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Abstract

This study seeks to investigate the concept of symmetric polyconvex functions

in higher-dimensional spaces. By advancing the methodology introduced by Bous-

said et al. for two-dimensional and three-dimensional cases, we introduce an inno-

vative characterization of symmetric polyconvex functions in higher dimensions.

Our principal finding reveals that the requisite condition for symmetric polycon-

vexity of a function f is its ability to be formulated as a convex function that

incorporates the matrix and its second-order minors, exhibiting a non-increasing

tendency in a specific sense with respect to the second-order minor variable. Ad-

ditionally, we propose and scrutinize the concept of S-positive semi-definite ma-

trices, which is crucial to our characterization. This new characterization also

enables the identification of the class of symmetric polyconvex quadratic forms

and demonstrates the absence of non-trivial symmetric poly-affine functions.
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Notations

� r = min{n,m}, where n and m are any positive integers.

� N(n,m) =
r∑

i=1

(
m

i

)(
n

i

)
, where

(
a
b

)
= a!

b!(a−b)!
for any integers a and b such

that 1 ≤ b ≤ a.

� TJ =

{
α = (α1, . . . , αJ) :

J∑
i=1

αi = 1, αi ≥ 0

}
.

� R+ = {y ∈ R : y ≥ 0}.

� R++ = {y ∈ R : y > 0}.

� Rd represents the d-dimensional Euclidean space. In particular, R(
d
2) repre-

sents the
(
d
2

)
-dimensional Euclidean space.

� Rd×d is the real d× d matrix space.

� Sd×d is the real d× d symmetric matrix space.

� ”T” denotes the transpose.

� ξT signifies the transpose of the matrix ξ.

� Mi(ξ) represents the matrix containing all minors of order i, for each i
within the range 2 ≤ i ≤ r

� M(ξ) = (ξ,M2(ξ), . . . ,Mr(ξ)).

� Rd×d
+ = {ξ ∈ Rd×d : det ξ > 0}.

� Rd×d
− = {ξ ∈ Rd×d : detξ < 0}.

� Rd×d
D represent the subspace of diagonal matrices of Rd×d.

� tr(ξ) =
r∑

i=1

ξii, for every ξ ∈ Rm×n.

� cof ξ indicates the cofactor matrix.

� det ξ stands for the determinant of the matrix ξ.

� ξ : η = tr(ξTη), for any η, ξ ∈ Rm×n.

� |ξ| =
√
ξ : ξ, representing the Euclidean norm for any ξ ∈ Rm×n.
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� ∥ξ∥ = max{∥ξx∥ : ∥x∥ = 1 for all x ∈ Rd}, is the operator norm of the
matrix ξ ∈ Rd×d.

� ||ξ||op = max{λ1(ξ), λ2(ξ)}. representing the spectral norm of ξ ∈ R2×2
+ .

� I represents the identity matrix.

� m(Ω) represents the Lebesgue measure of Ω.

� Gd =
{
y ∈ Rd : y1 ≥ . . . yd−1 ≥ |yd|

}
.

� Vd = {y ∈ R++d
, y1 ≥ · · · ≥ yd > 0}.

� O(d) ⊂ Rd×d represents the set of orthogonal matrices.

� SO(d) ⊂ O(d) represents the set of proper orthogonal matrices, where
det(ξ) = 1 for every ξ ∈ O(d).

� CO(d) = {βη : η ∈ O(d), β ∈ R} represents the set of conformal matrices.

� CSO(d) = {αQ ∈ Rd×d
+ : Q ∈ SO(d), α ∈ R++}.

� SL(d) = {ξ ∈ Rd×d : det ξ = 1}.

� ”.” represent the scalar product in Rd

� ξs is the symmetric part of ξ ∈ Rd×d.

� ξa is the skew-symmetric part of ξ ∈ Rd×d.

� a, b ∈ Rd, and a⊗ b = abT denotes the tensor product.

� a⊙ b = (a⊗ b)s represents the symmetric part of a⊗ b.

� Skew(X) denotes the d×d anti-symmetric matrices, where for all X ∈ R(
d
2):

(Skew(X))ij = xσ(i,j), where σ(i, j) =

(
i∑

k=1

(d− k)

)
−(d−j), for 1 ≤ i < j ≤ d.

� X ⊠X =M2(Skew(X)) represents the S-tensor product.

� A ∈ S(
d
2)×(

d
2) is called S-positive semi-definite if and only if:

A : X ⊠X ≥ 0, for all X ∈ R(
d
2).

7



� A ∈ S(
d
2)×(

d
2) is called S-negative semi-definite if and only if −A is S-positive

semi-definite.

� S(
d
2)×(

d
2)

s+ denotes the set of all symmetric S-positive semi-definite matrices.

� S(
d
2)×(

d
2)

s− denotes the set of all symmetric S-negative semi-definite matrices.
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Chapter 0

Introduction

0.1 General Conceptions

The modeling of various material in linear and non linear elasticity can be char-
acterize by the minimization of a functional I defined by:

I(u) =

∫
Ω

f(y, u(y),∇u(y)), (1)

where Ω is an open bounded subset of Rn, and u : Ω → Rm denotes the unknown
function, and f : Rm×n → R is the energy density.

Minimizers of the functional I have been a subject of significant interest among
researchers, with notable contributions from Morrey [52], Ball [7], and Dacorogna
[19], they presented existence results in various forms: one assumes the convexity
of the function f, while another suppose its quasiconvexity. These conditions are
considered to ensure the weak lower semicontinuity of the functional I, which
means that for every weakly convergence sequence uk ⇀ u in the sobolev space
W 1,p, the inequality bellow is satisfied:

lim inf
k→∞

I(uk) ≥ I(u).

Tonelli [68] showed that the convexity of the function f serves as a sufficient
condition for the weak lower semicontinuity of the functional I. Additionally,
Serrin [58] extended Tonelli’s theorem. When m = 1 or n = 1, convexity serves
as a necessary condition for weak lower semicontinuity. In the vectorial case where
n,m > 1, Morrey Jr [52], Acerbi and Fusco [1] provided the following result:

f is quasiconvex ⇐⇒ I is weakly lower semi-continuous.

A map f is termed quasiconvex if:

m(Ω)f(ξ) ≤
∫
Ω

f(ξ +∇ϕ(x)) dx (2)

9



Chapter 0. Introduction

is satisfied for each open bounded subset Ω of Rn, each ξ ∈ Rm×n, and all
ϕ ∈ W 1,∞

0 (Ω,Rm). Given the non-local characteristics of this condition (see Kris-
tensen [42]), it is challenging to decide whether a specific function is quasiconvex.
This difficulty prompted Morrey Jr [52] to introduce an alternative condition,
namely weakly quasiconvexity, which was shown to be necessary for quasiconvex
functions, according to the definition of Acerbi and Fusco [1], f : Rm×n → R is
considered weakly quasiconvex if the maps

t→ f(η + t⊗ y), s→ f(η + x⊗ s),

are convex, for each η ∈ Rm×n, each x ∈ Rm, and all y ∈ Rn. Roughly speaking,
the notion of weakly quasiconvex functions is often referred to as rank-one convex
functions, equivalently to the above definition, a function f : Rm×n → R is
referred to as rank-one convex if:

f(βη + (1− β)ξ) ≤ βf(η) + (1− β)f(ξ),

is satisfied for each η, ξ ∈ Rm×n with rank{η− ξ} ≤ 1, and all 0 ≤ β ≤ 1. When
the function f ∈ C2(Rm×n), rank-one convexity is equivalent to the Legendre-
Hadamard condition, which can be expressed as

m∑
p,q=1

n∑
k,l=1

∂2f(η)

∂ηpk∂ηql
xpxqykyl ≥ 0.

This holds for all x ∈ Rm, y ∈ Rn, and η ∈ Rm×n. For further details, the reader
is directed to the works of Meyers [48], Morrey Jr [53], and Dacorogna [19].

Morrey Jr [52] also provided a sufficient condition for quasiconvexity, which
was named by Ball [7] as polyconvexity, and is defined as follows: a function

f : Rm×n → R is considered polyconvex if a convex function g : Rm×n×R(
m
2 )×(

n
2)×

. . .× R(
m
r )×(

n
r) → R exists and

f(ξ) = g(ξ,M2(ξ), . . . ,Mr(ξ)), (3)

is satisfied, where r = min{n,m}, and Mj(ξ), 2 ≤ j ≤ r, represent the matrix of
all minors of order j of the matrix ξ ∈ Rm×n.

The aforementioned concepts are connected to convexity in the following man-
ner:

Convexity ⇒ Polyconvexity ⇒ Quasiconvexity ⇒ Rank-One Convexity.

The relationships described above are precise in the sense that the reverse im-
plications do not necessarily hold, the function ξ ∈ R2×2 → det(ξ) is polyconvex
but not convex. Moreover, as Morrey’s conjecture suggested, rank-one convexity
does not imply quasiconvexity for all n,m ≥ 2. This remained an open problem

10



Chapter 0. Introduction

until Šverák [66] provided a counterexample for the case n ≥ 2 and m ≥ 3, prov-
ing that rank-one convexity is not sufficient for quasiconvexity. In contrast, in
the case of quadratic forms, Van Hove [69, 70] showed that rank-one convexity
is equivalent to quasiconvexity and, if n = 2 or m = 2, it is also equivalent to
polyconvexity. However, for n,m ≥ 3, polyconvexity is not a necessary condition
for rank one convexity, for more details, refer to Dacorogna [19], Terpstra [67],
and Serre [57]. In the case n = m = 2, Alibert, Dacorogna, and Marcellini [3, 23]
provided a counterexample showing that there exist quasiconvex functions that
are not polyconvex. As for Morrey’s conjecture, this example did not provide a
definitive answer, and therefore, the case n = m = 2 remains unresolved.

0.2 Symmetric Setting

Within the framework of geometrically linear elasticity, derived from nonlinear
theory, the invariance of the elastic energy density under infinitesimal rotations,
rather than full frame-indifference, implies that the integrand f depends exclu-
sively on the small strain tensor:

e(∇u) = 1

2
(∇u+ (∇u)T ),

and the energy functional I can be expressed as

I(u) =

∫
Ω

f(e(∇u(x)))dx,

where f : Sd×d → R, see [10, 25, 26] and [41].
Polyconvexity is replaced by symmetric polyconvexity in this setting. A func-

tion f : Sd×d → R is considered symmetric polyconvex if its composition with
the symmetric part of the matrix is polyconvex. Specifically, if the function
f̃ : Rd×d → R, f̃(F ) = f(F s) is polyconvex, see [11]. Similarly, symmetric qua-
siconvex and symmetric rank-one convex functions are defined. The notion of
symmetric polyconvexity plays a crucial role in the existence of minimizers in
nonlinear elasticity in the small strain case and has been fully characterized by
Boussaid et al. [11] in dimension 2 and 3.

In this work, we are concerned with the notion of symmetric polyconvexity
in higher dimensions [47]. Characterizing such a class of functions presents a
significant mathematical challenge, as noted in [12]. Our aim is to provide a
complete characterization of these functions in arbitrary dimensions. Based on
the work of Boussaid et al. [11], we demonstrate that a necessary and sufficient
condition for a function defined on the space of symmetric matrices, Sd×d, of
dimension d to be symmetric polyconvex is to be expressed as a convex function
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Chapter 0. Introduction

of the matrix itself and its second-order minors, with an S-negative semi-definite
partial subdifferential with respect to the matrix of all second-order minors.

In this setting, a matrix A is said to be S-positive (or S-negative) semi-definite
if A :M2(F ) is non-negative (or non-positive) for any skew-symmetric matrix F .
Here, M2(F ) denotes the matrix of all second-order minors of F , as defined in
Definition 1.3. The independence of g from higher-order minors greatly simplifies
the search for symmetric polyconvex functions in higher dimensions. Addition-
ally, the characterization of symmetric polyconvex functions will be useful for
understanding the structure of symmetric polyconvex hulls for compact sets K.

We know from [11], Lemma 3.1, that, in three dimension, for a symmetric
matrix A, the convexity of the quadratic form ξ ∈ R3×3 → qA(ξ) = A : cofξa is
equivalent to its rank one convexity which is in turn equivalent to the positivity
of the matrix A. In higher dimensions, this property is no longer true in general;
we will provide in Lemma 1.4 a counter example of non positive semi-definite
matrix A ∈ S6×6 such that the associated function qA is rank-one convex but
not convex; furthermore, we show that the convexity of qA is both a necessary
and sufficient condition for the S-positive semi-definiteness of the matrix A. This
principle serves as the foundation for the representative behavior observed in our
characterization of symmetric polyconvex functions in higher dimensions. On the
other hand, an important observation states that the determinant, as well as all
third- and fourth-order principal minors, are not symmetric rank-one convex in
the cases d = 4 or d = 5. This observation was the key idea in expressing a
symmetric polyconvex function independently of higher-order minors. The main
result of this thesis is as follows:

Theorem 0.1 Consider a function f : Sd×d → R. Then, the symmetric polycon-

vexity of f is equivalent to the existence of a convex function g : Sd×d×S(
d
2)×(

d
2) →

R and

f(ε) = g(ε,M2(ε)),

is satisfied for each ε ∈ Sd×d, and the partial sub-differential of g with respect to
its second argument is S-negative semi-definite.

The concept of S-positive definite matrices introduced in Section 1.0.3 is the right
notion which corresponds to the symmetric polyconvexity in higher dimensions,
it is reduced to the regular positive definiteness in the case d = 2 or d = 3, which
makes Theorem 0.1 a generalization of Theorem 4.1 and Theorem 5.1 stated in
[11].

The main difficulty in proving Theorem 0.1 is to demonstrate the indepen-
dence of the representative g on different order minors greater than 2. This
involves a systematic classification of minors based on their common elements
with the diagonal of the matrix. Special matrices are employed to eliminate m-
diagonal minors of order p ≥ 3 for 2 ≤ m ≤ p, utilizing the sub-differential

12



Chapter 0. Introduction

property of convex functions. The proof then extends to m-diagonal minors with
m = 1 or m = 0, starting with third-order minors and generalizing through
induction to all orders.

Our new characterization enables the identification of the class of symmetric
polyconvex quadratic forms and symmetric poly-affine functions. Specifically, for
quadratic forms, we show that:

Theorem 0.2 Consider a quadratic form q : Sd×d → R. Then, the symmetric
polyconvexity of q is equivalent to the existence of a convex quadratic map h :

Sd×d → R and an S-positive semi-definite matrix A ∈ S(
d
2)×(

d
2), for which

q(ε) = h(ε)− A :M2(ε),

is satisfied.

In other words, a necessary and sufficient condition for the quadratic form q
to be symmetric polyconvex is the existence of an S-positive semi-definite matrix

A ∈ S(
d
2)×(

d
2) such that q(ε) + A : M2(ε) ≥ 0. This characterization refines the

classical case where the matrix A is arbitrary, as indicated in [19].
Since S-positive semi-definiteness is equivalent to standard positive semi-

definiteness in the case d = 3, we recover the characterization of quadratic forms
stated in [11] for 2d and 3d dimensions.

Additionally, it is worth noting that in three dimensions, symmetric polycon-
vexity of the form ε→ A : −cofε is equivalent to its symmetric rank-one convex-
ity, which in turn is equivalent to A being positive semi-definite, as shown in [11,
Corollary 5.9, p. 446]. However, in higher dimensions, having the matrix A S-
positive semi-definite is only a sufficient condition for the form ε→ −A :M2(ε) to
be symmetric polyconvexity; a necessary condition requires the existence of a ma-
trix B such that the sum of A and B is S-positive semi-definite and B :M2(ε) = 0,
as exhibited in Corollary3.1. It is important to emphasize that this condition
does not guarantee that A itself is S-positive semi-definite. This distinction is
particularly illustrated by the counterexample provided in Remark 3.2, where we
present a non S-positive definite matrix A such that the associated quadratic
form ε → −A : M2(ε) is symmetric polyconvex. Furthermore, in higher dimen-
sions, it is currently unknown whether the symmetric polyconvexity of the form
ε→ −A :M2(ε) is equivalent to its symmetric rank-one convexity.

Analogously, in the 3d case where a counterexample illustrating the non-
equivalence between symmetric polyconvexity and symmetric rank-one convexity
for quadratic forms was provided in [11, Theorem 5.7, p. 443]. The adapted
counterexample to higher dimensions,

f(ε) = (ε12 − ε13)
2 + (ε12 − ε23)

2 + (ε13 − ε23)
2 + ε211 + ε222 + ε233

− η(ε211 + ε222 + ε233 + 2(ε212 + ε213 + ε223)), ∀ε = (εij) ∈ Sd×d,

13



Chapter 0. Introduction

where, η is chosen as in [11], is symmetric rank one convex but not symmetric
polyconvex, see Remark 3.3. Moreover, we note that the form

F 2
11 + F 2

22 + F 2
33 + F 2

12 + F 2
31 + F 2

23 − 2(F11F22 + F11F33 + F22F33) +
d∑

i=4

F 2
ii,

analyzed by Harutyunyan et al. [34, 33], see also [14], which presented as a
counterexample of a rank-one convex, non-polyconvex quadratic form, cannot be
applied to the symmetric setting. This is because the altered form

ε211 + ε222 + ε233 + ε212 + ε213 + ε223 − 2(ε11ε22 + ε11ε33 + ε22ε33) +
d∑

i=4

ε2ii

is symmetric polyconvex (see Remark 3.3).
Regarding symmetric poly-affine functions, our characterization permits us to

show in Proposition 3.2, that there is no non-trivial poly-affine functions.

0.3 The Structure of The Thesis

The thesis is organized as follows. Chapter 1 reviews essential notations and
preliminaries related to the properties of minors, introducing a classification of
minors based on their diagonal elements, which will be crucial for the proof of
Theorem 3.5. The chapter also defines the S-tensor product and S-positive semi-
definite matrices and discusses sub-differentials of convex functions and their
relation to S-positivity.

Chapter 2 delves into the theory of polyconvexity, presenting general proper-
ties and characterizations for various function classes.

The main result of the thesis is presented and proved in Chapter 3. This
chapter begins with a review of a characterizations of symmetric polyconvexity
in dimensions 2 and 3, followed by the proof of the main theorem. The final
sections explore symmetric polyconvex quadratic forms and symmetric poly-affine
functions.

14



Chapter 1

Preliminaries and intermediate
results

Let ei denote the standard basis vectors of Rd, where d, i ∈ N. We define Rd×d

as the space of real d × d matrices, and Sd×d as the space of symmetric d × d
matrices. For any matrix A ∈ Rd×d, we refer to its trace as tr(A), and Mk(A) ∈
R(

d
k)×(

d
k), 1 ≤ k ≤ d refers to the matrix composed of the k-order minors of A.

in particularly, we note that M1(A) = A denotes the matrix itself, and Md(A) =
det(A), denotes the determinant of A. Moreover, we consider M(A) to be the
vector containing all minors of A, defined as

M(A) = (A,M2(A), . . . , det(A)) ∈ Rd×d × R(
d
2)×(

d
2) × · · · × R(

d
d)×(

d
d).

In addition, we denote the symmetric and skew-symmetric parts of A as As and
Aa, respectively. Any matrix A can be naturally decomposed into the sum of two
components:

A = As + Aa.

