < −x < −1
2 , so [3x] = 1 and [−x] = −1 . Thus,

[3x] 6= [−x] + 3, and consequently [3x + 1] 6= [−x + 4].

Case 2: If x ∈
[2

3 , 1 [ then 2 ≤ 3x < 3 and −1 < −x ≤ −2
3 , so [3x] = 2 and [−x] = −1 . Thus,

[3x] = [−x] + 3, and consequently [3x + 1] = [−x + 4].

This gives us the set of solutions to our equation which is S =
[2

3 , 1 [ .

4). Solve the inequality [x]2 − [x]− 2 ≤ 0.

Answer: We denote [x] = k, where k ∈ Z. Our inequality becomes: k2 − k− 2 ≤ 0.

Next, we can factor the quadratic polynomial inequality above into (k + 1) (k− 2) ≤ 0, this imply

that: −1 ≤ k ≤ 2. Since k ∈ Z, the possible values for k are: k ∈ {−1, 0, 1, 2}.

Convert back to x. We now solve the union of the conditions for k: If [x] = −1, then −1 ≤ x < 0.

If [x] = 0, then 0 ≤ x < 1. If [x] = 1, then 1 ≤ x < 2. If [x] = 2, then 2 ≤ x < 3. Combining these

intervals: we obtain the solution set S = [−1 , 3 [ .

5). Solve the inequality −2[3x + 5]2 + [3x] + 6 ≥ 0.

Answer: We have,

−2[3x + 5]2 + [3x] + 6 ≥ 0⇐⇒ −2[3x + 5]2 + [3x + 5] + 1 ≥ 0.

We denote [3x + 5] = p, where p ∈ Z. Our inequality becomes: −2p2 + p + 1 ≥ 0.

Next, we can factor the quadratic polynomial inequality above into −2 (p− 1)
(

p + 1
2

)
≥ 0, this

imply that: −1
2 ≤ p ≤ 1. Since p ∈ Z, the possible values for p are: p ∈ {0, 1}.

Convert back to x. We now solve [3x + 5] = p where p = 0 or p = 1: If [3x + 5] = 1, then

−4
3 ≤ x < −1. And if [3x + 5] = 0, then −5

3 ≤ x < −4
3 . Combining these intervals: we obtain the

solution set S =
[
−5

3 ,−1 [ .
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Chapter 2
Numerical Sequences

2.1 Concepts of Numerical Sequences.

2.2 Convergent Sequences.

2.3 Comparison Theorems.

2.4 Extracted Sequences.

2.5 Adjacent Sequences.

2.6 Special Sequences (arithmetic, geometric, recurrent).

2.1 Concepts of Numerical Sequences

2.1.1 Fundamental Concepts of Numerical Sequences

Definition 2.1.1 :

A sequence of real numbers is a real-valued function whose domain is the subset of natural numbers N or

an infinite subset N1 ⊂N to the real numbers i.e:

u : N ⊆N

n

−→

7−→

R

u (n) or un

.

Notations: The sequence u is denoted by (un)n∈N ⊆N.

u (n) or un is called the general term or nth term of the sequence (un)n∈N ⊆N.

•We can defined the sequence by:
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2.2.1 Concepts of Numerical Sequences

1. Explicit definition

Definition 2.1.2 :

A sequence (un∈N⊆N) is said to be explicitly defined if we know the function f such that:

un = f (n) ; n ∈ N.

Example 2.1.3 :

Let (un)n∈N the sequence defined by : un = n√
n+1

, ∀n ∈ N. Is defined explicitly by the function f where

f (x) = x√
x+1

with x ∈ R+.

2. Property definition

Definition 2.1.4 :

We can define a sequence by giving the properties or characterization of the sequence’s terms .

Example 2.1.5 :

1) Let (un)n∈N the sequence of strictly negative even numbers.

2) Let (un)n∈N the sequence defined as un = n if n is a multiple of 3 and un = n− 1 otherwise.

3. By induction (recurrence) definition

Definition 2.1.6 :

A sequence (un)n∈N⊆N is defined recursively if there exists a function f such that: n ∈ N; un+1 = f (un)

and by defining an initial value.

Example 2.1.7 :

Let (un)n∈N the sequence defined by : un+1 = (un)
2 − 3un, ∀n ∈ N and u0 = 2. Is defined recursively

as un+1 = f (un) , ∀n ∈N where f (x) = x2 − 3x with x ∈ R.

2.1.2 Bounded sequences

Definition 2.1.8 :

Let (un)n∈N⊆N be a real sequence.

⊗ A sequence (un)n∈N⊆N is bounded from above if and only if:

∃M ∈ R, ∀n ∈ N; un ≤ M.
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2.2.1 Concepts of Numerical Sequences

⊗ A sequence (un)n∈N⊆N is bounded from below if and only if:

∃m ∈ R, ∀n ∈ N; un ≥ m.

⊗ A sequence (un)n∈N⊆N is bounded if and only if: it is bounded from above and bounded from below

which means :

∃C ∈ R+, ∀n ∈ N; |un| ≤ C.

Example 2.1.9 :

Let (un)n∈N the sequence defined by : un = 3n−1
2n+1 , ∀n ∈ N. Then the sequence (un) is bounded from

below by −1 and from above by 3
2 . Because for all n ∈ N, we have un = 3n−1

2n+1 = 3
2(1−

5
6n+3) and for all

n ∈N, 6n + 3 ≥ 3 =⇒ −1 ≤ un ≤ 3
2 .

Proposition 2.1.10 The sequence (un)n∈N⊆N is bounded if and only if the sequence (|un|)n∈N⊆N is

bounded above, that is, for all n ∈ N ⊆N, there exist M ∈ R+ such that |un| ≤ M.

Example 2.1.11 :

Let the sequence (un)n∈N defined by : un = 1+sin(3n)
3 , ∀n ∈ N is bounded. Because for all n ∈ N, we

have |sin(3n)| ≤ 1, this imply that, for all n ∈N, |un| ≤ 2
3 .

2.1.3 Operations on sequences

Let (un)n∈N⊆N and (vn)n∈N⊆N be two numerical sequences and λ ∈ R.

Sum of sequences

The sum of (un)n∈N⊆N and (vn)n∈N ⊆N is the numerical sequence whose general term is un + vn

i.e (un)n∈N⊆N + (vn)n∈N⊆N = (un + vn)n∈N⊆N.

Product of sequences by a scalar

The product of (un)n∈N⊆N by λ is the numerical sequence whose general term is (λu)n, that is,

λ(un)n∈N⊆N = (λun)n∈N ⊆N.

Product of sequences

The product of (un)n∈N⊆N and (vn)n∈N⊆N is the numerecal sequence whose general term is un.vn

that is, (un)n∈N⊆N.(vn)n∈N⊆N = (un.vn)n∈N⊆N.
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2.2.1 Concepts of Numerical Sequences

Inverse of a sequence

If un 6= 0, for all n ∈ N ⊆ N, then the inverse of the sequence (un)n∈N⊆N is the numerical

sequence whose general term is 1
un

. i.e., 1
(un)n∈N⊆N

= ( 1
un
)n∈N⊆N.

Quotient of Sequences

If vn 6= 0 for all n ∈ N ⊆ N, then the division of (un)n∈N⊆N by (vn)n∈N⊆N is the numerical

sequence whose general term is un
vn

that is, (un)n∈N⊆N

(vn)n∈N⊆N
=
(

un
vn

)
n∈N ⊆N

.

2.1.4 Increasing and decreasing sequences

Definition 2.1.12 :

Let (un)n∈N⊆N be a numerical sequence.

∗ (un)n∈N⊆N is an increasing sequence iff: ∀n ∈ N ⊆N; un+1 ≥ un.

∗ (un)n∈N⊆N is a strictly increasing sequence iff: ∀n ∈ N ⊆N; un+1 > un.

∗ (un)n∈N⊆N is a decreasing sequence iff: ∀n ∈ N ⊆N; un+1 ≤ un.

∗ (un)n∈N⊆N is a strictly decreasing sequence iff: ∀n ∈ N ⊆N; un+1 < un.

∗ (un)n∈N⊆N is monotonic if it is increasing or decreasing.

∗ (un)n∈N⊆N is strictly monotonic if it is strictly increasing or strictly decreasing.

∗ (un)n∈N⊆N is a constant sequence iff: ∀n ∈ N ⊆N; un+1 = un .

Proposition 2.1.13 Let (un)n∈N⊆N a numerical sequence given by a regressive expression:

un+1 = f (un) , ∀n ∈ N ⊆N.

If f is increasing, then (un)n∈N⊆N is monotonic.

Example 2.1.14 :

Let the numerical sequence (un)n∈N defined by : un+1 = f (un) , ∀n ∈ N and u0 = 1 where f (x) =

2x− 3. We have the function f is increasing. The sequence (un)n∈N is strictly decreasing in N, because

un+1 − un = un − 3 < 0, ∀n ∈N , and we can prove by recurrence that un ≤ 1, ∀n ∈N.
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2.2.2 Convergent sequences

2.2 Convergent sequences

Finite and infinite limit of a numerical sequence

Definition 2.2.1 :

Let (un)n∈N⊆N be a real sequence.

We say that the sequence (un)n∈N⊆N tends to l as n tends to infinity if and only if:

∀ε > 0, ∃n0 ∈N; ∀n ∈ N; n ≥ n0 =⇒ |un − l| ≤ ε.

In this case, we say that the sequence (un)n∈N⊆N convergent and converges to l and we note lim
n→+∞

un = l.

Example 2.2.2 :

We show that the sequence (un)n∈N defined by un = n−1
2n+1 converges to 1

2 . For this, we use the definition

of convergence.

Let ε > 0 we have: ∣∣∣un − 1
2

∣∣∣ < ε ⇔
∣∣∣ n−1

2n+1 −
1
2

∣∣∣ < ε

⇔
∣∣ −3

4n+2

∣∣ < ε

⇔ 3
4n+2 < ε

⇔ 4n + 2 < 3
ε

⇔ n < 3
4ε −

1
2 .

By setting n0 = E
(

3
4ε −

1
2

)
+ 1, we obtain:

∀ε > 0, ∃n0 = E
(

3
4ε
− 1

2

)
+ 1 ∈N, ∀n ∈N; n ≥ n0 =⇒

∣∣∣∣un −
1
2

∣∣∣∣ ≤ ε.

This imply that lim
n→+∞

un =
1
2

.

Definition 2.2.3 :

1. We say that the sequence (un)n∈N⊆N tends to +∞ as n tends to infinity if and only if:

∀A > 0, ∃n0 ∈N, ∀n ∈N; n ≥ n0 =⇒ un ≥ A.

In this case, we say that the sequence (un)n∈N⊆N is divergent and diverges to +∞ and we note lim
n→+∞

un =

+∞

2. We say that the sequence (un)n∈N⊆N tends to −∞ as n tends to infinity if and only if:

∀A > 0, ∃n0 ∈N, ∀n ∈N; n ≥ n0 =⇒ un ≤ − A.

In this case, we say that the sequence (un)n∈N⊆N is divergent and diverges to−∞ and we note lim
n→+∞

un =

−∞
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2.2.2 Convergent sequences

Example 2.2.4 :

Let (un)n∈N⊆N and (vn)n∈N⊆N be two sequences defined by: un = n2−1
2n and vn = −n3−1

n+1 + 3 respec-

tively.

We show that lim
n→+∞

un = +∞ and lim
n→+∞

vn = −∞.

1. Let A > 0 we have:

un ≥ A⇔ n2 − 1
2n

≥ A⇔ n
2
− 1

2n
≥ A⇔ n

2
>

n
2
− 1

2n
≥ A =⇒ n

2
> A =⇒ n > 2A.

Let’s put n0 = E (2A) + 1 > 2A this imply that

∀A > 0, ∃n0 = E (2A) + 1 ∈N, ∀n ∈N; n ≥ n0 =⇒ un ≥ A.

2. Let A > 0 we have:

vn ≤ −A⇔ −n3−1
n+1 + 3 ≤ −A ⇔ − (n+1)(n2−n+1)

n+1 ≤ −A− 3 ⇔ n2 − n + 1 ≥ A + 3

=⇒ n2 + 1 ≥ n2 − n + 1 ≥ A + 3

=⇒ n2 ≥ A + 2 =⇒ n ≥
√

A + 2.

Let’s put n0 = E
(√

A + 2
)
+ 1 we obtain

∀A > 0, ∃n0 = E
(√

A + 2
)
+ 1 ∈N, ∀n ∈N; n ≥ n0 =⇒ vn ≤ −A.

Divergent sequences

Definition 2.2.5 :

Let (un)n∈N⊆N be a sequence of real numbers. We say that the sequence (un)n∈N⊆N is divergent if it is

not convergent, i.e ∀l ∈ R, ∃ε > 0, ∀n0 ∈N; ∃n ∈ N; n ≥ n0 ∧ |un − l| > ε.

Remark 2.2.6 Here are two types of divergence

1* Divergence of infinite type: in this case the sequence converges to +∞ or−∞. For example the sequence

with general term un = − 2n2 + 3 is converges to −∞.

2* Divergence of type limit does not exist: in this case the sequence does not have a finite or infinite limit.

Example 2.2.7 :

The sequence with general term un = (−1)n + 1
n+1 is divergent. Because lim

n→+∞
u2n = 1 and lim

n→+∞
u2n+1 =

−1. That is the limit of this sequence does not exist.

Or We will show that the sequence (un)n∈N does not have a finite or infinite limit.
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2.2.2 Convergent sequences

1). By contradiction, suppose that: lim
n→+∞

un = l, l ∈ R. According to the convergence definition with

ε = 1
4 we get: ∃n0 ∈N, ∀n ∈N such that:

n ≥ n0 =⇒ un ∈
[
l − 1

4 , l + 1
4

]
=⇒ (−1)n + 1

n+1 ∈
[
l − 1

4 , l + 1
4

]
=⇒ l − 1

4 ≤ −1 + 1
2n+2 ≤ l + 1

4 and l − 1
4 ≤ 1 + 1

2n+1 ≤ l + 1
4

=⇒ −l − 1
4 ≤ 1− 1

2n+2 ≤ −l + 1
4 and l − 1

4 ≤ 1 + 1
2n+1 ≤ l + 1

4

=⇒ −1
2 ≤ 2 + 1

(2n+2)(2n+1) ≤
1
2

=⇒ −5
2 ≤

1
(2n+2)(2n+1) ≤ −

3
2 .

It’s a contradiction.

This means that the sequence (un)n∈N has no finite limit.

2). By contradiction, suppose that: lim
n→+∞

un = +∞.

According to the limit definition with A = 4 we have: ∃n0 ∈N, ∀n ∈N such that:

n ≥ n0 =⇒ un ≥ 4

=⇒ (−1)n + 1
n+1 ≥ 4

=⇒ 1
n+1 ≥ 4− (−1)n ≥ 3

=⇒ n ≤ −2
3 .

It’s a contradiction.

3). We use the same method for the case: lim
n→+∞

un = −∞ .

According to the limit definition with A = 4 we have: ∃n0 ∈N, ∀n ∈N such that:

n ≥ n0 =⇒ un ≤ −4

=⇒ −1 + 1
2n+2 ≤ −4 and 1 + 1

2n+1 ≤ −4

=⇒ 1
2n+2 ≤ −3 and 1

2n+1 ≤ −5.

It’s a contradiction.

From 2) and 3) we imply that the sequence (un)n∈N does not have an infinite limit.

Proposition 2.2.8 If a sequence of real numbers (un)n∈N⊆N has a limit, then this limit is unique.

Proof : By contradiction. Suppose that: lim
n→+∞

un = l, l ∈ R and lim
n→+∞

un = m, m ∈ R, where

l 6= m. Taking ε = l−m
4 which implies :

∃n0 ∈N, ∀n ∈N; n ≥ n0 =⇒ |un − l| ≤ ε, and ∃n1 ∈N, ∀n ∈N; n ≥ n1 =⇒ |un −m| ≤ ε .

Putting n2 = max(n0, n1) , and this imply that :

∀n ∈N; n ≥ n2 =⇒ |un − l|+ |un −m| ≤ 2ε.
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2.2.2 Convergent sequences

With n ≥ n2 we have |l −m| = |l − un + un −m| ≤ |un − l| + |un −m| ≤ 2ε =⇒ ε ≤ ε
2 . it’s a

contradiction.

Proposition 2.2.9 If (un)n∈N⊆N is a convergent sequence, then is a bounded sequence.

Proof : We’ll show the following implication:

(un)n∈N⊆N is a convergent sequence =⇒ (un)n∈N⊆N is bounded.

Suppose that (un)n∈N⊆N is convergent, then for ε = 1
2 we have:

∃n1 ∈N, ∀n ∈N; n ≥ n1 =⇒ |un − l| ≤ ε = 1
2

=⇒ m = l − 1
2 ≤ un ≤ l + 1

2 = M, ∀n ≥ n1 ∈N.

So the set
{

un1 , un1+1, . . .
}

is bounded. On the other hand the set
{

un0 , un0+1, . . . , un1−1
}

(

where n0 is the first number of N ) is bounded. ( Because it contains a finite number of terms ).

Then the sequence (un)n∈N⊆N is bounded.

Remark 2.2.10 In general, the converse is false. Indeed, there exist bounded sequences that don’t converge.

Example 2.2.11 :

The sequence defined by general term wn = sin
(nπ

4

)
, n ∈ N is bounded, because

∣∣sin
(nπ

4

)∣∣ ≤ 1, ∀n ∈

N, but it is not convergent because the two sub-sequences (w8n+1) and (w8n+5) tends to 1√
2

and − 1√
2

respectively. This imply that (wn) has no limit.

limit’s operations

Theorem 2.2.12 Let l1, l2 and λ are real numbers, (un)n∈N⊆N and (vn)n∈N⊆N two convergent sequences

with: lim
n→+∞

un = l1 and lim
n→+∞

vn = l2, then:

1. lim
n→+∞

λun = λl1 with λ ∈ R.

2. lim
n→+∞

(un + vn) = l1 + l2.

3. lim
n→+∞

un.vn = l1.l2.

4. If un 6= 0 for all n ∈ N and l1 6= 0 then lim
n→+∞

1
un

=
1
l1

.

5. If vn 6= 0 for all n ∈ N and l2 6= 0 then lim
n→+∞

un

vn
=

l1
l2

.

Infinite limit’s operations

In the case where l1 and l2 are infinite, the above theorem remains true if the results of the opera-

tions are not indeterminate.
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2.2.3 Comparison Theorems

2.3 Comparison Theorems

Theorem 2.3.1 Limits and inequalities

Let (un)n∈N⊆N and (vn)n∈N⊆N be two convergent sequences, then:

a). If, there exist n0 ∈ N such that ∀n ≥ n0; un ≤ vn this implies lim
n→+∞

un ≤ lim
n→+∞

vn.

b). If, we have (un)n∈N ⊆N and (vn)n∈N ⊆N be two sequences, satisfies : ∃n0 ∈ N, ∀n ≥ n0; un ≤ vn

and lim
n→+∞

un = +∞ this implies lim
n→+∞

vn = +∞.

c). If, we have (un)n∈N⊆N and (vn)n∈N⊆N be two sequences, satisfies : ∃n0 ∈ N, ∀n ≥ n0; un ≤ vn and

lim
n→+∞

vn = −∞ this implies lim
n→+∞

un = −∞.

d). Squeeze Theorem (gendarme theorem): If (un)n∈N ⊆N, (vn)n∈N ⊆N and (wn)n∈N ⊆N three se-

quences satisfying: ∃n0 ∈ N, ∀n ≥ n0; un ≤ vn ≤ wn and lim
n→+∞

un = lim
n→+∞

wn = l then lim
n→+∞

vn = l.

2.3.1 Monotone Convergence Theorem

Theorem 2.3.2 Convergence of monotonic sequences

? If a sequence of real numbers (un)n∈N⊆N is increasing and bounded from above, then it converges to

sup
n∈N

un.

? If a sequence of real numbers (un)n∈N⊆N is decreasing and bounded from below, then it converges to

in f
n∈N

un.

Examples 2.3.3 :

Let (un)n∈N be a numerical sequence defined by: u0 = 1 and 4un+1 = un
2 + 4.

a. We prove that: ∀n ∈N; un ≤ 2.

b. We deduce that the sequence (un)n∈N is convergent.

Answer: a. Using proof by induction: we denote Pn : un ≤ 2.

For n = 0, we have u0 = 1 ≤ 2 , so P0 is true.

Let’s assume that the proposition Pn is true for an n ∈N and we’ll show that un+1 ≤ 2.

According to the assumption we have: un ≤ 2 =⇒ un
2 + 4 ≤ 8 =⇒ un+1 ≤ 2. So, assertion the

proposition Pn is true for all n ∈N.

b. We have ∀n ∈ N; un+1 − un = un
2+4
4 − un =

(
un − 2

2

)2
≥ 0. Since (un)n∈N is increasing in N and

bounded from above by 2 this imply that the sequence (un)n∈N is convergent.
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2.2.4 Adjacent sequences

2.4 Adjacent sequences

Definition 2.4.1 :

Let (un)n∈N⊆N and (vn)n∈N′⊆N
be two real sequences.

We say that (un) and (vn) are adjacent iff: (un) is increasing in N and (vn) is decreasing in N
′

and

lim
n→+∞

un − vn = 0.

Example 2.4.2 :

Let (un)n∈N∗ and (vn)n∈N∗ be two real sequences defined by: un =
n

∑
k=1

1
k!

and vn = un + 1
n! . This

sequences are adjacent, because :

1. un+1 − un =
n+1

∑
k=1

1
k!
−

n

∑
k=1

1
k!

=
1

(n + 1)!
≥ 0, ∀n ∈ N∗, this imply that (un)n∈N∗ is increasing in

N∗.

2. vn+1 − vn = un+1 − un +
1

(n+1)! −
1
n! =

2
(n+1)n! −

1
n! ≤ 0, ∀n ∈N∗, because: we have

2
(n+1) ≤ 1, ∀n ∈N∗ =⇒ 2

(n+1)n! ≤
1
n! , ∀n ∈N∗. So (vn)n∈N∗ is decreasing in N∗.

3. lim
n→+∞

un − vn = lim
n→+∞

1
n!

= 0.

Theorem 2.4.3 If the sequences (un)n∈N⊆N and (vn)n∈N′⊆N
are adjacent then they converge to the same

limit.

Training exercise: (un)n∈N∗ and (vn)n∈N∗ be two real sequences defined by: un =
n

∑
k=1

1
k(k + 1)

and vn = un +
1
n .

Show that the sequences (un)n∈N∗ and (vn)n∈N∗ are adjacent.

Cauchy sequence

Definition 2.4.4 :

Let (un)n∈N⊆N be a numerical sequence.The sequence (un)n∈N⊆N is said to be a Cauchy sequence in R if

and only if : ∀ε > 0, ∃n0 ∈ N, ∀p, q ∈ N; p, q ≥ n0 =⇒
∣∣up − uq

∣∣ ≤ ε.

Example 2.4.5 :

The sequence (un)n∈N∗ defined by un = ∑n
k=1

1
k2 is a Cauchy sequence. Because: Let p, q ∈ N∗ with

p ≤ q then we have:  up = 1 + 1
22 + · · ·+ 1

p2

uq = 1 + 1
22 + · · ·+ 1

p2 +
1

(p+1)2 + · · ·+ 1
q2

.
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2.2.4 Adjacent sequences

And ∣∣up − uq
∣∣ = 1

(p + 1)2 + · · ·+ 1
q2 . (2.1)

As 

1
(p+1)2 ≤ 1

p(p+1) =
1
p −

1
p+1

1
(p+2)2 ≤ 1

(p+1)(p+2) =
1

p+1 −
1

p+2
...
1
q2 ≤ 1

(q−1)q = 1
q−1 −

1
q

. (2.2)

Then from (2.1) and (2.2) we arrive at:

∣∣up − uq
∣∣ = ∣∣∣∣ 1p − 1

q

∣∣∣∣ ≤ 1
p
+

1
q
≤ 2

p
.

Let ε > 0, we can choose n0 = E
(2

ε

)
+ 1. So,

∀ε > 0, ∃n0 = E
(

2
ε

)
+ 1 ∈N∗, ∀p, q ∈N∗; p, q ≥ n0 =⇒

∣∣up − uq
∣∣ ≤ ε.

Remark 2.4.6 If (un)n∈N⊆N is Cauchy sequence, then lim
n→+∞

un+1 − un = 0. The converse, however,

does not hold.

Example 2.4.7 If un =
√

2n , then lim
n→+∞

(un+1 − un) = lim
n→+∞

√
2√

n + 1 +
√

n
= 0, but (un) is not

Cauchy. Indeed, for ε = 1, and any n1 ∈N, we have
∣∣u4n1 − un1

∣∣ = 2
√

2n1 −
√

2n1 =
√

2n1 ≥ 1.

2.4.1 Limit inferior and limit superior

Definition 2.4.8 :

Let (un)n∈N⊆N be a sequence of real numbers. Denoting by S = {un; n ∈ N ⊆N} i.e the set of clus-

ter points of the sequence (un)n∈N⊆N. We define the limit superior (resp. inferior) of (un)n∈N⊆N as

lim sup un = sup S (resp. lim inf un = inf S).

Theorem 2.4.9 If (un)n∈N⊆N is a Cauchy sequence, then it is bounded.

Proof : Let (un)n∈N⊆N be Cauchy sequence, taking ε = 1. Then there exists N1 ∈ N such that for

all p, q ≥ N1, we have
∣∣up − uq

∣∣ < 1. Take q = N1. Then for n ≥ N1,
∣∣un − uN1

∣∣ < 1. It follows

that |un| ≤
∣∣un − uN1

∣∣+ ∣∣uN1

∣∣ < 1 +
∣∣uN1

∣∣ for all n ≥ N1.

If we let M = max
{
|u1| , |u2| , · · · ,

∣∣uN1 − 1
∣∣ , 1 + |uN1 |

}
, then |un| ≤ M for all n ∈ N. This means

that the sequence (un)n∈N⊆N is a bounded.
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2.2.5 Extracted Sequences

Theorem 2.4.10 Let (un)n∈N⊆N be a real sequence then: (un)n∈N⊆N is a Cauchy sequence if and only if

(un)n∈N ⊆N is convergent.

Proof : ? We show that if (un) is convergent then (un) is Cauchy sequence.

Suppose that lim
n→+∞

un = l. Note that∣∣up − uq
∣∣ = ∣∣up − l + l − uq

∣∣ ≤ ∣∣up − l
∣∣+ ∣∣uq − l

∣∣ .

Thus, given any ε > 0 there is an N1 ∈N so that if k > N1 then |uk − l| ≤ ε
2 . Thus, if p, q > N1 we

have
∣∣up − uq

∣∣ ≤ ∣∣up − l
∣∣+ ∣∣uq − l

∣∣ ≤ ε. This means, (un) is a Cauchy sequence.

? We show that if (un) is a Cauchy sequence then (un) is convergent.

Let (un) be a Cauchy sequence. By Theorem (2.4.9), (un) is bounded. Bolzano Weierstrass The-

orem implies the existence of a converging sub-sequence (unk). Let unk → l. So, we have a

candidate for the limit of (un). We claim that xn → x. Let ε > 0.

Since xnk → x, there exists N1 ∈N such that |xnk − x| < ε

2
, ∀k ≥ N1. (2.3)

For the same ε, since (un) is Cauchy, there exists N2 ∈N such that

|xn − xm| <
ε

2
, for all n, m ≥ N2. (2.4)

Let N = max {N1, N2}. Fix an k ≥ N, and let m = nk. It follows from Equation (2.3) that

|xm − x| ≤ ε
2 , because m = nk ≥ k ≥ N ≥ N1 (Check this ). On the other hand, from Equation

(2.4) it follows that |xn − xm| < ε
2 , whenever n ≥ N (Why m ≥ N2 ). Everything is ready now For

n ≥ N, we have |xn − x| ≤ |xn − xm|+ |xm − x| < ε
2 +

ε
2 = ε. This completes the proof.

2.5 Extracted Sequences

Definition 2.5.1 :

Let (un)n∈N⊆N be a numerical sequence.

We say that the sequence (vn)n∈N⊆N is a sub-sequence of (un)n∈N⊆N if there exists a strictly increasing

function ϕ : N −→ N such that vn = uϕ(n).

Examples 2.5.2 :

1. Let (un)n∈N⊆N the sequence with general term un = (−1)n + 1
n+1 , then the two sequences defined by

vn = 1 + 1
2n+1 and wn = −1 + 1

2n+2 are sub-sequences of (un)n∈N⊆N where vn = u2n and wn = u2n+1.

2. Let (un)n∈N⊆N the sequence with general term un = sin
(nπ

2

)
, then the sequence defined by vn =

u2n+1 = sin
(
nπ + π

2

)
= cos (nπ) = (−1)n is a sub-sequence of (un)n∈N⊆N.
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2.2.6 Special Sequences

Proposition 2.5.3 Let (un)n∈N⊆N be a sequence of real numbers:

⊕ Every bounded sequence has a convergent sub-sequence.( Bolzano-Weierstrass Property ).

⊕ The sequence (un)n∈N⊆N converges to l if and only if all sub-sequences of (un)n∈N⊆N converge to the

limit l.

⊕ If the sequence (un)n∈N⊆N has a divergent sub-sequence, then (un)n∈N⊆N is divergent.

⊕ If the sequence (un)n∈N⊆N has two sub-sequences that converge to distinct limits, then (un)n∈N⊆N is

divergent.

2.6 Special Sequences

2.6.1 Arithmetic sequences

Definition 2.6.1 :

Let (un)n∈N⊆N be a numerical sequence and r a real number.

We say that the sequence (un)n∈N⊆N is arithmetic sequence if and only if:

un+1 = un + r; for all n ∈ N.

The real number r is then called the common difference of the sequence.

Examples 2.6.2 :

. The sequence defined as: 1
2 , 7

2 , 13
2 , 19

2 , · · · , 1
2 + 3n, . . . is arithmetic sequence with a common difference

3.

. The sequence defined in N by general term un = 3− 2n is arithmetic sequence with common difference

−2 .

. The sequence defined in N by general term wn+1 = wn + 5 is arithmetic sequence with common differ-

ence 5.

Theorem 2.6.3 Let (un)n∈N⊆N be an arithmetic sequence with common difference r.

� If r > 0, then the sequence (un)n∈N⊆N is increasing in N.

� If r < 0, then the sequence (un)n∈N⊆N is decreasing in N.

� If r = 0, then the sequence (un)n∈N⊆N is constant in N.
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2.2.6 Special Sequences

Expression in terms of n

Let (un)n∈N⊆N be an arithmetic sequence whose first term is un0 and common difference r.

Its general term is given by the following relation:

un = un0 + (n− n0) r, ∀n ≥ n0.

Examples 2.6.4 :

� The general term of the arithmetic sequence with a common difference r = 2 and u0 = −3 is un =

−3 + 2n; ∀n ∈ N. � The general term of the arithmetic sequence with a common difference r = 2
3 and

v1 = 1
3 is

vn =
1
3
+

2
3
(n− 1) ; ∀n ∈N∗.

Sum of consecutive terms of an arithmetic sequence

Let (un)n∈N⊆N be an arithmetic sequence with common difference r. We denote by Sn the sum of

the first n terms of the sequence (un)n∈N⊆N, that is:

Sn = un0 + · · ·+ un0+n−1

= (Number of terms)× (first term+last term )
2

= n
2

(
un0 + un0+n−1

)
.

Examples 2.6.5 :

1∗ The sum of the first fifteen terms of the arithmetic sequence (un)n∈N∗ defined by its general term is

un = 3− 2n; ∀n ∈N∗, is
S15 = u1 + dots + u15

= (15)× (u1+u15)
2

= 15
2 (1 + (−27))

= 195.

2∗ The sum of the twenty consecutive terms starting from the tenth term of an arithmetic sequence defined

by its first term u0 = 2 and its common difference 3 is

S20 = u9 + · · ·+ u28

= (20)× (u9+u28)
2

= 20
2 (29 + 86)

= 1150.
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2.2.6 Special Sequences

Because the general term of this sequence is un = u0 + nr = 2 + 3n; n ∈N.

2.6.2 Geometric Sequences

Definition 2.6.6 :

Let (un)n∈N⊆N be a numerical and q a real number no Zero.

We say that the sequence (un)n∈N⊆N is geometric sequence if and only if:

un+1 = un × r; for all n ∈ N.

The real number q is called the common ratio of the sequence.

Examples 2.6.7 :

1◦ The sequence defined in N as: 2, 1, 1
2 , 1

4 , 1
8 , 1

16 , · · · , 2
(

1
2

)n
, . . . is geometric sequence with a

common ratio q = 1
2 and the first term u0 = 2.

2◦ The sequence defined in N∗ by general term vn = 3(−2)n−1 is geometric sequence with common ratio

−2 and the first term v1 = 3.

3◦ The sequence defined in N as wn+1 = 2
3 wn and w0 = 1 is geometric with common ratio 2

3 .

Theorem 2.6.8 Let (un)n∈N⊆N be a geometric sequence with common ratio q 6= 0.

∗ If q > 1, then the sequence (un)n∈N⊆N is increasing in N.

∗ If 0 < q < 1, then the sequence (un)n∈N⊆N is decreasing in N.

∗ If q = 1, then the sequence (un)n∈N⊆N is constant in N.

Expression in terms of n

Let (un)n∈N⊆N be a geometric sequence whose first term is un0 and common ratio q 6= 0.

Its general term is given by the following relation:

un = un0 × q(n− n0), ∀n ≥ n0.

Examples 2.6.9 :

a. The general term of the geometric sequence with a common ratio q = 3 and u0= 2 is un = 2 × 3n; ∀n ∈

N.

b. The general term of the geometric sequence with a common ratio q = 2
3 and v1 = −3 is vn = −3×(2

3

)n−1
; ∀n ∈N∗.
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2.2.6 Special Sequences

Sum of consecutive terms of a geometric sequence

Let (un)n∈N⊆N be a geometric sequence with common ratio q 6= 1.

We denote by Sn the sum of the first n terms of the sequence (un)n∈N⊆N, that is:

Sn = un0 + · · ·+ un0+n−1

= (First term )× 1−q(Number of terms)

1−q

= un0 ×
1−qn

1−q .

Examples 2.6.10 :

� The sum of the first ten terms of the geometric sequence (un)n∈N∗ defined by its general term un =

3× 2n; ∀n ∈N∗, is
S10 = u1 + · · ·+ u10

= u1 × 1−q10

1−q

= 6× 1−210

1−2

= 1138

.

� The sum of the five consecutive terms starting from the forth term of a geometric sequence defined by its

first term v0 = 3 and its common ratio 3
2 is

S5 = v3 + · · ·+ u7

= v3 × 1−q5

1−q

= 81
8 ×

1−( 3
2)

5

1− 3
2

= 133.5234375

.

Because the general term of this sequence is vn = v0 × qn = 3×
(3

2

)n
; n ∈N.
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Chapter 3
Real functions of on real variable

3-1 Numerical functions, definitions and properties

3-2 Continuity of real functions of a real variable

3-3 Differentiability of real functions of a real variable

3.1 Numerical functions, definitions and properties

3.1.1 Notion of numerical functions

Definition 3.1.1 Let E and F be two sets and f be a relation from the set E to the set F. We say that f is a

function, if every element of E is associated with at most one element of F, and we write:

f : E −→ F

x 7−→ y = f (x)

Definition 3.1.2 We say that f is a real functions of one real variable if and only if f is a function

from the set E ⊆ R to the set F ⊆ R, and we write:

f : E ⊆ R −→ F ⊆ R

x 7−→ f (x)

Examples 3.1.3 :

u : N −→ R

n 7−→ u(n) = (−1)n

n+1 +
√

n.

u is a real function of a natural variable.

g : R∗ −→ R

x 7−→ g(x) = 1
x sin( 1

x )

g is a real function of a real variable.
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3.3.1 Numerical functions, definitions and properties

h : C −→ R

z 7−→ h(z) = z×z
Re(z)−1

h is a real function of a complex variable.

Domain of definition of a function

Definition 3.1.4 :

Let f be a real-valued function of a real variable.

The domain of the function f , denoted by D f , is the set of real numbers that have images by the function f :

if f : I ⊆ R −→ I′ ⊆ R, then, we have,

D f =
{

x ∈ I such that f (x) ∈ I′
}

.

Examples 3.1.5 :

v : N −→ R

n 7−→ v(n) = 1√
n−2

sin( 1
n−π ),

Dv =
{

n ∈N such that 1√
n−2

sin( 1
n−π ) ∈ R

}
= {n ∈N such that n > 2 ∧ n 6= π}

= N∗ − {1; 2} .

w : Z −→ R

n 7−→ w(n) = ln(−n)√
16−n2 ,

Dw =
{

n ∈ Z such that ln(−n)√
16−n2 ∈ R

}
=
{

n ∈ Z such that 16− n2 > 0∧−n > 0
}

= {−3, −2, −1} .

f : R −→ R

x 7−→ f (x) = 1√
x−2

sin( 1
x−π ),

D f =
{

x ∈ R such that 1√
x−2

sin( 1
x−π ) ∈ R

}
= {x ∈ R such that x > 2 ∧ x 6= π}

= ] 2, π [
⋃
]π,+∞ [ .

Graphical representation of a function

Definition 3.1.6 :

The graph (or representative curve) of a function f : E ⊆ R −→ F ⊆ R, is the subset G f (resp. or C f ) of

E× F such that:

G f =
{

M(x, f (x)) / x ∈ D f ∧ f (x) ∈ F
}

.
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3.3.1 Numerical functions, definitions and properties

Operations on functions

Definition 3.1.7 :

Let f and g be two functions defined respectively on D f and Dg. The domain of definition of f + g, f − g,

and f × g is the set D f ∩ Dg, that is:

D f+g = D f−g = D f×g = D f ∩ Dg.

For all x ∈ D f ∩ Dg, we have

( f + g) (x) = f (x) + g (x) , ( f − g) (x) = f (x)− g (x) and ( f × g) (x) = f (x)× g (x) .

The domain of definition of
f
g

is the set

D f
g
=
(

D f ∩ Dg
)
−
{

x ∈ Dg such that g(x) = 0
}

,

and for all x ∈ D f
g
,
(

f
g

)
(x) = f (x)

g(x) .

Comparison of two functions

⊗ Two functions f and g are equal ( f = g), iff : D f = Dg = D and ∀x ∈ D ; f (x) = g(x).

⊗ Let f and g be two numerical functions defined on the same domain D ⊆ D f ∩ Dg.

We say that f is less than (resp. greater than) or equal to g, denoted as f ≤ g ( resp. f ≥ g): if

∀x ∈ D, f (x) ≤ g(x) (resp. f (x) ≥ g(x)) .

Definition 3.1.8 • The function f is said to be positive (or strictly positive) on D ⊆ D f if:

∀x ∈ D; f (x) ≥ 0 ( f (x) > 0) .

• The function f is said to be negative (or strictly negative) on D ⊆ D f if:

∀x ∈ D; f (x) ≤ 0 ( f (x) < 0) .

Remark 3.1.9 • If the function f is positive, its graph lies above the X-axis.

• If the function f is negative, its graph lies below the X-axis.
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3.3.1 Numerical functions, definitions and properties

3.1.2 Operations and Monotonicity of real functions

Operations on real functions

Let f : U ⊆ R −→ R and g : U ⊆ R −→ R be two numerical functions .

The sum of the functions f and g is the function f + g :→ R defined as follows:

∀x ∈ U; ( f + g)(x) = f (x) + g(x).

The product of the functions f and g is the function f × g : U → R defined as follows:

∀x ∈ U; ( f × g)(x) = f (x)× g(x).

The product by scalar λ in R and the function f is the function λ× f : U −→ R defined as follows:

∀x ∈ U, (λ× f )(x) = λ× f (x).

Remark 3.1.10 If the function f is greater than or equal to g, then the graph of the function f lies above

the graph of the function g.

Monotonicity of a function

Definition 3.1.11 :

Let f be a real function of a real variable defined on an interval I ⊆ R. We say that :

• f is increasing on I if :

∀ (x1, x2) ∈ I2; x1 < x2 =⇒ f (x1) ≤ f (x2) .

• f is strictly increasing on I if:

∀ (x1, x2) ∈ I2 : x1 < x2 =⇒ f (x1) < f (x2) .

• f is decreasing on I if:

∀ (x1, x2) ∈ I2 : x1 < x2 =⇒ f (x1) ≥ f (x2) .

• f is strictly decreasing on I if:

∀ (x1, x2) ∈ I2 : x1 < x2 =⇒ f (x1) > f (x2) .
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3.3.1 Numerical functions, definitions and properties

• f is constant on I if:

∀ (x1, x2) ∈ I2; f (x1) = f (x2) .

Or,

∀x ∈ I; f (x) = C, where C is a real constant.

• f is monotone (resp. strictly monotone) on I if f is either increasing on I or decreasing on I. (resp. f

is strictly increasing or strictly decreasing on I).

Examples 3.1.12 :

• Let n be a positive integer. The function f from R to R defined by f (x) = ln(x2n+1), is strictly

increasing on R∗+. Therefore, it is strictly monotonic on R∗+.

• The function g from R to R defined by g(x) = 2E(x) is increasing on R. However, it is not strictly

increasing on R because it is constant on each interval [k, k + 1] with k ∈ Z.

Direction of variation of f + g and f − g

Let I ⊆ D f ∩ Dg be an interval:

• If f and g are increasing (resp decreasing) on I, then f + g is increasing (resp decreasing) on I.

• If f and g do not have the same direction of variation on I, we cannot say anything about the

direction of variation of f + g on I.

• The direction of variation of f − g on I, is the direction of variation of f + (−g) on I.

3.1.3 Definition and properties of Composite functions

Let f : D −→ R and g : D′ −→ R be two functions such that f (D) ⊆ D′. The function defined

by f and g, denoted g ◦ f , is called the composition of f and g. For every x ∈ Dg◦ f ; (g ◦ f ) (x) =

g ( f (x)) where Dg◦ f =
{

x ∈ D such that x ∈ D f and f (x) ∈ Dg
}

.

Example 3.1.13 :

Let f and g be two functions from R to R defined by f (x) =
√

x and g(x) = lnx. Let’s determine the
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3.3.1 Numerical functions, definitions and properties

domains of definition Dg◦ f and D f ◦g and the functions g ◦ f and f ◦ g.

•Dg◦ f =
{

x ∈ R / x ∈ D f and f (x) ∈ Dg
}

=
{

x ∈ R / x ∈ R+ and
√

x ∈ R∗+
}

= R∗+.

• ∀x ∈ Dg◦ f = R∗+, we have :

(g ◦ f ) (x) = g ( f (x))

= ln
(√

x
)

.

•D f ◦g =
{

x ∈ R / x ∈ Dg and g(x) ∈ D f
}

= {x ∈ R / x ∈ R∗+ and lnx ≥ 0}

= [ 1,+∞ [ .

• ∀x ∈ D f ◦g = [ 1,+∞ [ , we have :

( f ◦ g) (x) = f (g (x))

=
√

lnx.

Proposition 3.1.14 :

Let f and g be two real functions defined on D and D′ respectively with f (D) ⊆ D
′
.

1• The composite of two functions, decreasing or increasing, is an increasing function.

2• The composite of two functions, one decreasing and the other increasing, is a decreasing function.

Proof :

Suppose f and g are increasing on D and D′ respectively, and let’s show that g ◦ f is increasing.

For all x1 and x2 in D with x1 < x2, we have: f (x1) ≤ f (x2) because the function f is increasing on

D. Since g is increasing on D′ and f (D) ⊆ D
′
, then g ( f (x1)) ≤ g ( f (x2)). Therefore, (g ◦ f ) (x1) =

(g ◦ f ) (x2). This shows that g ◦ f is increasing. Similarly, for the other cases.

3.1.4 Parity and periodicity of real functions

Let f be a real function of a real variable with domain of definition D f .

Definition 3.1.15 :

∗We say that f is an even (or odd) function on D f if and only if

∀x ∈ D f ; (−x) ∈ D f ∧ f (−x) = f (x) (resp. f (−x) = − f (x)).

∗We say that f is a periodic function on D f with period p ∈ R∗ if and only if

∀x ∈ D f ;
(
(x + p) ∈ D f ∧ f (x + p) = f (x)

)
∧
(
(x− p) ∈ D f ∧ f (x− p) = f (x)

)
.

Graphic interpretation

Let f be a real function of a real variable.

• f is even if and only if its graph is symmetric with respect to the y-axis (Y′Y). • f is odd if and

only if its graph is symmetric with respect to the origin. • f is periodic with period p if and only if
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3.3.1 Numerical functions, definitions and properties

its graph on an interval of length |p| is invariant under translations by vectors kp
→
i where k ∈ Z

and
→
i is the unit vector with respect to the x-axis (X′X).

Examples 3.1.16 :

• The functions defined by x 7−→ x2n with n ∈ Z and x 7−→ cos( 1
x ) are even on R∗. • The functions

defined by x 7−→ x2n+1 with n ∈ Z and x 7−→ sin( 1
x ) are odd on R∗. • The functions defined on R by

x 7−→ sin(x), x 7−→ cos(x), and x 7−→ sin(x) + cos(x) are periodic and have period 2π. The function

defined on R by x 7−→ x− E(x) is periodic and has period 1.

Proposition 3.1.17 :

Let f be a real function of a real variable defined on R.

If f periodic function of period p ∈ R∗, then,

∀k ∈ Z, ∀x ∈ R; f (x + kp) = f (x).

Proof :

Let f be a real-periodic function of a real variable with period p ∈ R∗

• By induction on N,

Let P(n) be the periodicity property: ∀x ∈ R; f (x + np) = f (x).

It is clear that P(0) and P(1) are true.

Assume that P(n), for n ∈N fixed, is true, and we show that P(n + 1) is also true.

For all x ∈ R we have:

f (x + (n + 1) p) = f ((x + np) + p) = f (x + np) = f (x) (by hypothesis).

Then, the property P(n) is true for all n ∈ N. • For all k ∈ Z−, there exists n ∈ N such that

k = −n.

For all x ∈ R, we have:

f (x + kp) = f (x− np) = f ((x− np) + np) (from the preceding result).

Therefore,

∀x ∈ R, ∀k ∈ Z, f (x + kp) = f (x).

This completes the proof.

Proposition 3.1.18 :

Let f and g be two real functions defined on D and D′ respectively, with f (D) ⊂ D′.
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a • If f is even on D, then g ◦ f is also even.

b • If f is odd on D and g is even on D′, then g ◦ f is even on D.

c • If f is odd on D and g is odd on D′, then g ◦ f is odd on D.

d • If f is periodic with period p and function g such that H( f ) ⊆ D(g) then a composition h(x) =

(g ◦ f )(x) is periodic with the same period p.

e • If f is periodic with period p and α ∈ R∗, then function g(x) = f (αx) is periodic with period p
α .

Proof :

a • Let f be an even function on D, then for all x ∈ D, we have:

(g ◦ f ) (−x) = g ( f (−x)) = g ( f (x)) = (g ◦ f ) (x),

therefore, g ◦ f is even.

Similarly for properties b • and c •.

d • Let f be a periodic function of the period p on D, then for all x ∈ D, we have:

(g ◦ f ) (x + p) = g ( f (x + p)) = g ( f (x)) = (g ◦ f ) (x)

, Therefore, g ◦ f is p periodic on D.

3.1.5 Upper, Lower bound of real functions

Upper bound, lower bound of a subset of R

Definition 3.1.19 :

The upper bound (resp. lower bound) of a subset E of R, if it exists, is the smallest upper bound (resp.

greatest lower bound) of E, and is denoted supE (resp. in f E).

Example 3.1.20 :

• For I = ]− 2, 1 ], we have supI = 1 and in f I = −2.

Upper bound, lower bound of a function

Definition 3.1.21 Let f be a real function of a real variable defined on its domain D f .

1. We say that f is bounded above if and only if there exists a real number M such that:

∀x ∈ D f ; f (x) ≤ M.
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2. We say that f is bounded below if and only if there exists a real number m such that:

∀x ∈ D f ; f (x) ≥ m.

3. We say that f is bounded if and only if there exist two real numbers m and M such that:

∀x ∈ D f ; m ≤ f (x) ≤ M.

Or f is bounded on D f if f is both bounded above and bounded below on I.

Examples 3.1.22 :

• The functions defined on R by x 7−→ sin(x), x 7−→ cos(x) and x 7−→ sin(x)× cos(x), are bounded

above by 1 and below by −1.

• The function defined by x 7−→ x
x2+1 on R is a bounded function on R.

Indeed, for all x ∈ R, we have:

(|x| − 1)2 ≥ 0 ⇐⇒ |x| ≤ 1
2(x2 + 1)

⇐⇒ | f (x)| ≤ 1
2 .

Maximum and minimum values of a function

Definition 3.1.23 Let f be a numerical function defined on the set D f , and let x0 ∈ I ⊂ D f .

1) We say that the number f (x0) is the absolute maximum value of the function f if:

∀x ∈ D f ; f (x) ≤ f (x0).

We write sup
x∈D f

f (x) = f (x0).

2) We say that the number f (x0) is a relative maximum value of the function f at the point x0 on the

domain I if:

∀x ∈ I; f (x) ≤ f (x0).

We write sup
x∈I

f (x) = f (x0).

3) We say that the number f (x0) is the absolute minimum value of the function f at the point x0 if:

∀x ∈ D f ; f (x) ≥ f (x0).

We write min
x∈D f

f (x) = f (x0).

4) We say that the number f (x0) is a relative minimum value of the function f at the point x0 on the

domain I if:

∀x ∈ I; f (x) ≥ f (x0).

We write min
x∈I

f (x) = f (x0).
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Examples 3.1.24 :

• Let f : x 7−→ 2ex − 1, then we have, in f
x∈R

(2ex − 1) = −1. Because f (R) = ]− 1,+∞ ].

• Let g : x 7−→ lnx− x, then we have, sup
x∈R∗+

(lnx− x) = −1. Because g(R∗+) = ]−∞,−1 ].

3.1.6 Limits of real functions with a real variable

Limit of a function at a point x0

Definition 3.1.25 :

Let f be a real function defined on an bounded interval I of R, and x0 ∈ R a point of I or a on the boundary

of I.

•We say that f tends to ` ∈ R at x0 (or f (x) tends to ` when x tends to x0) if and only if:

∀ε > 0, ∃δ > 0; ∀x ∈ I, |x− x0| ≤ δ =⇒ | f (x)− `| ≤ ε.

We then note lim
x−→x0

f (x) = `.

•We say that f tends to +∞ at x0 if and only if:

∀A ∈ R∗+, ∃δ > 0; ∀x ∈ I, |x− x0| ≤ δ =⇒ f (x) ≥ A.

We then note lim
x−→x0

f (x) = +∞.

•We say that f tends to −∞ at x0 if and only if:

∀A ∈ R∗+, ∃δ > 0; ∀x ∈ I, |x− x0| ≤ δ =⇒ f (x) ≤ −A.

We then note lim
x−→x0

f (x) = −∞.

Examples 3.1.26 :

1)• Let f : x ∈ ]− 1, 2 [ 7−→ 2x + 2
2x + 3

.

Let’s show that lim
x−→1

f (x) =
4
5

.

For x ∈ ]− 1, 2 [ we have :

1 < 2x + 3 < 7 =⇒ |2x + 3| < 7 =⇒ 1
|2x + 3| <

1
7
=⇒

∣∣∣∣ f (x)− 4
5

∣∣∣∣ ≤ 2
35
|x− 1| < 2 |x− 1| .

Therefore, for all ε > 0, we can find δ > 0 (for example, δ =
ε

2
) such that

∀x ∈ I, |x− 1| ≤ δ =
ε

2
=⇒

∣∣∣∣ f (x)− 4
5

∣∣∣∣ ≤ ε.
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2)• Let g : x ∈ ]− 1,+∞ [ 7−→ 2
|x + 3| .

Let’s show that lim
x−→−3

g(x) = +∞.

For all A > 0, we can find δ > 0 (for example, δ =
2
A

) such that

∀x ∈ I, |x− (−3)| ≤ δ =
2
A

=⇒ |g(x)| ≥ A.

Limit of a real function at infinity

Definition 3.1.27 :

⊗ Let f be a real-valued function defined on an interval of the form I =]a,+∞[⊆ R.

•We say that f tends to ` ∈ R at +∞ if and only if:

∀ε > 0, ∃B ∈ R∗+; ∀x ∈ I, x ≥ B =⇒ | f (x)− `| ≤ ε.

We then note lim
x−→+∞

f (x) = `.

•We say that f tends to +∞ at +∞ if and only if:

∀A ∈ R∗+, ∃B ∈ R∗+; ∀x ∈ I, x ≥ B =⇒ f (x) ≥ A.

We then note lim
x−→+∞

f (x) = +∞.

•We say that f tends to −∞ at +∞ if and only if:

∀A ∈ R∗+, ∃B ∈ R∗+; ∀x ∈ I, x ≥ B =⇒ f (x) ≤ −A.

We then note lim
x−→+∞

f (x) = −∞.

⊗ Let f be a real-valued function defined on an interval of the form I =]−∞, a[⊆ R.

•We say that f tends to ` ∈ R en −∞ if and only if:

∀ε > 0, ∃B ∈ R∗+; ∀x ∈ I′, x ≤ −B =⇒ | f (x)− `| ≤ ε.

We then note lim
x−→−∞

f (x) = `.

•We say that f tends to +∞ at −∞ if and only if:

∀A ∈ R∗+, ∃B ∈ R∗+; ∀x ∈ I′, x ≤ −B =⇒ f (x) ≥ A.

We then note lim
x−→−∞

f (x) = +∞.

•We say that f tends to −∞ at −∞ if and only if:

∀A ∈ R∗+, ∃B ∈ R∗+; ∀x ∈ I′, x ≤ −B =⇒ f (x) ≤ −A.

We then note lim
x−→−∞

f (x) = −∞.
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Example 3.1.28 :

• Let h : x ∈ ]−∞, 2 [ 7−→ 2x
x− 3

.

Let’s show that lim
x−→−∞

f (x) = 2.

For all B > 0 we can find B > 0 ( for example B =
6
ε
− 3 ) such that

∀x ∈ I, x ≤ −B = −6
ε
+ 3 =⇒ |h(x)− 2| ≤ ε.

Right-hand limit, left-hand limit at a point

Let f be a real function defined on D, α > 0 and ] x0 − α, x0 [ ∪ ] x0, x0 + α [ ⊂ D.