For a, b vectors in Rd, the tensor product of the vectors a and b is denoted by a⊗b.
It is the matrix whose entries are aibj. We also denote by a ⊙ b the symmetric
part of the matrix a ⊗ b. Finally, for two matrices A,B ∈ Rd×d, A : B stands
for the scalar product of A and B. We also recall the spectral decomposition of
symmetric matrices, which states that any symmetric matrix ε ∈ Sd×d can be
represented as a linear combination of symmetric rank one matrices:

∀ε ∈ Sd×d, ∃ λi ∈ R, Xi ∈ Rd : ε =
d∑

i=1

λiXi ⊗Xi (1.1)

1.0.1 Some minors properties

According to [65] we call for 1 ≤ p ≤ d, a p-tuple any multi-index (i1, i2, ..., ip),
such that 1 ≤ i1 < i2 < · · · < ip ≤ d. The set of all p-tuples defined on the
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Chapter 1. Preliminaries and intermediate results

set {1, 2, . . . , d} is denoted by Ip. The cardinal of Ip is
(
d
p

)
, it is endowed by the

lexicographic order: two p-tuples I = (i1, i2, ..., ip), J = (j1, j2, ..., jp) are defined
to satisfy I ≤ J if there is an index r within {1, 2, . . . , p} such that ir ≤ jr and for
every s ∈ {1, 2, . . . , r−1}, is = js. For all matrix ξ ∈ Sd×d and for each 2 ≤ p ≤ d,
we define Mp(ξ) as the

(
d
p

)
×
(
d
p

)
matrix of all p-order minors of ξ. Specifically,

Mp(ξ) is a matrix such that each entry (Mp(ξ))IJ represent the determinant of the
p×p submatrix of ξ. This submatrix is formed by selecting the rows and columns
of ξ indexed by the p-tuples I and J , respectively. The position of (Mp(ξ))IJ in
the matrix Mp(ξ) is determined according to the lexicographically order. For
more details, see [37] and [65].

We give now some useful properties on matrix minors, we begin with the
following lemma quoted from [44].

Lemma 1.1 For any d×d skew-symmetric matrix ξ with entries in an arbitrary
commutative ring, the matrixMk(ξ) of k-order minors exhibits the following prop-
erty: it is skew-symmetric when k is odd and symmetric when k is even.

For each matrix F ∈ Rd×d, the matrix of k-order minors satisfy the following
properties:

Mk(F
T ) = (Mk(F ))

T , Mk(αF ) = αkMk(F ), for all α ∈ R

Furthermore, for the specific case of k = 2, we observe the following decomposi-
tion:

(M2(F ))
s =M2(F

s) +M2(F
a). (1.2)

Particularly, for a, b ∈ Rd, the fact that M2((a ⊗ b)a) = Λ ⊗ Λ, where Λ =

(ΛI)I , I = (i, j), 1 ≤ i < j ≤ d, ΛI = 1
2
(aibj − ajbi) is a vector in R(

d
2) whose

components are ordered lexicographically, combined with the application of (1.2)
for F = a⊗ b, leads to the following result:

M2(a⊙ b) = −Λ⊗ Λ. (1.3)

Moreover, for any matrices ε, η ∈ Sd×d the following holds :

M2(ε+ η) =M2(ε) +M2(η) + A(ε, η), (1.4)

such that A : Sd×d × Sd×d → S(
d
2)×(

d
2) is a bilinear form in the sens that

A(αε+ ε′, η) = αA(ε, η) +A(ε′, η) and A(ε, αη+ η′) = αA(ε, η) +A(ε, η′), for all
ε, ε′, η, η′ ∈ Sd×d and α ∈ R. Specifically, for η = ε we get, M2(ε) =

1
2
A(ε, ε).

Lemma 1.2 Let B ∈ S(
d
2)×(

d
2), a given matrix. The following statements are

equivalent:
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1. B :M2(ε) ≤ 0, ( or B :M2(ε) ≥ 0) for any ε ∈ Sd×d,

2. B :M2(ε) = 0, for every ε ∈ Sd×d.

Proof. It suffice to demonstrate that 1) ⇒ 2). Let ε ∈ Sd×d such that B :
M2(ε) ≤ 0, the case B : M2(ε) ≥ 0 follow analogously. Consider α ∈ R and
X ∈ Rd. We then get B :M2(ε+ αX ⊗X) ≤ 0, according to (1.4) we will have,

B :M2(ε) + αB : A (ε,X ⊗X) ≤ 0

Due to the arbitrariness of α, we obtain B : A(ε,X⊗X) = 0 for all vectorX ∈ Rd.
Consequently, by taking η = ε in (1.4), and using the spectral decomposition (1.1)
we obtain,

B :M2(ε) =
1

2
B : A(ε, ε) =

1

2
B : A

(
ε,

d∑
i=1

λiXi ⊗Xi

)
=

1

2

d∑
i=1

λiB : A (ε,Xi ⊗Xi) = 0

Before closing this section, we introduce a definition that classifies the different
types of minors based on the number of diagonal elements of the whole matrix
contained in the sub-matrix.

Definition 1.1 Let ε be a matrix in Sd×d, and p,m two integers, such that m ≤
p. A p×p minor of ε is said m-diagonal if it contains exactly m diagonal elements
of ε. If m = p, a p×p minor is p-diagonal if it is principal. A minor is 0-diagonal,
if it is totally outside the diagonal. The picture bellow shows the different type of
minors

A =

a11 a12 a13 a14 a15 a16
a12 a22 a23 a24 a25 a26
a13 a23 a33 a34 a35 a36
a14 a24 a34 a44 a45 a46
a15 a25 a35 a45 a55 a56
a16 a26 a36 a46 a56 a66




The red minor is 3-diagonal, the blue one is 0-diagonal while the green is a 2-
diagonal.

1.0.2 S-Tensor product

In all the sequel we associate the space of skew-symmetric d × d matrices with

the space R(
d
2), such that the vector components are ordered with respect to

the lexicographic order, this means that any vector X = (x1, x2, . . . , x(d2)
) is
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identified as the skew-symmetric matrix, denoted by Skew(X) and having entries
x̃ij defined as follows:

x̃ij = xσ(i,j), such that σ(i, j) =

(
i∑

k=1

(d− k)

)
− (d− j), for 1 ≤ i < j ≤ d

(1.5)

Specifically, for the case where d = 4 and X = (x1, x2, . . . , x6), we have

Skew(X) =


0 x1 x2 x3

−x1 0 x4 x5
−x2 −x4 0 x6
−x3 −x5 −x6 0


Definition 1.2 For X any vector in R(

d
2), we call S-tensor product of X by it

self the matrix of all two by two minors of Skew(X), this matrix is denoted by
X ⊠X, in other words

X ⊠X =M2(Skew(X)).

Thanks to Lemma 1.1, the matrix X ⊠X is symmetric.

Remark 1.1 It is evident that for d = 2 or d = 3, any vector X ∈ R(
d
2) satisfies

X ⊠ X = X ⊗ X. However if d ≥ 4, then in general X ⊠ X ̸= X ⊗ X, as a
counter-example we take the vector X = (x1, x2, . . . , x(d2)

) such that x2 = xd+1 =

1 and xi = 0 for i ̸= 2 or i ̸= d + 1 then Skew(X) = (x̃ij), where x̃13 =
x̃24 = 1, x̃31 = x̃42 = −1 and all the other entries are zero. By strain forward
calculation we get M2(Skew(X))IJ = M2(Skew(X))JI = 1,M2(Skew(X))II =
M2 (Skew (X))JJ = 0, where I = (1, 2) and J = (3, 4) which is sufficient to
conclude that M2(Skew(X)) and so that X ⊠ X is not positive semi-definite,
hence it can not be equal to X ⊗X which is clearly positive semi-definite.

1.0.3 S-Positive semi-definite matrices

We will now define a new concept of positivity on symmetric matrices of order(
d
2

)
which will be used in the proof of Theorem3.5.

Definition 1.3 A symmetric matrix A in S(
d
2)×(

d
2) is called S-positive semi-

definite (S-SDP) if

A : X ⊠X ≥ 0, for all X ∈ R(
d
2). (1.6)
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Additionally, if the inequality in (1.6) is strict, then A is called S-positive definite
(S-DP). The set of all symmetric S-positive semi-definite (S-positive definite) ma-

trices is denoted by S(
d
2)×(

d
2)

s+

(
S(

d
2)×(

d
2)

s++

)
. Conversely, if the symmetric matrix −A

is S-positive semi-definite (S-positive definite), then the symmetric matrix A is
referred to as S-negative semi-definite (S-negative definite), respectively. The set
of all symmetric S-negative semi-definite (S-negative definite) matrices is denoted

by S(
d
2)×(

d
2)

s−

(
S(

d
2)×(

d
2)

s−−

)
.

Remark 1.2 1. For d = 2 and d = 3, the condition that A ∈ S(
d
2)×(

d
2) is S-

positive semi-definite is equivalent to the condition that A is positive semi-
definite.

2. For the case d = 4, there exist S-positive semi-definite matrices which are
not positive semi-definite and vis versa. In fact the matrix A = (aij) ∈ S6×6

where

aij =
1

4
if i+ j = 7, aij = 0 if (i, j) ̸= (2, 2), (i, j) ̸= (5, 5) or i+ j ̸= 7

and a22 = a55 = 1 is clearly not positive semi-definite. By straightforward
computation we get A : X ⊠ X = x22 + x25 + x2x5 ≥ 0. Hence, according
to (1.6), the matrix A is S-positive semi-definite. However, the symmetric
matrix B = (bij) ∈ S6×6 defined by:

bii = 1, b16 = b61 = −3

4
, b25 = b52 = b34 = b43 =

3

4
,

and bij = 0 for all other entries is positive semi-definite. Moreover

B : X ⊠X =
6∑

i=1

x2i + 3x3x4

which is not always positive, since by taking x1 = x2 = x5 = x6 = 0 and
x3 = −1, x4 = 1, we get B : X ⊠ X = −1. Hence B is not S-positive
semi-definite.

We will now present the following auxiliary result, which proves that if the

quadratic form A : X ⊠ X vanishes for all vectors X ∈ R(
d
2), then the matrix

A is zero. This property is useful in demonstrating that symmetric poly-affine
functions are affine.

Lemma 1.3 Let A ∈ S(
d
2)×(

d
2), if the condition

A : X ⊠X = 0 for all X ∈ R(
d
2), (1.7)

holds, then A must be the zero matrix.
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Proof. Let consider A ∈ S(
d
2)×(

d
2) a matrix satisfying (1.7). Note that since the

correspondence σ defined in (1.5) is one to one between the index sets {(i, j) :
1 ≤ i < j ≤ d} and {1, 2, . . . ,

(
d
2

)
}, the entries of the matrix A can be noted as

AIJ such that I, J ∈ {(i, j) : 1 ≤ i < j ≤ d}. The proof is divided to three main
steps.

i) We will show, first that all diagonal entries of A vanish. For a fixed index
I = (i, j), let X =

(
xσ(k,l)

)
be the matrix with xσ(i,j) = 1, and xσ(k,l) = 0,

for (k, l) ̸= (i, j). By using (1.7), we get AII = 0.

ii) In this case, we consider entries AIJ such that I = (i, k), J = (j, l) and
{i, k}∩{j, l} has exactly one element in common, Without loss of generality,
we can restrict our focus to I = (i, j) and J = (j, l). In this case, we choose
X =

(
xσ(p,q)

)
by setting xσ(i,j) and xσ(j,l) to 1, and xσ(p,q) = 0 otherwise.

The only non vanishing elements of the matrix C = M2(Skew(X)) satisfy,
CIJ = CJI = CII = CJJ = 1. Hence (1.7), together with the first step, leads
to AIJ = 0.

iii) Finally, we will demonstrate that AIJ = 0 for all pair of indices (I, J) where
I = (i, k) and J = (j, l) with the sets {i, k} and {j, l} being disjoint. Since
any tuple (p, q) satisfies p < q, we can, without loss of generality, suppose
that i = min{i, j, k, l}. Furthermore, there are only three possible orderings
for the indices i, j, k, l : i < j < k < l, i < j < l < k and i < k < j < l. We
assume that i < j < k < l. The remaining cases are treated analogously.
Consider the pairs

I1 = (i, j), I2 = I = (i, k), I3 = (i, l)

J1 = (k, l), J2 = J = (j, l), J3 = (j, k).

We choose a vector X =
(
xσ(p,q)

)
, where xσ(p,q) = 0 for all (p, q) ̸=

(i, j), (k, l) and xσ(i,j) = xσ(k,l) = 1. The only non null sub-matrix of
Skew(X) exhibits the following form

i j k l


i 0 1 0 0
j −1 0 0 0
k 0 0 0 1
l 0 0 −1 0

Consequently, the matrix C =M2(Skew(X)) has only six non zero entries.
As the diagonal elements of A vanish, we will only consider non diagonal
minors.

CIJ = CJI = 1 and CI3J3 = CJ3I3 = −1
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Therefore, by the symmetry of A, along with (1.7), and the fact that AII =
AJJ = 0, we obtain,

AIJ − AI3J3 = 0. (1.8)

Next, consider a second choice for X, defined as X = (xσ(p,q)), where
xσ(p,q) = 0 for all (p, q) ̸= (i, k), (j, l) and xσ(i,k) = xσ(j,l) = 1. Then, the
no zero sub-matrix of Skew(X) has the following form:

i j k l


i 0 0 1 0
j 0 0 0 1
k −1 0 0 0
l 0 −1 0 0

The non diagonal, non zero elements of C are the following,

CI1J1 = CJ1I1 = CI3J3 = CJ3I3 = 1.

By using the same reasoning as above, we get,

AI1J1 + AI3J3 = 0. (1.9)

As a third choice for the vector X, consider X = (xσ(p,q)), where xσ(p,q) = 0
for all (p, q) /∈ {(i, l), (j, k)} and xσ(i,l) = xσ(j,k) = 1. Then, the non zero
sub-matrix of Skew(X) has the following form:

i j k l


i 0 0 0 1
j 0 0 1 0
k 0 −1 0 0
l −1 0 0 0

The non zero elements of C except the diagonal elements are,

CIJ = CJI = 1 and CI1J1 = CJ1I1 = −1.

Similarly as above, we obtain,

AIJ − AI1J1 = 0. (1.10)

Consequently, from (1.8),(1.9) and (1.10) we conclude that AIJ = AI1J1 =
AI3J3 = 0, which is the desired result.
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1.0.4 Quadratic Forms

By imitating [11], we give now a result on convexity of a special quadratic form
which will be used in the proof of Theorem3.5.

Lemma 1.4 Let qA : Rd×d → R, be the quadratic form defined as follow:

qA(F ) = A :M2(F
a), A ∈ S(

d
2)×(

d
2).

Then, the equivalence of the following statements holds:

(i) The function qA is convex,

(ii) qA(F ) ≥ 0 for all F ∈ Rd×d,

(iii) A is an S-positive semi-definite matrix.

Furthermore, there exists a matrix A that is neither S-positive semi-definite nor
positive semi-definite, and yet qA is rank-one convex.

Remark 1.3 In contrast to the 3d case see [11], the equivalence between rank-
one convexity and convexity of qA in the general case is currently an unresolved
issue.

Proof. The convexity of quadratic forms directly leads to the equivalence be-
tween (i) and (ii). Equivalence of (ii) and (iii) is a consequence of S-positive
semi-definiteness.

We will give a counterexample of a matrix A ∈ S6×6, that is neither S-positive
semi-definite nor positive semi-definite, for which the quadratic form qA is rank
one convex. Consider the block matrix

A =

(
B D
DT C

)
,

where B = e1 ⊗ e1, D = e1 ⊗ e3 − e2 ⊗ e2 + e3 ⊗ e1 and C = 0, with (e1, e2, e3)
being the vectors of the canonical basis in R3. By a straightforward computation,
we find for any vectors a = (ai), b = (bi) in R4, i = 1, 2, . . . , 4 that

M2((a⊗ b)a) =
1

4

(
u
v

)
⊗
(
u
v

)
,

such that v = (a2b3−a3b2, a2b4−a4b2, a3b4−a4b3), u = a1b̂−b1â with b̂ = (b2, b3, b4)
and â = (a2, a3, a4). We notice that Dv = â × b̂ represents the cross product of
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the vectors under consideration, Consequently, due to the orthogonality of u and
Dv together with the positive semi-definiteness of B, we obtain

qA(a⊗ b) = A :M2((a⊗ b)a) = 1
4

(
u
v

)T (
B D
DT C

)(
u
v

)
= 1

4
(uTBu+ vTCv + 2uTDv) = 1

4
(uTBu) ≥ 0,

which means that qA is rank one convex. In other hands, the matrix A is clearly
non positive semi-definite, lets show that in fact it is not S-positive semi-definite.
According to (1.5), we have for X = (x1, x2, . . . , x6)

T ∈ R6,

A : X ⊠X = A :M2(Skew(X)) = x21 − 4x3x4 + 4x2x5 − 4x1x6. (1.11)

The right hand side in (1.11) is not a positive quadratic form, consequently the
matrix A is not S-positive semi-definite.

1.0.5 Subdifferential of Convex Functions

Definition 1.4 1. Consider a convex function f : Rd → R. The subdifferen-
tial of f at x ∈ Rd is defined as follow:

∂f(x) = {s ∈ Rd : f(y) ≥ f(x)+ < s, y − x > for all y ∈ Rd}.

The set ∂f(x) is compact and convex. For differentiable functions, ∂f(x)
is reduced to the set {∇f(x)}.

The following lemma provide sufficient conditions for a convex function to
have non S-positive semi-definite sub-differentials . The proof is not done here,
it is a direct adaptation of lemma 3.4 in [11] by taking S-tensor product instead
of tensor product and S-semi-negative definite matrices instead of negative semi-
definite ones.

Lemma 1.5 Let g : Sd×d × S(
d
2)×(

d
2) → R be a convex function. Then, the

following implications hold:

(i) If the subdifferential ∂g(ε, η) is a subset of Sd×d ×S(
d
2)×(

d
2)

s− for any (ε, η) ∈
Sd×d × S(

d
2)×(

d
2), then the partial subdifferential ∂2g(ε, η) is a subset of

S(
d
2)×(

d
2)

s− for any (ε, η) ∈ Sd×d × S(
d
2)×(

d
2);

(ii) The existence of an ε̂ ∈ Sd×d and a constant C > 0 satisfying

g(ε̂, X ⊠X) ≤ C for any X ∈ R(
d
2), (1.12)

implies that the partial subdifferential ∂2g(ε, η) is a subset of S
(d2)×(

d
2)

s− for any (ε, η) ∈
Sd×d × S(

d
2)×(

d
2).

Note that the constant C in (1.12) which is supposed positive in [11] can be
assumed to be arbitrary in R without affecting the proof.
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Polyconvexity: Theory And
Applications

In this chapter, we focus on the main properties and different classes of polyconvex
functions, as well as discuss other important examples relevant to the application
of the concept in nonlinear elasticity.