∗ The right-hand limit of f at x0 is defined as the restriction of f to ] x0, x0 + α [ which has a limit

` (finite or infinite) at x0.

We then note: lim
x−→

x>x0
x0

f (x) ( or lim
x−→

>
x0

f (x) ). Precisely

lim
x−→

>
x0

f (x) = `⇐⇒ ∀ε > 0, ∃δ > 0; ∀x ∈ D, x0 < x < x0 + δ =⇒ | f (x)− `| < ε.

∗We call left limit of f at x0 if the restriction of f to ] x0− α, x0 [ admits a limit `′ (finite or infinite)

in x0.

We then note: lim
x−→

x<x0
x0

f (x) ( or lim
x−→

<
x0

f (x) ).

lim
x−→

<
x0

f (x) = `⇐⇒ ∀ε > 0, ∃δ > 0; ∀x ∈ D, x0 − δ < x < x0 =⇒ | f (x)− `| < ε.

Remark 3.1.29 :

If f has ` as a left-hand and right-hand limit at x0 and f (x0) = ` then ` is the limit of f at x0.

Examples 3.1.30 :

1)• The function E : x ∈ R 7−→ E(x) (the integer part function), does not admit a limit in x0 = k

where k ∈ Z. Because for all x ∈ ] k, k + 1 [ we have lim
x−→

>
k
E(x) = k and for all x ∈ ] k− 1, k [ we have

lim
x−→

<
k
E(x) = k− 1.

2)• The function f : x ∈ R∗ 7−→ 1
|x|

has a left limit and a right limit at 0 and lim
x−→

>
0

f (x) = lim
x−→

<
0

f (x) = +∞.
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3)• The function g : x ∈ R 7−→


x2 + 1 if x > 1

−2 if x = 1

3− x3 if x < 1.
has no limit at the point 1 . Because lim

x−→
>

1
g(x) = lim

x−→
>

1
(x2 + 1) = lim

x−→
<

1
g(x) = lim

x−→
>

1
(3− x3) = 2 and

g(1) = −2.

Proposition 3.1.31 :

The limit of a function at a point, if it exists, is unique.

Proof :

Suppose that ` and `′ are two distinct limits of f at x0. By the definition of a limit, we have:

∀ε > 0, ∃δ1 > 0; ∀x ∈ D f , |x− x0| ≤ δ1 =⇒ | f (x)− `| ≤ ε,

and

∀ε > 0, ∃δ2 > 0; ∀x ∈ D f , |x− x0| ≤ δ2 =⇒
∣∣ f (x)− `′

∣∣ ≤ ε.

We choose ε <
|`− `′|

2
and take δε = min {δ1, δ2}, then for all 0 < ε <

|`− `′|
2

∀x ∈ D f , x ∈ ] x0 − δε, x0 + δε [ =⇒ f (x) ∈ ] `− ε, `+ ε [ ∩ ] `′ − ε, `′ + ε [ .

This is absurd, because:

in the case ` < `′ we have ε < `′−`
2 =⇒ `+ ε < `′ − ε,

and in the case `′ < ` we have ε < `−`′
2 =⇒ `′ + ε < `− ε.

We deduce that the limit is unique.

3.1.7 Convergence and divergence of a function

Definition 3.1.32 :

We say that f converges at x0 if there exists a finite real number ` such that lim
x−→x0

f (x) = `. Otherwise,

we say that f diverges at x0.

Theorem 3.1.33 :

If f converges at x0 then f is bounded in the neighborhood of x0.

Proof :

Suppose lim
x−→x0

f (x) = `. For ε < 1, there exists δ > 0; ∀x ∈ ] x0 − δ, x0 + δ [ ; | f (x)− `+ `| ≤

53



3.3.1 Numerical functions, definitions and properties

| f (x)− `|+ |`| < 1 + |`|.

Thus f is bounded in the neighborhood of x0.

Attention: The converse is false, the function x 7−→ cos( 1
x2 ) is bounded in the neighborhood

of 0, but this function diverges at 0.

Operations on the limits

Theorem 3.1.34 :

Let f and g be two real functions defined on D ⊆ R having respective limits ` and `′ (finite or infinite)

when x −→ x0 where x0 is a point of D or an endpoint of D and `+ `′, `× `′ and `
`′ are defined (exist) in

R.
1 • lim

x−→x0
( f (x) + g(x)) = lim

x−→x0
f (x) + lim

x−→x0
g(x) = `+ `′.

2 • lim
x−→x0

( f (x)× g(x)) =
(

lim
x−→x0

f (x)
)
×
(

lim
x−→x0

g(x)
)
= `× `′.

3 • lim
x−→x0

(
1

f (x)

)
=

1
lim

x−→x0
f (x)

=
1
`

.

Proof :

Let’s write the definitions of the limits:

lim
x−→x0

f (x) = `⇐⇒ ∀ε > 0, ∃δ > 0; ∀x ∈ D, |x− x0| < δ =⇒ | f (x)− `| < ε.

lim
x−→x0

g(x) = `′ ⇐⇒ ∀ε > 0, ∃δ′ > 0; ∀x ∈ D, |x− x0| < δ′ =⇒
∣∣g(x)− `′

∣∣ < ε.

1• For all x ∈ D we have :

∣∣( f + g) (x)− (`+ `′)
∣∣ = ∣∣( f (x)− `) + (g(x)− `′)

∣∣ ≤ | f (x)− `|+
∣∣g(x)− `′

∣∣ .

and

∀ε > 0, ∃δ′′ = min
{

δ, δ′
}
> 0; |x− x0| < δ′′ =⇒ | f (x)− `| < ε and

∣∣g(x)− `′
∣∣ < ε.

Then

∀ε > 0, ∃δ′′ > 0; |x− x0| < δ′′ =⇒ | f (x)− `|+
∣∣g(x)− `′

∣∣ < 2ε.

If we choose 0 < ε <
ε′

2
, then we find

∀ε′ > 0, ∃δ′′ > 0; |x− x0| < δ′′ =⇒
∣∣( f + g) (x)− (`+ `′)

∣∣ < ε′.
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Therefore, by definition, we have: lim
x−→x0

( f + g) (x) = `+ `′.

2• For all x ∈ D we have :

|( f × g) (x)− (`× `′)| = | f (x)× g(x)− `g(x) + `g(x)− ``′|

= |g(x)( f (x)− `) + `(g(x)− `′)|

≤ |g(x)| |( f (x)− `)|+ |`| |(g(x)− `′)|

≤ ε(|g(x)|+ |`|).

As ` ∈ R we have `′ − ε < g(x) < `′ + ε, that is, for all x ∈ ] x0 − δ′, x0 + δ′ [ ;

|g(x)| < max {|`′ − ε| , |`′ + ε|} = M.

We deduce that if

|x− x0| < δ′′ then
∣∣( f × g) (x)− (`× `′)

∣∣ < ε(M + |`|).

If we choose 0 < ε <
ε′

M + |`| , we obtain

∀ε′ > 0, ∃δ′′ > 0; |x− x0| < δ′′ =⇒
∣∣( f × g) (x)− (`× `′)

∣∣ < ε′.

Then, we have: lim
x−→x0

( f × g) (x) = `× `′.

3• For all x ∈ D we have : ∣∣∣∣(1
f

)
(x)− 1

`

∣∣∣∣ =

∣∣∣∣ 1
f (x)

− 1
`

∣∣∣∣
=

∣∣∣∣`− f (x)
`. f (x)

∣∣∣∣
=
|`− f (x)|
|`. f (x)| .

As ` ∈ R we have `− ε < f (x) < `+ ε, that is, for all x ∈ ] x0 − δ, x0 + δ [ ;

| f (x)| > min {|`− ε| , |`+ ε|} = m.

We deduce that if

|x− x0| < δ then
∣∣∣∣(1

f

)
(x)− 1

`

∣∣∣∣ < ε

m |`| .

If we choose 0 < ε <
ε′′

m. |`| , we obtain

∀ε′′ > 0, ∃δ > 0; |x− x0| < δ =⇒
∣∣∣∣(1

f

)
(x)− 1

`

∣∣∣∣ < ε′′.

Then, we have: lim
x−→x0

(
1

f (x)

)
=

1
`

.
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3.1.8 Limits of functions and limits of sequences

Proposition 3.1.35 :

Let f : D −→ R, x0 ∈ D and ` ∈ R. We have lim
x−→x0

f (x) = ` if and only if for every sequence (un) of D

converging to x0, lim
n−→+∞

f (un) = `.

Proof :

Suppose lim
x−→x0

f (x) = `, and (un) a sequence of D such that lim
n−→+∞

un = x0. Let ε > 0. Since f of

limit ` in x0, there exists δ > 0 such that:

∀x ∈ D, |x− x0| < δ =⇒ | f (x)− `| ≤ ε.

Since un converging to x0, there exists N ∈N such that: ∀n ≥ N, |x− x0| < δ. We then have

∀n ≥ N, | f (un)− `| ≤ ε.

Thus f (un) converging to `.

Conversely: Let’s reason by contradiction. Suppose that for any sequence (un) in D such that

lim
n−→+∞

un = x0, lim
n−→+∞

f (un) = ` and that f does not have ` as a limit at x0.

We have that ( f does not have ` as a limit at x0) can be written as:

∃ε > 0, ∀δ > 0, ∃x ∈ D; |x− x0| < δ et | f (x)− `| ≥ ε.

Let us take δ =
1

n + 1
with n ∈N, we obtain an element un of D such that

∀n ≥ N, ∃un ∈ D; |un − x0| <
1

n + 1
et | f (un)− `| ≥ ε.

This means that the sequence un ∈ D converges to x0, but the sequence with general term f (un)

does not converge to `. This contradicts our hypothesis.

Remark 3.1.36 :

To show that a function f has no limit at x0, we must exhibit two sequences (un) and (vn) such that:

lim
n−→+∞

un = lim
n−→+∞

vn = x0 but lim
n−→+∞

f (un) 6= lim
n−→+∞

f (vn).

Or we find a sequence (un) converges to x0 and for which the sequence with general term f (un) diverges.

Examples 3.1.37 :

1)* The function f : x 7−→ sin
2
x

has no limit at 0. This is because the sequence (un) with general term
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un =
4

nπ
converges to 0, but the sequence with general term f (un) = (−1)n diverges.

2) The function g : x 7−→ cos(2x) has no limit at +∞. Consider the sequence (vn) with general term

vn = nπ tends to +∞ and the sequence (wn) with general term wn =
(2n + 1)π

2
tends to +∞ but

the sequence with general term g(vn) = cos(2nπ) converges to 1 and the sequence with general term

g(wn) = cos((2n + 1)π) converges to −1.

3.1.9 Limit of a composite function

Let D and D′ be two non-empty subsets of R, x0 a point or endpoint of D, ` a finite or infinite

real number, f a function from D to R, and g a function from D′ to R such that f (D) ⊂ D′. If

lim
x−→x0

f (x) = b and lim
x−→b

g(x) = ` where b is a point or endpoint of D′, then lim
x−→x0

(go f ) (x) = `.

3.1.10 Comparison Theorems

We now give a very important proposition which means that we can pass to the limit in a broad

inequality.

Proposition 3.1.38 :

Let f , g and h be three functions from D to R, x0 a point of D or an endpoint of D, and ` and `′ two finite

or infinite real numbers.

⊗ If lim
x−→x0

f (x) = `, lim
x−→x0

g(x) = `′ and for all x ∈ D; f (x) ≤ g(x) then ` ≤ `′.

⊗ If lim
x−→x0

f (x) = +∞ and for all x ∈ D; f (x) ≤ g(x) then lim
x−→x0

g(x) = +∞.

⊗ If lim
x−→x0

g(x) = −∞ and for all x ∈ D; f (x) ≤ g(x) then lim
x−→x0

f (x) = −∞.

⊗ If lim
x−→x0

g(x) = `, lim
x−→x0

h(x) = `′ and for all x ∈ D; g(x) ≤ f (x) ≤ h(x) then ` ≤ lim
x−→x0

f (x) ≤ `′.

Proposition 3.1.39 :

If f is a bounded function on neighborhood of x0 and if lim
x−→x0

g(x) = 0 then lim
x−→x0

f (x)× g(x) = 0.

That is, f is negligible compared to g in the neighborhood of x0. We can also write,

∀x ∈ D f ∩ Dg ∩ ] x0 − α, x0 + α [ , ∀ε > 0; | f (x)| ≤ ε |g(x)| .

Example 3.1.40 :

lim
x−→0

x2 cos 1
x = 0 because lim

x−→0
x2 = 0 and the function x 7−→ cos

1
x

is bounded on neighborhood of 0.

Remark 3.1.41 :

For n ∈N∗ we have :
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When x −→ +∞,

e−x <<
1
xn <<

1
lnx

<< lnx <<
√

x << xn << ex.

When x −→ 0+,

xn <<
√

x <<
1

lnx
<< lnx <<

1√
x
<<

1
xn .

3.2 Continuity of real functions of a real variable

3.2.1 Continuity of real functions at the point

Definition 3.2.1 :

Let f be a function from I to R and x0 ∈ I.

• We say that f is continuous at x0 if it is defined on an open interval containing x0 and if lim
x−→x0

f (x) =

f (x0).

In other words, if

∀ε > 0, ∃δ > 0; ∀x ∈ D f , |x− x0| < δ =⇒ | f (x)− f (x0)| ≤ ε.

•We say that f is continuous on an interval I of R if f is continuous at every point of I.

We denote by C(I, R) or C0(I, R) the set of functions defined and continuous on I with values in R.

Examples 3.2.2 :

1) The function f (x) = x3−1
x2−1 is discontinuous at 1. Because the function f is not defined at the point 1,

that is f (1) is undefined.

2) The function

f : R −→ R

x 7−→

 e−
1

x2 if x 6= 0

0 if x = 0

is continues in 0, because lim
x−→

x 6=0
0

f (x) = lim
x−→

x 6=0
0
e−

1
x2 = 0 = f (0).

3) The function g (x) =

 x2 − 1 i f x < −1

x3 − 1 i f x ≥ −1
is not continuous at −1.
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3.3.2 Continuity of real functions of a real variable

Because 0 = limx→
<
−1 g (x) 6= limx→

>
−1 g (x) = −2 = g (−1) .

4) The function h (x) =


cos(x)
x−π

2
i f x 6= π

2

1 i f x = π
2

is not continuous at π
2 . Because

lim
x−→π

2

h(x) = lim
x−→π

2

cos(x)
x− π

2
= lim

y−→0

cos(y + π
2 )

y
= lim

y−→0

−sin (y) .sin
(

π
2

)
y

= −1 6= h
(π

2

)
= 1.

5)However, the integer part function E is not continuous at the points x0 ∈ Z, since it does not have a limit

at these points. Because lim
x−→

>
k
E (x) = k = E (k) and lim

x−→
<

k
E (x) = k− 1 6= E (k). But it is continuous on

[ k, k + 1 [ for all k ∈ Z. 6) The function f : x 7−→ sin x continues at every point x0 ∈ R. Indeed,

|sin x− sin x0| = 2
∣∣∣∣sin

x− x0

2

∣∣∣∣ ∣∣∣∣cos
x + x0

2

∣∣∣∣
≤ 2

∣∣∣∣sin
x− x0

2

∣∣∣∣ , because (∀α ∈ R; |cosα| ≤ 1)

≤ |x− x0| , because (sinx ≈ x on neighborhood of 0).

Therefore, for all ε > 0, there exists δ = ε such that

|x− x0| < δ =⇒ |sin x− sin x0| ≤ ε.

Continuity on the right and on the left

Definition 3.2.3 :

Let f be a function defined on an interval I of R and x0 ∈ I.

•We say that f is right-continuous at x0 if: lim
>

x−→x0

f (x) = f (x0).

In other words, if

∀ε > 0, ∃δ > 0; ∀x ∈ I; 0 < x− x0 ≤ δ =⇒ | f (x)− f (x0)| ≤ ε.

•We say that f is left-continuous at x0 if: lim
<

x−→x0

f (x) = f (x0).

In other words, if

∀ε > 0, ∃δ > 0; ∀x ∈ I; 0 < x0 − x ≤ δ =⇒ | f (x)− f (x0)| ≤ ε.

Remark 3.2.4 :

The function f is continuous from the right and from the left at the point x0 if and only if f is continuous

at x0.
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3.3.2 Continuity of real functions of a real variable

Examples 3.2.5 :

1) The integer part function E is continuous from the right at the points x0 ∈ Z, and discontinuous from

the left at the points x0 ∈ Z. Because lim
>

x−→x0
x0∈Z

E (x) = x0 = E (x0) and lim
<

x−→x0
x0∈Z

E (x) = x0 − 1 6= E (x0).

2) The function g defined on ]− π

2
,

π

2
[ by

g (x) =


tanx

x
if x 6= 0

1 if x = 0

it is continuous in 0, since lim
>

x−→x0

tanx
x

= lim
<

x−→x0

tanx
x

= 1 = g (0).

3.2.2 Operations and composite continuous functions

Theorem 3.2.6 :

⊗ Let f and g be two real functions defined on D and continuous at a point x0 ∈ D, where λ is a real

constant.

∗ λ f , f + g et f × g are continuous at x0.

∗ If f (x0) 6= 0, then
1
f

is continuous at x0.

⊗ Let f and g be two real functions defined on I and J respectively such that f (I) ⊆ J. If f is continuous

at a point x0 ∈ I and g is continuous at f (x0), then g ◦ f is continuous at x0.

Proof : The proof is a result of the properties of the limits.

Theorem 3.2.7 :(Weierstrass’s Theorem)

Every real function f continuous on an interval [a, b] ⊂ R is bounded and attains its bounds, in other

words, it has a minimum and a maximum. That is to say: ∃c, d ∈ [a, b] ; ∀x ∈ [a, b] , f (c) ≤ f (x) ≤ f (d)

or f (d) ≤ f (x) ≤ f (c).

3.2.3 Intermediate Value Theorem

Theorem 3.2.8 :

Let f be a continuous function on [a, b] ⊂ R, then for every real k between f (a) and f (b), there exists at

least one real c ∈ [a, b] such that f (c) = k.

Proof : :

Let’s prove the theorem in the case where f (a) < f (b). Suppose that k is a real number such that
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3.3.2 Continuity of real functions of a real variable

f (a) ≤ k ≤ f (b).

1. The set F = {x ∈ [a, b] / f (x) ≥ k} is non-empty (since b ∈ F) and it is bounded below (by a):

it therefore has a lower bound c such that c > a. Let’s show that f (c) = k.

2. First, let’s show that f (c) ≥ k. Since c = in f F, then

∀ε > 0, ∃xε ∈ F; c ≤ xε < c + ε, (3.1)

From (3.1), for n ∈N∗, taking ε =
1
n

, we have:

∃xn ∈ F; c ≤ xn < c +
1
n

.

We deduce that the sequence (xn)n∈N∗ converges to c. Since f is continuous at c, the sequence

( f (xn))n∈N∗ converges to f (c). Now, for all n ∈ N∗, we have f (xn) ≥ k because xn ∈ F.

Therefore, by taking the limit, we find f (c) ≥ k.

3. Let’s now show that f (c) ≤ k. Consider the sequence (yn)n∈N∗ defined by yn = c − c−a
n .

This sequence is strictly increasing and converges to c, since c > a. Since f is continuous at c,

the sequence ( f (yn))n∈N∗ converges to f (c). Since, for all n ∈ N∗, we have f (yn) ≤ k because

(c = in f F, which implies yn /∈ F). Therefore, by taking the limit, we find f (c) ≤ k. Finally, we

have f (c) ≥ k and f (c) ≤ k. This implies f (c) = k.

Examples 3.2.9 :

a) We will demonstrate that this equation 2x3− 6x2 + 7x− 4 = 0 has at least one solution in the interval

[1; 2] .

We can use the Intermediate Value Theorem.

We consider the function f (x) = 2x3 − 6x2 + 7x − 4 over the closed interval [1; 2]. The function f is a

polynomial, therefore it is continuous over [1; 2]. We have f (1) = −1 and f (2) = 2. Since f (1) < 0 <

f (2), then by the Intermediate Value Theorem: there exists at least one value k in the interval ]1, 2[ such

that f (k) = 0, that is a solution for the equation f (x) = 0 in the interval ]1, 2[.

b) The function f : x 7−→ tanx + x− 1 has at least one zero on the interval
[
0,

π

4

]
. This is because the

function f is continuous on ]− π

2
,

π

2
[ , and f (0) = −1, f (

π

4
) =

π

4
, and 0 lies between f (0) and f (

π

4
).

According to the Intermediate Value Theorem, there exists at least one c ∈
[
0,

π

4

]
such that f (c) = 0.

3.2.4 Results of monotonic continuous functions

Theorem 3.2.10 :

If f is a continuous, strictly monotonic function on an interval I = [a, b] with finite or infinite bounds,
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3.3.2 Continuity of real functions of a real variable

then:

1) f (I) (the direct image of the interval I by the function f ) is an interval of the same type as I, and whose

boundaries are the limits of f at the boundaries of the interval I.

2) f establishes a bijection from I to f (I).

3) Moreover, its inverse function f−1 : f (I) −→ I is continuous and has the same monotonicity as f .

Proof :

1) • Let y1, y2 ∈ f (I), y1 ≤ y2. Let’s show that if y ∈ [y1, y2], then y ∈ f (I). By hypothesis, there

exist x1, x2 ∈ I such that y1 = f (x1), y2 = f (x2), and therefore y is between f (x1) and f (x2). By

the Intermediate Value Theorem, since f is continuous, there exists x ∈ I such that y = f (x), and

thus y ∈ f (I).

• We assume that I = ] a, b [[ ⊂ R and f is strictly increasing on I. Since f is strictly monoton-

ically continuous on I, then the limits of f at a and b exist in R and lim
x−→a

f (x) = in f
x∈]a,b[

f (x) and

lim
x−→b

f (x) = sup
x∈]a,b[

f (x).

Then, for all x ∈]a, b[; lim
x−→a

f (x) < f (x) < lim
x−→b

f (x) because f is strictly increasing. So

f (]a, b[) ⊂] lim
x−→a

f (x), lim
x−→b

f (x)[.

Vice versa:

Let y ∈] lim
x−→a

f (x), lim
x−→b

f (x)[. There exists x1, x2 ∈]a, b[ such that f (x1) < y < f (x2). Applying the

Intermediate Value Theorem on the interval [x1, x2], we find x ∈ [x1, x2] ⊂]a, b[ such that y = f (x).

So

] lim
x−→a

f (x), lim
x−→b

f (x)[⊂ f (]a, b[) .

Eventually

f (]a, b[) =] lim
x−→a

f (x), lim
x−→b

f (x)[.

In the case where I = [a, b[⊂ R.

The continuity to the right from f to a imposes lim
>

x−→a
f (x) = f (a). And like

f ([a , b [ ) = f ({a} ∪]a, b[)

= { f (a)} ∪ f (]a, b[)

= { f (a)} ∪ ] lim
>

x−→a
f (x), lim

x−→b
f (x) [

= [ f (a) , lim
x−→b

f (x) [
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3.3.2 Continuity of real functions of a real variable

3) Let’s assume, for the sake of clarity, that f is strictly increasing on an interval I. The same

applies to the case where f is strictly decreasing on I. Let (x1, x2) ∈ I2 be such that x1 6= x2. Then

we have x1 < x2 or x1 > x2. Since f is strictly increasing on I, this implies that f (x1) < f (x2)

or f (x1) > f (x2), in all cases we have f (x1) 6= f (x2). Therefore, f is injective. According to the

Intermediate Value Theorem, for every real number between f (a) and f (b), f has at least one

preimage under f , meaning that the function f is surjective. This clearly shows that f is bijective.

4) • Let’s show that if f is strictly increasing on an interval I, then f−1 is strictly increasing on

f (I). Let (y1, y2) ∈ f (I)2 be such that y1 < y2, and let x1 = f−1(y1) and x2 = f−1(y2). Then we

have f (x1) = y1 and f (x2) = y2. If f (x1) < f (x2), since f is strictly increasing on I, then we have

x1 < x2. This shows that f−1 is strictly increasing on f (I).

• Let’s show that f−1 is continuous at y0 ∈ f (I).

We need to show that for all ε > 0 there exists δ > 0 such that for all y ∈ f (I);

|y− y0| < δ =⇒
∣∣∣ f−1(y)− f−1(y0)

∣∣∣ ≤ ε.

Let x0 − ε < x < x0 + ε since f is continuous and strictly increasing on I we have

f (x0 − ε) < f (x) < f (x0 + ε) [taking ε small enough so that x0 − ε and x0 + ε remain in I].

Consider α = y0 − f (x0 − ε) and β = f (x0 + ε)− y0. We have f−1(y0 − α) = x0 − ε and f−1(y0 +

β) = x0 + ε. For y ∈ [y0 − β, y0 + β] where δ = min {α, β}, we have y0 − α < y < y0 + β. Since

f−1 is strictly increasing

f−1 (y0 − α) < f−1 (y) < f−1 (y0 + β) ⇐⇒ x0 − ε < f−1 (y) < x0 + ε

⇐⇒ f−1 (y0)− ε < f−1 (y) < f−1 (y0) + ε.

Which shows that

∀ε > 0, ∃δ = min {α, β} > 0, ∀y ∈ f (I); |y− y0| < δ =⇒
∣∣∣ f−1(y)− f−1(y0)

∣∣∣ ≤ ε.

3.2.5 Extension by continuity

Definition 3.2.11 :

Let I be an interval of R, x0 a point of I, and f be a real function defined on I − {x0}. We say that f is

extendable by continuity at x0 if f has a finite limit at x0. Let ` = lim
x−→x0

f (x). We then define the function
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3.3.2 Continuity of real functions of a real variable

f̃ by

f̃ : I −→ R

x 7−→

 f̃ (x) = f (x) if x ∈ I − {x0}

f̃ (x) = ` if x = x0.

Then f̃ is continuous at x0 and we call it the continuous extension of f at x0.

Examples 3.2.12 :

1. Let f be the function defined on R− 0 by f (x) = cos(x)−1
x2 . Then the function f is not defined at 0, but

the limit of f at 0 is 1
2 . Because limx→0

cos(2 x
2 )−1

x2 = limx→0
sin2( x

2 )
2( x

2 )
2 = 1

2 .

The continuous extension of f at 0 is the function g defined on R by g(x) =


cos(x)−1

x2 if x 6= 0
1
2 if x = 0.

2. Consider the function f defined on R∗ by f (x) = xcos(1/x). Let’s see if f has a continuous extension

at 0. Since for all x ∈ R∗ we have | f (x)| ≤ |x|, we deduce that f tends to 0 at 0. It is therefore extendable

by continuity at 0 and its extension is the function f̃ defined on R by:

f̃ (x) =

 xcos 1
x if x 6= 0

0 if x = 0.

3. The function h defined on R− {1} by h(x) = (x− 1) ln |x− 1|, extendable by continuity at 1 and its

extension is the function h̃ defined on R by:

h̃(x) =

 (x− 1) ln |x− 1| if x ∈ R− {1}

0 if x = 1.

3.2.6 Exercises

Exercise 3.2.13 :

a) Study the continuity of the function f defined on R by:

f (x) =
∣∣∣∣x− 2E

(
x + 1

2

)∣∣∣∣ .

b) Show that the function f is periodic with period 2 and even.

c) Represent graphically f on the interval [−2, 2].