2.1 Definitions and Proprieties

The concept underlying polyconvexity was first introduced by Morrey [52, 53]
as a sufficient condition for quasiconvexity. However, the term ”polyconvexity”
itself was coined by Ball in his 1977 paper [7], where he investigated the concept
within the framework of nonlinear elasticity. Ball characterized the properties of
polyconvex functions in dimensions two and three, while the extension to arbi-
trary dimensions was later provided by Ball, Currie, and Olver [8], as well as by
Dacorogna in his works [17, 19].

Definition 2.1 A function f : Rm×n → R ∪ {+∞} is termed polyconvex if it
possesses the following structure:

f(ξ) = g (ξ,M2(ξ), . . . ,Mr(ξ)) ,

where g : RN(n,m) → R∪{+∞} is a convex function, Mk(ξ) represents the matrix
of all k-th order minors of ξ, r = min{n,m}, and

N(n,m) =
r∑

i=1

(
m

i

)(
n

i

)
.

Remark 2.1 The definition of a polyconvex function is grounded in the work
of Yan [71], Šilhavỳ [64, 65]. For the special cases when m = n = 2 or 3, we
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adhere to the definition provided by Ball [7], as it aligns with physical criteria. A
function f is called polyconvex if it exhibits the following structure:

f(ξ) = g(ξ, det ξ), for all ξ ∈ R2×2,

f(ξ) = g(ξ, cof ξ, det ξ), for all ξ ∈ R3×3,

where g is a convex function, cof ξ denotes the cofactor matrix of ξ, and det ξ
represents to the determinant of ξ.

Remark 2.2 A particular case of polyconvex functions is the so-called additive
polyconvex functions where the expression is a sum of convex functions of minors
of each order, namely in the 3× 3 case a function f : R3×3 → R defined as

f(ξ) = f1(ξ) + f2(cof ξ) + f3(det ξ).

such that f1, f2 : R3×3 → R and f3 : R → R. If fi, i = 1, 2, 3, are convex in their
respective arguments, is polyconvex.

An example of a non-convex function that is polyconvex in R2×2 is illustrated
by the function det ξ. In the case of functions allowed to take the value infinity,
an example is provided in [56, Remark 10.26].

Example 2.1 Consider the function f : R2×2 → R ∪ {∞} specified by

f(ξ) =

{
1

det ξ
, det ξ > 0,

∞, det ξ ≤ 0.

This function serves as an example of a polyconvex function that is not convex.
A more detailed illustration of this example can be found in [35], where they
consider the convex function g : R5 → R ∪ {∞} defined by

g(ξ, δ) =

{
1
δ
, δ > 0,

∞, δ ≤ 0.

Since f(ξ) = g(ξ, det ξ), this implies that f is polyconvex. The non-convexity
is demonstrated by the two matrices ξ1, ξ2 ∈ R2×2 given by

ξ1 =

(
1 9
0 1

)
, ξ2 =

(
0 −4
1 0

)
.

With the choice t = 1
2
, it follows that the inequality

f

(
1

2
ξ1 +

1

2
ξ2

)
≤ 1

2
f(ξ1) +

1

2
f(ξ2)

is not satisfied.
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Remark 2.3 There are specific definitions for finite-valued polyconvex functions
defined on the sets Rd×d

+ and SL(d), as discussed in [51, 27].

i) A function f : Rd×d
+ → R is said polyconvex if the function

f̃ : Rd×d → R ∪ {∞}, f̃(ξ) =

{
f(ξ) ξ ∈ Rd×d

+

∞ ξ /∈ Rd×d
+

is polyconvex in the sense described by Ball [7].

ii) A function f : SL(d) → R is regarded as polyconvex if the function

f̃ : Rd×d → R ∪ {∞}, f̃(ξ) =

{
f(ξ) ξ ∈ SL(d)
∞ ξ /∈ SL(d)

is polyconvex according to Ball’s definition [7].

The following lemma characterizes SL(2)-polyconvexity, as referenced in [27].

Lemma 2.1 Let f : SL(2) → R. A necessary and sufficient condition for f to
be polyconvex is the existence of a convex function f̃ : R2×2 → R ∪ {∞} where

f(ξ) = f̃(ξ) for any ξ ∈ SL(2).

Note that the function g is not unique, as illustrated by the example in Da-
corogna [19, p. 158]. Indeed, let f : R2×2 → R be defined as

f(ξ) = (ξ11 + ξ22)
2 + (ξ12 − ξ21)

2,

and consider g, h : R2×2 × R → R be two convex functions defined by

g(ξ, x) = |ξ|2 + 2x, h(ξ, x) = (ξ11 + ξ22)
2 + (ξ12 − ξ21)

2.

Although g and h are different functions, they both satisfy f(ξ) = g(ξ, det(ξ)) =
h(ξ, det(ξ)).

In the following theorem, we recall the characterization of polyconvex func-
tions in any dimension, for more details, the reader is refered to [19]. This char-
acterization was established for the 2d and 3d cases by Ball [7].

Theorem 2.1 � Let f : Rm×n → R ∪ {+∞}, and consider the following
notations, for any integer J

TJ =

{
α = (α1, . . . , αJ), αi ≥ 0,

J∑
i=1

αi = 1

}
.

and M(ξ) = (ξ,M2(ξ), . . . ,Mr(ξ)) , where r = min{n,m}, and denote
N = N(n,m). Then, the polyconvexity of f is equivalent to the following
statement:
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i) The following two properties hold:

a) A convex function h : RN(n,m) → R ∪ {+∞} exists, that satisfies

f(ξ) ≥ h(M(ξ)) for each ξ ∈ Rm×n,

b) for all ξi ∈ Rm×n and α ∈ TN+1 where

N+1∑
i=1

αiM(ξi) =M

(
N+1∑
i=1

αiξi

)
,

is satisfied, hence

f

(
N+1∑
i=1

αiξi

)
≤

N+1∑
i=1

αif(ξi).

� Supposing statement i) holds, and g : RN(n,m) → R ∪ {+∞} is considered
as follows

g(η) = inf

{
N+1∑
i=1

αif(ξi) : α ∈ TN+1, η =
N+1∑
i=1

αiM(ξi)

}
,

hence, g is convex, and

f(ξ) = g(M(ξ)) for every ξ ∈ Rm×n.

Furthermore, for each η ∈ RN(n,m),

g(η) = sup
{
ϕ(η), ϕ : RN(n,m) → R ∪ {+∞} convex and f(ξ) = ϕ(M(ξ)), ∀ξ ∈ Rm×n

}
.

� In the finite case, i.e., f : Rm×n → R. Hence, f is polyconvex if and only if
the following requirement is fulfilled,

i’) for each ξ ∈ Rm×n, there exists γ = γ(ξ) = (γ1(ξ), γ2(ξ), . . . , γr(ξ)) ∈
RN(n,m) for which

f(η) ≥ f(ξ) + γ1(ξ) : (η − ξ) +
r∑

i=2

γi(ξ) : (Mi(η)−Mi(ξ))

for every η ∈ Rm×n.

� Under the assumption of i’), the function

g(A1, A2, . . . , Ar) = sup
ξ∈Rm×n

{
γ1(ξ) : (A1 −M1(ξ)) +

r∑
i=2

γi(ξ) : (Ai −Mi(ξ)) + f(ξ)

}
is convex and finite-valued, satisfying

f(ξ) = g(M(ξ)) for every ξ ∈ Rm×n.
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The following result provides a necessary condition for polyconvexity in the
case of functions satisfying growth conditions, see [71, Lemma 5.1] and [19, Corol-
lary 5.9].

Lemma 2.2 Let f : Rm×n → R be a polyconvex function. Then, the following
statements hold:

i) For m = n, the existence of a constant c > 0 and 1 ≤ q < n satisfying

0 ≤ f(ξ) < c(1 + |ξ|q) for every ξ ∈ Rn×n,

implies the existence of an integer k ∈ [1, n−1], along with a convex function
g(η1, η2, . . . , ηk) that satisfies

f(ξ) = g(ξ,M2(ξ), . . . ,Mk(ξ)) for every ξ ∈ Rn×n,

with

∂g

∂ηk
(η̄1, η̄2, . . . , η̄k) ̸= 0,

for some (η̄1, η̄2, . . . , η̄k) within the domain of g.

ii) The existence of a constant c ≥ 0 and 0 ≤ q < 2 satisfying

f(ξ) ≤ c(1 + |ξ|q) for every ξ ∈ Rm×n,

implies that the function f is convex.

iii) There exists a non-negative constant α ≥ 0 such that the inequality

f(ξ) ≥ −α(1 + |ξ|r) holds for all ξ ∈ Rm×n,

where r = min{m,n}.

Remark 2.4 In statement i) of the above lemma, the author in [71] mentions
that if g is not differentiable at the point (η̄1, η̄2, . . . , η̄k), its derivative with respect
to ηk may be substituted by its sub-differential at (η̄1, η̄2, . . . , η̄k).

The following lemma provides a sufficient condition for polyconvexity, see in
[28, 46].

Lemma 2.3 Let g : [1,∞) → R, be a non-decreasing convex function, and f :
R2×2

+ → [1,∞) be a polyconvex function. Then the composition g◦f is polyconvex.

We finish this section by outlining some examples, see [40, Lemma 3.4], [24,
Exercise 1.21], [38, Propositions 10.2 and 10.4], and [30].
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Examples 2.1 The following functions are polyconvex:

1. For f : R2×m → R, defined as

f(ξ) =

{
1 + |ξ|2,

√
|ξ|2 + 2γ ≥ 1,

2
√
|ξ|2 + 2γ − 2γ,

√
|ξ|2 + 2γ ≤ 1,

such that γ =

√ ∑
1≤i<j≤m

(ξ1iξ2j − ξ1jξ2i)2.

2. For f : R2×2 → R, given by

f(ξ) = |ξ|4 − 2|ξ|2 det ξ.

3. For f : Rd×d → R, given by

f(ξ) = (det ξ − 1)2.

4. For fd,q : Rd×d → R, given by

fd,q(ξ) = (|ξ|d − d
d
2 det ξ)q, q ≥ 1.

5. For f : R2×2
+ → R, given by

f(ξ) =
1

2

(
||ξ||2 + det ξ log(||ξ||2)

)
.

6. For f : R2×2
+ → R, given by

f(ξ) =
1

2

( ||ξ||2
det ξ

+ log
||ξ||2

det ξ
− log det ξ

)
.

2.2 k-Polyconvexity

In this section, we explore a particular class of polyconvex functions known as k-
polyconvex functions. This class of functions is initially defined in [8] and further
examined in [64].

Definition 2.2 A function f : Rm×n → R ∪ {+∞} is termed k-polyconvex if it
possesses the following structure:

f(ξ) = g(ξ,M2(ξ), . . . ,Mk(ξ)),

where g : RN(k,n,m) → R∪{+∞} is a convex function, N(k, n,m) =
k∑

i=1

(
m

i

)(
n

i

)
and 1 ≤ k ≤ r.
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The theorem below outlines the properties of k-polyconvexity. For more de-
tails, see [8, Theorem 5.2, p. 159]; see also [64].

Theorem 2.2 Let f : Rm×n → R ∪ {+∞}. The following statements provide
equivalent characterizations of the k-polyconvexity of f :

i) a ∈ R and Ai ∈ R(
m
i )×(

n
i) exist where

f(ξ) ≥ a+
k∑

i=1

Ai :Mi(ξ), for all ξ ∈ Rm×n,

and if ξ, ξi ∈ Rm×n and α ∈ Tp satisfy

Mq(ξ) =

p∑
i=1

αiMq(ξi), q = 1, . . . , k,

then

f(ξ) ≤
p∑

i=1

αif(ξi).

ii) If f : Rm×n → R, then for each ξ ∈ Rm×n, Bi(ξ) ∈ R(
m
i )×(

n
i) exist such that

f(η) ≥ f(ξ) +
k∑

i=1

Bi(ξ) : (Mi(η)−Mi(ξ)), for all η ∈ Rm×n.

Remark 2.5 As noted in [64], if f takes only finite (and/or non-negative) val-
ues, then g, as in condition (ii), can also be chosen to take only finite (and/or
non-negative) values. Consequently, by Carathéodory’s theorem, we can select the
non-negative integer p such that p ≤ N(k, n,m) + 1; see [8].

2.3 Polyconvexity for C1 functions: Necessary

and Sufficient Conditions

Based on [32], we have the characterization of C1 polyconvexity in two dimensions:

Theorem 2.3 Let f : R2×2 → R define a C1 function. an equivalent condition
for the polyconvexity of f is that for all ε ∈ R2×2, there is a real number b(ε)
satisfying

inf
η
F (η, ε, b(ε)) = F (ε, ε, b(ε)) = 0.

and the function F : R2×2 × R2×2 × R → R is expressed as

F (η, ε, b) = f(η)− f(ε)−Df(ε) : (η − ε)− b det(η − ε).
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Remark 2.6 For f ∈ C2(R2×2), an equivalent condition for the polyconvexity of
f is that for every ε ∈ R2×2, the set

G(ε) = {b, ε is the global minimizer of g(·, ε, b)}

is nonempty; see [32].

Additionally, Aubert [5] provides another necessary and sufficient condition
for polyconvexity of functions of class C1 in dimensions 2 and 3. Let’s study the
cases d = 2 and d = 3 and present the following sets:

Rd×d
+ = {ε ∈ Rd×d, detε > 0}, Rd×d

− = {ε ∈ Rd×d, detε < 0},

especially, in the case d = 3, we define

U ij = {ε ∈ R3×3, εip = εqj = 0, for each p, q = 1, 2, 3},
V+ = {(i, j), i, j = 1, 2, 3, (cofε)ij > 0} , V− = {(i, j), i, j = 1, 2, 3, (cofε)ij < 0} ,
U ij
+ = {ε ∈ U ij, (cofε)ij > 0}, U ij

− = {ε ∈ U ij, (cofε)ij < 0}.

Where cofε is the cofactor matrix of ε and detε its determinant.

Theorem 2.4 Let f : Rd×d → R define a C1 function. Hence, the polyconvexity
of f is equivalent to:

i) If d = 2, the next inequality is satisfied:

F1(η) ≤ G1(η), for all η ∈ R2×2,

with

F1(η) = sup
ε∈R2×2

−

f(η + ε)− f(η)− ε : Df(η)

det ε
, G1(η) = inf

ε∈R2×2
+

f(η + ε)− f(η)− ε : Df(η)

detε
.

ii) If d = 3, the next inequalities are satisfied

Fij(η) ≤ Gij(η), F (η) ≤ G(η)

for every η ∈ R3×3, such that

Fij(η) = sup
ε∈U ij

−

f(η + ε)− f(η)− ε : Df(η)

(cofε)ij
, Gij(η) = inf

ε∈U ij
+

f(η + ε)− f(η)− ε : Df(η)

(cofε)ij

F (η) = sup
ε∈R3×3

−

f(η + ε)− f(η)− ε : Df(η)−
∑
V+(ε)

Fij(η)(cofε)ij −
∑
V−(ε)

Gij(η)(cofε)ij

det ε
,

G(η) = inf
ε∈R3×3

+

f(η + ε)− f(η)− ε : Df(η)−
∑
V+(ε)

Fij(η)(cofε)ij −
∑
V−(ε)

Gij(η)(cofε)ij

det ε
.

31



Chapter 2. Polyconvexity: Theory And Applications

Here, Df(η) denotes the gradient of the function f at η.

Corollary 2.1 Let f : R2×2 → R be a polyconvex function that it of class C2.
Hence, for every η ∈ R2×2, the functions F2(η) and G2(η) are finite, and satisfy

G2(η) ≥ F2(η),

with

G2(η) = inf
ε∈R2×2

+

εTD2f(η)ε

det ε
, F2(η) = sup

ε∈R2×2
−

εTD2f(η)ε

det ε
.

Additionally, for each β ∈ [F2(η), G2(η)] and all A ∈ R2×2,

ATD2f(η)A ≥ β detA.

Here, D2f(η) denotes the Hessian matrix of f at η. This result follows from
the work of Aubert in [5].

Remark 2.7 By using Theorem 2.4, Aubert [5] reduced the number of matrices
required to test the polyconvexity of a given function defined on R2×2 from six to
three. Specifically, the polyconvexity of the function f : R2×2 → R is equivalent
to the fact that, for every ξ1, ξ2, ξ3 ∈ R2×2 and α ∈ T3 verifying

det(ξ1 − ξ3) det(ξ2 − ξ3) < 0 and
3∑

i=1

αi det(ξi) = det

(
3∑

i=1

αiξi

)
,

we obtain

f

(
3∑

i=1

αiξi

)
≤

3∑
i=1

αif(ξi).

2.4 Quasiconvex & Rank One Convex Functions

An overview of concepts related to polyconvexity, including quasiconvexity and
rank-one convexity, will be presented in this section. Sufficient and necessary
conditions for polyconvexity will be discussed in relation to these concepts. In
particular, we will explore cases where these three notions of semiconvexity are
equivalent.

Historically, quasiconvexity was introduced by Morrey [52] to show that the
functional

I(u) =

∫
Ω

f(x, u(x),∇u(x)) dx,

is weak lower semi-continuous, where f : Rm×n → R is the energy density func-
tion, u : Rn → Rm is the deformation, and Ω ⊂ Rn is an open set.
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Definition 2.3 The local integrable function f : Rm×n → R, is termed

i) quasiconvex function if∫
Ω

f(ξ +∇φ(x))dx ≥ m(Ω)f(ξ)

for each open bounded set Ω ⊂ Rn, each ξ ∈ Rm×n and any φ ∈ W 1,∞
0 (Ω,Rm),

with m(Ω) denote Lebesgue measure.

ii) quasiaffine if f and −f are quasiconvex

Since verifying quasiconvexity directly can be challenging, Morrey [52, 53]
introduced polyconvexity and rank-one convexity as sufficient and necessary con-
ditions, respectively, to simplify the process.

Definition 2.4 A function f : Rm×n → R ∪ {+∞}, is called rank-one convex if
it satisfies the following inequality:

f(λξ + (1− λ)η) ≤ λf(ξ) + (1− λ)f(η)

for every λ ∈ [0, 1] and all ξ, η ∈ Rm×n where, rank(ξ − η) ≤ 1.

Note that the notion of quasiconvexity is defined only for finite-valued functions,
and it is equivalent to weak lower semicontinuity, as shown in [17]. However, for
functions allowed to take the value infinity, an extension of the quasiconvexity
definition is provided in [9].

Additionally, we notice that polyconvexity and quasiconvexity are non-local
properties, while rank-one convexity is local (see [42, 43]; see also [29]).

Definition 2.5 A property H is said local if a local operator h exists, wherein
for every smooth function f : Rm×n → R, then f possesses the property H equiv-
alently to h(f) = 0.

Additionally, if f = g in the neighborhood of A, it implies that h(f) = h(g)
in the neighborhood of A, then the operator h is local.

In accordance with Kristensen [42, 43], Guerra [29], polyconvexity and quasi-
convexity are generally non-local properties,

Theorem 2.5 Consider f : Rm×n → R. Then:

i) For n ≥ 2 and m ≥ 2, polyconvexity does not exhibit local properties;

ii) For n ≥ 2 and m ≥ 3, quasiconvexity does not qualify as a local property;

iii) Rank-one convexity possesses the property of locality.
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Remark 2.8 The local operator for rank-one convexity is given by:

h(f)(ξ) = inf

{
m∑

i,j=1

n∑
p,q=1

∂2f(ξ)

∂ξip∂ξjq
aiajbpbq | a ∈ Rm, b ∈ Rn

}
.