Exercise 3.2.14 :

Let f and g be two functions from N to N defined by:

f (x) = 2x and g(x) =

 x if x is even
x− 1

2
if x is odd

.
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1. Are the maps f and g injective? surjective?

2. Are the maps ( f ◦ g) and (g ◦ f ) injective? surjective?.

Exercise 3.2.15 :

Consider the application f defined as follows:

f : N −→ N

n 7−→ f (n) = n + (−1)n

1. Is f injective?.

2. Is f surjective ?.

3.Calculate ( f ◦ f )(n).

Exercise 3.2.16 :

Consider the following two applications:

f : R2 −→ R

(x1, x2) 7−→ f (x1, x2) = x1 + x2

and
g : R −→ R2

x 7−→ (x2, x2)

1. Is f injective? Is f surjective?.

2. Is g injective? Is g surjective?.

3. Calculate ( f ◦ g)(x).

4. Is ( f ◦ g)(x) injective?, is ( f ◦ g)(x) surjective?.

Exercise 3.2.17 :

1. Are the following functions extendable by continuity on R?

a) x 7−→ cosx.cos
1

x− π

2

b) x 7−→ 1
x− 1

ln
e2x−2 + e2−2x

2

2. We consider the function f defined by

f : x 7−→
(

αx2 + πx− π2
)

tan(2x).

a. Determine its domain of definition.

b. For what value of α can we extend f by continuity to x =
π

4
?.

Exercise 3.2.18 :

For what value(s) of the real number λ is the function g defined by:
g(x) =

sin(λx)
x

if x < 0

g(x) =
ln(1 + 2x)

x
if x > 0,

Is it extendable by continuity at 0? We will then specify this extension.
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Exercise 3.2.19 :

1) Show that for every integer n ∈ N, the equation tanx = x has a unique solution denoted un in the

interval ] nπ − π

2
, nπ +

π

2
[ . 2) Let vn = un − nπ. Calculate f (un+1 − π). Deduce that the sequence

(vn)n≥0 is strictly increasing, then that it converges, and find its limit.

3.3 Differentiability of real functions of a real variable

3.3.1 Derivatives of a real function

Differentiability deals with the instantaneous rate of change of a given function, while its rules

form a set of principles that facilitate the calculation of derivatives in specific ways and provide

important information about the properties of numerical functions.

Definition 3.3.1 :

Let f be a real-valued function defined on an open interval I and x0 a point of I. We say that f is differen-

tiable at x0 if and only if this limit lim
x−→x0

f (x)− f (x0)
x−x0

exists and is finite. This limit, denoted f ′(x0), is called

the derivative of f at x0.

We say that f is differentiable on an open interval J ⊂ I if it is differentiable at every point x ∈ J.

The function x 7−→ f
′
(x) is called the derivative function, denoted by f

′
or d f

dx .

Examples 3.3.2 :

1) The function f defined on [−1, 1] by f (x) =
√

1− x2 is differentiable at every point x0 ∈ ]− 1, 1 [ .

Indeed, for all x0 ∈ ]− 1, 1 [ ,

lim
x−→x0

f (x)− f (x0)

x− x0
= lim

x−→x0

√
1− x2 −

√
1− x2

0

x− x0

= lim
x−→x0

(√
1− x2 −

√
1− x2

0

) (√
1− x2 +

√
1− x2

0

)
(x− x0)

(√
1− x2 +

√
1− x2

0

)
= lim

x−→x0

x + x0(√
1− x2 +

√
1− x2

0

)
=

2x0

2
√

1− x2
0

∈ R.
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3.3.3 Differentiability of real functions of a real variable

2) The function g defined on I =]− π

2
,

π

2
[ by g(x) = tanx is differentiable at every point x0 ∈]−

π

2
,

π

2
[.

Indeed, for all x0 ∈]−
π

2
,

π

2
[,

lim
x−→x0

x0∈I

g (x)− g (x0)

x− x0
= lim

x−→x0
x0∈I

tanx− tanx0

x− x0

= lim
x−→x0

x0∈I

sinx.cosx0 − sinx0.cosx
(x− x0) (cosx.cosx0)

= lim
x−→x0

x0∈I

sin (x− x0)

(x− x0) (cosx.cosx0)

=
1

(cosx0)
2 ∈ R.

3) The function h defined on R by h : x 7−→

 h (x) = xcos
(

1
x

)
if x 6= 0

h (x) = 0 if x = 0,
is not differentiable at 0. Because

lim
x−→0

h (x)− h (0)
x

= lim
x−→0

xcos
(

1
x

)
x

= lim
x−→0

cos
(

1
x

)
( has no limit ).

4. The function k defined on R by k(x) = xn where n ∈ N∗ is differentiable at every point x0 ∈ R, and

that f ′(x0) = n.xn−1
0 . Because

lim
x−→x0

k (x)− k (x0)

x− x0
= lim

x−→x0
x 6=x0

xn − xn
0

x− x0

= lim
x−→x0

x 6=x0

(
xn−1 + xn−2.x0 + · · ·+ xn−2

0 .x + xn−1
0

)
= n.xn−1

0 .

Remark 3.3.3 :

The derivative of the function f at x0 is sometimes written
d f
dx

(x0) and by the change of variable x− x0 =

h, we have:

f ′(x0) = lim
h−→0

f (x0 + h)− f (x0)

h
.

3.3.2 Geometric interpretation of the derivative

The line passing through the distinct points M0(x0, f (x0)) and M(x, f (x)) has a direction coeffi-

cient which is the value f
′
(x0) when x aproches x0. This line is called the tangent at the point

M0(x0, f (x0)) of C f , and its equation is defined as: y = f
′
(x0) (x− x0) + f (x0).
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Proposition 3.3.4 :

Let f :]a, b[−→ R and x0 ∈]a, b[. There is equivalence between the following three statements:

(i) f is differentiable at x0.

(ii) There exists a real number ` which will be f ′(x0) and a function ε defined on ]a, b[ such that

f (x) = f (x0) + `.(x− x0) + (x− x0)ε(x) and lim
x−→x0

ε(x) = 0.

(iii) There exists a real ` such that lim
x−→x0

f (x)− f (x0)− `.(x− x0)

x− x0
= 0, and ` = f ′(x0).

Proof ::

(i) =⇒ (ii). It suffices to set

 ε(x) =
f (x)− f (x0)− f ′(x0).(x− x0)

x− x0
if x 6= x0

ε(x) = 0 if x = x0.
(ii) =⇒ (iii) and (iii) =⇒(i). They are obvious.

3.3.3 Differentiability and continuity

Theorem 3.3.5 :

(1) Any function f that is differentiable at a point x0, then it is continuous at that point.

(2) If a function f is not continuous at a point x0, then it is not differentiable at that point.

Proof : :

(1) Suppose f is differentiable at x0 and let’s show that it is also continuous at this point.

For x 6= x0, we have

f (x)− f (x0) =
f (x)− f (x0)

x− x0
(x− x0).

Taking the limit in this identity, we find

lim
x−→x0

( f (x)− f (x0)) = lim
x−→x0

(
f (x)− f (x0)

x− x0

)
(x− x0) = f ′(x0).0 = 0.

That is, lim
x−→x0

f (x) = f (x0). Thus, f is continuous at x0.

3.3.4 Derived from the right and from the left at a point

Definition 3.3.6 :

Let f be a real-valued function defined on an open interval I and x0 a point of I. We say that f is right-

differentiable (resp. left-differentiable) at x0 if: lim
x >−→x0

f (x)− f (x0)

x− x0
= f

′
d(x0)

(resp. lim
x <−→x0

f (x)− f (x0)

x− x0
= f

′
g(x0)) exists and is finite.
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Examples 3.3.7 :

•) The function f : [−1, 1] −→ R defined by: f (x) =
√

x2 (1− |x|) is differentiable from the right and

from the left at 0 and f ′d(0) = 1 and f ′g(0) = −1

•) The function g : [0,+∞[−→ R defined by: g(x) =
∣∣1− x2

∣∣√x is differentiable from the right and

from the left at 1 and g′d(1) = 2 and g′g(1) = −2.

Property 3.3.8 :

f is differentiable at x0 if and only if it is differentiable from the right and from the left at x0 and f ′d(x0) =

f ′g(x0).

Examples 3.3.9 :

a). We show that f (x) = x2 + |x− 1| is not differentiable at the point 1. The right-hand derivative at

the point 1 is : limx→
>

1
f (x)− f (1)

x−1 = limx→
>

1
x2+x−1−1

x−1 = limx→
>

1
(x−1)(x+2)

x−1 = 3.

The left-hand derivative at the point 1 is : limx→
<

1
f (x)− f (1)

x−1 = limx→
<

1
x2−x+1−1

x−1 = 1.

Since the right-hand derivative and the left-hand derivative are different that is f ′d(1) 6= f ′g(1), then the

function f is not differentiable at point 1.

b). We show that g (x) =

 xsin
(

1
x

)
, if x 6= 0

0, if x = 0
is not differentiable at the point 0.

Since limx−→0
g(x)−g(0)

x = limx−→0 sin
(

1
x

)
, which does not exist.

This means the function g is not differentiable at the point 0.

c). We show that h (x) =

 x2sin
(

1
x

)
, if x 6= 0

0, if x = 0
is differentiable at the point 0.

Since limx−→0
h(x)−h(0)

x = limx−→0 xsin
(

1
x

)
= 0, because the function sin is bounded. This means the

function h is differentiable at the point 0.

3.3.5 Derivative function

Let f : I ⊂ R −→ R be a differentiable function on J ⊆ I. The derivative of f is the function

denoted f ′ which, for each x ∈ J, associates f ′(x) the number derivative of f at x, that is

f ′ : J ⊂ R −→ R

x 7−→ f ′(x).

Examples 3.3.10 :

a) The function tan is differentiable on Ik = ]− π

2
+ kπ,

π

2
+ kπ [ with k ∈ Z and its derivative is tan′
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defined on Ik by :

tan
′
(x) =

1
cos2 x

= 1 + tan2 x.

b) The function cot differentiable on jk =]kπ, (k + 1)π[ with k ∈ Z and its derivative is cot′ defined on

jk by:

cot
′
(x) = − 1

sin2x
= −1− cot2x.

Operations on differentiable functions

Theorem 3.3.11 :

Let f and g be two functions differentiable at a point x0 on an interval I of R and λ ∈ R, then, the

functions λ. f , f + g and f .g are also differentiable at x0 and (α. f )
′
(x0) = α. f

′
(x0), ( f + g)

′
(x0) =

f
′
(x0) + g

′
(x0) and ( f .g)

′
(x0) = f

′
(x0) g (x0) + g

′
(x0) f (x0) .

• If g (x0) 6= 0, then the function
f
g

differentiable at x0 and

(
f
g

)′
(x0) =

f
′
(x0) g (x0)− g

′
(x0) f (x0)

(g (x0))
2 .

Proof : :

First, we show that ( f × g)′ = f ′ × g + f × g′.

Let x0 ∈ I,

• lim
x−→x0

f (x) g (x)− f (x0) g (x0)

x− x0
= lim

x−→x0

f (x) .g (x)− f (x0) g (x) + f (x0) g (x)− f (x0) g (x0)

x− x0

= lim
x−→x0

[
f (x)− f (x0)

x− x0
g (x) + f (x0)

g (x)− g (x0)

x− x0

]
= f

′
(x0) g (x0) + g

′
(x0) f (x0) .

This implies that the function f × g is differentiable on I with derivative f ′ × g + f × g′.

Secondly, let’s show
(

f
g

)′
=

f
′ × g− f × g

′

g2 .
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Let x0 ∈ I, we have

lim
x−→x0

f
g
(x)− f

g
(x0)

x− x0
= lim

x−→x0

1
x− x0

× f (x)× g (x0)− f (x0)× g (x)
g (x)× g (x0)

= lim
x−→x0

f (x)× g (x0)− f (x0)× g (x0) + f (x0)× g (x0)− f (x0)× g (x)
(x− x0) g (x)× g (x0)

= lim
x−→x0

1
x− x0

× g (x0) [ f (x)− f (x0)]− f (x0) [g (x)− g (x0)]

g (x)× g (x0)

= lim
x−→x0

[
1

g (x)
× f (x)− f (x0)

x− x0
− f (x0)

g (x)× g (x0)
× g (x)− g (x0)

x− x0

]
=

1
g (x0)

× f
′
(x0)−

f (x0)

(g (x0))
2 × g

′
(x0) because

1
g

is continuous at x0

=
f
′
(x0)× g (x0)− f (x0)× g

′
(x0)

(g (x0))
2 .

This implies that the function
f
g

is differentiable at every point x0 of I with derivative
f
′ × g− f × g

′

g2 .

3.3.6 Derivative of a composite function

Theorem 3.3.12 :

Let f be a function defined on an interval I and g a function defined on an interval J containing f (I), and

x0 a point of I.

If f is differentiable at x0 and g is differentiable at f (x0), then g ◦ f is differentiable at x0 and

(g ◦ f )
′
(x0) = f

′
(x0) g

′
( f (x0)) .

Proof : Let y0 = f (x0). According to our hypotheses, f is differentiable at x0 and g is differentiable

at y0. Let G be the function defined on J by: G(y) =
g(y)− g(y0)

y− y0
if y 6= y0

G(y) = g′(y0) if y = y0.

Since the function g is differentiable at y0, the function G is continuous at y0. The function f is

continuous at x0, therefore the function G ◦ f is continuous at x0, so its limit at x0 is g
′
(y0).

For all x ∈ I − {x0} we have:

(g ◦ f ) (x)− (g ◦ f ) (x0)

x− x0
=

g ( f (x))− g ( f (x0))

x− x0

= G ( f (x))
f (x)− f (x0)

x− x0
by definition of G.
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By taking the limit, when x tends towards x0, we therefore have g ◦ f is differentiable at x0 with

derivative number (g ◦ f )
′
(x0) = f

′
(x0) g

′
( f (x0)).

Examples 3.3.13 :

1). Let I be an open interval of R and f a function defined from I to R. Let h be the function defined on I

by h(x) = ( f (x))n.

If f is differentiable at x0, then the function h is also differentiable and h
′
(x0) = n. f

′
(x0)× ( f (x0))

n−1.

Indeed, h = g ◦ f with g(y) = yn.

2). Let I be an open interval of R and g be a function defined on I with values in R∗+.

If g is differentiable at x0 ∈ I, then the function k defined on I by k(x) = ln(g(x)) is differentiable at x0

and (ln ◦ g)
′
(x0) =

g
′
(x0)

g(x0)
.

3.3.7 Bijections and Inverse Functions

Definition 3.3.14 The function f : D( f ) ⊆ R −→ R is injective on D f if

∀x1, x2 ∈ D f ; f (x1) = f (x2) =⇒ x1 = x2.

Equivalently:

∀x1, x2 ∈ D f ; x1 6= x2 =⇒ f (x1) 6= f (x2).

Remark 3.3.15 f is not injective if ∃x1, x2 ∈ D f ; x1 6= x2 and f (x1) = f (x2).

Proposition 3.3.16 :

A sum of two increasing (decreasing) functions is an increasing (decreasing) function.

Theorem 3.3.17 :

Let f be strictly monotone on D ⊆ R then f is injective on D.

Definition 3.3.18 :

Let f : D( f ) −→ H( f ) ⊆ R be an injective function where D( f ) is the domain of f and H( f ) is the

range of f . Inverse function of f (denoted f−1 ) is defined by the relation y = f (x)⇐⇒ x = f−1(y).

Obviously the domain D( f−1) = H( f ) and range H( f−1) = D( f ).

Remarks 3.3.19 :

∗ The graph of f−1 is symmetric to the graph of f with respect to the line with equation y = x.

∗ ∀x ∈ D ( f ) ; f−1( f (x)) = x.

∗ ∀y ∈ D
(

f−1) = H ( f ) ; f ( f−1(y)) = y.
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3.3.8 Derivative of an inverse function

Here we mention a theory that is widely used in practice to prove that the function is bijective.

Theorem 3.3.20 (Bijection Theorem).

Let f be a function defined on an interval I of R.

If f is continuous and strictly monotonic on I, then f is a bijection from I to J = f (I) and has an inverse

bijection f−1 from J = f (I) to I.

Furthermore, the inverse function f−1 is continuous and strictly monotonic on J and has the same direction

of variation as f .

Proof ::

Let’s assume, for the sake of clarity, that f is strictly increasing on I.

1) Recall that the image of an interval under a continuous function on that interval is an interval.

Therefore, J is an interval.

To show that f is injective, we assume that x1, x2 ∈ I such that f (x1) = f (x2) and show that

x1 = x2. If x1 < x2, since f is strictly increasing on I, then f (x1) < f (x2) is impossible, because

f (x1) = f (x2), we deduce that x1 ≥ x2.

⊗ Similarly, if x1 > x2, we can show that x1 ≤ x2. We conclude that x1 = x2. Therefore, f is

injective.

By the Intermediate Value Theorem, we have ∀y ∈ J = f (I), ∃x ∈ I; f (x) = y. We conclude that

f is surjective. The function f thus establishes a bijection from I to f (I).

2) ∗ Let’s show that f−1 is strictly increasing on J.

Let y1, y2 ∈ J be such that y1 > y2 and we denote x1 = f−1 (y1) ∈ I and x2 = f−1 (y2) ∈ I. We

then have f (x1) = y1 and f (x2) = y2 and since y1 > y2, then f (x1) > f (x2). This implies that

x1 > x2 (since f is strictly increasing on I), that is, f−1(y1) > f−1(y2). This shows that f−1 is

strictly increasing on J.

Let’s show that f−1 is continuous on J.

Let y0 ∈ J be such that x0 = f−1(y0) ∈ I and y0 is not an endpoint of J.

To show that f−1 is continuous at y0, we need to show that: for all ε > 0, there exist δ > 0; for all

y ∈ J,

|y− y0| < δ =⇒
∣∣∣ f−1(y)− f−1(y0)

∣∣∣ ≤ ε.

Let ε > 0 such that x ∈ [x0 − ε, x0 + ε] ⊂ I, as f is strictly increasing and continuous, we therefore

have f (x) ∈ [ f (x0 − ε) , f (x0 + ε)]. We note α = y0 − f (x0 − ε) > 0 and β = f (x0 + ε)− y0 > 0.
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We have:

On the one hand, f (x0 − ε) = y0 − α, hence x0 − ε = f−1(y0 − α),

and on the other hand, f (x0 + ε) = β + y0, hence x0 + ε = f−1(y0 + β).

For y ∈ [y0 − δ, y0 + δ], where δ = min {α, β}, we have y ∈ [y0 − α, y0 + β].

Since f−1 is strictly increasing, then f−1(y) ∈
[

f−1 (y0 − α) , f−1 (y0 + β)
]

and we then have

f−1(y) ∈ [x0 − ε, x0 + ε], that is, f−1(y) ∈
[

f−1(y0)− ε, f−1(y0) + ε
]
. This shows that the function

f−1 is continuous on J.

Theorem 3.3.21 :

Let f : I −→ J be a continuous bijective function differentiable at a point x0 ∈ I and if f (x0) 6= 0, then

the function f−1 : J −→ I is differentiable at y0 = f (x0) and

(
f−1)′ (y0) =

1
f ′ (x0)

=
1

f ′ ( f−1 (y0))
.

Proof ::

Let y0 ∈ J and x0 ∈ I be such that y0 = f (x0). The rate of change of the function f−1 with respect

to y0 is:
f−1 (y)− f−1 (y0)

y− y0
=

x− x0

f (x)− f (x0)

=
1

f (x)− f (x0)

x− x0

.

When y −→ y0 (with y 6= y0), x = f−1 (y) −→ f−1 (y0) = x0 because f−1 is continuous in y0 and

by limit composition we have:
1

f (x)− f (x0)

x− x0

−→ 1
f ′ (x0)

.

Example 3.3.22 :

The function f from R?
+ to ]1,+∞[ defined by f (x) = x2 + 1 is a continuous bijective function differen-

tiable at every point x0 ∈ R?
+ and its inverse function f−1 :]1,+∞[ defined by f (y) =

√
y− 1 is differen-

tiable at every point y0 = f (x0) ∈]1,+∞[ and ( f−1)
′
(y0) =

1
f ′ ( f−1 (y0))

=
1

2 f−1 (y0)
=

1
2
√

y0 − 1
.

3.3.9 Successive derivatives

Definition 3.3.23 :

Let f : I ⊂ R −→ R be a differentiable function, and f
′

its derivative.

If the function f
′

: I ⊂ R −→ R is also differentiable, we denote f
′′
= ( f

′
)
′

the second derivative of f .
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More generally, we denote: f (0) = f , f (1) = f
′
, f (2) = f

′′
, and f (n+1) =

(
f (n)
)′

. If the n-th derivative

of f ( f (n) ) exists, we say that f is n times differentiable.

Examples 3.3.24 :

By proof by induction, we can verify that the nth derivatives on R of these functions

f : x 7−→ cos(ax + b), g : x 7−→ sin(ax + b) et h : x 7−→ (ax + b)p are

f (n)(x) = ancos(ax + b + n
π

2
), g(n)(x) = ansin(ax + b + n

π

2
)

and

h(n)(x) =


0, if n > p

ann!, if n = p

an p.(p− 1) · · · (p− n + 1)(ax + b)p−n, if n < p.

And the nth derivative on R−
{
−b

a

}
of the function J : x 7−→ 1

ax + b
is

J(n)(x) = (−1)nn!.an (ax + b)−n−1 .

Similarly, we verify that the nth derivative on ]− b
a

,+∞[ of the function k : x 7−→ ln(ax + b) is

k(n)(x) = (−1)n−1(n− 1)!.an−1 (ax + b)−n .

Class of a function

Definition 3.3.25 :

• A function f : I −→ R is said to be of class Cn (with n ∈ N) if it is continuous and its derivative of

order n exists and is continuous.

We denote by Cn(I, R) the set of real functions defined on I and n times continuously differentiable.

• A function f : I −→ R is said to be of class C∞ if it is infinitely differentiable on I.

We denote by C∞(I, R) the set of real functions infinitely differentiable on I.

Thus, C∞(I, R) =
⋂

n∈N

Cn(I, R).

Examples 3.3.26 :

(1) The function f defined by:

f : R −→ R

x 7−→

 f (x) = x2cos(
2
x
), if x 6= 0

f (x) = 0, if x = 0,
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is not of class C1. Because the function f differentiable on R∗ with derivative f ′ : x ∈ R∗ 7−→

2x.cos(
2
x
) + 2sin(

2
x
). Since lim

x−→0

f (x)− f (0)
x

= lim
x−→0

x.cos(
2
x
) = 0 = f ′(0), then f is differentiable in

0, on the other hand the function f ′ has no limit in 0, therefore the function f ′ is not continuous in 0.

(2) The function g defined by:

g : R −→ R

x 7−→

 g(x) = x3sin(
1
x
), if x 6= 0

f (x) = 0, if x = 0,

is of class C1. Because the function g differentiable on R with derivative g
′

: x ∈ R∗ 7−→ 3x.sin(
1
x
)−

x.cos(
1
x
), and g

′
(0) = lim

x−→0

g(x)− g(0)
x

= lim
x−→0

x2.cos(
2
x
) = 0, and since lim

x−→0
g
′
(x) = 0 = g(0), then

g
′

is continuous at 0.

(3) The functions sin, cos, exp and polynomials are of class C∞ on R. The functions ln and x 7−→
√

x are

of class C∞ on R∗+.

Proposition 3.3.27 :

Let n ∈ N and λ ∈ R. If f , g : I −→ R are n times differentiable on I, then λ× f , f + g, and f × g are

n times differentiable on I, and for all x ∈ I, we have:

(λ× f )(n) (x) = λ× f (n) (x) , ( f + g)(n) (x) = f (n) (x) + g(n) (x)

and

( f × g)(n) (x) =
n

∑
k=0

Ck
n f (n−k) (x)× g(k) (x) (Leibniz’s formula),

where

Ck
n =

n!
k! (n− k)!

.

Furthermore, if g does not vanish on I, then
f
g

is n differentiable times on I.

Proof :

These properties can be proven by induction. Let’s show, for example, Leibniz’s formula.

Let P(n) be the property ( f × g)(n) (x) =
n

∑
k=0

Ck
n f (n−k) (x)× g(k) (x).

For n = 1 the property P (1) is true, because

( f × g)
′
(x) = f

′
(x)× g (x) + f (x)× g

′
(x)
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and
1

∑
k=0

Ck
1 f (1−k) (x)× g(k) (x) = C0

1 f (1−0) (x)× g(0) (x) + C1
1 f (1−1) (x)× g(1) (x)

= f (1) (x)× g(0) (x) + f (0) (x)× g(1) (x)

= f
′
(x)× g (x) + f (x)× g

′
(x) .

Suppose that the property P(n) is true for n ∈N. We will show that P(n + 1) is true. We have

( f × g)(n+1) (x) =
(
( f × g)(n)

)′
(x)

=

(
n

∑
k=0

Ck
n f (n−k) (x)× g(k) (x)

)′
because P(n) is verified

=
n

∑
k=0

Ck
n

(
f (n−k) (x)× g(k) (x)

)′
=

n

∑
k=0

Ck
n

(
f (n+1−k) (x)× g(k) (x) + f (n−k) (x)× g(k+1) (x)

)
=

n

∑
k=0

Ck
n f (n+1−k) (x)× g(k) (x) +

n

∑
k=0

Ck
n f (n+1−(k+1)) (x)× g(k+1) (x)

=
n

∑
k=0

Ck
n f (n+1−k) (x)× g(k) (x) +

n+1

∑
k=1

Ck−1
n f (n+1−k) (x)× g(k) (x)

= Cn+1
n f (0) (x)× g(n+1) (x) +

n

∑
k=0

Ck
n f (n+1−k) (x)× g(k) (x)

+
n+1

∑
k=1

Ck−1
n f (n+1−k) (x)× g(k) (x) + C−1

n f (n+1) (x)× g(0) (x)

=
n+1

∑
k=0

Ck
n f (n+1−k) (x)× g(k) (x) +

n+1

∑
k=0

Ck−1
n f (n+1−k) (x)× g(k) (x)

=
n+1

∑
k=0

[
Ck−1

n + Ck
n
]

f (n+1−k) (x)× g(k) (x)

=
n+1

∑
k=0

Ck
n+1 f (n+1−k) (x)× g(k) (x) (car Ck−1

n + Ck
n = Ck

n+1).

This implies that the property is hereditary, so P(n) is true for all n ∈N.

Example 3.3.28 :

Let’s calculate the nth derivative of the function f : x 7−→ (x2 + 3x)e2x. Since f is the product of two

infinitely differentiable functions on R, then it is also infinitely differentiable.

By Leibniz’s formula, we have:

f (n)(x) =
n

∑
k=0

Ck
n(x2 + 3x)(k)

(
e2x
)n−k

.
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Since, for all k ∈N∗ − {1, 2}, (x2 + 3x)(k) = 0. Then, we have

f (n)(x) = C0
n(x2 + 3x)(0)

(
e2x)(n) + C1

n(x2 + 3x)(1)
(
e2x)(n−1)

+ C2
n(x2 + 3x)(2)

(
e2x)(n−2)

= (x2 + 3x)2ne2x + n(2x + 3)2n−1e2x + n(n− 1)2n−2e2x

= 2n−2 (4x2 + (4n + 12)x) + n(n + 5)
)

e2x.

Remark 3.3.29 :

We say that a function f is differentiable on an interval I when f is differentiable in any point of I.

Theorem 3.3.30 :

If f has a derivative at x0, then f is continuous at x0.

Proof :

Suppose that f is differentiable at x0, then we have:

limh−→0 ( f (x0 + h)− f (x0)) = limh−→0
f (x0+h)− f (x0)

h × h

= limh−→0
f (x0+h)− f (x0)

h × limh−→0 h

= f
′
(x0) .0

= 0,

which implies that f is continuous at x0.

Proposition 3.3.31 :

Let f be a differentiable real function on an Intervale I ⊆ R we have:

1 ∀x ∈ I, f
′
(x) = 0 if and only if f is constant on I.

2 If ∀x ∈ I, f
′
(x) ≥ 0 ( f

′
(x) > 0), then f is increasing (resp strictly increasing).

3 If ∀x ∈ I, f
′
(x) ≤ 0 ( f

′
(x) < 0), then f is decreasing (resp strictly decreasing).

3.3.10 Theorem of finite increases

Extrema (Local and Absolute)

Definition 3.3.32 :

Let f be a real function defined on a set D ⊂ R.

•We say that x0 ∈ D is a critical point of f if f
′
(x0) = 0.

•We say that f admits a local maximum (resp. a local minimum) at x0 ∈ D if there exists an open interval

I ⊂ D containing x0 such that for all x ∈ I; f (x) ≤ f (x0) (resp. f (x) ≥ f (x0)).

• We say that f admits a local extremum at x0 if f admits a local maximum or a local minimum at this
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point.

•We say that f admits a global maximum (resp. a global minimum ) at x0 ∈ D if for all x ∈ D; f (x) ≤

f (x0) (resp. f (x) ≥ f (x0)).

Proposition 3.3.33 :

Let f be a real differentiable function on an open interval I containing x0.

1• If f has a local maximum (or a local minimum) at x0 then f
′
(x0) = 0.

2• If f
′
(x0) = 0 and the function f

′
changes sign at x0, then f has a local extremum at x0.

Proof :

1• Suppose that f has a local maximum at x0, then there exists an open interval I containing x0

such that for all x ∈ I, f (x) ≤ f (x0). It follows that, for x ∈ I;

⊗ if x < x0 then
f (x)− f (x0)

x− x0
≥ 0 and ⊗ if x > x0 then

f (x)− f (x0)

x− x0
≤ 0.

By passing to the limit, and since f is a differentiable function at x0, we have

⊗ f
′
g(x0) = lim

x−→x0
<

f (x)− f (x0)

x− x0
≥ 0 and⊗ f

′
d(x0) = lim

x−→x0
>

f (x)− f (x0)

x− x0
≤ 0 and f

′
g(x0) = f ′d(x0) =

f
′
(x0).

So the only possibility is that f
′
(x0) = 0.

2• uppose that f
′
(x0) = 0 and there exists α > 0 such that

∀x ∈]x0 − α; x0]; f
′
(x) ≤ 0 ∧ ∀x ∈ [x0; x0 + α[; f

′
(x) ≥ 0.

This implies, ∀x ∈]x0 − α; x0]; f (x) ≥ f (x0) ∧ ∀x ∈ [x0; x0 + α[; f (x) ≥ f (x0), In other words,

for all x ∈]x0 − α; x0 + α[, f (x) ≥ f (x0). Therefore, the function f has a local extremum at x0.

3.3.11 Rolle’s Theorem

Theorem 3.3.34 :

Let a, b ∈ R with a < b.

If f : [a, b] −→ R a function continues on [a, b], differentiable on ]a, b[ and f (a) = f (b), then it exists

c ∈ ]a, b[ such that f
′
(c) = 0.

Proof :

• Firstly, if f is constant on [a, b], then for all c ∈ ]a, b[ ; f
′
(c) = 0.

• If f is not constant on [a, b], there exists x0 ∈ [a, b] such that f (x0) 6= f (a).

For example, suppose f (x0) > f (a). Since f is a continuous function on a closed and bounded
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interval, it has a maximum at a point c ∈ [a, b].

Since max
x∈[a,b]

f (x) = f (c), then f (c) ≥ f (x0) > f (a), so c 6= a. Similarly, since f (a) = f (b), then

c 6= b. Thus, c ∈]a, b[. f is therefore differentiable and admits a (local) maximum at c so, according

to the proposition 3.3.33 we have f
′
(c) = 0.

3.3.12 Graphical interpretation of Rolle’s theorem

At the point M0(x0, f (x0)) the graphical representation of f admits a horizontal tangent.

Theorem of finite increasing

Theorem 3.3.35 If f a continuous real function on the closed, bounded interval [a, b] ⊂ R and differen-

tiable on the open interval ] a, b [ . Then, there exists c in ] a, b [ , such that

f
′
(c) =

f (b)− f (a)
b− a

.

Proof :

Consider the auxiliary function g : [a, b]→ R defined by

g(x) = f (x)− f (a)− f (b)− f (a)
b− a

(x− a) .

The function g is continuous on [a, b] and differentiable on ] a, b [ . Indeed, it is the sum of two

functions continuous on [a, b] and differentiable on ] a, b [ .

Furthermore, we have

g
′
(x) = f

′
(x)− f (b)− f (a)

b− a
and g (a) = g (b) .

Applying Rolle’s theorem to the function g, we deduce that there exists a c in ] a, b [such that

g
′
(c) = 0, which completes the proof.

Example 3.3.36 :

Let’s show that for all x > 0,
x

x + 1
< ln(1 + x) < x. Consider the function t 7−→ ln(1 + t) on the

interval [0, x] with x > 0. This function is of class C∞ on ]− 1;+∞ [ . By the Mean Value Theorem, there

exists c ∈ ] 0, x [ such that ln(1 + x)− ln(1) =
x

1 + c
. Since 0 < c < x, we have

1
1 + x

<
1

1 + c
< 1

and therefore
x

1 + x
< ln(1 + x) < x.
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Inequalities of the finite increasing

Proposition 3.3.37 :

Let f : I −→ R be a differentiable function on an open interval I. If there exists a constant M such that

for all x ∈ I;
∣∣∣ f ′(x)

∣∣∣ ≤ M then ∀x, y ∈ I; | f (x)− f (y)| ≤ M |x− y|.

Proof :

Let x, y ∈ I with x < y. Then f is continuous on [x, y] and differentiable on ] x, y [ . By the

Mean Value Theorem, there exists c ∈ ] x, y [ such that f (x) − f (y) = f ′(c) (x− y) and since∣∣∣ f ′(x)
∣∣∣ ≤ M, then | f (x)− f (y)| =

∣∣∣ f ′(c)∣∣∣ |x− y| ≤ M |x− y|. This inequality also holds for

y < x.

Proposition 3.3.38 :

Let f : I −→ R be differentiable. If there exists m, M ∈ R such that ∀x ∈ I; m ≤ f ′(x) ≤ M, then for

all a, b ∈ I such that a < b, we have

m(b− a) ≤ f (b)− f (a) ≤ M(b− a).

Proof :

Case a = b. This is immediate.

Case a < b.

Since f is differentiable on I, then the function f is continuous on [a, b] and differentiable on ]a, b[.

By the Mean Value Theorem, there exists c ∈]a, b[ such that f (b)− f (a) = f
′
(c)(b− a) and since

m ≤ f
′
(x) ≤ M and b− a > 0, we deduce that m(b− a) ≤ f (b)− f (a) ≤ M(b− a).

Examples 3.3.39 :

Since the derivatives of sin and cos are bounded by 1 on R, then:

∀x, y ∈ R; |sinx− siny| ≤ |x− y| and ∀x, y ∈ R; |cosx− cosy| ≤ |x− y| .

In particular, if we fix y = 0, then we obtain |sinx| ≤ |x|.

3.3.13 L’Hôpital’s rule

Corollary 3.3.40 Let f and g be two differentiable functions on an open interval I containing x0 such that

f (x0) = g(x0) = 0. If ∀x ∈ I − {x0} ; g
′
(x) 6= 0,

lim
x−→x0

f (x)
g (x)

=
f
′
(x0)

g′ (x0)
.
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Proof :

Suppose that f and g are two differentiable functions on I, f (x0) = g(x0) = 0 and ∀x ∈ I −

{x0} ; g
′
(x0) 6= 0.

Consider the function ψ : I −→ R defined by ψ(x) = g(t) f (x) − f (t)g(x) with t ∈ I − {x0}

fixed such that t < x0. Since the function ψ continues on [t, x0], is differentiable on ]t, x0[, and

ψ(x0) = 0 = ψ(t), then, by Rolle’s theorem, there exists ct ∈]t, x0[ such that ψ′(ct) = 0. Now,

∀x ∈ I;

psi
′
(x) = g(t) f

′
(x)− f (t)g

′
(x), therefore g(t) f

′
(ct)− f (t)g

′
(ct) = 0. Since g

′
does not vanish on

I − {x0}, this leads to
f (t)
g(t)

=
f
′
(ct)

g′(ct)
. Since t < ct < x0, when we let t tend towards x0, we obtain

ct −→ x0. This implies

lim
t−→x0

f (t)
g (t)

= lim
ct−→x0

f
′
(ct)

g′ (ct)
.

Example 3.3.41 :

Let’s calculate the limit in 1 of h(x) =
ex2+2x − e3x

cos(
π

2
x)

.

Let f (x) = ex2+2x − e3x and g(x) = cos(
π

2
x), then f (1) = 0 = g(1) and for all ∀x ∈ R we have:

f
′
(x) = (2x + 2) ex2+2x − 3e3x and g

′
(x) = −π

2
.sin(

π

2
x).

Let’s take I = ] 0, 2 [ , then g
′

does not vanish over I. Therefore

lim
x−→1

ex2+2x − e3x

cos(
π

2
x)

=
f
′
(1)

g′ (1)
=

e3

−π

2

=
−2e3

π
.

Theorem 3.3.42 L’Hôpital’s1 rule

Let f and g be two numerical functions differentiable on I and both tending to 0 ( or both tend to ∞) when

x −→ x0 (or ∞). We assume that g
′
(x) 6= 0 does not vanish in a neighborhood of x0 and that: lim

x→x0

f
′
(x)

g′(x)
exists and finite . Then,

lim
x→x0

f (x)
g(x)

= lim
x→x0

f
′
(x)

g′(x)
.

In other words, If the limit of f (x)
g(x) is of indeterminate type 0

0 or ∞
∞ for : x → x0 or ∞ then we have:

lim
x→x0

f (x)
g(x)

= lim
x→x0

f
′
(x)

g′(x)
.

1Guillaume de l’Hôpital 1661-1704, student of Johann Bernoulli
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Remark 3.3.43 To use the rule, you take the derivative of the numerator and the derivative of the denom-

inator separately and find the limit of that new fraction. If the new limit is still indeterminate, you can

repeat the process.

3.3.14 Using L’Hôpital’s rule to calculate limits

Limit Indeterminate

form

Transformation to
0
0

Hôpital’s rule

limx→a
f (x)
g(x)

∞
∞ limx→a

1
g(x)

1
f (x)

limx→a

(
1

g(x)

)′
(

1
f (x)

)′
limx→a f (x) .g(x) 0.∞ limx→a

f (x)
1

g(x)
limx→a

( f (x))
′(

1
f (x)

)′
limx→a ( f (x)− g(x)) ∞−∞ limx→a

( 1
g(x)−

1
f (x)

1
f (x).g(x)

)
limx→a

(
1

g(x)−
1

f (x)

)′
(

1
f (x).g(x)

)′

limx→a f (x)g(x) (0>)0 e
limx→a

(
g(x)

1
ln f (x)

)
e

limx→a

 (g(x))
′(

1
ln f (x)

)′


limx→a f (x)g(x) 1∞ e
limx→a

(
ln f (x)

1
g(x)

)
e

limx→a

 (ln f (x))
′(

1
g(x)

)′


limx→a f (x)g(x) ∞0 e
limx→a

(
g(x)

1
ln f (x)

)
e

limx→a

 (g(x))
′(

1
ln f (x)

)′


Examples 3.3.44 :

1∗ Let’s find, for example, limx→1 (1 + sin (x− 1))
1

x−1 . By replacing x with 1 into (1 + sin (x− 1))
1

x−1 we

obtain the indeterminate form 1∞ , that is (1± ε)∞ where ε is very close to zero. To remove this indetermi-

nate form, we can use L’Hospital’s rule as follows.

Let’s put f (x) = (1 + sin (x− 1))
1

x−1 then we caculate limit of limx→1 ln ( f (x)) .

We have limx→1 ln ( f (x)) = limx→1
ln(1+sin(x−1))

x−1 .

Substituting x = 0 into the above limit gives the indeterminate form 0
0 , so we can now apply L’Hôpital’s

rule to calculate this limit.

lim
x→1

ln ( f (x)) = lim
x→1

(ln (1 + sin (x− 1)))
′

(x− 1)
′ = lim

x→1

cos(x−1)
1+sin(x−1)

1
= 1.

We found that limx→1 ln ( f (x)) = 1, which means limx→1 ln ( f (x)) = ln (limx→1 f (x) ) = 1,

because function ln is continuous. This imply that limx→1 f (x) = e.

2∗ Some limits, which do not appear as limits of quotients, can be obtained using this rule: for example,
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limx→−∞

(
x +
√

x2 + x
)

.

By replacing x by −∞ into x +
√

x2 + x we obtain the indeterminate form −∞ + ∞ . We can convert this

indeterminate shape to an indeterminate shape 0
0 , as follows :

limx→−∞

(
x +
√

x2 + x
)

= limx→−∞
1−
√

1+ 1
x

1
x

.

Then we use L’Hopital’s rule :

limx→−∞
1−
√

1+ 1
x

1
x

= limx→−∞

(
1−
√

1+ 1
x

)′
( 1

x )
′

= limy→
<

0
(1−
√

1+y)
′

(y)
′

= limy→
<

0
− 1

2
√

1+y
1 = −1

2 .

3∗Here is an example involving the indeterminate form 0.∞, which is rewritten as the form ∞
∞ , for example

:
limx→

>
0 sin (x) ln(sin (x) ) = limx→

>
0

ln(sin(x))
1

sin(x)

= limx→
>

0
(ln(sin(x) ))

′(
1

sin(x)

)′
= limx→

>
0

cos(x)
sin(x)
−cos(x)
sin2(x)

= − limx→
>

0 sin (x) = 0.

Caution: Note that we cannot use L’Hôpital’s rule "in reverse" to deduce that f
′

g′
has a limit if f

g

has a limit.

Example 3.3.45 :

Let f (x)
g(x) = ln(x) + sin x

ln(x) . Then limit of f (x)
g(x) is indeterminate type ∞

∞ as x → ∞ and limx→+∞
f (x)
g(x) =

limx→+∞

(
1 + sin x

ln(x)

)
= 1,

but the limit limx→+∞
f
′
(x)

g′ (x)
= limx→+∞

(
1
x+cos x

1
x

)
= limx→+∞ (1 + xcos x) does not exist.

3.3.15 Exercises

Exercise 3.3.46 :

1. For what value(s) of the real number α is the function f defined by: h(x) =
x− α

4x2 + 4
if x > 0

h(x) = βx− 4 if x < 0.

Is it extendable by continuity at 0? We will then specify this extension, which we will denote by h̃.

2. For what value of β is the function h̃ differentiable at 0?
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Exercise 3.3.47 :

Determine the nth derivative of the given function in each of the following two cases:

a)x 7−→ x2 + 2

(x− 2)2 b)x 7−→ sin(2x + 1).cos2x.

Exercise 3.3.48 :

Using the theory of finite increases, prove the following:

∀x > 0;
1

x + 1
< ln

x + 1
x

<
1
x

.

Deduce that for all strictly positive real numbers x, we have :(
1 +

1
x

)x
< e <

(
1 +

1
x

)x+1

.

Exercise 3.3.49 :

Let f be a twice differentiable function on the interval [a, b], such that f (a) = f (b) = 0 and for all

x ∈ ] a, b [ we have f
′′
(x) ≤ 0. Show that ∀x ∈ [a, b] ; f (x) ≥ 0.

Exercise 3.3.50 :

By the theory of finite increases, show that:

1) ∀x > 0; x− x3

6
≤ sinx ≤ x. 2) ∀x > 0; x +

x3

3
≤ tanx.

3) ∀x > 0; x− x2

2
≤ ln (1 + x) ≤ x− x2

2
+

x3

3
. 4) ∀x ∈ R∗; ex ≥ 1 + x.

Exercise 3.3.51 :

Let f , g be two continuous functions on [a, b] differentiable on ] a, b [ , not equal to zero, and such that

f (a)g(b) = f (b)g(a) Show that there exists a c ∈ ] a, b [ such that f
′
(c)

f (c) = g
′
(c)

g(c) .

Exercise 3.3.52 :

(1) Show that:

∀x ≥ 0; x− x2

2
≤ log(1 + x) ≤ x− x2

2
+

x3

3
.

(Only one derivative will be calculated for each inequality).

(2) Deduce that:

lim
x−→0

log(1 + x)
x

= 1.
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Chapter 4
Application to elementary functions

4-1 Inverse trigonometric functions

4-2 Hyperbolic Functions

4-3 Inverse hyperbolic functions

4.1 Inverse trigonometric functions

4.1.1 Trigonometry formulas

For all α, β ∈ R;

cos(α + β) = cos α. cos β− sin α. sin β.

sin(α + β) = sin α. cos β + sin β. cos α.
(4.1)

Remark 4.1.1 :

1). For cos(α− β) and sin(α− β) by replacing β with −β in the formulas (4.1).

2). By taking α = β in (4.1), and using

∀x ∈ R; cos2 α + sin2 α = 1, (4.2)

we obtain

cos(2.α) = 2 cos2 α− 1 = 1− 2. sin2 α and sin 2α = 2 sin α. cos α. (4.3)

By setting a = α + β and b = α− β we obtain for all a, b ∈ R,

cos a + cos b = 2. cos
a + b

2
. cos

a− b
2

. (4.4)

86



4.4.1 Inverse trigonometric functions

sin a + sin b = 2. sin
a + b

2
. cos

a− b
2

. (4.5)

Remark 4.1.2 :

1). For cos a− cos b, replace β with π − β in the formula (4.4).

2). For sin a− sin b, replace β with −β in the formula (4.5).

Half angle formulas

For all x ∈ R− {(2k + 1)π/k ∈ Z} and for t = tan
x
2

we have

cos x =
1− t2

1 + t2 , sin x =
2t

1 + t2 ,

and when x 6= (2k + 1)
π

2
/k ∈ Z we have

tan x =
2t

1− t2

4.1.2 arc-sinus function

The restriction of sin to I =
[
−π

2
,

π

2

]
to the interval [−1, 1], is a continuous and strictly increasing

function on
[
−π

2
,

π

2

]
, therefore it establishes a bijection and consequently

∀x ∈ [−1, 1], ∃!t ∈
[
−π

2
,

π

2

]
; sin t = x. (4.6)

Definition 4.1.3 :

For any x ∈ [−1, 1], we denote by arcsin x or sin−1 x the unique angle in the interval
[
−π

2
,

π

2

]
whose

sine is equal x.

This defines a function arcsin : [−1, 1] −→
[
−π

2
,

π

2

]
which is the inverse bijection of the restriction

sin|I : I =
[
−π

2 , π
2

]
−→ [−1, 1] .

Properties 4.1.4 :

• For all x ∈ [−1, 1], we have the following simplifications

sin(arcsin x) = x, cos(arcsin x) =
√

1− x2.

87



4.4.1 Inverse trigonometric functions

And when x ∈]− 1, 1[

tan(arcsin x) =
x√

1− x2
.

• For all x ∈
[
−π

2 , π
2

]
, we have :

arcsin(sin x) = x. (4.7)

∀x ∈
[
−π

2
,

π

2

]
, ∀y ∈ [−1, 1]; sin x = y⇐⇒ x = arcsin y. (4.8)

Proposition 4.1.5 :

The function arcsin is odd, strictly increasing, continuous on [−1, 1], of class C∞ on ]− 1, 1[ and ∀x ∈

]− 1, 1[; (arcsin)
′
(x) =

1√
1− x2

.

Proof :

The function arcsin is odd, because ∀y ∈ [−1, 1], ∃ − y ∈ [−1, 1] and

∀y ∈ [−1, 1], ∃!x ∈
[
−π

2
,

π

2

]
; arcsin (−y) = arcsin (sin(−x)) ( according to (4.6))

= −x ( according to (4.7))

= − arcsin (y) ( according to (4.8)).

According to the theorems (3.3.20) and (3.3.21), the function arcsin is strictly increasing, continu-

ous on [−1, 1], of class C∞ on ]− 1, 1[ and for all x ∈]− 1, 1[ we have

arcsin
′
(x) =

1
sin′(arcsin (x))

=
1

cos(arcsin (x))

=
1√

1− sin2(arcsin (x))

( because cos2(arcsin x) + sin2(arcsin x) = 1 since arcsin x ∈]− π
2 , π

2 [, then cos(arcsin x) > 0).

=
1√

1− x2
.

4.1.3 arc-cosinus function

The restriction cos|J . : J = [0, π] −→ [−1, 1], is a continuous and strictly increasing function on

[0, π], therefore it establishes a bijection and consequently

∀x ∈ [−1, 1] , ∃!t ∈ [0, π] ; cos t = x. (4.9)
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Definition 4.1.6 :

For any x ∈ [−1, 1], we denote by arccos x or cos−1 x the unique angle in the interval [0, π] whose cosine

is equal to x.

This defines a function arccos : [−1, 1] −→ [0, π] which is the inverse bijection of the restriction cos|J :

J = [0, π] −→ [−1, 1].

Therefore, by definition of the inverse bijection:

∀x ∈ [−1, 1] ; cos(arccos(x)) = x.

∀x ∈ [0, π] ; arccos(cos(x)) = x.

This means

∀x ∈ [0, π] , ∀y ∈ [−1, 1]; cos x = y⇐⇒ x = arccos y. (4.10)

Proposition 4.1.7 :

The function arccos is strictly increasing, continuous on [−1, 1], and of class C∞ on ]− 1, 1[

and ∀x ∈]− 1, 1[; (arccos)
′
(x) =

−1√
1− x2

.

Proposition 4.1.8 :

∀x ∈ [−1, 1] ; arcsin x + arccos x =
π

2
.

Proof :

Let f be the function defined on [−1, 1] by f (x) = arcsin x+ arccos x. The function f is continuous

on [−1, 1] and differentiable on ]− 1, 1 [ with derivative f
′
(x) = 0. This clearly shows that f is a

constant function on [−1, 1]. Since f (0) = π
2 , we deduce that ∀x ∈ [−1, 1] ; f (x) = π

2 .

4.1.4 arc-tangente function

The restriction tan|I′ : I′ = ]− π

2
,

π

2
[ −→ R is a bijection. Its inverse bijection is the arctangent

function

arctan : R −→ ]− π

2
,

π

2
[

x 7−→ arctan x ( is the unique angle of the interval ]− π

2
,

π

2
[ whose tangent is x).

And since the restriction tan|I′ is bijective, we have:

∀x ∈ R, ∃!t ∈ ]− π

2
,

π

2
[ ; tan t = x. (4.11)
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Properties 4.1.9 :

• By definition of the inverse bijection, we have

∀x ∈ R; tan(arctan x) = x.

x ∈]− π

2
,

π

2
[; arctan(tan x) = x. (4.12)

This means

∀x ∈]− π

2
,

π

2
[, ∀y ∈ R; tan x = y⇐⇒ x = arctan y. (4.13)

Proposition 4.1.10 :

The function arctan is odd, strictly increasing, continuous, of class C∞ on R

and ∀x ∈ R; (arctan)
′
(x) =

1
1 + x2 .

Proof :

The arctan function is odd, because for every y ∈ R there exists a unique x ∈]− π

2
,

π

2
[ such that:

arctan (−y) = arctan (tan(−x)) ( according to (4.11))

= −x ( according to (4.12))

= − arctan (y) ( according to (4.13)).

According to the theorems (3.3.20) and (3.3.21) the function arctan is strictly increasing, continu-

ous, of class C∞ on R, and for all x ∈ R we have

arctan
′
(x) =

1
tan′(arctan (x))

=
1

1 + tan2(arctan (x))
( because ∀t ∈]− π

2
,

π

2
[; tan

′
(t) = 1 + tan2(t))

=
1

1 + x2 .

Proposition 4.1.11 :

For all x ∈ R, we have :

a) cos(arctan x) =
1√

1 + x2
and b) sin(arctan x) =

x√
1 + x2

.
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4.4.1 Inverse trigonometric functions

Proof :

Let x ∈ R, θ ∈]− π

2
,

π

2
[ and θ = arctan x

a) cos2 θ =
cos2 θ

cos2 θ + sin2θ

=
cos2 θ

cos2 θ

(
1 +

sin2 θ

cos2 θ

)
=

1
1 + tan2 θ

(because ∀θ ∈]− π

2
,

π

2
[; cos2 θ > 0).

So ∀x ∈ R; cos2 (arctan x) =
1

1 + x2 . This implies that

∀x ∈ R; cos (arctan x) =
1√

1 + x2
.

b) sin θ =
√

1− cos2 θ

=

√
1− cos2 θ

cos2 θ + sin2 θ

=

√√√√√√1− cos2 θ

cos2 θ

(
1 +

sin2 θ

cos2 θ

)
=

√
1− 1

1 + tan2 θ

=

√
tan2 θ

1 + tan2 θ
.

This shows that∀x ∈ R; sin (arctan x) =
x√

1 + x2
.

Exercise 4.1.12 :

Show that

∀x ∈ R∗+; arctan x + arctan
(

1
x

)
=

π

2
and ∀x ∈ R∗−; arctan x + arctan

(
1
x

)
= −π

2
.

Exercise solution 4.1.12 :

Consider the function f : R∗ −→ R defined by f (x) = arctan x + arctan
(

1
x

)
.

The function f is differentiable on R∗ and ∀x ∈ R∗; f
′
(x) =

1
1 + x2 −

1
x2

1 +
1
x2

= 0.

Therefore, the function f is constant on each interval of R∗.

Since f (1) = 2 arctan(1) = 2.
π

4
=

π

2
, then ∀x ∈ R∗+; arctan x + arctan

(
1
x

)
=

π

2
.
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And since f is odd and f (−1) = 2 arctan(−1) = −π

2
we then have ∀x ∈ R∗−; arctan x +

arctan
(

1
x

)
= −π

2
.

4.2 Hyperbolic Functions

4.2.1 Hyperbolic sine function

Definition 4.2.1 :

The hyperbolic sine function is the function denoted sinh or sh which is defined on R by:

shx =
ex − e−x

2
.

Properties 4.2.2 :

The function sh is odd, of class C∞ on R and sh
′
(x) = chx. Its image is R.

Proof :

These properties can be shown using the properties of the exp function.

4.2.2 Hyperbolic cosine function

Definition 4.2.3 :

The hyperbolic cosine function is the function denoted cosh or ch which is defined on R by:

chx =
ex + e−x

2
.

Properties 4.2.4 :

• The function ch is even, of class C∞ on R and ch
′
(x) = shx. Its image is [1,+∞[

• For all x ∈ R; ch2x− sh2x = 1.

Proof :

These properties can be demonstrated using the properties of the exp function.