The following theorems outline on the relationship between the various semi-
convexity notions. For more details, see [17, p. 40].

Morrey [52, 53] showed the following,

Theorem 2.6 Consider a function f : Rm×n → R. It follow that,

i) f is convex implies f is polyconvex, which implies f is quasiconvex, and this
implies f is rank-one convex.

ii) For f ∈ C2(Rm×n), the necessary and sufficient condition for f to be rank
one convex is

m∑
i,j=1

n∑
p,q=1

∂2f(ξ)

∂ξip∂ξjq
aiajbpbq ≥ 0.

For all ξ ∈ Rm×n, a ∈ Rm and b ∈ Rn.

iii) If m = n + 1, then Mn(ξ) ∈ Rn+1 for ξ ∈ Rm×n. Let φ : Rn+1 → R be such
that,

f(ξ) = φ(Mn(ξ)),

often referred as the minimal surface problem. Then, The properties of poly-
convexity, quasiconvexity, and rank-one convexity for f are equivalent to the
property of convexity for φ.

iv) For functions f : Rm×n → R∪{+∞}, convexity implies polyconvexity, which
in turn implies rank-one convexity.

v) For m = 1 or n = 1, all semiconvexity concepts are equivalent to the convex-
ity of the function f.

vi) Convexity, polyconvexity, quasiconvexity, or rank-one convexity of f implies
that f is locally Lipschitz

For the case of polyaffine, quasiaffine, and rank-one affine functions (i.e., func-
tions f and −f that are polyconvex, quasiconvex, and rank-one convex), we have
the following characterization (see [17, 19]).

Theorem 2.7 Consider f : Rm×n → R, the following equivalences holds:
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i) f is polyaffine.

ii) f is quasiaffine.

iii) f is rank one affine.

iv) for each 1 ≤ k ≤ r, there exist ηk ∈ R(
m
k)×(

n
k), and a ∈ R so that

f(ξ) = a+
r∑

i=1

ηi :Mi(ξ)

where r = min{n,m}.

v) f is a function that is continuously differentiable, and

f(ξ + x⊗ y) = f(ξ) +Df(ξ) : x⊗ y,

for every ξ ∈ Rm×n, x ∈ Rm and y ∈ Rn, with Df(ξ) =
(

∂f(ξ)
∂ξij

)
1≤i,j≤m,n

2.4.1 Equivalence Case

In the following, we present several results that illustrate the equivalence of dif-
ferent semiconvexity notions under certain conditions.

For functions depending on quasi-affine functions, we have the equivalence of
the different notions of convexity, as stated in [18, 16]; see also [17, 19].

Theorem 2.8 Consider f, ψ : Rm×n → R and φ : R → R, which satisfy

f(ξ) = φ(ψ(ξ)).

If ψ is quasiaffine, then the polyconvexity, quasiconvexity, rank-one convexity
of f, are equivalent to the convexity of φ.

The validity of this equivalence is maintained for functions depending on the
Euclidean norm. Refer to [16, 17] for more details.

Theorem 2.9 Consider f : Rm×n → R. and φ : R+ → R, verifying

f(ξ) = φ(|ξ|)

Then, the conditions of convexity, polyconvexity, quasiconvexity, rank-one con-
vexity of f, as well as the convexity of φ with φ(0) = min{φ(x), x ≥ 0}, are all
equivalent.

The subsequent result is attributed to [9].
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Theorem 2.10 Let m = n, 1 ≤ α < 2n, and let f : Rm×n → R and φ : R → R,
verifying

f(ξ) = |ξ|α + φ(detξ).

Then, the polyconvexity, quasiconvexity, rank-one convexity of the function f ,
along with the convexity of φ, are all equivalent.

Charrier [13] provides the following example.

Theorem 2.11 Consider m = n, 1 ≤ i ≤ n− 1, α > 0 and

f(ξ) =

{ (
|Mi(ξ)|n/i

detξ

)α
if detξ > 0

+∞ if detξ ≤ 0.

Then, the polyconvexity and rank-one convexity of f, along with the condition
α ≥ i

n−i
, are all equivalent.

The next example is due to Ball and Murat [9], see also [21].

Example 2.2 Consider β ≥ 1
4
, α ≥ 0 and the function f : R2×2 → R given by

fα(ξ) = |ξ|4β − 22β−1α((det ξ)2)β.

Then, the following result hold, see [20]:

1. For 1
4
< β < 1, the function fα is convex, polyconvex, quasiconvex, and

rank-one convex if and only if α = 0.

2. For β = 1, the function fα is convex, polyconvex, quasiconvex, and rank-one
convex if and only if α ≤ 1.

3. For β > 1, the function fα is rank one convex if and only if α ≤ αr, where

αr =


2(2β+(2β−1)x)

(2β−1)(1−x)(1−x2)β−1 if 1 < β < 1 + 1√
2
,

2(2β−1)
4β−1(

1− β

(2β−1)2

)2(β−1) if β ≥ 1 + 1√
2
,

such that

x =
−(4β2 − 1) +

√
(4β2 − 1)2 − 8(2β − 1)(β − 1)(4β − 1)

4(2β − 1)(β − 1)
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2.4.2 Quadratic Case

In the case of quadratic forms, quasiconvexity is equivalent to rank-one convexity.
Furthermore, in the 2×2 case, these notions are also equivalent to polyconvexity.
This equivalence has been established in [69, 2, 55, 36, 67, 57] and [45], as well
as, [17].

Theorem 2.12 Consider A ∈ S(m×n)×(m×n) and let

f(ξ) = Aξ.ξ

where ”.” represent the scalar product in Rmn and the matrix ξ is considered as a
vector of mn element. Then, the quadratic function f is quasiconvex if and only
if f is rank-one convex.

Moreover, in the case where m = 2 or n = 2, the conditions that f is poly-
convex, quasiconvex, and rank-one convex are all equivalent.

In general, if m,n ≥ 3, the rank-one convexity of f is not a sufficient condition
for its polyconvexity of.

For the case where m = n = 3, Serre, see [57], provided a specific counterexample
of a quadratic form that is rank-one convex but not polyconvex.

Example 2.3 Consider f : R3×3 → R, defined as

f(ξ) =(ξ12 − ξ31 + ξ13)
2 + (ξ21 − ξ31 − ξ13)

2

+ (ξ11 − ξ32 − ξ23)
2 + (ξ22)

2 + (ξ33)
2.

Then, the function g : R3×3 → R given by

g(ξ) = f(ξ)− ϵ|ξ|2,

with ϵ > 0, is not polyconvex, whereas it is rank-one convex.

2.4.3 Counterexample

Sverak [66] provides a counterexample that addresses Morrey’s problem [52]. This
long-standing open problem in the calculus of variations asks whether a rank-one
convex function that is not quasiconvex exists. Sverak’s counterexample answers
this question for the case n ≥ 2 and m ≥ 3. However, the planar case remains
an open problem.

Example 2.4 For β, α > 0, let fα,β : R3×2 → R be defined as

fα,β(ξ) = g(P (ξ)) + β|ξ − P (ξ)|2 + α(|ξ|2 + |ξ|4).
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such that

L =

ξ ∈ R3×2, ξ =

x 0
0 y
z z

 ;x, y, z ∈ R

 ,

P : R3×2 → L, P (ξ) =

 ξ11 0
0 ξ22

(ξ31 + ξ32)/2 (ξ31 + ξ32)/2


g : L→ R, g

x 0
0 y
z z

 = −xyz.

Thus,

i) For all β > 0 and for all α > 0 sufficiently small, the function fα,β is not
quasiconvex.

ii) For all α > 0 there exists β = β(α) > 0, such that fα,β is rank one convex.

The first properties i) was proved by using the periodic function ϕ ∈ W 1,∞
per ((0, 1)2;R3)

given by

ϕ(x1, x2) =
1

2π

 sin2πx1
sin2πx2

sin2π(x1 + x2)

 .

Such that W 1,∞
per ((0, 1)n;Rm) is the set of periodic functions φ ∈ W 1,∞(Rn;Rm).

Remark that Dϕ ∈ L and P (Dϕ) = Dϕ, then we get

∫
(0,1)2

g(Dϕ)dx = −
1∫

0

1∫
0

(cos2πx1)
2(cos2πx2)

2dx1dx2 < 0.

Consequently, for each α > 0 that is sufficiently small and for each β > 0,∫
(0,1)2

fα,β(Dϕ)dx < 0 = fα,β(0).

According to the following lemma from [19],

Lemma 2.4 Consider a continuous function f : Rm×n → R. A necessary and
sufficient condition for the quasiconvexity of f is that the following inequality
holds: ∫

(0,1)n

f(ξ +Dφ(x))dx ≥ f(ξ).

for all ξ ∈ Rm×n and for all φ ∈ W 1,∞
per ((0, 1)n;Rm).
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Using this lemma, we can conclude that the function fα,β is not quasiconvex.
In the second properties ii), it is equivalent to show the Legendre-Hadamard

condition, i.e.,

Lf (ξ, η) =
d2

dt2
(fα,β(ξ + tη))

∣∣∣∣
t=0

≥ 0,

for every ξ, η ∈ R3×2 such that rank{η} = 1.
Sverak [66], generalize his example to arbitrary dimension n ≥ 2 and m ≥ 3

by definining f̃ : Rm×n → R, as

f̃(ξ) = fα,β(λ(ξ)).

such that λ : Rm×n → R3×2 defined as

λ(ξ) =

ξ11 ξ12
ξ21 ξ22
ξ31 ξ32

 .

Then, it follows that

i) f̃ is rank one convex, as a consequence of the rank-one convexity of fα,β.

ii) f̃ is not quasiconvex. This can be shown by considering the periodic function

ϕ̃(x1, ..., xn) = (ϕ1(x1, x2), ϕ2(x1, x2), ϕ3(x1, x2), 0, ..., 0).

We observe that ϕ̃ ∈ W 1,∞
per ((0, 1)n;Rm) and∫
(0,1)n

f̃(∇ϕ̃)dx < 0 = f̃(0).

Therefore, by Lemma 2.4, f̃ is not quasiconvex.

According to the characterizations provided in [5], and the characterization
of rank-one convex functions of class C2 from [39, 6], Aubert [4, 5] provides an
isotropic1 function in the two-dimensional case (d = 2) to demonstrate that rank
one convexity does not imply polyconvexity.

Example 2.5 Let f : R2×2 → R ∪ {∞} be given by

f(ξ) =

{
1
3
|ξ|4 − 1

6
(det ξ)2 − 2

3
|ξ|2 det ξ if det ξ > 0,

∞ else,

1A function f : Rd×d → R is isotropic if f(QξR) = f(ξ) for all ξ ∈ Rd×d and Q,R ∈ SO(d).
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where |ξ| represents the Frobenius norm of ξ. Equivalently, for det ξ > 0, f(ξ)
can be expressed in terms of the singular values λ1, λ2 of ξ as:

f(ξ) =
1

3
(λ41 + λ42)−

2

3
λ1λ2(λ

2
1 + λ22) +

1

2
λ21λ

2
2.

Thus, f is rank-one convex but not polyconvex.

Next, we present the example of Dacorogna, Alibert, and Marcellini [3, 23],
as given in its general version in [21], for the case n = m = 2.

Example 2.6 Let β ≥ 1, α ∈ R, and consider fα : R2×2 → R, given by

fα(ξ) = |ξ|2β(|ξ|2 − α det ξ).

Then, it follows that,

i) For β = 1, the convexity, polyconvexity, quasiconvexity, and rank-one con-
vexity of fα are equivalent to |α| ≤ αc, |α| ≤ αp, |α| ≤ αq, and |α| ≤ αr,

respectively, where αc =
4

3

√
2, αp = 2, αq = 2+ δ with δ > 0, and αr =

4√
3
.

ii) For β > 1, the rank one convexity of fα is equivalent to |α| ≤ αr, as stated
in [20], where

αr =

{
α1 if 1 ≤ β < 9+5

√
5

4
,

α2 if β ≥ 9+5
√
5

4
.

with

α1 =

(
1 +

1

β

)
min
x>0

{
x4 + 2(β + 1)x2 + 2β + 1

3x3 + (2β + 1)x

}
α2 = 1 +

√
1− 1

2β
− 1

2β2

Note that, the question of whether 2 + δ =
4√
3
is still open. However, if 2 + δ <

4√
3
, then a rank-one convex function that is not quasiconvex exists.

We conclude this section by presenting a result given in [61].

Proposition 2.1 Let f : Rm×n → R defined as

f(ξ) =

{
f1(ξ) if ξ ∈ M1

f2(ξ) if ξ ∈ M2
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such that, f1, f2 : Rm×n → R defined two function satisfy along with the two
closed sets M1,M2 ⊂ Rm×n{

f1 = f2 over M1 ∩M2,
f1 ≥ f2 over M1.

and

{
M1 ∪M2 = Rm×n,
M1 −M2 is an open set.

Then

i) there exist f1, f2 tow polyconvex function such that f is not;

ii) The rank one convexity of f1 and f2 implies the rank one convexity of f ;

iii) The convexity of f is ensured if f1 and f2 are both convex.

Note that the first statement is demonstrated by considering a counterexample
of a non-polyconvex function that is rank-one convex. Specifically, consider the
functions f1, f2 : R2×2 → R, defined by the singular values λ1(ξ) ≥ λ2(ξ) of ξ as

f1(ξ) = λ1(ξ)λ2(ξ), f2(ξ) = λ1(ξ) + λ2(ξ)− 1,

both satisfying the hypotheses of the lemma with

M1 = {ξ ∈ R2×2 : λ1(ξ) ≤ 1}, M2 = {ξ ∈ R2×2 : λ1(ξ) ≥ 1}.

Therefore, the function f : R2×2 → R, given as

f(ξ) =

{
λ1(ξ)λ2(ξ) if λ1(ξ) ≤ 1,
λ1(ξ) + λ2(ξ)− 1 if λ1(ξ) ≥ 1,

is not a polyconvex function but it is rank one convex, see [61, Theorem 5].

2.5 Invariant and Fully Invariant Polyconvex Func-

tions

In this section, we focus on functions that are invariant under orientation. We
begin with some preliminary results, following [60, 24], we provide the following
definitions.

Definition 2.6 Let f : Rd×d → R ∪ {∞} and g : Rd → R ∪ {∞}.

i) f is said to be invariant if,

f(QξR) = f(ξ) for all ξ ∈ Rd×d and every Q,R ∈ SO(d).
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ii) f is said to be fully invariant if,

f(QξR) = f(ξ) for all ξ ∈ Rd×d and every Q,R ∈ O(d).

iii) g is symmetric if for all d× d permutation matrices P and all x ∈ Rd,

g(Px) = g(x).

iv) g is even if for every x ∈ Rd,

g(ϵx) = g(x) for every ϵ = (ϵ1, . . . , ϵd) ∈ {−1, 1}d where
d∏

i=1

ϵi = 1.

v) g is fully even if for every x ∈ Rd,

g(ϵx) = g(x) for every ϵ = (ϵ1, . . . , ϵd) ∈ {−1, 1}d.

In nonlinear elasticity, invariant functions are also called isotropic functions.
Let λ(ξ) = (λ1(ξ), . . . , λd(ξ)) denote the vector of the singular values of the

matrix ξ ∈ Rd×d, where λi(ξ) are the eigenvalues of (ξT ξ)1/2 ordered as follows:

λ1(ξ) ≥ · · · ≥ λd(ξ) ≥ 0.

Consider the vector µ(ξ) = (µ1(ξ), . . . , µd(ξ)) representing the signed singular
values of the matrix ξ ∈ Rd×d where the components of µ(ξ) are defined as follows:

µd(ξ) = λd(ξ) sign(det ξ) and µi(ξ) = λi(ξ), i = 1, . . . , d− 1.

The following proposition can be derived from the singular value decompo-
sition. For more details see [30, Lemma 3.1 and Remark 3.6] and [60, 59, 62,
Proposition 2.1], see also [19, Proposition 5.31].

Proposition 2.2 Let f : Rd×d → R ∪ {∞},

i) The necessary and sufficient condition for f to be invariant is that

f(ξ) = g(µ1(ξ), . . . , µd(ξ)) (2.1)

where g : Rd → R ∪ {∞} is the unique even and symmetric function.

ii) The necessary and sufficient condition for f to be fully invariant is that

f(ξ) = g(λ1(ξ), . . . , λd(ξ))

such that g : Rd → R ∪ {∞} represents the unique symmetric and fully even
function.
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Remark 2.9 It is noteworthy that the above proposition is slightly different from
the one in [19, Proposition 5.31]. However, while this reference uses an increasing
order for the singular values and includes the definition:

µ1(ξ) = λ1(ξ) sign(det ξ) and µi(ξ) = λi(ξ), i = 2, . . . , d,

in our case, we use a decreasing order, and the signed singular values are defined
as:

µd(ξ) = λd(ξ) sign(det ξ) and µi(ξ) = λi(ξ), i = 1, . . . , d− 1.

Consider the set

Gd =
{
x ∈ Rd : x1 ≥ · · · ≥ xd−1 ≥ |xd|

}
.

The following example is due to [61] and is provided in a general version in
[24], which represent an example of a fully invariant function that is rank-one
convex but not polyconvex.

Theorem 2.13 Let 1 ≤ k < ∞, d ≥ 2, and let f be a fully invariant function
on Rd×d given as

f(diag(x)) =

{
xk1 + |x2|k − 1 if x1 ≥ 1,
|x1x2|k if x1 ≤ 1,

for every x ∈ Gd, where diag(x) is the diagonal matrix whose diagonal entries
are the components of the vector x, it follows that:

i) f is rank-one convex;

ii) The function f is not polyconvex for 1 ≤ k < 2, and it is polyconvex other-
wise.

2.5.1 Invariant Function Characterization

We now provide a characterization of invariant polyconvex functions, following
[63, Theorem 4.1]; see also [24].

Theorem 2.14 Given an invariant function f : R2×2 → R∪{∞} and its associ-
ated signed singular value map g : R2 → R∪{∞} (as defined in (2.1)). Therefore,
the following conditions are equivalent.

i) f exhibits polyconvexity;

ii) A convex function g̃ : R3 → R ∪ {∞} exists such that g̃(·, z) is even and
symmetric for every z ∈ R, and

g(x) = g̃(x1, x2, x1x2) for all x ∈ G2;
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iii) There exists a convex function ĝ : R+2 × R → R ∪ {∞} such that ĝ(·, z) is
non-decreasing for all z ∈ R and

g(x) = ĝ(x1 + x2, x1 − x2, x1x2) for all x ∈ G2;

iv) Suppose x, yi ∈ G2 and αi ≥ 0 for i = 1, . . . , q with
∑q

i=1 α
i = 1, x1x2 =∑q

i=1 α
iyi1y

i
2, and

x1 + ϵx2 ≤
q∑

i=1

αiyi1 + ϵyi2 for every ϵ ∈ {−1, 1}.

Then, it follows that

g(x) ≤
q∑

i=1

αig(yi).

In [22], it was proved that the polyconvexity of the function f : R2×2 → R,
in the case of invariant functions, coincides with its restriction on the diagonal
matrices. Note that the function restricted to the diagonal matrices R2×2

D is said
to be polyconvex if there exists a function g : R3 → R, such that for all

ξ =

(
a 0
0 b

)
∈ R2×2

D , f(ξ) = g(a, b, ab).

Consider a matrix ξ ∈ R2×2, given by ξ =

(
ξ11 ξ12
ξ21 ξ22

)
. Define the associated

matrix ξ̃ as ξ̃ =

(
ξ22 −ξ21
−ξ12 ξ11

)
. Denote by ξ+ = 1

2
(ξ + ξ̃) and ξ− = 1

2
(ξ − ξ̃).

Theorem 2.15 Let f : R2×2 → R define an invariant function. Then, the
following equivalence hold:

i) f is a polyconvex function;

ii) f is polyconvex on diagonal matrices;

iii) For any η ∈ R2×2
D , there are α(η), β(η), γ(η) ∈ R that satisfy

f(ξ) ≥ f(η) +

(
α(η) 0
0 β(η)

)
: (ξ − η) + γ(η)(det(ξ)− det(η))

for all ξ ∈ R2×2
D ; specifically, if

h(x, y, δ) ≡ sup
a,b∈R

{
f

(
a 0
0 b

)
+ α(a, b)(x− a) + β(a, b)(y − b) + γ(a, b)(δ − ab)

}
,
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it follows that h is convex and

f(ξ) = h

(
|ξ+|+ |ξ−|√

2
,
|ξ+| − |ξ−|√

2
, det(ξ)

)
,

f

(
x 0
0 y

)
= h(x, y, xy)

for all ξ ∈ R2×2;

iv) For every ξi ∈ R2×2
D , and every βi ≥ 0 such that

∑4
i=1 βi = 1, satisfying

4∑
i=1

βi det(ξi) = det

(
4∑

i=1

βiξi

)
,

it follows that
4∑

i=1

βif(ξi) ≥ f

(
4∑

i=1

βiξi

)
.

Specifically, if g : R3 → R is given as

g(a, b, δ) ≡ inf

{
4∑

i=1

βif

(
ai 0
0 bi

)
,

4∑
i=1

βi(ai, bi, aibi) = (a, b, δ)

}
,

it follows that g is convex and

f(ξ) = g

(
|ξ+|+ |ξ−|√

2
,
|ξ+| − |ξ−|√

2
, det(ξ)

)
,

f

(
a 0
0 b

)
= g(a, b, ab)

for all ξ ∈ R2×2.

As a result to the above characterization and Theorem 2.3, the author in [32]
provide a characterization of C1 polyconvex functions that are invariant in the
case d = 2.

Theorem 2.16 Consider an invariant function f ∈ C1(R2×2). Then, a necessary
and sufficient condition for f to be polyconvexity is that, for any η ∈ R2×2

D , there
exists δ(η) ∈ R satisfying

inf
ξ∈R2×2

D

g(ξ, η, δ(η)) = g(η; η, δ(η)),

where, for ξ ∈ R2×2
D ,

g(ξ, η, δ(η)) = f(ξ)− f(η)− fξ11(η)(ξ11 − η11)− fξ22(η)(ξ22 − η22)− δ(ξ11 − η11)(ξ22 − η22)
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The following proposition provides a necessary condition to the polyconvexity
for invariant functions, see [63, Proposition 4.2].

Proposition 2.3 Let f : R2×2 → R ∪ {∞} be polyconvex. Then its associated
signed singular value map g : R2 → R ∪ {∞} (see 2.1 for a precise definition)
satisfies the following inequality:

For every x, y, z ∈ G2 and α ∈ [0, 1] that satisfies{
x1 + ϵx2 ≤ (1− α)(y1 + ϵy2) + α(z1 + ϵz2),
x1x2 = (1− α)y1y2 + αz1z2,

where

ϵ =

{
1 if (y1 − z1)(y2 − z2) ≥ 0,
−1 if (y1 − z1)(y2 − z2) < 0,

It follows that g(x) ≤ (1− α)g(y) + αg(z).

Consider the sets Vd = {x ∈ R++d
, x1 ≥ · · · ≥ xd > 0},

E(x) = {ξ ∈ Rd×d, det ξ > 0 and x = λ(ξ)} = {R1(diag(x))R2, R1, R2 ∈ SO(d)},

and PA(Rd×d) = {φβ : β ∈ Rτ̃(d)} such that φβ(ξ) = β : M̃(ξ) where M̃(ξ) ∈
Rτ̃(d) represent the vector of all minors of the matrix ξ ∈ Rd×d

+ that include 1 as

a minor of order 0 and τ̃(d) =
d∑

i=0

(
d

i

)(
d

i

)
.

In [51], the author give a necessary and sufficient condition on the associated
function g : Vd → R∪{∞} to obtain a polyconvex function f : Rd×d → R∪{∞},
such that

f(ξ) = g ◦ λ(ξ) =
{
g(λ(ξ)) if det ξ ≥ 0
∞ if det ξ < 0

(2.2)

where it is assumed that g : Vd → R ∪ {∞} is lower semi-continuous.
Note that, if f is polyconvex, the function g is called singular-value polycon-

vex.

Definition 2.7 A lower semi-continuous function f : Rd×d → R ∪ {∞}, is said
to be polyconvex, if

f(ξ) = sup{φ(ξ) : φ ∈ PA(Rd×d), φ ≤ f}.

Theorem 2.17 ([51]) Let f : Rd×d → R∪ {∞}, be defined as in 2.2. Then, the
following assertions are equivalents
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i) g is singular-value polyconvex;

ii) g(x) = sup{ϕ(α, x) : ϕ(α, .) ≤ g} for every x ∈ Vd

where

ϕ(α, x) = max{α : M̃(ξ), ξ ∈ E(x)}

with α ∈ Rτ̃(d)

Corollary 2.2 i) For every α ∈ Rτ̃(d) the function ϕ(α, x) : Vd → R is singular-
value polyconvex.

ii) If g : Vd → R ∪ {∞} is singular-value polyconvex, then for all y ∈ Vd with
g(y) <∞, there exists α ∈ Rτ̃(d) that satisfies

g(x) ≥ g(y) + ϕ(α, x)− ϕ(α, y).

Consider

D(x) = {ξ ∈ E(x), ξ is diagonal matrix} = {diag(Sx), S ∈ Sd}

where

Sd =

{
Pdiag(ϵ) ∈ O(d), P ∈ Perm(d), ϵ ∈ {−1, 1}d,

d∏
i=1

ϵi = 1

}

and define

ψ(α, x) = max
ξ∈D(x)

{α : M̃(ξ)} = max
S∈Sd

{α : M̃(diag(Sx))} ≤ ϕ(α, x).

Proposition 2.4 If the function g as stated in 2.2 is singular-value polyconvex,
then for any x ∈ Vd, it follows that

g(x) = sup{ψ(α∗, x), ψ(α∗, x) ≤ g},

where α∗ ∈ Rτ̃(d) is a vector whose components, which do not correspond to the
determinants of sub-matrices symmetric to the diagonal of ξ, are equal to 0, for in-
stance for d = 2 and M̃(ξ) = (1, ξ11, ξ12, ξ21, ξ22, det ξ) than α

∗ = (α1, , α2, 0, 0, α5, α6).

Note that, by using the following property ψ(α∗, x) = ϕ(α∗, x) for all x ∈ V3 see
[51, Proposition 3.5], the author show that the above necessary condition is also
a sufficient one in the case d ≤ 3.

Theorem 2.18 Consider d = 2, 3. Then,
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i) for every α∗ the function ψ(α∗, .) is singular-value polyconvex;

ii) The necessary and sufficient condition for the singular-value polyconvexity
of a function g : Vd → R ∪ {∞} as defined in 2.2 is that, for all x ∈ Vd, it
follows that

g(x) = sup{ψ(α∗, x), ψ(α∗, .) ≤ g};

iii) For the finite case, the necessary and sufficient condition for the singular-
value polyconvexity of a function g : Vd → R as defined in 2.2 is that, for all
x, y ∈ Vd, there exists α∗ such that

g(x) ≥ g(y) + ψ(α∗, x)− ψ(α∗, y).

For differentiable functions, Šilhavý [60] provides a characterization of polycon-
vex functions in dimension 2, and Mielke [51] extends this characterization to
dimension 3.

Theorem 2.19 Let f : Rd×d → R, be a differentiable function defined by its rep-
resentation g ∈ C1(Vd,R) as in 2.2, then the following conditions are equivalent

i) g is singular-value polyconvex;

ii) In the case d = 2, for all x, y ∈ V2 there exist b ∈ [−∂1g−∂2g
y1−y2

, ∂1g+∂2g
y1+y2

] such
that

g(x) ≥ g(y) +Dg(y).(x− y) + b(x1 − y1)(x2 − y2)

iii) In the case d = 3, for all x, y ∈ V3 there exist a ∈ R3 and b ∈ R satisfying

g(x) ≥ g(y) + max
S∈S3

(
(Dg(y)− A(a)y − bȳ).(Sx) + a.(Sx̄)

)
−Dg(y).y

+ a.ȳ + b(x1x2x3 + 2y1y2y3)

such that z̄ = (z2z3, z1z3, z1z2) for all z ∈ R3, and Dg(y) denotes the gradient
vector of g at y and the matrix A(a) is defined as

A(a) =

 0 a3 a2
a3 0 a1
a2 a1 0

 , for every a ∈ R3.

The next example was obtained in connection with elasto-plasticity see [49, 50]
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Example 2.7 Let f : R2×2 → R ∪ {∞} and g : V2 → R ∪ {∞}, for which

f(ξ) = g(λ(ξ)),

and g is given by

g(x) = g1(x) + g2(x1x2)

such that

g1(x) =

{
2
p

√
xp1(x

p
2 + b) for x1 ≥ (xp2 + b)

1
p ,

1
p
(xp1 + xp2 + b) for x1 ∈ [x2, (x

p
2 + b)

1
p ],

p ≥ 2, and g2 : R++ → R∪{∞} is a lower semi-continuous, convex function, then
as a consequence of the Theorem 2.19, [51] showed that g generates a polyconvex
function for all p ≥ 2.

We will now deal with functions that describe incompressible materials and we
assume that det ξ = 1 where ξ ∈ Rd×d is the deformation gradient, hence we focus
on the function

f(ξ) = g(λ(ξ)).

The function g is determined by the function h : Kd → R ∪ {∞} as follows

g(x) =

{
h(x) for

∏d
i=1 xi = 1,

∞ otherwise
(2.3)

and Kd =
{
x ∈ Vd :

∏d
i=1 xi = 1

}
. Note that, the author in [51] provides a char-

acterization of the set Kd in the cases d = 2 and d = 3 as follows

K2 =

{(
x,

1

x

)T

∈ V2 : x ∈ [1,∞[

}
,

K3 =

{(
x1,

x2
x1
,
1

x2

)T

∈ V3 : x1, x2 ∈ [1,∞[,
√
x1 ≤ x2 ≤ x21

}
.

Therefore, he established the following result:

Theorem 2.20 Let f : Rd×d → R ∪ {∞} defined by its representation g : Vd →
R ∪ {∞} where g is defined by h : Kd → R ∪ {∞} as in (2.3), then, in the case

d = 2, consider h̃ : [1,∞[→ R ∪ {∞} introduce the functions

h : Kd → R ∪ {∞}(
x,

1

x

)T

→ h̃(x).

Then the following conditions are equivalent,

49



Chapter 2. Polyconvexity: Theory And Applications

i) g is a singular-value polyconvex function;

ii) h̃(x) = sup
{
φα,β(x) = α + β

(
x− 1

x

)
, φb,β ≤ h̃, α ∈ R, β ≥ 0

}
;

iii) h̃◦p : [0,∞[→ R∪{∞} is a non-decreasing, convex function, where p denotes
the inverse of the function x→ y = x− 1

x
, which is defined by

p :[0,∞[→ [1,∞[

y → y

2
+

√
1 +

y2

4

For d = 3, the following equivalence holds:

i) g is singular-value polyconvex,

ii) h̃(x) = sup{φ(α, a, b, x) : φ(α, a, b, .) ≤ h̃}, such that h̃ : L → R ∪ {∞}
represents the function h by

h : K3 → R ∪ {∞},(
x1,

x2
x1
,
1

x2

)T

→ h̃(x)

and

φ(α, a, b, x) = α +max
S∈S3

(Sa.x̄+ Sb.x̃) ,

where α ∈ R, a, b ∈ R3, x̄ =
(
x1,

x2

x1
, 1
x2

)T
, x̃ =

(
1
x1
, x1

x2
, x2

)T
and x ∈ L ={

[1,∞)2 :
√
x1 ≤ x2 ≤ x21

}
.

2.5.2 Characterization of fully invariant functions

The characterization of fully invariant functions is presented, providing a sufficient
condition for obtaining a polyconvex function.

Consider the sets,

Rd
+ = {x ∈ Rd : xi ≥ 0, i = 1, . . . , d},

Kd
+ = {x ∈ Rd : 0 ≤ x1 ≤ · · · ≤ xd}.

Based on the notations in [19, Section 5.39, p. 202], we have, for ξ ∈ R(
d
s)×(

d
s)

where 1 ≤ s ≤ d− 1, denote the singular value of ξ by Λs(ξ) ∈ K
(ds)
+

50



Chapter 2. Polyconvexity: Theory And Applications

For every x ∈ Kd
+ and 2 ≤ s ≤ d, we let Msx ∈ K

(ds)
+ be the vector in

R(
d
s) composed of each product xi1 . . . xis , arranged in increasing order where

i1 < · · · < is.
Note that for every 1 ≤ s ≤ d and every ξ ∈ Rd×d

Λs(Ms(ξ)) =MsΛ
1(ξ).

Theorem 2.21 Let 0 ≤ λ1(ξ) ≤ · · · ≤ λd(ξ) be the singular value of ξ ∈ Rd×d,
and consider the functions f : Rd×d → R and g : Rd

+ → R, where

f(ξ) = g(λ1(ξ), . . . , λd(ξ)).

� Suppose the existence of a function

G :Rd
+ × R(

d
2)

+ × · · · × R(
d

d−1)
+ × R+ → R

G(z) = G(z1, z2, . . . , zd−1, zd)

which is convex, non-decreasing in every variable, and symmetric in each
variable separately i.e., for every permutation Pi of

(
d
i

)
elements

G(P1Λ
1, P2Λ

2, . . . , Pd−1Λ
d−1, PdΛ

d) = G(Λ1,Λ2, . . . ,Λd−1,Λd)

and for which

g(x) = G(x,M2x, . . . ,Md−1x,Mdx).

Then f is polyconvex.

As a consequence of the above theorem, the function

fk(ξ) =
d∏

i=k

λi(ξ),

is polyconvex for all k = 1, . . . , d. See [19].

2.5.3 Objective, Isotropic & Isochoric Functions

Definition 2.8 Let f : R2×2
+ → R, f is said to be

i) objective-isotropic if,

f(QξR) = f(ξ), for every ξ ∈ R2×2
+ and every Q, R ∈ SO(2).
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ii) isochoric if,

f(αξ) = f(ξ), for all α ∈ R++.

Note that, the extended definition of isochoric functions to the hole matrix space
R2×2, is given by, {

f(ξ) det ξ > 0,
∞ otherwise.

Refer to [31, 46].

Proposition 2.5 ([46]) Let f : R2×2
+ → R. Then, a necessary and sufficient

condition for f to be objective, isochoric, and isotropic is

f(QξR) = f(ξ), for all Q,R ∈ CSO(2)

with CSO(2) = {αQ : Q ∈ SO(2), α ∈ R++}.

The following lemma is an auxiliary result used to prove the equivalence be-
tween rank-one convexity and polyconvexity for isochoric functions, as demon-
strated in [46].

Lemma 2.5 The function f : R2×2
+ → [1,∞) such that

f(ξ) =
||ξ||2op
det ξ

,

is polyconvex on R2×2
+ . In addition, the function f can be expressed as

f(ξ) = h(λ1(ξ), λ2(ξ)) =
max{λ21(ξ), λ22(ξ)}

λ1(ξ)λ2(ξ)

in which λi(ξ) stands for the singular values of the matrix ξ, and ||ξ||op =
max{λ1(ξ), λ2(ξ)} denotes the spectral norm of ξ ∈ R2×2

+ .

The following proposition, derived as a consequence of Lemmas 2.3 and 2.5,
is considered in [46] the main tool for demonstrating that an isochoric rank-one
convex function is polyconvex.

Proposition 2.6 Let f : R2×2
+ → R. If a non-decreasing convex function g :

[1,∞) → R exists such that

f = g ◦ h,

with h(ξ) =
||ξ||2op
det ξ

, then f is polyconvex.
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Furthermore, characterization of the above notions in terms of singular values
representation is given in [46, Lemma 3.1],

Lemma 2.6 For an objective, isochoric, and isotropic function f : R2×2
+ → R, a

unique function g : R++ → R exists, satisfying g(x) = g( 1
x
), where

f(ξ) = g

(
λ1(ξ)

λ2(ξ)

)
for all ξ ∈ R2×2

+ ,

such that λ1(ξ), λ2(ξ) ∈ R++ represent the singular values of the matrix ξ. If f is
only objective-isotropic, then a unique symmetric function g : R++ × R++ → R
exists such that

f(ξ) = g(λ1(ξ), λ2(ξ)) for all ξ ∈ R2×2
+ .

The equivalence between rank-one convex functions and polyconvex functions,
assumed to be objective, isochoric, and isotropic, is established in [46].

Theorem 2.22 Let h : R++ → R, g : R++ × R++ → R be the unique singular
value representation function that define the objective, isochoric, and isotropic
function f : R2×2

+ → R, where

f(ξ) = g(λ1(ξ), λ2(ξ)) = h

(
λ1(ξ)

λ2(ξ)

)
= h

(
λ2(ξ)

λ1(ξ)

)
for all ξ ∈ R2×2

+ .

Then, the following conditions are equivalent:

i) f is polyconvex;

ii) f is rank one convex;

iii) g is separately convex; 2

iv) h is convex on R++;

v) h is non decreasing convex function on [1,∞).

In the case of a continuously differentiable condition on h, the following corol-
lary is derived from the above theorem; see [46].

Corollary 2.3 Let f : R2×2
+ → R be an objective, isochoric, and isotropic func-

tion, and let h : R++ → R be its unique singular values representation such that

f(ξ) = h

(
λ1(ξ)

λ2(ξ)

)
for all ξ ∈ R2×2

+ .

Hence, if h ∈ C1(R++), the polyconvexity of f is equivalent to the convexity of h
on [1,∞).

2i.e., the functions a → g(a, b) and b → g(a, b) are convex; see [19].
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In the case of C2 functions, we have the following:

Theorem 2.23 Consider f : R2×2
+ → R, be defined as an objective, isochoric and

isotropic function of class C2, and let g, h : [0,∞) → R be the unique functions
such that

f(ξ) = g(| dev2 logU |2) = h

(
log2

λ1(ξ)

λ2(ξ)

)
for all ξ ∈ R2×2

+ .