4.2.3 Hyperbolic tangent function

Definition 4.2.5 :

th(x) =
sh(x)
ch(x)

=
ex − e−x

ex + e−x or th(x) =
e2x − 1
e2x + 1

.
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Properties 4.2.6 :

The function th is odd, differentiable of class C∞ on R and for all x ∈ R; th
′
(x) = 1− th2x =

1
ch2x

. Its

image is ]− 1, 1 [ that is th (R) = ]− 1, 1 [ .

Proof :

• The function th is of class C∞ on R. Because it is composed of functions also of class C∞ on R.

And it is odd, Because for all x ∈ R,

th(−x) =
sh(−x)
ch(−x)

=
−sh(x)
ch(x)

= −th(x).

• According to theorem (3.3.11), the function th differentiable on R, and for all x ∈ R, we have

th
′
(x) =

(
sh
ch

)′
(x) =

ch2(x)− sh2(x)
ch2(x)

=
1

ch2(x)
= 1− th2(x).

• For all x ∈ R we have

th(x) =
1− e−2x

1 + e−2x =
e2x − 1
1 + e2x .

And on the one hand, we have for all x ∈ R

−∞ < 1− e−2x < 1 and 0 <
1

1 + e−2x < 1.

This implies that, for all x ∈ R; th(x) <
1

1 + e−2x < 1.

And on the other hand, we have for all x ∈ R

−1 < e2x − 1 < +∞ et 0 <
1

1 + e2x < 1.

This implies that, for all x ∈ R; th(x) > − 1
1 + e2x > −1.

This means that x ∈ R; −1 < th(x) < 1.

4.2.4 Properties of Hyperbolic Trigonometry

For all α, β ∈ R we have:

ch(α + β) = chα.chβ + shα.shβ

ch(2α) = ch2α + sh2α = 2ch2α− 1 = 1 + 2sh2α

sh(α + β) = shα.chβ + shβ.chα

sh(2α) = 2shα.chα

th(α + β) = thα+thβ
1+thα.thβ
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4.4.3 Inverse hyperbolic functions

Proof :

These relationships can be shown by simple calculation from the expression of hyperbolic func-

tions. Let us show for example sh(α + β) = shα.chβ + shβ.chα.

shα.chβ + shβ.chα =
eα − e−α

2
.
eβ + e−β

2
+

eβ − e−β

2
.
eα + e−α

2

=
eα+β + eα−β − e−α+β − e−α−β

4
+

eα+β + eβ−α − eα−β − e−α−β

4

=
2eα+β − 2e−α−β

4
= sh(α + β).

4.3 Inverse hyperbolic functions

4.3.1 Inverse function of the hyperbolic sine

The function sh : R −→ R is continuous and strictly increasing on R. Based on the results of the

Mean Value Theorem, we conclude that it has an inverse function, denoted by argsh : R −→ R.

Definition 4.3.1 :

The inverse function of the hyperbolic sine function is called argument hyperbolic sine and is denoted

argsinh (or argsh). For any real number x, argshx is the unique real number y such that sinh y = x, that

is:

∀x ∈ R, ∃!t ∈ R; sht = x. (4.14)

Therefore, by definition of the inverse bijection:

∀x ∈ R, ∀y ∈ R; shx = y⇐⇒ x = argshy. (4.15)

And for all x ∈ R,

sh(argshx) = x, argsh(shx) = x.

Properties 4.3.2 :

• For all x ∈ R, we have :

ch(argshx) =
√

1 + x2, th(argshx) =
x√

1 + x2
et argsh(x) = ln(x +

√
x2 + 1).
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4.4.3 Inverse hyperbolic functions

• The hyperbolic sine argument function argsh is differentiable, of class C∞ on R, and for all real numbers

x we have:

argsh
′
(x) =

1√
1 + x2

.

Proof :

• ⊗ Since for all x ∈ R; ch(x) =
√

1 + sh2(x), we therefore have

ch(argsh(x)) =
√

1 + sh2 (argsh(x)) =
√

1 + x2.

⊗ According to the definition of th, we have for all x ∈ R,

th(argsh(x)) =
sh(argsh(x))
ch(argsh(x))

=
x√

1 + sh2 (argsh(x))
=

x√
1 + x2

.

⊗ According to (4.15) we have:

y = shx ⇐⇒ y =
ex − e−x

2
⇐⇒ ex = y +

√
1 + y2

⇐⇒ x = ln
(

y +
√

1 + y2
)

⇐⇒ x = argsh(y).

Finally

∀y ∈ R; argsh(y) = ln
(

y +
√

1 + y2
)

.

• ⊗ The function sh is differentiable on R and sh
′
(t) = ch(t) ≥ 1, therefore, according to the

theorem 3.3.21, the function argsh is differentiable on R and for all x ∈ R we have

argsh
′
(x) =

1
ch(argsh(x))

=
1√

1 + sh2(argsh(x))
=

1√
1 + x2

.

⊗ Finally, since the function x 7−→ 1√
1 + x2

is infinitely differentiable on R, then, the function

argsh is also differentiable.

4.3.2 Inverse function of the hyperbolic cosine

Since the restriction of ch to R+ to the interval [1,+∞[, continuous and strictly increasing on R+,

it therefore realizes an inverse bijection, denoted argch : [1,+∞[−→ R+.

Definition 4.3.3 :

The inverse function of the function ch|R+
is called the hyperbolic cosine argument and is denoted argcosh

(or argch). For any positive real number x, argchx is the unique real number y ≥ 1 such that chy = x,

that is:

∀x ∈ [1,+∞[, ∃!t ∈ R+; cht = x. (4.16)
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Therefore, by definition of the inverse bijection:

∀x ∈ R+, ∀y ∈ [1,+∞[; ch (x) = y⇐⇒ x = argch (y) . (4.17)

And for all x ∈ R+, argsh(sinh (x)) = x.

And for all x ∈ [1,+∞[, sinh(argsh (x)) = x.

Properties 4.3.4 :

• For all x ∈ [1,+∞[, we have :

sh(argch (x)) =
√

x2 − 1, th (argch (x)) =

√
x2 − 1

x
and argch(x) = ln(x +

√
x2 − 1).

• The hyperbolic cosine argument function is differentiable on ] 1,+∞ [ and for all real numbers x > 1 we

have:

argch
′
(x) =

1√
x2 − 1

Proof :

• ⊗ Since for all x ∈ R, we have coh2x ≥ 1 and |sin x| =
√

coh2x− 1, we therefore have for all

x ∈ [ 1,+∞ [

sh(argch(x)) =
√

ch2 (argch (x))− 1 =
√

x2 − 1.

⊗ According to the definition of th and what precedes it, we have for all x ∈ [ 1,+∞ [ ,

th(argchx) =
sh(argch(x))
ch(argch(x))

=

√
x2 − 1

x
.

⊗ According to (4.17), for all x ∈ R+ and y ∈ [ 1,+∞ [ we have,

y = ch (x)⇐⇒ y =
ex + e−x

2
⇐⇒ ex = y +

√
y2 − 1

⇐⇒ x = ln
(

y +
√

y2 − 1
)

⇐⇒ x = argch (y) .

Finally

∀y ∈ [1,+∞[; argch (y) = ln
(

y +
√

y2 − 1
)

.

• ⊗ The function ch is differentiable on R+ and ∀x ∈ R∗+; ch
′
(t) = sinh(t) > 0 therefore, accord-

ing to the theorem 3.3.21, the function argch is differentiable on ] 1,+∞ [ and by differentiation of

the equality ch(argch(x)) = x for all x ∈ ] 1,+∞ [ we have ,

argch
′
(x) .sh (argch (x)) = 1⇐⇒ argch

′
(x) .

√
x2 − 1 = 1⇐⇒ argch

′
(x) =

1√
x2 − 1

.

⊗ Finally, since the function x 7−→ 1√
x2 − 1

is infinitely differentiable on ] 1,+∞ [ , the function

argch is also differentiable.
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4.3.3 Inverse function of the hyperbolic tangent

Since the function th : R −→] − 1, 1[ is continuous and strictly increasing on R, it therefore

establishes an inverse bijection, denoted argth :]− 1, 1[−→ R.

Definition 4.3.5 :

The inverse function of the hyperbolic tangent function is called the argument of the hyperbolic tangent

function and is denoted argtanh (or argth). For any real number x strictly between −1 and 1, argthx is

the unique real number y ∈ R such that thy = x, that is:

∀x ∈ ]− 1, 1 [ , ∃!y ∈ R+; th (y) = x. (4.18)

Therefore, by definition of the inverse bijection:

∀x ∈ R, ∀y ∈ ]− 1, 1 [ ; th (x) = y⇐⇒ x = argth (y) . (4.19)

And for all x ∈ R, argsh(th(x)) = x.

And for all x ∈ ]− 1, 1 [ , th(argsh(x)) = x.

Properties 4.3.6 :

• For all x ∈ ]− 1, 1 [ , we have:

argth(x) =
1
2

ln
1 + x
1− x

.

• The hyperbolic tangent argument function is differentiable, of class C∞ on ] − 1, 1 [ and for all real

|x| < 1 we have:

argth
′
(x) =

1
1− x2

Proof :

• According to (4.19), for all x ∈ R and y ∈ ]− 1, 1 [ we have,

y = thx ⇐⇒ y =
e2x − 1
e2x + 1

⇐⇒ e2x =
y + 1
1− y

⇐⇒ x =
1
2

ln
y + 1
1− y

⇐⇒ x = argthy.

From this we deduce

∀y ∈ ]− 1, 1 [ ; argthy = ln
y + 1
1− y

.

• The function th is differentiable on R and ∀x ∈ R; ′(x) =
1

ch2x
= 1 − th2x > 0, therefore,

according to the theorem 3.3.21, the function argth is differentiable on ] − 1, 1 [ and for all x ∈

]− 1, 1 [ we have,

argth
′
(x) =

1
th′ (argth (x))

=
1

1− th2 (argth (x))
=

1
1− x2 .
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⊗ Finally, since the function x 7−→ 1
1− x2 is infinitely differentiable on ]− 1, 1 [ , it is therefore the

function argth of class C∞ on ]− 1, 1 [ .

4.3.4 Exercises

Exercise 4.3.7 :

Show that for allα, β ∈ R

sh(α− β) = sh(α)ch(β)− sh(β)ch(α), th(α + β) =
th(α) + th(β)

1 + th(α)× th(β)
.

Exercise 4.3.8 :

Use two different methods to demonstrate the following:

∀x ∈ [−1, 1] ; sin2
(

1
2

arcsinx
)
=

1
2

(
1−

√
1− x2

)
.

Exercise 4.3.9 :

Simplify the following expressions:

a) ch(argshx) b) th(argshx), c) sh(2argshx), d) argch(2x2 − 1),

e) sh(argchx), f ) th(argchx), g) ch(argthx), h) argsh(2x
√

1 + x2)

j) argth
(

x2 − 1
x2 + 1

)
, k) argsh

(
x2 − 1

2x

)
, l) argch

(√
1 + chx

2

)
.

Exercise 4.3.10 :

1. Calculate : arccos(cos 13π
3 ), arcsin(sin 13π

3 ) and arctan(tan 13π
3 ).

2. Write the following expressions in terms of x (that is, without the trigonometric functions)

cos(arctanx), cos(arcsinx), sin(3arctanx). and tan(arcsinx).

Exercise 4.3.11 :

1. Calculate the derivative of f (x) = arctan(x/sqrt1− x2).

Deduce that for all x ∈ ]− 1, 1 [ , f (x) = arcsin(x).

2. Show that for all x ∈ ]− 1, 1 [ , arccos(x) + arcsin(x) = π
2 .

Exercise 4.3.12 :

Let f be a real-valued function of a real variable defined by:

f (x) =
1 + tan x
1− tan x

1) Determine D f and D 1
f

the domains of f and
1
f

respectively.

2) Show that for all integers n and for all x ∈ D 1
f
, we have ( f (x))n = f (nx).
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Exercise 4.3.13 :

Let f and g be two real-valued functions of a real variable defined by:

f (x) = cos2
(

1
2

arcsin(x)
)

et g(x) =
1
2

(
1 +

√
1− x2

)
1). Determine D f and Dg, the domains of f and g respectively.

2). Study the continuity and differentiability of f and g on their domains.

3). Find the expressions f
′
(x) and g

′
(x) for all x ∈]− 1, 1[.

4). Deduce that for all x ∈ [−1, 1] we have f (x) = g(x).

Exercise 4.3.14 :

1◦) Let f be a real function of a real variable defined by: f (x) = arcsin
(

2x
1 + x2

)
.

Plot the variation table of f on its domain of definition.

2◦) Show that

∀x ∈ R; −1 <
1− x2

1 + x2 ≤ 1.

3◦) Let g be a real-valued function of a real variable defined by: g(x) = arcsin(
1− x2

1 + x2 ).

Study the function g on its domain of definition.

Exercise 4.3.15 :

1◦ Show that

∀x ∈]0,
π

2
[; sin x =

tan x
1 + tan2 x

and ∀x ∈]0,
π

2
[; cos x =

1√
1 + tan2 x

.

2◦ Show that

0 < arctan
(

3
4

)
+ arctan

(
5

12

)
<

π

2
.

3◦ Solve the following equation in the interval [−1, 1]

arcsin (x) = arctan
(

3
4

)
+ arctan

(
5

12

)
.

Exercise 4.3.16 :

Solve the following equations:

arcsinx = arcsin
(

2
5

)
− arcsin

(
3
5

)
, arccosx = 2.arccos

(
3
4

)
and arctanx = 2.arctan

(
1
2

)
.

arctan(2x) + arctan(3x) =
π

4
, and arctan

(
x− 1
x− 2

)
+ arctan

(
x + 1
x + 2

)
=

π

4
.
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Exercise 4.3.17 :

Study the changes in the following two functions:

f : x 7−→ x + arcsin
(

x + 1
x

)
.

g : x 7−→ arcsin
(

2x
1 + x2

)
− 2arctanx.
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Chapter 5
Limited Development

4-1 Limited development in the neighborhood of a point

4-2 Taylor’s Formula

4-3 Limited development of useful functions

4-4 Applications of limited development
This chapter aims to simplify the calculation of limits of real-valued functions of a single real

variable and to examine the position of their curves relative to their tangents or asymptotes. It

also explores the possibility of replacing any function with a simple asymptote at or near a given

point.

We will therefore explore the possibility of replacing any function with a polynomial of degree n

at or near a given point, such that the latter best approximates our function.

5.1 Limited development in the neighborhood of a point

Definition 5.1.1 :

Let f be a function defined on V = Vx0 (the neighborhood of x0), or on V = Vx0 − {x0}. We say that f

admits a limited development of order n in the neighborhood of x0 (abbreviated, we note LDn(x0)), if there

exist real numbers a0, a1, · · · , an and a function ε defined on V such that for every x ∈ V,

f (x) = a0 + a1 (x− x0) + a2 (x− x0)
2 + · · ·+ an (x− x0)

n + (x− x0)
n ε (x− x0) ,

and lim
x−→x0

ε (x− x0) = 0.

We can also write

f (x) = a0 + a1 (x− x0) + a2 (x− x0)
2 + · · ·+ an (x− x0)

n + O (x− x0) .
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The polynomial function x 7−→ a0 + a1 (x− x0) + a2 (x− x0)
2 + · · ·+ an (x− x0)

n is called the regular

part of the DLn(x0) of f , and the function x 7−→ (x− x0)
n ε (x− x0) is called the remainder (rest) of the

DLn(x0) of f .

Example 5.1.2 :

1. Let f (x)
1

1− x
. The function f admits LDn(0) as follows:

We observe that 1 + x + x2 + · · · + xn is the sum of n + 1 first terms of the geometric sequence with

common ratio x. Therefore, we have

1 + x + x2 + · · ·+ xn =
1− xn+1

1− x

=
1

1− x
− xn x

1− x
.

This imply that

1
1− x

= 1 + x + x2 + · · ·+ xn + xn x
1− x

= 1 + x + x2 + · · ·+ xn + xnε (x) .

This means there exist a0, a1, · · · , an all equal 1 and the function ε defined on the neighborhood of 0 by

ε (x) =
x

1− x
such that

1
1− x

= 1 + x + x2 + · · ·+ xn + xnε (x) and ε (x) −→
x−→0

0.

This is the limited development of
1

1− x
of order n in 0.

Theorem 5.1.3 :

If a function f admits a limited development of order n at x0 then it is unique.

Proof :

By contradiction, suppose that f admits two distinct limited developments of order n at x0. There

exist two polynomials of degree at most n, two neighborhoods V1, V2 of x0, and two functions

ε1, ε2 defined on V1 or V1 − {x0}, and V2 or V2 − {x0} respectively, such that:

On the one hand

f (x) = a0 + a1 (x− x0)+ a2 (x− x0)
2 + · · ·+ an (x− x0)

n +(x− x0)
n ε1 (x) and lim

x−→x0
ε1 (x) = 0

(5.1)
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and the other hand

f (x) = b0 + b1 (x− x0)+ b2 (x− x0)
2 + · · ·+ bn (x− x0)

n +(x− x0)
n ε2 (x) and lim

x−→x0
ε2 (x) = 0.

(5.2)

Let V = V1 ∩V2, then we have, for all x ∈ V − {x0},

(a0 − b0) + (a1 − b1) (x− x0) + · · ·+ (an − bn) (x− x0)
n + (x− x0)

n [ε1 (x)− ε2 (x)] . (5.3)

By calculating the limit of this equality as x −→ x0, we find a0 = b0.

Therefore, the equality (5.3) becomes, for all x ∈ V − {x0}

(a1 − b1) (x− x0) + (a2 − b2) (x− x0)
2 + · · ·+ (an − bn) (x− x0)

n + (x− x0)
n [ε1 (x)− ε2 (x)] .

(5.4)

Next, we can divide this equality by x − x0, and by calculating the limit as x −→ x0, we find

a1 = b1, and so on.

In the end, we find a0 = b0, a1 = b1, and so on, an = bn. The regular parts are equal, and therefore

the remainders are also equal.

Corollary 5.1.4 :

Let f be a function admitting a limited development of order n at 0.

If f is even (resp. odd), then its regular part contains monomials of even (resp. odd) degree.

Proof :

Let f admit a limited development of order n at 0, as follows:

f (x) = a0 + a1 (x) + a2 (x)2 + · · ·+ an (x)n + (x)n ε1 (x) and lim
x−→0

ε1 (x) = 0.

Since V is a neighborhood of 0, then ∃δ > 0; ]− δ, δ[⊆ V.

For all x ∈ V − {0}, we have −x ∈ V − {0} and

f (−x) = a0 + a1 (−x) + a2 (−x)2 + · · ·+ (−1)n an (x)n + (−1)n (x)n ε1 (−x)

= a0 − a1x + a2x2 + · · ·+ (−1)n anxn + xnε2 (x) .

where ε2 = (−1)n ε1 and verified lim
x−→0

ε2 (x) = 0.

Case f even : We have ∀x ∈ V;

f (x) = f (−x). By the uniqueness of the limited development to order n of f at 0, we obtain

∀k ∈ {0, 1, 2, · · · , n} ; ak = (−1)k ak.
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We deduce that for any odd index k, we have ak = 0. This shows that the regular part of f contains

only monomials of even degree.

Case f odd : We have ∀x ∈ V;

f (−x) = − f (x). By the uniqueness of the limited development to order n of f at 0, we obtain

∀k ∈ {0, 1, 2, · · · , n} ; −ak = (−1)k ak.

We deduce that for any even index k, we have ak = 0. This shows that the regular part of f

contains only monomials of odd degree.

5.2 Taylor formula

5.2.1 Taylor-Lagrange formula

Let f be a function of class Cn+1 on an interval I with n ∈ N and x0, x ∈ I. Then there exists a

value c between x0 and x such that:

f (x) = f (x0) +
f
′
(x0)

1!
(x− x0) +

f
′′
(x0)

2!
(x− x0)

2 + · · ·+ f (n) (x0)

n!
(x− x0)

n +
f (n+1) (c)
(n + 1)!

(x− x0)
n+1 .

This relationship is called the Taylor-Lagrange formula, and the term f (n+1)(c)
(n+1)! (x− x0)

n+1 is called the

Lagrange remainder.

5.2.2 Taylor-Young formula

Let f be defined on an interval I, admitting at a point x0 ∈ I derivatives up to order n with n ∈ N. Then

there exists a neighborhood V of x0 and a function ε : V −→ R such that:

∀x ∈ V; f (x) = f (x0) +
f
′
(x0)
1! (x− x0) +

f
′′
(x0)
2! (x− x0)

2 + · · ·+ f (n)(x0)
n! (x− x0)

n + (x− x0)nε(x)

and lim
x−→x0

ε(x) = 0.

This is Taylor’s formula with a Young’s remainder ((x− x0)nε(x)).

5.2.3 Maclaurin formula

This is the Taylor-Lagrange formula with a = 0 and c = θx with 0 < θ < 1, that is:

∀x ∈ I, ∃θ ∈]0, 1[; f (x) = f (x0) +
f
′
(x0)
1! (x− x0) +

f
′′
(x0)
2! (x− x0)

2 + · · ·+ f (n)(x0)
n! (x− x0)

n

+ f (n+1)(θx)
(n+1)! (x− x0)

n+1 .
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5.2.4 Existence of limited development

Corollary 5.2.1 :

If a function f of class Cn on an interval I then f admits a limited development of order n at x0 ∈ I of the form:

f (x) =
n

∑
k=0

f (k)(x0)

k!
(x− x0)

k + o((x− x0)
n).

That is, if

f (x) = a0 + a1 (x− x0) + a2 (x− x0)
2 + · · ·+ an (x− x0)

n + (x− x0)
n ε (x) with lim

x−→x0
ε (x) = 0,

then
f (k)(x0)

k!
= ak for all k ∈ {0, 1, 2, · · · , n}

Remarks 5.2.2 :

1. If f admits a LD at a point x0 of order n > 0 with regular part a0 + a1 (x− x0) + a2 (x− x0)
2 + · · · +

an (x− x0)
n, then f is continuous at x0 or is extendable by continuity at x0 and f (x0) = a0.

2. If f admits a LD at a point x0 of order n ≥ 1, then f is differentiable at x0 and we have f (x0) = a0 and

f ′(x0) = a1, and the equation of the tangent to the graph of f at this point is y = a0 + a1(x− x0).

Every polynomial function has a limited development to any order at 0. If f (x) = a0 + a1x + a2x2 + · · ·+

amxm and n ≥ m, then f has a limited development of order n at 0 where the regular part is the function

itself and the remainder is the zero function. If n ≤ m, the regular part of the limited development of f at 0

is a0 + a1x + a2x2 + · · ·+ anxn and the remainder is R(x) = an + 1x(n + 1) + · · ·+ amxm = xnε(x). where

ε(x) = an+1x + · · ·+ amxm−n.

As by example: The function f : x 7−→ 3x5 − 2x3 + x2 − x + 4 has a limited development of order 4 at 0

whose regular part is 4− x + x2 − 2x3 and whose remainder is x4ε(x) where ε(x) = 3x.

The function f also has a limited development of order 6 at 0 whose regular part is 4− x + x2 − 2x3 + 3x5

and whose remainder is the zero function.

Proposition 5.2.3 If f : D −→ R admits a Taylor series expansion of order n at x0 of the form:

f (x) = a0 + a1 (x− x0) + a2 (x− x0)
2 + · · ·+ an (x− x0)

n + O (x− x0) .

Therefore, for all m ≤ n, the function f admits a LDm(x0) obtained by truncation as follows:

f (x) = a0 + a1 (x− x0) + a2 (x− x0)
2 + · · ·+ am (x− x0)

m + O ((x− x0)
m) .
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5.5.3 Limited developments of usual functions

5.3 Limited developments of usual functions

The Taylor-Young formula allows us to obtain the limited development of order n at 0 of several usual

functions.

1• Consider the function exp : x ∈ R 7−→ ex. The function exp is infinitely differentiable in R and for all

k ∈ R, exp(k)(0) = 1.

We deduce that the LD of order n at 0 of the function exp is,

ex = 1 + x
1! +

x2

2! + · · ·+
xn

n! + xnε (x) with ε (x) −→
x−→0

0.

2• The functions sin and cos are infinitely differentiable in R and for all x ∈ R we have:

sin(n) x = sin
(

x + n
π

2

)
and cos(n)x = cos

(
x + n

π

2

)
.

We deduce that the LD of order 2n + 1 at 0 of sin and the LD of order 2n at 0 of cos are,

sin x = x− x3

3! +
x5

5! + · · ·+ (−1)n x2n+1

(2n+1)! + x2n+2ε (x) with ε (x) −→
x−→0

0.

cos x = 1− x2

2! +
x4

4! + · · ·+ (−1)n x2n

(2n)! + x2n+1ε (x) with ε (x) −→
x−→0

0.

3• The function g : x ∈ ]− 1,+∞ [ 7−→ (1 + x)α (with α ∈ R fixed) is infinitely differentiable in ]− 1,+∞ [

and for all x ∈ ]− 1,+∞ [ we have:
(
(1 + x)α)(n) = [α× (α− 1)× · · · × (α− n + 1)] (1 + x)α−n.

It follows that the LD of order n at 0 of g is,

(1 + x)α = 1 +
α

1!
x +

α× (α− 1)
2!

x2 + · · ·+ α× (α− 1)× · · · × (α− n + 1)
n!

xn + xnε (x)

with ε (x) −→
x−→0

0.
(5.5)

4• The function h : x ∈ ] − 1,+∞ [ 7−→ ln (1 + x) is infinitely differentiable in ] − 1,+∞ [ and for all

x ∈ ]− 1,+∞ [ we have : ln(n) (1 + x) =
(
(1 + x)−1

)(n+1)
.

It follows that the LD order n at 0 of h is,

ln (1 + x) = x− 1
2

x2 +
1
3

x3 + · · ·+ (−1)n−1 1
n

xn + xnε (x) with ε (x) −→
x−→0

0. (5.6)

Remarks 5.3.1 :

• By replacing x by −x in the LD of x 7−→ ln (1 + x) and x 7−→ (1 + x)α, we deduce the LD of x 7−→ ln (1− x)

and of x 7−→ (1− x)α of order n in 0.

• Let f be a function that admits LD in the neighborhood of 0 and in the neighborhood of x0. To determine a LD of f

at x0, we determine the LD at 0 of the function g 7−→ f (x0 + h) by making the change of variable x = x0 + h.
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Examples 5.3.2 :

1). The LDn (0) of x 7−→ 1
1− x

is obtained as follows:

According to (5.5) with α = −1, We have :

1
1 + x

= 1− x + x2 + · · ·+ (−1)n xn + (−1)n xnε (x) with ε (x) −→
x−→0

0. (5.7)

By replacing x with −x in (??) we obtain

1
1− x

= 1 + x + x2 + · · ·+ xn + xnε (x) with ε (x) −→
x−→0

0.

2). The LD3 (0) of x 7−→ 1√
1− x

is obtained as follows:

According to (5.5) with α = −1
2

, We have :

1√
1 + x

= 1− 1
2

x +
3
8

x2 − 5
8

x3 + x3ε (x) with ε (x) −→
x−→0

0. (5.8)

By replacing x with −x in (5.8) we obtain

1√
1− x

= 1 +
1
2

x +
3
8

x2 +
5
8

x3 + x3ε (x) with ε (x) −→
x−→0

0.

3). The LDn (2) of x 7−→ ex is obtained as follows:

Let’s put h = x− 2 −→
x−→2

0.

ex = e2ex−2

= e2eh with h = x− 2

= e2
(

1 +
h
1!