If g, h ∈ C2([0,∞)), then the following conditions are equivalent,

i) f is polyconvex,

ii) f is rank one convex,

iii) 2xh
′′
(x) + (1−

√
x)h

′
(x) ≥ 0 for every x ∈ (0,∞),

iv) 2yg
′′
(y) + (1−

√
2y)g

′
(y) ≥ 0 for every y ∈ (0,∞).

Where, dev2 ξ = ξ − 1
2
tr(ξ).I, log represent the principal matrix logarithm, and

U =
√
ξT ξ.

Corollary 2.4 Under the assumptions of theorem 2.23, if f is polyconvex (which
is rank one convex), then h

′
(x) ≥ 0 for all x > 0.

In the class of distortion function, We also have following propostion, see [46].

Proposition 2.7 Consider f : R2×2
+ → R, be defined as an objective, isochoric

and isotropic function and let g : [1,∞) → R be the unique determined function
such that

f(ξ) = g

(
|ξ|2

2 det ξ

)
for all ξ ∈ R2×2

+ .

If g ∈ C2([0,∞)), then the following conditions are equivalent,

i) f is polyconvex;

ii) f is rank one convex;

iii) (x2 − 1)(x+
√
x2 − 1)g

′′
(x) + g

′
(x) ≥ 0 for all x ∈ (1,∞).

The next following example was ed by [46].

Corollary 2.5 i) The isochoric Hencky energy | dev2 logU |2 = 1
2
log2

(
λ1(ξ)
λ2(ξ)

)
is non-polyconvex and non-rank one convex function on R2×2

+ .
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ii) The exponentiated isochoric Hencky energy function

exp(k| dev2 logU |2) = exp

(
k

∣∣∣∣log U

detU
1
2

∣∣∣∣2
)

= exp

(
k

2
log2

λ1(ξ)

λ2(ξ)

)
is rank one convex function (and hence polyconvex) on R2×2

+ if and only if
k ≥ 1

4
.

In which U =
√
ξT ξ, and λ1(ξ), λ2(ξ) represent the singular values of ξ ∈

R2×2
+ .

The following result provided the equivalence between polyconvexity and
rank-one convexity for an objective-isotropic function defined on the set SL(2),
as stated in [27].

Theorem 2.24 Consider f : SL(2) → R be defined as an objective and isotropic
function, hence the next assertions are equivalent,

i) f is polyconvex,

ii) f is rank one convex,

iii) the function g : R → R, g(x) = f

((
1 x
0 1

))
is convex,

iv) the function h : [0,∞) → R such that f(ξ) = h(
√
|ξ|2 − 2) = h

(
λmax(ξ)− 1

λmax(ξ)

)
is convex and non-decreasing.

where λmax(ξ) denotes the largest singular value of ξ.

In the case of differentiable functions, equivalence between rank one convexity
and polyconvexity is treated in [27].

Proposition 2.8 Let f : SL(2) → R be a differentiable, objective and isotropic
function. The following are equivalent,

i) f is polyconvex,

ii) f is rank one convex,

iii) The function h : [0,∞) → R with f(ξ) = h
(
λmax(ξ)− 1

λmax(ξ)

)
is non de-

creasing and convex.

Note that the function f : SL(2) → R, f(ξ) = λmax(ξ)− 1
λmax(ξ)

is polyconvex

on SL(2), see [27].
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Proposition 2.9 ([27, Propostion 4.2])
Consider f : R2×2

+ → R defined as an objective, isochoric, and isotropic func-
tion. Let g : SL(2) → R characterize the function f as stated in [46], defined
as

f(ξ) = g

(
ξ

(det ξ)
1
2

)
.

Then the following statement hold,

i) The rank-one convexity (equivalently, polyconvexity) of f on R2×2
+ is a suffi-

cient condition for the rank-one convexity (equivalently, polyconvexity) of g
on SL(2),

ii) The reverse implication does not hold in general, as shown with the coun-
terexample [27], Let f : R2×2

+ → R given by

f(ξ) =

∣∣∣∣∣
√
λ1(ξ)

λ2(ξ)
−

√
λ2(ξ)

λ1(ξ)

∣∣∣∣∣ ξ ∈ R2×2
+ ,

with λ1(ξ), λ2(ξ) ∈ R++ represent the singular values of ξ ∈ R2×2
+ . Then f

is not a rank-one convex function on R2×2
+ , whereas it is objective, isochoric

and isotropic on R2×2
+ , and its restriction on SL(2) is polyconvex and rank

one convex on SL(2), see [27, Remark 4.1].

As an example of isochoric function that is polyconvex; see [31].

Lemma 2.7 The isochoric function f : R3×3 → R ∪ {∞}, given as

f(ξ) =

{
|ξ|2

(det ξ)
2
3
, det ξ > 0,

∞ det ξ ≤ 0,

is polyconvex function.

Numerous other functions in the general case of the isochoric class, which are
shown in [31] to be polyconvex, are presented in the following proposition.

Proposition 2.10 Let ξ ∈ R3×3, and p, q ≥ 1. The following functions, in the
case det ξ > 0, are defined by:

i) ξ →
(

|ξ|2q

(det ξ)
2q
3
− 3q

)p

.

ii) ξ →
(

| adj ξ|3q
(det ξ)2q

− (3
√
3)q
)p
.
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iii) ξ → exp

((
|ξ|2q

(det ξ)
2q
3
− 3q

)p)
− 1.

iv) ξ → exp
((

| adj ξ|3q
(det ξ)2q

− (3
√
3)q
)p)

− 1.

In the case det ξ ≤ 0, each of the functions tend to infinity. Then, for all p, q ≥ 1,
these functions are polyconvex.

However, following functions are not polyconvex; see [31, Lemma 2.4].

Proposition 2.11 For all k, l ≥ 1, let the functions f1, f2 : R3×3 → R ∪ {∞}
defined in the case det ξ > 0, as

f1(ξ) =

(
|ξ|2

(det ξ)
2
3

− 3

)k (
| adj ξ|3

(det ξ)2
− 3

√
3

)l

f2(ξ) =

(
| adj ξ|2

(det ξ)
4
3

− 3

)k

and f1, f2 −→ ∞ as det ξ ≤ 0. Then the two functions f1, f2 are not polyconvex.

For

2.6 Applications

In this section, we present a set of stored energy functions that describe the
behavior of materials, such as Saint Venant-Kirchhoff, Ogden’s materials, and
Mooney-Rivlin materials. Following [15], we drive the next different stored energy
functions.

2.6.1 Ogden Material

The stored energy function of Ogden material is represent in the following form,

f(ξ) = h(det ξ) +
k∑

i=1

ai tr(ξ
T ξ)

αi
2 +

l∑
j=1

bi tr(cof(ξ
T ξ))

βi
2 .

where

i) h : (0,∞) → R is a convex function satisfied limx→0+ h(x) = +∞.

ii) αi, βj ≥ 1, ai, bj > 0 for every 1 ≤ i, j ≤ k, l
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By using the formula,

tr(ξT ξ)
α
2 = λα1 + λα2 + λα3 ,

tr(cof(ξT ξ))
β
2 = (λ2λ3)

β + (λ1λ3)
β + (λ2λ1)

β,

with λi = λi(ξ) represent the singular values of the matrix ξ, hence, the stored
energy of Ogden material, becomes as in the following theorem

Theorem 2.25 Let f : R3×3
+ → R, be defined as

f(ξ) = h(det ξ) +
k∑

i=1

ai(λ
αi
1 + λαi

2 + λαi
3 ) +

l∑
j=1

bi((λ2λ3)
βi + (λ1λ3)

βi + (λ2λ1)
βi),

where f satisfied the two proposal i) and ii) without the condition limx→0+ h(x) =
+∞ in the above assumption. Then the function f is polyconvex.

2.6.2 Saint Venant-Kirchhoff material

The stored energy function of the St Venant-Krichhoff material is presented in
the following form

f(ξ) = µ trE2 +
λ

2
(trE)2, I+ 2E = ξT ξ.

It has an equivalent form, given as

f(ξ) = −
(
3λ+ 2µ

4

)
tr(ξT ξ) +

(
λ+ 2µ

8

)
tr(ξT ξ)2 +

λ

4
tr cof(ξT ξ) +

(
9λ+ 6µ

8

)
,

such that λ and µ represent two positive constants called Lamé’s coefficients. It
is consider as a particular class of Ogden material.

The non-polyconvexity on the set R3×3
+

3 of the stored energy function of the
St Venant-Krichhoff material is proved by the counterexample, that is presented
in [54].

Theorem 2.26 Let f : R3×3
+ → R be given by

f(ξ) = a tr(ξT ξ) + b tr(ξT ξ)2 + c tr(cof(ξT ξ)),

where the coefficients b, c > 0. Then, if a < 0, it follows that the function f is not
polyconvex.

3The polyconvexity on the set R3×3
+ is defined by the existence of a convex function g :

R3×3 × R3×3 × R++ → R such that f(ξ) = g(ξ, cofξ,det ξ) for every ξ ∈ R3×3
+ , refer to [7, 54]
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Note that the author in [54] provides a direct proof by considering the two
matrices ξ1, ξ2 ∈ R3×3

+ and considering the positive number α for which

ξ1 =

α 0 0
0 α 0
0 0 α

 , ξ2 =

α 0 0
0 α 0
0 0 3α

 .

Then, under the polyconvexity assumption of f , it follows that

f

(
1

2
ξ1 +

1

2
ξ2

)
≤ 1

2
f(ξ1) +

1

2
f(ξ2).

Hence, straightforward computations lead to the fact that the last inequality is
not valid for some α.
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Chapter 3

Symmetric Polyconvexity:
Characterization in Higher
Dimensions

The purpose of this chapter is to describe the notion of symmetric polyconvexity
within higher dimensions. In [11] the authors have obtained a complete char-
acterization in the 2d and 3d cases, respectively. Symmetric polyconvexity is
crucial in establishing the existence of minimizers for certain nonlinear elasticity
problems within the calculus of variations, using the direct methods in calculus
of variations, which are also known as the methods of weak lower semicontinuity.

This notion is a special case of polyconvexity, defined exclusively for symmetric
matrices, so that the function combined with the symmetric part of the matrix
is polyconvex.

Definition 3.1 Consider f : Sd×d → R, we said that f is symmetric polyconvex,
if the function f̃ : Rd×d → R, such that

f̃(ξ) = f(ξs)

is polyconvex.

Analogous definitions can be given for symmetric quasiconvex and symmetric
rank-one convex functions.

3.1 Symmetric Polyconvexity in 2 and 3 Dimen-

sions

We present in this section the characterization of the symmetric polyconvex func-
tion in 2 and 3 dimensions included in [11], where they prove the following theo-
rem; see [11, Theorem 4.1 and 5.1]
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Theorem 3.1 Consider f : Sd×d → R. Then, it follows that,
i) If d = 2, then the necessary and sufficient condition for the function f to be

symmetric polyconvex is the existence of a convex function g : S2×2×R → R,
where, g has a non-increasing behavior with respect to the second variable,
and

f(ξ) = g(ξ, det(ξ)) for every ξ ∈ S2×2.

ii) If d = 3, then the necessary and sufficient condition for the symmetric
polyconvexity of the function f is the existence of a convex function g :
S3×3 × S3×3 → R, where ∂2g(ε, η) ⊂ S3×3

− for all ϵ, η ∈ S3×3, and

f(ξ) = g(ξ, cof(ξ)) for every ξ ∈ S3×3.

A significant result derived from this theorem is presented as follows:

Theorem 3.2 Consider f : S3×3 → R, the following hold:

i) If f(ξ) = h(cofξ) for all ξ ∈ S3×3, where h : S3×3 → R is a continuous
function, then the symmetric polyconvexity of f is equivalent to the convexity
of the function h with ∂2h(ε) ⊂ S3×3

− for every ϵ ∈ S3×3.

ii) If f(ξ) = h(detξ) for all ξ ∈ S3×3, where h : R → R, then the symmetric
polyconvexity of f is equivalent to h being a constant function.

In the case of quadratic functions, Boussaid and al., [11], gave the charac-
terization of symmetric polyconvex quadratic form in 2d and 3d cases, see [11,
Proposition 4.5 and Proposition 5.6].

Theorem 3.3 Let f : Sd×d → R define a quadratic form. Then, the following
conditions are equivalent:

i) f is a symmetric polyconvex function;

ii) In d = 2, there exists α ≥ 0 satisfying

f(ξ) + α det ξ ≥ 0 for every ξ ∈ S2×2,

with det ξ representing the determinant of ξ.

iii) In d = 3, a positive semi-definite matrix A ∈ S3×3 exists, satisfying

f(ξ) + A : cof ξ ≥ 0 for every ξ ∈ S3×3,

where cof ξ denotes the cofactor matrix of ξ ∈ S3×3.

We conclude this section by presenting the characterization for d = 2 and
d = 3 of the symmetric polyaffine function f : Sd×d → R, i.e., f and −f are
symmetric polyconvex; see [11].

Theorem 3.4 Consider f : Sd×d → R. Hence, the symmetric polyaffinity of f is
equivalent to its affinity.
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3.2 Symmetric Polyconvexity in Higher Dimen-

sions

Our main result in this section is the following:

Theorem 3.5 (Characterization of symmetric polyconvexity in any dimension)
A function f : Sd×d → R is symmetric polyconvex if and only if, a convex function

g : Sd×d × S(
d
2)×(

d
2) → R exists, where ∂2g(ε, η) ⊂ S(

d
2)×(

d
2)

s− and

f(ε) = g(ε,M2(ε)), ∀ε ∈ Sd×d. (3.1)

Proof.

1. Sufficiency:

Let f and g be two functions as in Theorem3.5 such that (3.1) is satisfied. We

want to show that the function f̃(F ) = g(F s,M2(F
s)) is polyconvex. According

to [19], we will show first the existence of a convex function k : Rd×d×R(
d
2)×(

d
2)×

· · · × R → R that satisfies f̃(F ) ≥ k(M(F )), with M(F ) representing the vector
containing all minors of the matrix F, see [19]. As the function g is convex and

∂2g(ε, η) ⊂ S(
d
2)×(

d
2)

s− , we can find two matrices (B, B̃) such that, B̃ is S-positive
semi-definite and

f̃(F ) = g(F s,M2(F
s)) ≥ g(0, 0) +B : F s − B̃ :M2(F

s)

= g(0, 0) +B : F s − B̃ : (M2(F ))
s + B̃ :M2(F

a)
= k(M(F ))

Owing to the convexity of the function F → B̃ : M2(F
a), see Lemma 1.4, we

conclude that k is convex.
Let Fi ∈ Rd×d be matrices and λi ∈ [0, 1] reals such that

∑τ(d)+1
i=1 λi =

1, where τ(d) =
∑d

k=1

(
d
k

)2
. Assume that the matrix F =

∑τ(d)+1
i=1 λiFi sat-

isfy M(
∑τ(d)+1

i=1 λiFi) =
∑τ(d)+1

i=1 λiM(Fi). We will show that f̃(
∑τ(d)+1

i=1 λiFi) ≤∑τ(d)+1
i=1 λif̃(Fi). Remark first, since g is convex and its partial sub-differential

with respect to the second variable satisfies ∂2g(ε, η) ⊂ S(
d
2)×(

d
2)

s− , for any ε ∈
Sd×d and η ∈ S(

d
2)×(

d
2), there exist an S-negative semi-definite matrix B̃ in

∂2g(F
s,M2(F

s)) that satisfies

g
(
F s,M2(F

s) +M2(F
a)−

∑τ(d)+1
i=1 λiM2(F

a
i )
)

≥ g(F s,M2(F
s))

+B̃ :
(
M2(F

a)−
∑τ(d)+1

i=1 λiM2(F
a
i )
)

≥ g(F s,M2(F
s))

(3.2)
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Note that in the latter inequality, we utilized the concavity of the form qB̃, (see
Lemma 1.4).

Consequently, thanks to (1.2), (3.2) and the convexity of g, we get:

f̃(F ) = g(F s,M2(F
s)) ≤ g

(
F s,M2(F

s) +M2(F
a)−

∑τ(d)+1
i=1 λiM2(F

a
i )
)

= g(F s, (M2(F ))
s −

∑τ(d)+1
i=1 λiM2(F

a
i ))

= g(
∑τ(d)+1

i=1 λiF
s
i ,
∑τ(d)+1

i=1 λi((M2(Fi))
s −M2(F

a
i )))

= g(
∑τ(d)+1

i=1 λiF
s
i ,
∑τ(d)+1

i=1 λiM2(F
s
i ))

≤
∑τ(d)+1

i=1 λig(F
s
i ,M2(F

s
i )) =

∑τ(d)+1
i=1 λif̃(Fi),

which is the desired result.

1. Necessity:

We turn, now our attention to the second part of the theorem which is the most
relevant here. We will show through the different steps that if a function f
defined on the space of d× d symmetric matrices, is symmetric polyconvex, then

there exist a convex function g defined on the space Sd×d × S(
d
2)×(

d
2), such that

∂2g(ε, η) ⊂ S(
d
2)×(

d
2)

s− , for every (ε, η) ∈ Sd×d × S(
d
2)×(

d
2), and f(ε) = g(ε,M2(ε)),

for all ε ∈ Sd×d. Since f is symmetric polyconvex, the associated function f̃
defined on Rd×d is polyconvex. There exist then a convex function g̃ defined on

Rd×d × R(
d
2)×(

d
2) × · · · × R(

d
d)×(

d
d), such that for every matrix F ∈ Rd×d we have

f̃(F ) = g̃(M(F )). We denote by g the restriction of g̃ to the space of symmetric
matrices in all the variables, except the last one which is real and correspond to
the determinant. The function g is then clearly convex and f(ε) = g(M(ε)). We
will show in the sequel that the function g is dependent only on the matrix and
the second order minors and does not depend on higher order ones. We divide
the proof into two main parts, in the first part we prove that the function g is
independent on the minors of order greater or equal than 3. In the second part
we focus on showing that the function partial sub-differential of g is such that

∂2g(ε, η) ⊂ S(
d
2)×(

d
2)

s− , for any (ε, η) ∈ Sd×d × S(
d
2)×(

d
2).

Part 1. Independence with respect to p-order minors

In this part we will show the independence of g on the minors of order greater
or equal than 3. Our strategy is based on showing first the independence of g on
all m-diagonal p × p minors, for 2 ≤ m ≤ p. The cases m = 0, 1 are treated by
induction on the order of the minor.

Step1 : m-diagonal minors, 2 ≤ m ≤ p.
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We start by showing that for any 3 ≤ p ≤ d, the function g is constant in all p×p
m-diagonal minors, for 2 ≤ m ≤ p. To do so, we prove that g is independent on
any arbitrary m-diagonal minor. Let 3 ≤ p ≤ d any integer, we denote by Mp

the matrix of all p× p minors. For I = (i1, i2, . . . , ip) and J = (j1, j2, . . . , jp) two
arbitrary p-tuples such that I and J have at least two common indices, the minor
(Mp)IJ obtained by taking the lines ik and the columns jk, k = 1, 2, . . . , p, is
then m-diagonal, we will show that the function g does not depend on the minor
(Mp)IJ . Suppose that 1 ≤ i1 < i2 < · · · < ip ≤ d, and 1 ≤ j1 < j2 < · · · < jp ≤ d.
Without loss of generality, we can suppose that i1 = j1 and i2 = j2. The other
possibilities are treated similarly by changing the matrix Fm below.