+
h2

2!
+ · · ·+ hn

n!
+ hnε (h)

)
with ε (h) −→

h−→0
0

= e2

(
1 +

x− 2
1!

+
(x− 2)2

2!
+ · · ·+ (x− 2)n

n!
+ (x− 2)n ε (x− 2)

)
with ε (x− 2) −→

x−→2
0.

4). The LD4 (1) of x 7−→ lnx is obtained as follows:

Let’s put h = x− 1 −→
x−→1

0.

lnx = ln (h + 1) with h = x− 1

= h− 1
2

h2 +
1
3

h3 − 1
4

h4 + h4ε (h) with h = x− 1 and ε (h) −→
h−→0

0

= −1 + x− 1
2
(x− 1)2 +

1
3
(x− 1)3 − 1

4
(x− 1)4 + (x− 1)4 ε ((x− 1)) with ε (x− 1) −→

x−→1
0.

5). The LD3 (1) of x 7−→
√

2 + x is obtained as follows:

Let’s put h = x− 1 −→
x−→1

0.
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√
2 + x =

√
3 + h with h = x− 1

=
√

3

√
1 +

h
3

=
√

3
(

1 +
h
3

)1
2

=
√

3

(
1− 1

2
h
3
+

3
8

(
h
3

)2

− 5
8

(
h
3

)3

+

(
h
3

)3

ε

(
h
3

))
with ε

(
h
3

)
−→
h−→0

0

=
√

3
(

1− 1
6

h +
1
24

h2 − 5
216

h3 + h3ε (h)
)

with ε (h) −→
h−→0

0

=
√

3
(

1− 1
6
(x− 1) +

1
24

(x− 1)2 − 5
216

(x− 1)3 + (x− 1)3 ε ((x− 1))
)

with ε (x− 1) −→
x−→1

0.

5.3.1 Operations on limited developments

In this paragraph, we assume that f and g are two functions that admit LD at 0 of order n, where:

f (x) = a0 + a1x + a2x2 + · · ·+ anxn + xnε1 (x) with lim
x−→0

ε1 (x) = 0,

g (x) = b0 + b1x + b2x2 + · · ·+ bnxn + xnε2 (x) with lim
x−→0

ε2 (x) = 0,

limited developments of a sum and a product of functions

• f + g admits a LD of order n in the neighborhood of 0 which is:

f (x) + g (x) = a0 + b0 + (a1 + b1) x + (a2 + b2) x2 + · · ·+ (an + bn) xn + xnε (x) with lim
x−→0

ε (x) = 0.

• f × g admits a LD of order n in the neighborhood of 0 which is:

f (x)× g (x) = a0b0 + (a0b1 + a1b0) x + · · ·+ (a0bn + a1bn−1 + · · · anb0) xn + xnε (x) with lim
x−→0

ε (x) = 0.

Example 5.3.3 :

Calculate the LD of exln (1 + x) at 0 of order 3. We know that

ex = 1 + x +
x2

2
+

x3

6
+ x3ε (x) with ε (x) −→

x−→0
0.

and ln (1 + x) = x− 1
2

x2 +
1
3

x3 + x3ε (x) with ε (x) −→
x−→0

0.

On note a0 = 1, a1 = 1, a2 =
1
2

, a3 =
1
6

, b0 = 0, b1 = 1, b2 = −1
2

and b3 =
1
3

. Then

exln (1 + x) = a0b0 + (a0b1 + a1b0) x + (a0b2 + a1b1 + a2b0) x2 + (a0b3 + a1b2 + a2b1 + a3b0) x3 + x3ε (x)

= x +
1
2

x2 +
1
3

x3 + x3ε (x) .
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Limited development of a composite function

Let I and J be two open intervals containing 0, g a function from I to J, and f a function defined on J. If

g(0) = 0 (that is, b0 = 0), then the function f ◦ g admits a LD of order n in a neighborhood of 0 whose

regular part is the truncated polynomial of order n of P(x) = a0 + a1g(x) + a2g2(x) + ... + angn(x).

Examples 5.3.4 :

1∗ Let’s calculate the LD of ln
(
1 + x + x2) at 0 to order 3.

Here we set u(x) = x + x2 −→
x−→0

0. We know that

ln (1 + u) = u− 1
2

u2 +
1
3

u3 + u3ε (u) with ε (u) −→
u−→0

0.

We will need to calculate a LD of order 3 at 0 of u2 and u3.

u2(x) = a0.a0 + (a0.a1 + a1.a0) x + (a0.a2 + a1.a1 + a2.a0) x2 + (a0.a3 + a1.a2 + a2.a1 + a3.a0) x3,

where a0 = 0, a1 = 1, a2 = 1, a3 = 0.

Then, the DL of order 3 at 0 of u2 is

u2(x) = x2 + 2x3 + x3ε (x) .

u3(x) = u(x).u2(x)

= a0.b0 + (a0.b1 + b1.a0) x + (a0.b2 + a1.b1 + a2.b0) x2 + (a0.b3 + a1.b2 + a2.b1 + a3.b0) x3 + x3ε (x) ,

where b0 = 0, b1 = 0, b2 = 1, b3 = 2.

Then, the DL of order 3 at 0 of u3 is

u3(x) = x3 + x3ε (x) .

From this we deduce,

ln
(
1 + x + x2) = x + x2 − 1

2
(
x2 + 2x3)+ 1

3
x3 + x3ε

(
x + x2) with ε

(
x + x2) −→

x−→0
0

= x +
1
2

x2 − 2
3

x3 + x3ε (x) with ε (x) −→
x−→0

0.

2∗ Let’s calculate the LD of
√

1 + 2ex at 0 of order 3.

We know the LD of ex at 0 to order 3 as:

ex = 1 +
x
1!

+
x2

2!
+

x3

3!
+ x3ε′ (x) with ε′ (x) −→

x−→0
0.

So
√

1 + 2ex =

√
1 + 2

(
1 +

x
1!

+
x2

2!
+

x3

3!
+ x3ε′ (x)

)
=

√
3 + 2x + x2 +

1
3

x3 + x3ε′ (x)

=
√

3

√
1 +

(
2
3

x +
1
3

x2 +
1
9

x3 +
x3

3
ε′ (x)

)
=
√

3
√

1 + u(x) with u(x) =
2
3

x +
1
3

x2 +
1
9

x3 +
x3

3
ε′ (x) −→

x−→0
0.
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We know the LD of
√

1 + u(x) at 0 of order 3 :

√
1 + u = 1 +

1
2

u− 1
8

u2 +
1
16

u3 + u3ε0 (u) with ε0 (u) −→
u−→0

0.

We will only need to calculate the monomials of degree p such that p ≤ 3 of u2 and u3.

u2(x) = a0.a0 + (a0.a1 + a1.a0) x + (a0.a2 + a1.a1 + a2.a0) x2 + (a0.a3 + a1.a2 + a2.a1 + a3.a0) x3 + x3ε1 (x)

=
4
9

x2 +
4
9

x3 + x3ε1 (x) with ε1 (x) −→
x−→0

0,

where a0 = 0, a1 =
2
3

, a2 =
1
3

, a3 =
1
9

.

u3(x) = u(x).u2(x)

= a0.b0 + (a0.b1 + b1.a0) x + (a0.b2 + a1.b1 + a2.b0) x2 + (a0.b3 + a1.b2 + a2.b1 + a3.b0) x3 + x3ε2 (x)

=
8

27
x3 + x3ε2 (x) with ε2 (x) −→

x−→0
0,

where b0 = 0, b1 = 0, b2 =
4
9

, b3 =
4
9

.

Then we have,

√
1 + 2ex =

√
3
(

1 +
1
2

(
2
3

x +
1
3

x2 +
1
9

x3 +
x3

3
ε′ (x)

)
− 1

8

(
4
9

x2 +
4
9

x3 + x3ε1 (x)
)

+
1
16

(
8

27
x3 + x3ε2 (x)

)
+ x3ε (x) with ε (x) −→

x−→0
0.
)

=
√

3 +

√
3

3
x +

√
3

9
x2 +

√
3

54
x3 + x3ε (x) with ε (x) −→

x−→0
0.

Limited development of an inverse

Here is how to calculate the LD of
1
f

where f has a LDn (0) as follows:

f (x) = a0 + a1x + a2x2 + · · ·+ anxn + xnε1 (x) with lim
x−→0

ε1 (x) = 0.

• If a0 6= 0 we set u(x) =
a1

a0
x +

a2

a0
x2 + · · ·+ an

a0
xn +

xn

a0
ε1 (x). Then,

1
f

is written
1
f
=

1
a0

1
1 + u

.

• If ak 6= 0 for some k ∈N∗ with k < n and ∀p ∈ {0, 1, 2, · · · , k− 1} ; ap = 0, the function
1
f

does not admit

a Taylor series expansion in a neighborhood of 0. But the function x 7−→ xm

f (x)
with m ≥ k admits a LD of

order n− k in a neighborhood of 0, because for all x ∈ D 1
f
− {0}

xm

f (x)
=

xm−k

ak + ak+1x1 + · · ·+ anxn−k + xn−kε1 (x)

=
xm−k

ak
.

1
1 + v(x)

,

where v(x) =
ak+1

ak
x + · · ·+ an

ak
xn−k +

xn−k

ak
ε1 (x).
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Examples 5.3.5 :

1)∗ Let’s calculate the LD of x 7−→ 1
2− x

at 0 of order 4.

1
2− x

=
1
2

1

1− x
2

=
1
2

(
1 +

x
2
+
( x

2

)2
+
( x

2

)3
+
( x

2

)4
+ O

(( x
2

)4
))

=
1
2
+

x
4
+

x2

8
+

x3

16
+

x4

32
+ O

(
x4
)

.

2)∗ Let’s calculate the LD of x 7−→ 1
cos x

at 0 of order 5.

1
cos x

=
1

1− 1
2

x2 +
1
24

x4 + O
(
x5)

=
1

1− u
with u =

1
2

x2 − 1
24

x4 −O
(
x5)

= 1 + u + u2 + O
(
u2) with u2 =

1
4

x4 + O
(
x5) and O

(
u2) = O

(
x5)

= 1 +
(

1
2

x2 − 1
24

x4 −O
(
x5))+

(
1
4

x4 + O
(
x5))+ O

(
x5)

= 1 +
1
2

x2 − 5
24

x4 + O
(
x5) .

3)∗ Let’s calculate the LD of x 7−→ x
sin x

in the neighborhood of 0 of order 4.

x
sin x

= x.
1

sin x
= x.

1

x− 1
6

x3 +
1

120
x5 + O

(
x5)

= x.
1

x
(

1− 1
6

x2 +
1

120
x4 + O

(
x4
))

=
1

1 + u
with u = −1

6
x2 +

1
120

x4 + O
(

x4
)

= 1− u + u2 + O
(
u2) with u2 =

1
36

x4 + O
(

x4
)

= 1−
(
−1

6
x2 +

1
120

x4 + O
(

x4
))

+

(
1

36
x4 + O

(
x4
))

+ O
(
x4)

= 1 +
1
6

x2 +
7

360
x4 + O

(
x4
)

.

Method: If g(0) 6= 0, then the LD of
f
g

is defined via the quotient of the division of the regular part of f by

the regular part of g according to increasing powers.

Examples 5.3.6 :

1)• Let’s calculate the LD of x 7−→ 2− x + 2x2 − x3

1 + x− x2 at 0 of order 3.
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The algorithm for calculating the quotient of the division, according to increasing powers

2 −x +2x2 −x3 1 + x− x2

−(2 +2x −2x2) 2− 3x + 7x2 − 11x3

= −3x +4x2 −x3

−(−3x −3x2 +3x3)

= 7x2 −4x3

−(7x2 +7x3 −7x4)

= −11x3 +7x4

−(−11x3 −11x4 +11x5)

= 18x4 −11x5

2)• Let’s calculate the LD of x 7−→ ex

x− lnx
at 1 of order 3.

Let’s put h = x− 1 −→
x−→1

0.

We have
ex

x− lnx
=

eh+1

h + 1− ln (1 + h)

=
e.eh

h + 1− ln (1 + h)

=

e.
(

1 + h +
h2

2
+

h3

6
+ O

(
h3))

h + 1−
(

h− 1
2

h2 +
1
3

h3 + O
(
h3))

= e.
1 + h +

h2

2
+

h3

6
+ O

(
h3)

1− h +
1
2

h2 − 1
3

h3 + O
(
h3) .

By calculating the division of 1 + h +
h2

2
+

h3

6
by 1− h +

1
2

h2 − 1
3

h3 according to increasing powers

1 +h +
1
2

h2 +
1
6

h3 1− h +
1
2

h2 − 1
3

h3

−(1 −h +
1
2

h2 −1
3

h3) 1 + 2h + 2h2 +
3
2

h3

= 2h +
1
2

h3

−(2h −2h2 +h3 −2
3

h4)

= 2h2 −1
2

h3 +
2
3

h4

−(2h2 −2h3 +h4 +
2
3

h5)

=
3
2

h3 −1
3

h4 −2
3

h5

−(3
2

h3 −3
2

h4 +
3
4

h5 −1
2

h6)

=
7
6

h4 −17
12

h5 +
1
2

h6
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5.5.3 Limited developments of usual functions

5.3.2 Integration of limited developments

Theorem 5.3.7 :

Let f be a differentiable function on an interval I containing x0 and f
′

a function of class Cn on I whose LD at x0 to

order n is:

f
′
(x) = a0 + a1(x− x0) + · · ·+ an(x− x0)

n + o((x− x0)
n),

then f admits a LD to order n + 1 at x0 of the form:

f (x) = f (x0) + a0(x− x0) + · · ·+ an+1(x− x0)
n+1 + o((x− x0)

n+1).

This means that we integrate the polynomial part of the DL of f
′
(x) term by term to obtain the DL of

f (x)− f (x0) at x0.

Proof :

Suppose that f
′

admits a LD of order n− 1 at 0 with regular part P. Then there exists P ∈ R[X] of degree

at most n− 1, a neighborhood V of 0, and a function ε defined on V − {0} such that:

for all x ∈ V − {0} ; f
′
(x) = P(x) + xn−1ε(x) and lim

x−→0
ε(x) = 0.

It follows that:

f (x) = f (0) +
∫ x

0
P(t)dt + xnε(x).

Since the integral of a polynomial of degree at most n− 1 is a polynomial of degree at most n, then by the

uniqueness of the limited development we obtain:

Q : x 7−→ f (0) +
∫ x

0
P(t)dt is the primitive of P which equals f (0) at 0.

Hence the result.

Examples 5.3.8 :

1) We can find the LD of x 7−→ ln(1− x) at 0 using this tool.

Indeed, ∀x ∈ ]−∞, 1 [ (ln(1− x))
′
=
−1

1− x
.

We know that the LD of the function x 7−→ 1
1− x

at 0 is

1
1− x

= 1 + x + x2 + · · ·+ xn + O(xn).

Therefore, by integrating this limited expansion, we obtain∫ x

0

−1
1− t

dt = ln(1− x)− ln(1) = −x− 1
2

x2 − · · · 1
n + 1

xn+1 + O(xn+1).
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5.5.3 Limited developments of usual functions

2) Let’s calculate the LD of x 7−→ arcsinx at 0 to order 7. The function x 7−→ arcsinx is of class C∞ on I =]− 1, 1[

and (arcsinx)
′
=

1√
1− x2

.

We know that the LD of the function x 7−→ 1√
1− x2

= (1− y)−
1
2 at 0 where y = x2 is

1√
1− y

= 1 +
1
2

y +
3
8

y2 +
5

16
y3 + y3ε (x) with ε (y) −→

y−→0
0. (5.9)

Replacing y with x2 in the above LD, we have

(
1− x2)−1

2 = 1 +
1
2

x2 +
3
8

x4 +
5

16
x6 + O

(
x6) .

Therefore, by integrating the above result, we obtain

arcsinx− arcsin0 = arcsinx = x +
1
6

x3 +
3
40

x5 +
5

114
x7 + O

(
x7) .

Attention: A limited development can be integrated but not differentiated. This is because the function f

can admit a limited development, but f
′

does not. For example:

Example 5.3.9 :

The function

f : x ∈ R 7−→

 2x + x2 + x3 + x3 cos(
2
x2 ), if x 6= 0

0, if x = 0.

This function is differentiable on R with derivative

f
′

: x ∈ R 7−→

 2 + 2x + 3x2 + 3x2 cos(
2
x2 ) + 4 sin(

2
x2 ), if x 6= 0

2, if x = 0.

Since for all x in a neighborhood of 0 we have f (x) = x + x2 + x2ε(x) where ε(x) = x
(

1 + cos(
2
x2 )

)
−→
x−→0

0,

then f admits a Taylor series expansion of order 2 at 0. But f
′

has no limit at 0, so it cannot have a LD of order 1 at

0. f
′

has a regular part of 2 + 2x.

Since for all x in a neighborhood of 0 we have f (x) = x + x2 + x2ε(x) where ε(x) = x
(

1 + cos(
2
x2 )

)
−→
x−→0

0,

then f admits a Taylor series expansion of order 2 at 0. But f
′

has no limit at 0, so it cannot have a Taylor series

expansion of order 1 at 0. f
′

has a regular part of 2 + 2x.

5.3.3 Asymptotic development

Definition 5.3.10 :

Let I be an interval and x0 ∈ I be an endpoint of I, and let f be a real function defined on I or on I − {x0}. We say
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5.5.4 Applications of limited development

that asymptotic development of f at x0 if there exist simple functions g0, g1, · · · , gn such that in the neighborhood of

x0:

f (x) = a0g0(x) + a1g1(x) + · · ·+ angn(x) + o(gn(x)) and g0 ≥ g1 ≥ · · · ≥ gn,

where a0, a1, · · · , an are real constants.

Remark 5.3.11 :

• In an asymptotic development of a function at x0 (finite or infinite), each term of the sum is negligible compared to

the previous one in the neighborhood of x0.

• To form an asymptotic development, we exploit the computational techniques of limited developments.

•We can perform a limited development at ∞. We introduce an auxiliary variable X =
1
x
−→

x−→∞
0.

Examples 5.3.12 :

1. Let’s calculate the asymptotic development of x 7−→ ln(1− x) with 5 terms at−∞. When x is in the neighborhood

of −∞, we have

ln(1− x) = ln(−x(1− 1
x
))

= ln(−x) + ln(1− 1
x
)

= ln(−x) + ln(1− u(x)) with u(x) =
1
x
−→

x−→−∞
0

= ln(−x)− u(x)− 1
2

u2(x)− 1
3

u3(x)− 1
4

u4(x)−O
(

u4(x)
)

with u(x) =
1
x

= ln(−x)− 1
x
− 1

2x2 −
1

3x3 −
1

4x4 −O
(

1
x4

)
.

2. Let’s calculate the asymptotic development of x 7−→
√

1 + x2 with 4 terms at +∞. When x is in the neighborhood

of +∞, we have

√
1 + x2 = x

√
1 +

1
x2

= x
√

1 + u(x) with u(x) =
1
x2

= x
(

1 +
1
2

u(x)− 1
8

u2(x) +
1

16
u3(x)−O

(
u3(x)

))
with u(x) =

1
x2

= x +
1

2x
− 1

8x3 +
1

16x5 −O
(

1
x5

)
.

5.4 Applications of limited development

Determining equivalents

Limited developments are an effective tool for finding the equivalent of a given function in the neighbor-

hood of a point.
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F The first non-zero term of a limited development or an asymptotic expansion of a function at a point

provides a simple equivalent of the function studied at the point considered.

Examples 5.4.1 :

I. From the limited developments of usual functions, we therefore obtain the following equivalents in the neighborhood

of 0:

sin x ≈ x, tan x ≈ x, ln(1 + x) ≈ x, ex − 1 ≈ x, 1− cos x ≈ x2

2
, (1 + x)α − 1 ≈ αx.

II. Let’s determine a simple equivalent of ln(1− x) + arcsinx in the neighborhood of 0.

We know that

ln(1− x) = −x− 1
2

x2 − 1
3

x3 + O(x3) and arcsinx = x +
1
6

x3 + O
(
x3) .

Then ln(1− x) + arcsinx = −1
2

x2 − 1
6

x3 + O(x3). This shows the following equivalent

ln(1− x) + arcsinx ≈ −1
2

x2 when x −→ 0.

III. Let’s determine a simple equivalent of
sin x− x

x sin x
in the neighborhood of 0.

From the Taylor series expansion of order 4 at 0 of the function sin, we deduce that sin x− x ≈
0
− x3

6
.

We conclude that

sin x− x
x sin x

≈
0
−

x3

6
x2 = − x

6
because sin x ≈

0
x.

Limit determination

Obtaining an equivalent allows us to obtain the limit of the function under consideration.

Examples 5.4.2 :

1∗ Let’s calculate the limit at 0 of the function x 7−→ 2x cos x

ln
2 + x
2− x

.

We can calculate this limit as follows:

ln(2 + x) = ln2 + ln(1 +
x
2
) = ln2 +

x
2
+ o(

x
2
) and ln(2− x) = ln2 + ln(1− x

2
) = ln2− x

2
+ o(

x
2
).

Then we have
ln

2 + x
2− x

= ln(2 + x)− ln(2− x)

= x + O(
x
2
) ≈

0
x.

We can therefore deduce that

lim
x−→0

2x cos x

ln
2 + x
2− x

= lim
x−→0

2x cos x
x

= lim
x−→0

2. cos x

= 2.
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2∗ Let’s calculate the limit at 0 of the function x 7−→ x. tan2 x− x3

2x2. tan3 x
.

From the limited development of order 3 at 0 of the function tan, we obtain

tan x ≈
0

x, tan x− x ≈
0

1
3

x3 and tan x + x ≈
0

2x.

Since
x. tan2 x− x3

2x2. tan3 x
= x.

tan2 x− x2

2x2. tan3 x
= x.

(tan x− x) (tan x + x)
2x2. tan3 x

.

We can therefore deduce that

lim
x−→0

x. tan2 x− x3

2x2. tan3 x
= lim

x−→0
x.

1
3

x3.2x

2x5

=
1
3

.

Remark 5.4.3 :

Taylor series expansions are very effective for calculating limits with indeterminate forms! It is enough to simply note

that if f (x) = c0 + c1(x− x0) + · · · , then lim
x−→x0

f (x) = c0.

Extension of a function at a point

Proposition 5.4.4 :

Let x0 be a point in an interval I or a finite endpoint of I, and let f be a real-valued function defined on I − {x0}.

If, in a neighborhood of x0, the function f admits a Taylor expansion of the form f (x) = c0 + c1(x− x0)+ o(x− x0),

then we can extend f by continuity at x0 by setting f (x0) = c0. This extension is differentiable at a with f ′(x0) = c1.

Proof :

Since lim
x−→x0

f (x) = lim
x−→x0

(c0 + c1(x− x0) + o(x− x0)) = c0 we extend f by continuity at x0 by setting

f (x0) = c0. Moreover lim
x−→x0

f (x)− f (x0)

x− x0
= lim

x−→x0

(c0 + c1(x− x0) + o(x− x0)− f (x0)

x− x0
= c1 and therefore

this extension is differentiable at x0 and f ′(x0) = c1.

Example 5.4.5 :

Let’s show that the function f : x 7−→ tan x
x

extendable at 0 and its extension is a function of class C1 on ]− π

2
,

π

2
[ .

The function f is obviously defined and of class C1 on the intervals ]− π

2
, 0 [ and ] 0,

π

2
[ .

In the neighborhood of 0 we have f (x) = 1 +
1
3

x2 + o(x2).

Therefore, f can be extended by continuity at 0 by setting f (0) = 1.

Furthermore, this extension is differentiable and f ′(0) = 0.

Let’s now examine the continuity of f ′ at 0.
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5.5.4 Applications of limited development

For all x ∈]− π

2
,

π

2
[−{0}, we have

f ′(x) =

x
cos2 x

− tan x

x2

=
x
(
1 + tan2 x

)
− tan x

x2 .

In the neighborhood of 0 we have

f ′(x) =

x
(
1 + x2 + o(x2)

)
−
(

x +
1
3

x3 + o(x3
)

x2

=

2
3

x3 + o(x3)

x2

=
2
3

x + o(x) −→
x−→0

0.

Therefore, f ′ is continuous at 0.

Local position of a curve relative to its tangent

Let f be a real-valued function defined on an interval I containing x0.

Let f admit a limited development of order n at x0 of the form

f (x) = c0 + c1(x− x0) + ck(x− x0)
k + · · · cn(x− x0)

n + o((x− x0)
n),

where ck is the first non-zero coefficient after c1 with 1 < k ≤ n.

Since the function f is defined at x0, we then have that c0 = f (x0).

According to proposition 5.4.4, It is also established that c1 = f ′(x0).

The equation of the tangent T to the curve of f at the point with abscissa x0 is: y = c0 + c1(x− x0).

Let’s now study the position of the graph of f relative to T in the neighborhood of x0.

To do this, let’s determine the sign of f (x)− (c0 + c1(x− x0)), that is, the sign of ck(x− x0)k.

There are three possible cases.

• If the sign of ck(x− x0)k is positive, then the curve is above the tangent T.

• If the sign of ck(x− x0)k is negative, then the curve is below the tangent T.

• If the sign of ck(x− x0)k changes when moving from left to right at x0, then the curve crosses the tangent

line T at the point with abscissa x0. This point is called the inflection point.

Examples 5.4.6 :

a) Let’s determine the tangent (T) at 0 of the (Γ) graph of f : R∗ −→ R defined by f (x) =
2x

ex − 1
and specify the

position of the graph (Γ) relative to (T).
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5.5.4 Applications of limited development

In the neighborhood of 0 with x 6= 0, we have

f (x) = 2x.
1

x +
x2

2
+

x3

6
+

x4

24
+ O

(
x4
)

= 2.
1

1 +
x
2
+

x2

6
+

x3

24
+ O

(
x3)

= 2.
1

1 + u (x)
with u (x) =

x
2
+

x2

6
+

x3

24
+ O

(
x3)

= 2.
(
1− u + u2 − u3 + O

(
u3)) with u2 (x) =

x2

4
+

x3

6
+ O

(
x3) and u3 (x) =

x3

8
+ O

(
x3)

= 2.
(

1−
(

x
2
+

x2

6
+

x3

24
+ O

(
x3))+

(
x2

4
+

x3

6
+ O

(
x3))−( x3

8
+ O

(
x3))+ O

(
x3))

= 2− x +
1
12

x2 + O
(

x2) .

Therefore, we can extend f by continuity at 0 by setting f (0) = 2. Furthermore, this extension is differentiable at 0

and f ′(0) = −1. The equation of the tangent (T) is y = 2− x.

Since f (x)− (2− x) ≈
0

1
12

x2 ≥ 0, then in the neighborhood of 0 the curve (Γ) lies above its tangent (T).

b) Let’s determine the tangent (∆) at 0 of the (C) graph of g : R− {−2} −→ R defined by: g(x) = ln(1/x2 +

4x + 4) and specify the position of the graph (C) relative to (∆). In the neighborhood of 0 we have:

g(x) = ln
(
(x + 2)−2)

= −2ln(x + 2) with x > −2

= −2
(

ln2 + ln(1 +
x
2
)
)

with x > −2

= −2
(

ln2− x
2
+

x2

8
− x3

24
+ o

(
x3))

= −2ln2 + x− 1
4

x2 +
1
12

x3 + o
(
x3) .