Next we will choose an appropriate d × d matrix which give us useful infor-
mations on the sub-gradients of g. Consider the matrix Fm defined as follows

(Fm)i1j2 =
√
t, (Fm)i2j1 = −

√
t, (Fm)i3j3 = β, and for 4 ≤ k ≤ p, (Fm)ikjk = α

Where t and α are positive reals and β is any real parameter. All the other
remaining elements of Fm vanish. The only non-zero rows and columns of Fm can
be represented as follows:

j1 j2 j3 j4 · · · · · · jp



i1 0
√
t 0 0 0 · · · 0

i2 −
√
t 0 0 0 0 · · · 0

i3 0 0 β 0 0
...

i4 0 0 0 α 0
...

... 0 0 0 0 α

...
...

...
. . . 0

ip 0 0 · · · · · · 0 α

By a straightforward computation we get that the different minors of Fm sat-

isfy:



F s
m = αA0 + βA1, A0, A1 ∈ Sd×d

(M2(Fm))
s = tA2 + α2A3 + αβA4, A2, A3, A4 are constants matrices in S(

d
2)×(

d
2),

(Mk(Fm))
s = αkÃ1 + βαk−1Ã2 + αk−1

√
tÃ3 + βαk−2

√
tÃ4 + tαk−2Ã5 + βαk−3tÃ6,

3 ≤ k ≤ p− 3, and Ãi, i = 1, 2, . . . , 6, are constants matrices in S(
d
k)×(

d
k),

(Mp−2(Fm))
s = βαp−3Ā1 + αp−3

√
tĀ2 + βαp−4

√
tĀ3 + tαp−4Ā4 + tβαp−5Ā5,

Āi, i = 1, 2, . . . , 5, are constants matrices in S(
d

p−2)×(
d

p−2),

(Mp−1(Fm))
s = tαp−3B1 + βαp−3

√
tB2 + tβαp−4B3

B1, B2, B3 are constants matrices in S(
d

p−1)×(
d

p−1),

(Mp(Fm))IJ = tβαp−3, and (Mp(Fm))KL = 0 if K ̸= I or L ̸= J

Mk(Fm) = 0 for all k ≥ p+ 1.
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Due to the convexity of g̃, combined with the invariance property of f and the
structure of the matrix Fm, we can write

f(F s
m) = 1

2
f̃(Fm) +

1
2
f̃(F T

m) =
1
2
g̃(M(Fm)) +

1
2
g̃(M(F T

m))
≥ g̃((M(Fm))

s) = g(F s
m, (M2(Fm))

s, (M3(Fm))
s, · · · , (Mp(Fm))

s, 0, · · · , 0)

In other hands, since the function g is convex, we can find for any real r, matrices

Ck ∈ S(
d
k)×(

d
k), k = 1, 2, . . . , p − 1 and a real cp which depends only on r such

that

f(F s
m) ≥ g(F s

m, (M2(Fm))
s, (M3(Fm))

s, · · · , (Mp(Fm))
s, 0, · · · , 0)

≥ g(0, · · · , 0, r, 0, · · · , 0) + C1 : (αA0 + βA1) + C2 : (tA2 + α2A3 + αβA4)

+

p−3∑
k=3

Ck : (α
kÃ1 + βαk−1Ã2 + αk−1

√
tÃ3 + βαk−2

√
tÃ4 + tαk−2Ã5 + βαk−3tÃ6)

+Cp−2 : (βα
p−3Ā1 + αp−3

√
tĀ2 + βαp−4

√
tĀ3 + tαp−4Ā4 + tβαp−5Ā5)

+Cp−1 : (tα
p−3B1 + βαp−3

√
tB2 + tβαp−4B3) + cp(tβα

p−3 − r).

(3.3)

We will show that the constant cp is necessary zero. We divide the two sides
of the above inequality by tαp−3 and tend first t and then α to +∞ to get

(Cp−1 : B1) + βcp ≤ 0

Varying β on positive and negative values respectively, we get necessarily cp = 0.
By taking in (3.3) t = α = β = 0, we conclude that

g(0, . . . , 0, r, 0, . . . , 0) ≤ f(0) (3.4)

Lemma 3.3 iv) in [11], allow us to establish that g is constant relatively to
the p × p m-diagonal minor (Mp)IJ , for all m ∈ {2, 3, . . . , p}. Since I and J are
arbitrary in the set of p-tuples which gives rise to m-diagonal minors, we conclude
that g is independent with respect to all m-diagonal minors.

Step2 : m-diagonal for m = 0, m = 1

We move now to the cases m = 0 and m = 1 and demonstrate that g is inde-
pendent on all the m-diagonal minors (m = 0, 1) of order greater or equal to 3.
The strategy is based on showing first the independence on the 3× 3 m-diagonal
minors and then arguing by induction to show the independence on the general
order minors.

The sequel of the proof is done by induction, we will show first the property
for all 0 and 1-diagonal 3 × 3 minors, and then generalize it to p × p minors of
the same kind.
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1. Independence on 1-diagonal and 0-diagonal minors of order 3

Let us first show that g is constant on the 3 × 3 m- diagonal minors, for m =
0, 1. We will use the same technique as in the first step by choosing appropriate
matrices; this choice is based on the number of diagonal elements of the d × d
matrix appearing in the minor under study, which is either 1 or 0. We divide this
part of the proof into two main sub-steps depending on the number of diagonal
elements appearing in the minor.

i) Case of 1-diagonal Minors

We consider the case of 1-diagonal minors, which consists on minors intersecting
the diagonal of the entire matrix in just one element. Let I1 = (i1, i2, i3), 1 ≤ i1 <
i2 < i3 ≤ d and J1 = (j1, j2, j3), 1 ≤ j1 < j2 < j3 ≤ d two arbitrary 3-tuples, such
that {i1, i2, i3}∩{j1, j2, j3} contain exactly one element. We will show that g does
not depend on the minor (M3)I1J1 . There is no loss of generality if we suppose
that i1 = j1 < i2 < j2 < i3 < j3. The other situation are treated similarly. Next
we choose the matrices F1, F2 in Sd×d whose entries are given by:

(F1)i1i1 = α, (F1)i2j3 =
√
t, (F1)i3j2 =

√
t, (F1)j3i2 = −

√
t, (F1)j2i3 = −

√
t

(F2)i1j2 =
√
t, (F2)i1i3 =

√
t, (F2)i2j3 = α, (F2)j2i1 = −

√
t, (F2)i3i1 = −

√
t

(3.5)

and all the other entries non appearing in (3.5) in both F1 and F2 are supposed
to be null. We deal first with the matrix F1. By deleting all the null rows and
columns, the only sub-matrix of F1 containing non zero elements in each row or
column is the following

i1 i2 j2 i3 j3


i1 α 0 0 0 0

i2 0 0 0 0
√
t

j2 0 0 0 −
√
t 0

i3 0 0
√
t 0 0

j3 0 −
√
t 0 0 0

Note that, F s
1 = αei1 ⊗ ei1 , ei1 is the i1th vector in the canonical basis in Rd. In

other hands, the sub-matrix contain only one non zero element in each row and
each column, we deduce that the number of non zero minors of order k, 1 ≤ k ≤ 5
is exactly

(
5
k

)
. For the two order minors, we have (M2(F1))

s = tA, where A is a

constant matrix in S(
d
2)×(

d
2).Next, in order to compute the different 3-order minors

of F1, we consider all the possible 3-tuples, defined in the index set {i1, i2, j2, i3, j3}

I1 = (i1, i2, i3), I2 = (i1, i2, j2), I3 = (i1, i2, j3), I4 = (i1, j2, i3), I5 = (i1, j2, j3),
I6 = (i1, i3, j3), I7 = (i2, j2, i3), I8 = (i2, j2, j3), I9 = (i2, i3, j3), I10 = (j2, i3, j3),
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note that J1 = I5. Due to the structure of the matrix F1, for each 3-tuple, Ik,
correspond only one other 3-tuple Il such that (M3)IkIl ̸= 0, k, l = 1, . . . , 10.
Consequently, the only non zero elements of M3 are given as follow:

(M3(F1))I1I5 = (M3(F1))I5I1 = −αt, (M3(F1))I2I6 = (M3(F1))I6I2 = αt

(M3(F1))I7I10 = −(M3(F1))I10I7 = t
√
t, (M3(F1))I8I9 = −(M3(F1))I9I8 = −t

√
t,

(M3(F1))I3I3 = (M3(F1))I4I4 = αt

Note that the only possible non zero 5-order minor is a diagonal one which is a
5-diagonal minor, and the non zero 4-order minors are those obtained by choos-
ing rows and columns in the set I = {i1, i2, j2, i3, j3}, then necessary at least two
of the rows and columns are equal, this means that those minors are m-diagonal
with m ≥ 2, The same thing apply on the 3×3 minors, (M3(F1))I3I3 , (M3(F1))I4I4
which are 3-diagonal and the minors (M3(F1))I7I10 , (M3(F1))I10I7 , (M3(F1))I8I9 and
(M3(F1))I9I8 are 2-diagonal. Thanks to the first step, the function g is indepen-
dent on all the above minors and we will consider only the dependence of g on
the minors

(M3(F1))I1I5 , (M3(F1))I5I1 , (M3(F1))I2I6 , (M3(F1))I6I2 .

Consequently, proceeding as in the first step, for any two arbitrary reals r1, r2
, there exist cI1I5 , cI2I6 ∈ R such that

f(αA0) ≥ g(0, 0, r, 0, · · · , 0) + C1 : αA0 + C2 : tA
+2cI1I5(−αt− r) + 2cI2I6αt.

(3.6)

Where A0 and A are constant matrices. and r appear both in the position (I1I5)
and its symmetric position with respect to the diagonal.

Tending first t to infinity and then varying α to take both positive and negative
values, we get

−cI1I5 + cI2I6 = 0 (3.7)

We consider, now the matrix F2. By deleting null rows and columns as we did for
F1, we obtain the following 5× 5 sub-matrix:

i1 i2 j2 i3 j3


i1 0 0
√
t

√
t 0

i2 0 0 0 0 α

j2 −
√
t 0 0 0 0

i3 −
√
t 0 0 0 0

j3 0 0 0 0 0
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Remark that the fifth and the fourth order minors of F2 are equal to zero. The
non zero 3-order minors are the following

(M3(F2))I1I5 = (M3(F2))I2I6 = (M3(F2))I1I6 = (M3(F2))I2I5 = −αt.
The minors (M3(F2))I1I6 and (M3(F2))I2I5 are 2-diagonal, since I1 = {i1, i2, i3}, I6 =
{i1, i3, j3} and I2 = {i1, i2, j2}, I5 = {i1, j2, j3} then we will not consider the de-
pendence of g on it. The non zero second order minors are either t or α

√
t, i.e.

we can write (M2(F2))
s = tÃ1 + α

√
tÃ2, where Ã1 and Ã2 are constant matrices

in the corresponding spaces. Finally (F2)
s = αÃ0, such that Ã0 is a constant

matrix. arguing as in the previous step, we conclude that

cI1I5 + cI2I6 = 0 (3.8)

Combining (3.7) and (3.8) we conclude that cI1I5 = 0 and cI2I6 = 0. We return to
equation (3.6) and take α = t = 0, we get an inequality as in (3.4). We conclude
then that g is independent on the minor (M3)I1I5 . Since the choice of the minor
is arbitrary among the 1-diagonal ones, we conclude that g is independent of all
third-order minors of the 1-diagonal form.

ii) Case of 0-diagonal Minors

In this part of the proof, we will show that the function under consideration
g is also independent on the 0-diagonal minors of order 3, namely those which
does not intersect the diagonal of the matrix. This case is the most relevant
here since we are enable to prove it with just one, two or three different choices of
special matrices. It will be done with seven different choices such that each choice
leads to a dependence equation between exactly four entries of the sub-differential
matrix associated to the 3× 3 minors variable. Consider any 0-diagonal minor of
order 3, this is obtained by choosing three rows and three columns which does not
intersect. Suppose that this minor correspond to the rows (i1, i2, i3) and (j1, j2, j3)
such that {i1, i2, i3} ∩ {j1, j2, j3} = ∅. Without loss of generality we can suppose
that 1 ≤ i1 < i2 < i3 < j1 < j2 < j3 ≤ d. Next we will express the different
corresponding choices of the matrices.

(F1)i1j3 =
√
t, (F1)i2j2 =

√
t, (F1)i3j1 = α, (F1)j3i1 = −

√
t, (F1)j2i2 = −

√
t,

and all other elements of F1 vanish. The sub-matrix F̂1 of F1 where the rows
i1, i2, i3 and the columns j1, j2, j3 are involved can be represented as follow

i1 i2 i3 j1 j2 j3



i1 0 0 0 0 0
√
t

i2 0 0 0 0
√
t 0

i3 0 0 0 α 0 0
j1 0 0 0 0 0 0

j2 0 −
√
t 0 0 0 0

j3 −
√
t 0 0 0 0 0
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The non zero minors of F1 are exactly those of F̂1. We note that F1 is a 5-rank
matrix, which means that all the minors of order more than 6 vanish, moreover,
the minors of order 5 and 4 are either zero or m-diagonal since the intersection of
two subset (rows and columns) containing both four (or five) elements respectively
among six elements is never empty. Before studying the 3 × 3 minors, we recall
that any such minor correspond to a specific choice of 3 rows and 3 columns
among the elements {i1, i2, i3, j1, j2, j3}. Next, we denote the 3-tuples Ik and Jk
for k = 1, . . . , 9 as follows:

I1 = (i1, i2, i3), J1 = (j1, j2, j3),
I2 = (i1, i3, j2), J2 = (i2, j1, j3),
I3 = (i2, i3, j3), J3 = (i1, j1, j2),
I4 = (i3, j2, j3), J4 = (i1, i2, j1),
I5 = (i1, i2, j3), J5 = (i3, j1, j2),
I6 = (i1, j2, j3), J6 = (i2, i3, j1),
I7 = (i1, i2, j2), J7 = (i3, j1, j3),
I8 = (i1, i3, j1), J8 = (i2, j2, j3),
I9 = (i2, i3, j2), J9 = (i1, j1, j3).

For the non null 3 × 3 minors, we distinguish the two possible situations. If
a 3-minor contain j2 or j3 as a row and a column, it is a 1-diagonal minor, their
number is exactly 6. There is four 0-diagonal minors of order 3, namely

(M3(F1))I1J1 = −αt, (M3(F1))I2J2 = αt,

(M3(F1))I3J3 = αt, (M3(F1))I4J4 = −αt.

The 2× 2 minors are either zero or ±t or ±α
√
t. Arguing as in the previous step,

for any real r, there exist matrices C1 ∈ Sd×d, C2 ∈ S(
d
2)×(

d
2) and C3 ∈ S(

d
3)×(

d
3)

such that

f(F s
1 ) ≥ g(0, . . . , 0, r, 0, . . . , 0) + C1 : F

s
1 + C2 : (M2(F1))

s + C3 : (M3(F1))
s − r(C3)I1J1
(3.9)

By varying first t then α we get the following equation:

−(C3)I1J1 + (C3)I2J2 + (C3)I3J3 − (C3)I4J4 = 0. (3.10)

Next, we consider matrices Fl by changing the position of α in the 3 × 3
sub-matrix of F1 corresponding to the rows I1 and columns J1, keeping in mind
to have exactly one non zero value in each row and each column. The specific
choices are as follows:

(F2)i1j1 = α, (F2)i2j2 = (F2)i3j3 =
√
t, (F2)j2i2 = (F2)j3i3 = −

√
t,

(F3)i1j3 = α, (F3)i2j2 = (F3)i3j1 =
√
t, (F3)j2i2 = (F3)j1i3 = −

√
t,
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(F4)i2j2 = α, (F4)i1j3 = (F4)i3j1 =
√
t, (F4)j1i3 = (F4)j3i1 = −

√
t,

(F5)i1j3 = α, (F5)i2j1 = (F5)i3j2 =
√
t, (F5)j1i2 = (F5)j2i3 = −

√
t,

(F6)i2j1 = α, (F6)i1j2 = (F6)i3j3 =
√
t, (F6)j2i1 = (F6)j3i3 = −

√
t,

(F7)i2j3 = α, (F7)i1i3 = (F7)j1j2 =
√
t, (F7)i3i1 = (F7)j2j1 = −

√
t.

and all the other entries non appearing in the matrices are equal to zero. Note
that all the k-minors for k ≥ 6 of all the Fl are zero, and all the 4-order (5-order)
minors of all the matrices Fl are m-diagonal, m ≥ 2. By substituting Fl together
with its minors in (3.9) and combining with (3.10) we get the following system



−(C3)I1J1 + (C3)I2J2 + (C3)I3J3 − (C3)I4J4 = 0,
(C3)I1J1 − (C3)I5J5 − (C3)I2J2 + (C3)I6J6 = 0,
−(C3)I1J1 + (C3)I4J4 + (C3)I2J2 − (C3)I3J3 = 0,
−(C3)I1J1 + (C3)I4J4 + (C3)I3J3 − (C3)I2J2 = 0,
(C3)I1J1 + (C3)I7J7 + (C3)I8J8 + (C3)I3J3 = 0,
−(C3)I1J1 + (C3)I5J5 − (C3)I9J9 + (C3)I8J8 = 0,
−(C3)I4J4 + (C3)I7J7 − (C3)I6J6 + (C3)I9J9 = 0.

Note that the equations above are arranged with respect to the matrices Fi.
By solving the system, we get CI1J1 = 0, which means as in the previous

steps that g is independent on the variable which correspond to the 3× 3 minor
(M3)I1J1 . Since the minor is arbitrary, we deduce that g is not dependent on all
the 0-diagonal minors of order 3.

2. Independence on 0-diagonal and 1-diagonal minors of order p

By induction, we will prove that the function g is independent on the 0-diagonal
and 1-diagonal minors of order p, for all p > 3. Let’s assume that 3 < p ≤ d is
any integer, suppose that g is independent on all k- order minors, 3 ≤ k ≤ p− 1,
we want to show that g is also independent on p × p minors. we start as in the
previous step by considering 1-diagonal minors and then 0-diagonal ones.

a) Case of 1-diagonal minors of order p

We note first that any p × p minor such that 2p > d + 1 is an m-diagonal with
m ≥ 2. In fact, if a minor correspond to the rows I and columns J , such that
Card(I) = Card(J) = p and 2p ≥ d+2, we conclude, since I ∪J ⊂ {1, 2, . . . , d},
that

Card(I ∩ J) = Card(I) + Card(J)− Card(I ∪ J) ≥ 2p− d ≥ 2.