The equation of the tangent line (∆) is y = −2ln2 + x.

Since g(x)− (2− x) ≈
0
−1

4
x2 ≤ 0, then in the neighborhood of 0 the curve (C) lies below its tangent line (∆).

c) We seek to determine the position of the graph (C) of h : R −→ R defined by h(x) = x4 − 4x3 + 2 with

respect to its tangent (D) at the point with abscissa 2.

We note that the equation of the tangent at the point with abscissa 0 is y = 2. Since −4x3 changes sign at 0, the

point with abscissa 0 is an inflection point of h.

Because the limited development of h at 0 is h(x) = 2− 4x3 + x4.

• For the LD of h(x) at 2, we set u = x− 2

h(x) = h(u + 2) with x = u + 2

= (u + 2)4 − 4 (u + 2)3 + 2

=
(
u4 + 8u3 + 24u2 + 32u + 16

)
− 4

(
u3 + 6u2 + 12u + 8

)
+ 2

= −14− 16u + 4u3 + u4

= −14− 16 (x− 2) + 4 (x− 2)3 + (x− 2)4 .
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The equation of the tangent (D) is y = −14− 16(x− 2). Since 4(x− 2)3 changes sign at 2, the point with abscissa

2 is an inflection point of h. Furthermore, for x close enough to 2 on the left (x ∈]2− ε, 2[ with ε > 0), the graph

(C) is below its tangent (D), and for x close enough to 2 on the right (x ∈]2, 2 + ε[), the graph (C) is above its

tangent (D).

Position of a curve relative to its asymptote

Let f be a function defined in the neighborhood of ∞ and a and b be two real constants. An asymptotic

development of f at ∞ of the form f (x) = ax + b +
ck

xk · · ·
cn

xn + o(
1
xn ) where k is the smallest integer such

that 1 < k ≤ n and the coefficient of
1
xk is non-zero, allows us to conclude that the line with equation

y = ax + b is an asymptote to the curve of f at ∞.

Furthermore, studying the sign of
ck

xk allows us to position the curve of f relative to this asymptote.

Examples 5.4.7 :

1◦) Let’s determine the equation of the asymptote (∆) of the graph of (C), defined by:

f (x) = e
1
x .
√

x2 + 2x + 1 and specify the position of the graph (C) relative to (∆) at +∞.

In the neighborhood of ∞ we have

f (x) = e
1
x . (x + 1)

= eu.
(

1
u
+ 1
)

with u =
1
x
−→

x−→+∞
0

=

(
1 + u +

u2

2
+

u3

6
+ o

(
u3))( 1

u
+ 1
)

= 2 +
1
u
+

3
2

u +
2
3

u2 + o
(
u2)

= 2 + x +
3

2x
+

2
3x2 + o

(
1
x2

)
.

Therefore, the equation of (∆), the asymptote of f at +∞, is y = 2 + x.

Since f (x)− (2 + x) ≈
+∞

3
2x

> 0, then in the neighborhood of +∞, the curve (C) remains above (∆).

2◦) Let’s determine the equation of the asymptote (∆′) of (C′), the graph of g : R −→ R, defined by:

g(x) =
1√

x2 + x + 1
and specify the position of the graph (C′) relative to (∆′) at −∞.
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In the neighborhood of −∞, we have

g(x) =
1

−x
√

1 +
1
x
+

1
x2

= −1
x

.
1√

1 +
1
x
+

1
x2

= −1
x

.
1√

1 + u
with u =

1
x
+

1
x2 −→

x−→−∞
0

= −1
x

.
(

1− 1
2

u +
3
8

u2 + o
(
u2)) with u2 =

1
x2 + o

(
1
x2

)
= −1

x
.
(

1− 1
2

(
1
x
+

1
x2

)
+

3
8

(
1
x2 + o

(
1
x2

))
+ o

(
1
x2

))
.

= −1
x
+

1
2x2 +

1
8x3 + o

(
1
x3

)
.

Therefore, the equation of (∆′), the asymptote of (C′) at −∞, is y = 0. Since g(x) ≈
−∞
−1

x
> 0, then in the

neighborhood of −∞, the curve (C′) remains above the asymptote (∆′).

5.4.1 Exercises

Exercise 5.4.8 :

Calculate the limited development in the neighborhood of 0 of

a) x 7−→ 1
1 +
√

1 + x +
√

1− x
of order 3.

b) x 7−→ ln
(

ln (1 + x)
x

)
of order 4.

c) x 7−→ 1
1− arctanx

of order 5.

Exercise 5.4.9 :

1∗ Determine the limited development to order 4, in the neighborhood of
π

3
, of the function: x 7−→ cos x

2∗ Calculate the limited development to order 4, at
π

3
, of the function h : x 7−→ ln(sin x).

3∗ a) Give a limited development to the order 2 of f (x) =
√

1 + x2

1 + x +
√

1 + x2
at 0.

b) Deduce an asymptotic development with 2 terms in +∞ of f .

c) Calculate an asymptotic expansion with one term in −∞.

Exercise 5.4.10 :

1. Write the limited development of order 6 at 0 of the functions 7−→ shx and 7−→ chx.

2. Calculate, by performing the multiplication, the limited development of order 6 at 0 of the functions:

x 7−→ sh2x, x 7−→ ch2x and x 7−→ shx.chx.
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3. Find the results from the previous question, using the formulas:

sh2x =
ch(2x)− 1

2
, ch2x =

ch(2x) + 1
2

and shx.chx =
sh(2x)

2
.

Exercise 5.4.11 :

We assume that the limited development of the function argsh to order 5 at 0 is

argshx = ax + bx3 + cx5 + o(x5),

where a, b, and c are real constants.

Find a, b, and c using two different methods.

Recall that for all x ∈ R, we have

argshx = ln
(

x +
√

x2 + 1
)

, argsh′x =
1√

x2 + 1
, ch (argshx) =

√
x2 + 1 and sh (argshx) = x.

Exercise 5.4.12 :

(1) Calculate the asymptotic development of x 7−→ cothx at 0 to the precision of x3. (2) Calculate the asymptotic

development with 3 terms in the neighborhood of +∞ of x 7−→ x.arctan
(

1
x + 1

)
.

Exercise 5.4.13 :

Determine the following limits:

lim
x−→a

xa − ax

arctanx− arctana
with a > 0, lim

x−→0

arctanx− x2

cos (x2)− 1
,

lim
x−→0

shx− 2sh2x + sh3x
ln
(
1 + x + 2x2 +

√
1− 2x− 1− x2

) , lim
x−→+∞

(
ln(x + 1)

lnx

)xlnx

.

Exercise 5.4.14 :

1) Specify the position of the graph (C) of the function f : R −→ R defined by f (x) = ex + sin x with respect to its

tangent (T) at the point with abscissa 0.

2) Specify the position of the graph (−) of the function g :]− 1,+∞ −→ R defined by g(x) = ln(x2 + 2x + 1)

with respect to its tangent (∆) at the point with abscissa 1.

Exercise 5.4.15 :

a) Calculate the asymptotic development with 5 terms of x 7−→ x
x2 − 1

in +∞.

b) Calculate the asymptotic development with 3 terms of x 7−→
(

1 +
1
x

)x

in +∞.

c) Calculate the asymptotic development with 3 terms of f : x 7−→ 3
√

x3 + 1 −
√

x2 + |x| in +∞ and in −∞.

Deduce the limits of f as x approaches +∞ and −∞.

d) Calculate the asymptotic development in 3 terms of g: x 7−→

√
x3 + 1
x + 1

as x approaches +∞. Then determine the

equation of the asymptote as x approaches +∞ and the position of the graph of g relative to this asymptote.
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5.5.4 Applications of limited development

Exercise 5.4.16 :

Note that f ′ = g ◦ h where:

g : x ∈]− 1, 1[ 7−→ −1
1 + x

and h : x ∈ R 7−→ x2 + 2x.

1∗ Find the expression for the limited development of order 4 at 0 of f ′.

2∗ Deduce the expression for the limited development of order 5 at 0 of f .

Exercise 5.4.17 :

Show that the limited development of order 3 at 0 of x 7−→ cos x.ln (1 + x) ( resp. x 7−→ (1 + x)
1

1+x ) has a regular

part x− x
2
− x3

6
( resp. 1 + x− x2 − x3

2
).

Exercise 5.4.18 :

For n ∈ R, we denote by fn the function defined on R∗+ by

fn(x) =


xnlnx
x2 − 1

if x 6= 1
1
2

ifx = 1
.

a∗) Determine a Taylor series expansion to order 2 at 1 of the function fn.

Deduce the equation of the tangent (Tn) of the graph (Cn) of fn at the point with abscissa 1, as well as the position of

the curve (C0) of f0 relative to (T0) in the neighborhood of 1.

Exercise 5.4.19 :

Let f be the function defined on ]− 1, 1[ by f (x) =
arcsin(x)

1− x2 .

1.) Determine the function g :]− 1, 1[−→ R such that, for all x ∈]− 1, 1[; f ′(x) + g(x) f (x) =
1

1− x2 .

2.) Determine a limited development to order 4 at 0 of the function g.

3.) Deduce a Taylor series expansion to order 5 at 0 of f .
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Chapter 6
Simple Integrals

5-1 Riemann integral.

5-2 Calculus of primitives.
The aim of this chapter is twofold: First, to understand and know integration and its main properties. Most

importantly, it teaches how to quickly calculate integrals using antiderivatives or the two effective tools:

integration by parts and by changing variables.

6.1 Riemann integral

Integral of a Step Function

Definition 6.1.1 Let [a, b] be a closed bounded interval of R such that (a < b). A subdivision of [a, b] is a finite

sequence of real numbers {x0, x1, · · · , xn} such that a = x0 < x1 < · · · < xn = b.

Abusing notation, we will denote a partition P either by its intervals

P = {I1, I2, · · · , In} ,

or by the set of endpoints of the intervals

P = {x0, x1, · · · , xn} .

⊗We denote the length of an interval I = [a, b] by |I| = b− a and |Ik| = |[xk−1, xk]| = xk − xk−1.

⊗ Note that
n

∑
k=1
|Ik| =

n

∑
k=1

(xk − xk−1) = |I|.

For example, the set of intervals

P =

{[
0,

1
6

]
,
[

1
6

,
1
3

]
,
[

1
3

,
1
2

]
,
[

1
2

,
2
3

]
,
[

2
3

,
5
6

]
,
[

5
6

, 1
]}
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6.6.1 Riemann integral

is a partition of [0, 1].

The corresponding set of endpoints is

P =

{
0,

1
6

,
1
3

,
1
2

,
2
3

,
5
6

, 1
}

.

Suppose that P = {I1, I2, · · · , In} is a partition of the compact interval I = [a, b] and f : I −→ R is a

bounded function on I with M = sup
[a,b]

f and m = in f
[a,b]

f . Then Mk = sup
Ik

f and mk = in f
Ik

f .

Moreover, since f is bounded on I, then these suprema and infima are finite real numbers and m ≤ mk ≤

Mk ≤ M.

⊗We define the upper (lower) Riemann sum of f with respect to the partition P by

U( f ; P) =
n

∑
k=1

Mk |Ik| =
n

∑
k=1

Mk (xk − xk−1) ,

L( f ; P) =
n

∑
k=1

mk |Ik| =
n

∑
k=1

mk (xk − xk−1) .

⊗ Geometrically, U( f ; P) (L( f ; P)) is the sum of the areas of rectangles based on the intervals Ik that lie

above (below) the graph of f .

Note that

m(b− a) ≤ L( f ; P) ≤ U( f ; P) ≤ M(b− a).

Let Π([a, b]), denote the collection of all partitions of [a, b].

Now, we define the upper (lower) Riemann integral of f on [a, b] by

U( f ) = in f
P∈Π([a,b])

U( f ; P) and L( f ) = sup
P∈Π([a,b])

U( f ; P).

Definition 6.1.2 A bounded function f : [a, b] −→ R is said to be integrable (in the Riemann sense) if U( f ) =

L( f ). This number is called the Riemann integral of f on [a, b] and is denoted
∫ b

a
f (x)dx or

∫ b
a f or

∫
[a,b] f .

Examples 6.1.3 :

1* Let f : [0, 1] −→ R defined by

f (x) =

 1
x , if 0 < x ≤ 1

0, if x = 0.

Then
∫ 1

0
1
x dx isn’t defined as a Riemann integral becuase f is unbounded in the interval [0, 1]. In fact, if P =

{x0, x1, · · · , xn} is a partition of [0, 1], where 0 < x1 < x2 < · · · < xn−1 < 1 , then sup
[0,x1]

f = +∞, so the upper

Riemann sums of f are not well-defined.

2* Let c areal constant and f the constant function f (x) = c on [0, 2] is Riemann integrable. Then
∫ 2

0 cdx = 2c.
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6.6.1 Riemann integral

To show this, let P = {I1, I2, · · · , In} be any partition of [0, 2] with endpoints P = {0, x1, · · · , xn−1, 2}. Then

Mk = sup
Ik

f = c, mk = in f
Ik

f = c, for k = 1, · · · , n, and therefore

U( f ; P) = L( f ; P) =
n

∑
k=1

c (xk − xk−1) = c (xn − xo) = 2c.

Which implies that

U( f ) = in f
P∈Π([0,2])

U( f ; P) = L( f ) = sup
P∈Π([0,2])

U( f ; P) = 2c.

U( f ) and L( f ) are equal, and the integral of f on the interval [0, 2] is 2c.

3* Let g : [1, 2] −→ R defined by

g(x) =

 1, if 1 < x ≤ 2

2, if x = 1.

Then g is Riemann integrable, and
∫ 2

1 f (x)dx = 1. To show this, let P = {I1, I2, · · · , In} be any partition of [1, 2]

with endpoints {0, x1, · · · , xn−1, 2}. Then, since g(x) = 1 for 1 < x ≤ 2, we have

Mk = sup
Ik

g = mk = in f
Ik

g = 1, for k = 2, · · · , n.

The first interval in the partition is I1 = [1, x1], where 1 < x1 ≤ 2, and M1 = 2, m1 = 1, since g(1) = 2 and

g(x) = 1 for 1 < x ≤ x1. It follows that U(g; P) = x1, L(g; P) = 1.

Thus, L(g) = 1 and U(g) = in f {x1; 1 < x1 ≤ 2} = 1, so U(g) = L(g) = 1, and the integral of f is 1.

Remark 6.1.4 This example shows that a function can be discontinuous but integrable in the Riemann sense.

Theorem 6.1.5 [2]Let f : [a, b] −→ R a continuous function on a compact interval, then it is Riemann integrable.

Theorem 6.1.6 [2]If f : [a, b] −→ R is a bounded function with finitely many discontinuities, then f is Riemann

integrable.

Theorem 6.1.7 (Fundamental theorem) [2]

If f : [a, b] −→ R is continuous on [a, b] and differentiable in ] a, b [ with F
′
(x) = f (x) where f is Riemann

integrable on [a, b], then ∫ b

a
f (x)dx = F(b)− F(a).

Examples 6.1.8 1). Let F : [0, 1] −→ R defined by

F(x) =

 x3 sin( 1
x ), if 0 < x ≤ 1

0, if x = 0.

Then F is continuous and differentiable on [0, 1], with

F
′
(x) =

 3x3sin( 1
x )− x cos( 1

x ), if 0 < x ≤ 1

0, if x = 0.
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6.6.1 Riemann integral

The derivative F
′
is bounded and continuous on [0, 1]. From Theorem 6.1.7 implies that F

′
is integrable on [0, 1], and

we conclude that ∫ 1

0
F
′
(x)dx = sin 1.

2). Let F : [1, 2] −→ R defined by: F(x) =
√

x− 1. Then F is continuous on [1, 2] and differentiable in ] 1, 2 ], with

F
′
(x) = 1

2
√

x−1
f or1 < x ≤ 2. This function is unbounded in ] 1, 2 ], this imply that F

′
is not Riemann integrable

on [1, 2], and Theorem 6.1.7 does not apply. We can, however, interpret the integral of F
′

on [1, 2] as an improper

Riemann integral. The function F is continuously differentiable on [1 + ε, 2] for every 0 < ε < 1, so∫ 2

1+ε

1
2
√

x− 1
dx = 1−

√
ε.

Thus, we get the improper integral

lim
ε−→0

∫ 2

1+ε

1
2
√

x− 1
dx = 1.

Theorem 6.1.9 [1]Let f : [a, b] −→ R a monotonic function on a compact interval, then it is Riemann integrable.

Property 6.1.10 If f : [a, b] −→ R is integrable, then the restriction of f to any interval
[

a
′
, b
′
]
⊂ [a, b] is still

integrable.

6.1.1 Properties of the Riemann integral

Property 6.1.11 The integral has the following three basic properties.

(1). Additivity (Chasles relation).

Let a < c < b be three real numbers. If f is integrable on [a, c] and [c, b], then f is integrable on [a, b]. And we have:∫ b

a
f (x)dx =

∫ c

a
f (x)dx +

∫ b

c
f (x)dx.

(2). Positivity of the integral ( Monotonicity).

Let a and b be two real numbers and f and g be two integrable functions on [a, b]. If f ≤ g then∫ b

a
f (x)dx ≤

∫ b

a
g(x)dx.

⊗ In particular, the integral of a positive function is positive: That is, if f ≥ 0 on [a, b] then
∫ b

a f (x)dx ≥ 0.

(3). Linearity: Let f and g be two integrable functions on [a, b]. Then

1. f + g is an integrable function and∫ b

a
( f + g)(x)dx =

∫ b

a
f (x)dx +

∫ b

a
g(x)dx.

2. For all real numbers λ, λ f is integrable function and∫ b

a
λ f (x)dx = λ

∫ b

a
f (x)dx.
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6.6.2 Calculus of primitives

3. f g is an integrable function on [a, b] but in general∫ b

a
( f .g)(x)dx 6=

(∫ b

a
f (x)dx

)
.
(∫ b

a
g(x)dx

)
.

4. | f | is an integrable function on [a, b] and∣∣∣∣∫ b

a
f (x)dx

∣∣∣∣ ≤ ∫ b

a
| f (x)| dx.

Example 6.1.12 (a). Evaluate
∫ 3

1
−2e3x + 15− 1

2x
dx.

Answer: ∫ 3

1
−2e3x + 15− 1

2x
dx = −2

∫ 3
1 e3x dx +

∫ 3
1 15 dx− 1

2

∫ 3
1

1
2x dx

= −2
[ 1

3 e3x]3
1 + [15x]31 − 1

2 [ln |x|]
1
3

= − 2
3

(
e9 − e

)
+ 15 (3− 1)− 1

2 (ln3− ln1)

= − 2e
3

(
e8 − 1

)
+ 30− 1

2 ln3.

6.2 Calculus of primitives

Definition 6.2.1 Let f : I −→ R be a function defined on any interval I. We say that F : I −→ R is an anti-

derivative of f on I if F is a differentiable function on I satisfying F
′
(x) = f (x) for all x ∈ I.

Examples 6.2.2 :

1. Let f : I = R −→ R defined by f (x) = 2x3. Then F : R −→ R defined by F(x) = 1
2 x4 is an anti-derivative of

f . The function defined by F(x) = 1
2 x4 + c where c a real constant, is also an anti-derivative of f .

2. Let g : I = [ 0,+∞ [ −→ R defined by g(x) =
√

x3. Then G : [ 0,+∞ [ −→ R defined by G(x) = 2
5 x

5
2 is an

anti-derivative of g on [ 0,+∞ [ . For all c ∈ R, the function G + c is also an anti-derivative of g on [ 0,+∞ [ .

Proposition 6.2.3 Let f : I −→ R be a function and let F : I −→ R be an anti-derivative of f . Every anti-

derivative of f can be written as G = F + c where c a real constant.

Proof : First, note that if we denote by G the function defined by G(x) = F(x) + c, then G
′
(x) = F

′
(x), but

since F
′
(x) = f (x), then G

′
(x) = f (x), and G is indeed an anti-derivative of f .

For the converse, suppose that G is any anti-derivative of f . Then (G− F)
′
(x) = G

′
(x)− F

′
(x) = f (x)−

f (x) = 0, so the function G− F has a derivative of zero on an interval; it is therefore a constant function!

Therefore, there exists c ∈ R such that (G− F)(x) = c. In other words, G(x) = F(x) + c for all x ∈ I.

Notation. We will denote an anti-derivative of f by
∫

f (t)dt or
∫

f (x)dx or
∫

f (u)du (the letters

t, x, u, · · · are called silent letters, that is to say, interchangeable).

We can even denote an anti-derivative simply by
∫

f .
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6.6.2 Calculus of primitives

To find an anti-derivative of a function f , one might be lucky enough to recognize that f is the deriva-

tive of a well-known function. Unfortunately, this is very rarely the case, and the anti-derivatives of most

functions are unknown. However, we will examine two techniques that allow us to calculate integrals and

anti-derivatives: integration by parts and the change of variables.

6.2.1 Integration by parts

Suppose that f , g : [a, b] −→ R are continuous on [a, b] and differentiable in ] a, b [ , and f
′
, g
′

are integrable

on [a, b]. Then ∫ b

a
f g
′
dx = [ f (x)g(x)]ba −

∫ b

a
f
′
gdx = f (b)g(b)− f (a)g(a)−

∫ b

a
f
′
gdx.

Examples 6.2.4 (a). Calculation of
∫ 1

0
x cos(x)dx.

Let u(x) = x and v
′
(x) = cos(x). We will need to know that u

′
(x) = 1 and that an anti-derivative of v

′
is simply

v(x) = sin(x). The integration by parts formula gives:∫ 1

0
x cos(x)dx =

∫ 1

0
u(x)v

′
(x)dx

= [u(x)v(x)]10 −
∫ 1

0
u
′
(x)v(x)dx

= [x. sin(x)]10 −
∫ 1

0
1. sin(x)dx

= [x. sin(x)]10 − [− cos(x)]10
= (1. sin(1)− 0. sin(0))− ((− cos(1))− (− cos(0)))

= sin(1) + cos(1)− 1.

(b). We find I =
∫ 1

−1
e3x sin(2x) dx.

Let us make a choice: u(x) = sin(2x) and v
′
(x) = e3x.

So that u
′
(x) = 2 cos(2x) and v(x) = 1

3 e3x.

The integration by parts formula gives:∫ 1

−1
e3x sin(2x) dx =

∫ 1

−1
v
′
(x).u(x)dx

= [u(x).v(x)]1−1 −
∫ 1

−1
v(x).u

′
(x)dx

=

[
sin(2x).

1
3

e3x
]1

−1
−
∫ 1

−1

1
3

e3x.2 cos(2x)dx

=
1
3
[
sin(2x).e3x]1

−1 −
2
3

∫ 1

−1
e3x. cos(2x)dx.

(6.1)

This is better than the original integral, but we now integrate by parts again, choosing

f (x) = cos(2x) and g
′
(x) = e3x.
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6.6.2 Calculus of primitives

So that f
′
(x) = −2 sin(2x) and g(x) = 1

3 e3x. This gives

∫ 1

−1
cos(2x).e3xdx =

∫ 1

−1
f (x)g

′
(x)dx

= [ f (x).g(x)]1−1 −
∫ 1

−1
f
′
(x).g(x)dx

=

[
cos(2x).

1
3

e3x
]1

−1
−
∫ 1

−1
−2 sin(2x).

1
3

e3xdx

=
1
3
[
cos(2x).e3x]1

−1 +
2
3

∫ 1

−1
sin(2x).e3xdx

=
1
3
[
cos(2x).e3x]1

−1 +
2
3

I.

(6.2)

By inserting (6.2) into (6.1), we obtain

I =
1
3
[
sin(2x).e3x]1

−1 −
2
3

[
1
3
[
cos(2x).e3x]1

−1 +
2
3

I
]

=
1
3
[
sin(2x).e3x]1

−1 −
2
9
[
cos(2x).e3x]1

−1 −
4
9

I.
(6.3)

From which, we have

13
9

I =
1
3
[
sin(2x).e3x]1

−1 −
2
9
[
cos(2x).e3x]1

−1

=
1
3

[
sin(2.1).e3.1 − sin(2.(−1)).e3.(−1)

]
− 2

9

[
cos(2.1).e3.1 − cos(2.(−1)).e3.(−1)

]
=

1
3
[
sin(2).e3 − sin(−2).e−3]− 2

9
[
cos(2).e3 − cos(−2).e−3]

=
1
3

sin(2)
[
e3 + e−3]− 2

9
cos(2)

[
e3 − e−3]

=
1
9
(
e3 − e−3) (3 sin(2)− 2 cos(2)) .

(6.4)

This imply that

I =
∫ 1

−1
e3x sin(2x) dx =

1
13
(
e3 − e−3) (3 sin(2)− 2 cos(2))

6.2.2 Integration by substitution(Variable change)

Suppose that g : I −→ R differentiable on an open interval I and g
′

is integrable on I. Let J = g(I). If

f : J −→ R continuous, then for every a, b ∈ I,∫ b

a
f (g(x)) g

′
(x)dx =

∫ g(b)

g(a)
f (u)du.

Example 6.2.5 (a) Find
∫ 2

−1
3x exp(x2)dx.

Solution: We transform the variable x into u by setting u to x2. Therefore, for du = 2xdx, the lower boundary,
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6.6.2 Calculus of primitives

x = −1, becomes u = 1. The upper boundary, x = 2, becomes u = 4. By substitution, we have∫ 2

−1
3xe(x2)dx =

3
2

∫ 2

−1
e(x2)(2xdx)

=
3
2

∫ 4

1
eudu (Do the substitution.)

=
3
2

eu
∣∣∣∣4
1

(Find the antiderivative.)

=
3
2

e4 − 3
2

e1 =
3
2

e
(
e3 − 1

)
. (Evaluate.)

(b) Find J =
∫ 2

1

lnx
xlnx− x

dx.

Solution: Let the change of variable be u = φ (x) = xlnx − x. Then du = φ
′
(x) = lnxdx. For x = 1 we have

u = φ (1) = −1 and for x = 2 we have u = φ (2) = 2ln2− 2. Then

J =
∫ 2

1

lnx
xlnx− x

dx =
∫ 2

1

lnxdx
(xlnx− x)

=
∫ 2ln2−2

−1

du
u

(Do the substitution.)

= (ln |u|)|2ln2−2
−1 (Find the antiderivative.)

= ln |2ln2− 2| − ln |−1| (Evaluate.)

= ln (2− 2ln2) .

6.2.3 Exercises

Exercise 6.2.6 Calculate the integrals using integration by parts:∫ π
2

0
t sin (t) dt, and

∫ π
2

0
t2 sin (t) dt,

then by induction ∫ π
2

0
tn sin (t) dt where n ∈N.

Exercise 6.2.7 Calculate the integrals using changes of variables:∫ a

0

√
a2 − t2dt and

∫ π

−π

√
1 + cos tdt,

(for the latter, make two changes of variables: u = cos t, then v = 1− u).

Exercise 6.2.8 Evaluate the following integrals:

I(x) =
∫

sin3 xdx; J(x) =
∫ x

ex dx; L(x) =
∫ x3

(x2 + 2)2 dx.

Exercise 6.2.9 Calculate the value of each of the following:

I =
∫ 2

1
x3ln |x| dx; J =

∫ π
4

0
x2 sin 2xdx; L =

∫ 2

1

√
x3ln( x

√
3)dx.
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