Hence I and J have in common at least two elements, thus the minor is an
m-diagonal, with m ≥ 2.
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Let’s assume that 2p ≤ d + 1 and consider an arbitrary 1-diagonal mi-
nors of order p, by choosing the rows I1 = {i1, i2, . . . , ip} and the columns
I2 = {j1, j2, . . . , jp}. Without lose of generality we can suppose that

i1 < i2 < · · · < ip−1 < j1 < j2 < · · · < jp = ip

We consider the matrix F1 defined as follow:

(F1)ip−2jp =
√
t, (F1)jpip−2 = −

√
t, (F1)ip−1jp−1 =

√
t, (F1)jp−1ip−1 = −

√
t,

(F1)ipjp−2 = β, (F1)ikjk = α, for 1 ≤ k ≤ p− 3,

where α, β are real parameters and t a positive real. All the other entries of
F1 are supposed to be equal to zero. Note that rankF1 ≤ p+ 1, consequently all
the k-order minors, for k ≥ p+ 2 are equal to zero. Moreover

F s
1 = αA0 + βA1 and M2(F1)

s = tA2 + α
√
tA3 + β

√
tA4 + αβA5 + α2A6,

(3.11)

such that A0, A1 ∈ Sd×d and Am, ∈ S(
d
2)×(

d
2), 2 ≤ m ≤ 6 are constant matrices.

The index of non zero rows and columns are in the set {i1, i2, . . . , ip−1, jp−1, jp},
{ip−2, ip−1, j1, j2, . . . , jp−1, jp} respectively. As a consequence, all the (p+1)-order
minors are m-diagonal, with m = 3, 4, since a (p + 1)-order minors is obtained
by deleting one column between the (p + 2) columns ip−2, ip−1, j1, j2, . . . , jp−1, jp
and we have

{i1, i2, . . . , ip−1, jp−1, jp} ∩ {ip−2, ip−1, j1, j2, . . . , jp−1, jp} = {ip−2, ip−1, jp−1, jp}
(3.12)

which means that the columns and the lines coincide in at least three elements
for any deleted column. For p-order minors, we note that since the intersection
in (3.12) contain four elements, the only possible 1-diagonal minors are those
obtained by deleting one row and two columns from the intersection index set.
All other minors are either zero or 4-diagonal.

− Assume that we delete the row jp, we get a possible non zero p-minor only
if we delete the two columns ip−2, jp−2. But the obtained minor is 2-diagonal since
it contain the indices ip−1 and jp−1 which appears both in the rows and columns.

− Assume that we delete the row jp−1, to obtain a possible non zero minor
we should delete the column ip−1. If in addition we delete the column jp, the
obtained minor vanish since it contain the two dependent columns ip−2, jp−2. But
if we delete the column ip−2 we get the minor under study

(Mp(F1))I1I2 = −tβα(p−3)

− Assume that we delete the row ip−1, to obtain a possible non zero minor we
should delete the column jp−1. Moreover, If we delete the column jp, the obtained
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minor vanish since it contain the two dependent columns ip−2, jp−2. However, if
the second column deleted is ip−2, the obtained minor is

(Mp(F1))I3I4 = −tβ(−α)(p−3),

where I3and I4 are the rows and columns respectively given by:

I3 = (i1, · · · , ip−3, ip−2, jp−1, ip), I4 = (ip−1, j1, · · · , jp−3, jp−2, jp)

− Assume that we delete the row ip−2, to obtain a possible non zero minor
we should delete the column jp. If in addition, we delete the column ip−1, or the
column jp−1, the obtained minor vanishes since it contains the two dependent
columns ip−2, jp−2.

Let’s fix a real r, by sub-differential property of convex functions, keeping in
mind, due to the induction hypothesis, that the function g is independent on
the k-minors for 3 ≤ k ≤ (p − 1), there exist two real constants cI1I2 , cI3I4 , two

constant matrices C1 ∈ Sd×d and C2 ∈ S(
d
2)×(

d
2), such that,

f(αA0 + βA1) ≥ g(0, · · · , 0, r, 0, · · · , 0) + C1 : (αA0 + βA1)

+C2 : (tA2 + α
√
tA3 + β

√
tA4 + αβA5 + α2A6)

+cI1I2(−tβα(p−3) − r)− tβ(−α)(p−3)cI3I4 .
(3.13)

The constant matrices Ai are given in (3.11). By tending t and α to infinity and
varying β we get

cI1I2 + (−1)p−3cI3I4 = 0 (3.14)

To conclude that cI1I2 = 0, we will get a second equation of the form cI1I2−cI3I4 =
0 by a suitable choice of a second matrix F2 which will be chosen as follow:

(F2)ip−1jp =
√
t, (F2)jpip−1 = −

√
t, (F2)ipjp−1 =

√
t, (F2)jp−1ip = −

√
t,

(F2)ip−2jp−2 = β, (F2)ikjk = α, for 1 ≤ k ≤ p− 3,

As in the treatment done for F1, we will show that we only consider the p-minors
(Mp(F2))I1I2 and (Mp(F2))I3I4 .

We note first that F2 is of rank (p + 1), moreover the maximal rank sub-
matrix of F2 is the one obtained by choosing the rows, i1, i2, . . . , ip−1, jp−1, jp and

columns ip−1, j1, j2, . . . , jp. We denote this matrix by F̂2, consequently all the k-
order minors of F2 vanish for k ≥ (p+ 2). In other hands, the rows and columns
intersect exactly in three indices, namely

{i1, i2, . . . , ip−1, jp−1, jp} ∩ {ip−1, j1, j2, . . . , jp} = {ip−1, jp−1, jp}.

Since the columns ip−1 and jp−1 are dependent, all (p + 1)-order minors vanish.
We now turn our attention to the p-order minors of F2.
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− If we delete the row jp, the obtained sub matrix of F̂2 ∈ R(p+1)×(p+1) contain
two null columns, this means that all resulting p-order minors of F2 are equal to
zero.

− If we delete the row jp−1 and the column jp, the obtained minor vanish
since it contain the dependent columns ip−1 and jp−1. But if we delete the row
jp−1 and the columns ip−1 the obtained minor is

(Mp(F2))I1I2 = −tβαp−3 (3.15)

− If we delete the row ip−1 and the columns jp the obtained minor vanish
since it contain the column ip−1 and jp−1. But if we delete the row ip−1 and the
column jp−1 the obtained minor is

(Mp(F2))I3I4 = tβ(−α)p−3 (3.16)

For the minors of order one or two, we obtain a same formula as in (3.11) with
different constant matrices Ai. Arguing as previously by taking in account (3.15)
and (3.16) we get the equation

−cI1I2 + (−1)p−3cI3I4 = 0 (3.17)

Combining (3.14) and (3.17) we conclude that cI1I2 = 0. We replace in (3.13) t, α
and β by zero, we get for any r ∈ R

g(0, . . . , 0, r, 0, . . . , 0) ≤ f(0)

which allow us to conclude that g is independent on the minor (Mp)I1I2 . Since
the choice of I1 and I2 is arbitrary, we deduce that g does not depend on all
0-diagonal minors of order p.

b) Case of 0-diagonal minors of order p

We turn now to 0-diagonal minors of order p, by recurrence hypothesis, the
function g is independent on minors of order less than p, we will show in this step
that g is independent on 0-diagonal minors of order p,. Consider any 0-diagonal
minors of order p, corresponding to the rows I1 = (i1, i2, · · · , ip) and columns
J1 = (j1, j2, · · · , jp), without loss of generality, we suppose that the p-tuple are
ordered as follows:

1 ≤ i1 < i2 < · · · < ip < j1 < j2 < · · · < jp ≤ d.

Consider the d× d matrix defined bellow:

(F1)ip−2jp−2 = β, (F1)ip−1jp−1 =
√
t, (F1)jp−1ip−1 = −

√
t,

(F1)ipjp =
√
t, (F1)jpip = −

√
t, (F1)ikjk = α, for 1 ≤ k ≤ p− 3,
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where t is a positive integer, α, β are real numbers and all other entries of
F1 are zero. We have F s

1 = αA0 + βA1, where A0, A1 are d × d constant
symmetric matrices, and (M2(F1))

s = tA2 + α
√
tA3 + β

√
tA4 + αβA5 + α2A6

with Am ∈ S(
d
2)×(

d
2), 2 ≤ m ≤ 6 are constant matrices. The non-zero row

and columns of F1 correspond respectively to the sets {i1, i2, · · · , ip−1, ip, jp−1, jp}
and {ip−1, ip, j1, j2, · · · , jp−1, jp}. As a consequence, all the minors of order greater
than (p+2) are equal to zero. Moreover the two sets of rows and columns satisfies

{i1, i2, · · · , ip−1, ip, jp−1, jp} ∩ {ip−1, ip, j1, j2, · · · , jp−1, jp} = {ip−1, ip, jp−1, jp}.
(3.18)

This means that all the minors of F1 of order (p + 1) or (p + 2) are either zero
or m-diagonal, with m = 3 or m = 4. Consequently, by taking in account the
induction hypothesis, it suffice to treat only the p-order minors. To obtain a
possible non-zero p-order minor, since all the rows and all the columns has only
one non-zero element, we need to delete two elements from the (p+ 2) rows (the
deleted columns are automatically the corresponding ones). If one at least of the
deleted rows are outside the intersection set (3.18), the obtained p-order minor
is m-diagonal, with m = 3 or m = 4. Let’s consider, then the case where we
delete two rows from the intersection set (3.18), the number of such possibilities
is exactly six, two of them leads to 2-diagonal minors and correspond to deleting
the rows ip−1, jp−1 or the rows ip, jp. The other four possible choices gives the
following minors:

(Mp(F1))I1J1 = tβα(p−3), (Mp(F1))I2J2 = −(−1)(p−3)tβα(p−3),

(Mp(F1))I4J4 = tβα(p−3), (Mp(F1))I3J3 = −(−1)(p−3)tβα(p−3).

Where

I2 = (i1, i2, · · · , ip−1, jp), J2 = (ip, j1, · · · , jp−2, jp−1),

I3 = (i1, · · · , ip−2, ip, jp−1), J3 = (ip−1, j1, · · · , jp−2, jp),

I4 = (i1, · · · , ip−2, jp−1, jp), J4 = (ip−1, ip, j1, · · · , jp−2),

As we did before, for any real r, there exist constants CI1J1 , CI2J2 , CI3J3 , CI4J4 ∈
R and C1 ∈ Sd×d, C2 ∈ S(

d
2)×(

d
2) such that,

f(αA0 + βA1) ≥ g(0, · · · , 0, r, 0, · · · , 0) + C1 : (αA0 + βA1)

+C2 : (tA2 + α
√
tA3 + β

√
tA4 + αβA5 + α2A6) + CI1J1(tβα

(p−3) − r)
−(−1)(p−3)tβα(p−3)(CI2J2 + CI3J3) + tβα(p−3)CI4J4 .

(3.19)
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Tending first t then α to infinity and varying β we get the following equation

CI1J1 − (−1)(p−3)CI2J2 − (−1)(p−3)CI3J3 + CI4J4 = 0. (3.20)

The above equation does not imply that CI1J1 = 0. To obtain this, we will choose
eight other matrices which give us eight other equations, solving the obtained
system leads to the desired conclusion. The matrix choices are summarized as
follow:

(F2)ip−2jp−1 = β, (F2)ip−1jp = (F2)ipjp−2 =
√
t, (F2)jpip−1 = (F2)jp−2ip = −

√
t,

(F3)ip−2jp = β, (F3)ip−1jp−2 = (F3)ipjp−1 =
√
t, (F3)jp−2ip−1 = (F3)jp−1ip = −

√
t,

(F4)ip−2jp = β, (F4)ip−1jp−1 = (F4)ipjp−2 =
√
t, (F4)jp−1ip−1 = (F4)jp−2ip = −

√
t,

(F5)ip−2jp−2 = β, (F5)ip−1ip = (F5)jp−1jp =
√
t, (F5)ipip−1 = (F5)jpjp−1 = −

√
t,

(F6)ip−1jp−2 = β, (F6)ip−2ip = (F6)jp−1jp =
√
t, (F6)ipip−2 = (F6)jpjp−1 = −

√
t,

(F7)ipjp−2 = β, (F7)ip−2ip−1 = (F7)jp−1jp =
√
t, (F7)ip−1ip−2 = (F7)jpjp−1 = −

√
t,

(F8)ip−2ip−1 = β, (F8)ipjp = (F8)jp−2jp−1 =
√
t, (F8)jpip = (F8)jp−1jp−2 = −

√
t,

(F9)ip−2ip−1 = β, (F9)ipjp−1 = (F9)jp−2jp =
√
t, (F9)jp−1ip = (F9)jpjp−2 = −

√
t,

such that for any 2 ≤ l ≤ 9, we have (Fl)ikjk = α, for 1 ≤ k ≤ p − 3, , and
all other entries of Fl are equal to zero, t is a positive integer and α, β are real
numbers.

By making the same treatment for the matrices Fl, l = 2, . . . , 9 as we made
for F1 there exist real constants CIkJk , k = 5, . . . , 12 satisfying eight equations
which combined with (3.20) leads to the following system:

CI1J1 − (−1)(p−3)CI2J2 − (−1)(p−3)CI3J3 + CI4J4 = 0,
CI1J1 − (−1)(p−3)CI5J5 + (−1)(p−3)CI6J6 − CI7J7 = 0,
CI1J1 + (−1)(p−3)CI8J8 + (−1)(p−3)CI9J9 + CI10J10 = 0,

−CI1J1 + (−1)(p−3)CI5J5 + (−1)(p−3)CI3J3 − CI10J10 = 0,
−(−1)(p−3)CI8J8 + (−1)(p−3)CI2J2 + (−1)(p−3)CI3J3 − (−1)(p−3)CI6J6 = 0,
(−1)(p−3)CI8J8 − (−1)(p−3)CI2J2 + (−1)(p−3)CI11J11 − (−1)(p−3)CI12J12 = 0,
(−1)(p−3)CI3J3 − (−1)(p−3)CI6J6 − (−1)(p−3)CI11J11 + (−1)(p−3)CI12J12 = 0,

−(−1)(p−3)CI9J9 + (−1)(p−3)CI3J3 + CI7J7 − CI4J4 = 0,
(−1)(p−3)CI9J9 + (−1)(p−3)CI6J6 + CI10J10 + CI4J4 = 0.

Note that equation in the line l, l = 1, 2, . . . , 9 is obtained by exploiting the
corresponding matrix Fl.

The p-tuples Ik, Jk are the rows and columns defined by:

I5 = (i1, · · · , ip−1, jp−2), J5 = (ip, j1, · · · , jp−3, jp−1, jp),
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I6 = (i1, · · · , ip−2, ip, jp), J6 = (ip−1, j1, · · · , jp−2, jp−1),

I7 = (i1, · · · , ip−2, jp−2, jp), J7 = (ip−1, ip, j1, · · · , jp−3, jp−1),

I8 = (i1, i2, · · · , ip−1, jp−1), J8 = (ip, j1, · · · , jp−2, jp),

I9 = (i1, · · · , ip−2, ip, jp−2), J9 = (ip−1, j1, · · · , jp−3, jp−1, jp),

I10 = (i1, · · · , ip−2, jp−2, jp−1), J10 = (ip−1, ip, j1, · · · , jp−3, jp),

I11 = (i1, · · · , ip−3, ip−1, ip, jp−1), J11 = (ip−2, j1, · · · , jp−2, jp),

I12 = (i1, · · · , ip−3, ip−1, ip, jp), J12 = (ip−2, j1, · · · , jp−2, jp−1).

Solving the system, we get CI1J1 = 0. Taking t = β = α = 0 in (3.19), we
have

g(0, · · · , 0, r, 0, · · · , 0) ≤ f(0)

Which means that g is independent on the 0-diagonal minor (Mp)I1J1 . Since I1, J1
are arbitrary, we conclude that g is independent on all 0-diagonal minors of order
p. By induction we get the independence of g on all p-minors for p = 3, . . . , d.

Part2. Non S-positivity of ∂2g

We turn now to the second part of theorem 3.1 which consist on showing that
the set of partial sub-differential of g with respect to the second variable contain
only S-negative semi-definite matrices. We will adapt the proof in [11] to our
case, the change will be on considering S-positive semi-definite matrices instead
of positive semi-definite ones. The strategy consist on adapting Lemma 3.4ii) to

our situation. Let X ∈ R(
d
2) be any vector, we will show that there exist a real

constant C such that g(0, X ⊠X) ≤ C. Let us denote FX the matrix Skew(X)

g(0, X ⊠X) = g̃(F s
X , (M2(FX))

s) ≤ 1
2
g̃(FX ,M2(FX)) +

1
2
g̃(F T

X ,M2(FX)
T )

= 1
2
f̃(FX) +

1
2
f̃(F T

X) = f((FX)
s) = g(0, 0)

Thanks to Lemma 1.5, we conclude that ∂2g contain only S-negative semi-definite
matrices.

3.3 Symmetric Polyconvex Quadratic Forms in

Higher Dimensions

In this section we give a characterization of symmetric polyconvex quadratic
forms, based on Theorem3.5. The result asserts that the necessary and sufficient
condition for the symmetric polyconvexity of any quadratic form defined on the
space of d×d symmetric matrices is that it can be written as the sum of a convex
quadratic form and the scalar product of an S-negative semi-definite matrix by
the matrix of 2-order minors. The proof is not done here, it is similar to that of
Proposition 5.6 in [11].
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Proposition 3.1 Let f : Sd×d → R be a quadratic form. Then the following
conditions are equivalent:

(i) f is a symmetric polyconvex function;

(ii) There exist a convex quadratic form h : Sd×d → R and a matrix A ∈
S(

d
2)×(

d
2)

s+ such that

f(ε) = h(ε)− A :M2(ε) for all ε ∈ Sd×d;

(iii) there exist a matrix A ∈ S(
d
2)×(

d
2)

s+ such that

f(ε) + A :M2(ε) ≥ 0 for all ε ∈ Sd×d.

Remark 3.1 Our result on quadratic forms in higher dimensions can be seen
as a refinement of the classical case where no conditions on the matrix A are
required, see [19], Lemma 5.27. Furthermore, the result is a generalization of the
representations of symmetric polyconvex quadratic forms from three dimensions
to higher dimensions, see [11].

In the particular case of quadratic functions of the form: f(ε) = −A : M2(ε) we
have the following:

Corollary 3.1 Let f : Sd×d → R be a quadratic form such that

f(ε) = −A :M2(ε),∀ε ∈ Sd×d (3.21)

where A ∈ S(
d
2)×(

d
2). The following assertions are equivalents:

i) The quadratic form f is symmetric polyconvex,

ii) There exists a matrix B ∈ S(
d
2)×(

d
2) such that A − B is S-positive semi-

definite and B :M2(ε) = 0 for any matrix ε ∈ Sd×d.

Proof.

� ii) =⇒ i). Consider A and B as in ii), then, clearly f(ε) = −(A − B) :
M2(ε), as a consequence of Proposition 3.1, f is a symmetric polyconvex
quadratic form.

� i) =⇒ ii). Assume that f given by (3.21) is symmetric polyconvex. Making
use of (1.2) we get,

f(F s) = −A :M2(F
s) = −A : (M2(F ))

s + A :M2(F
a). (3.22)
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The symmetric polyconvexity of f along with the poly-affinity of the form
F → −A : (M2(F ))

s, allow us to conclude that the form F → A :M2(F
a) is

polyconvex. According to [19, Lemma 5.27, p. 192], there exist β ∈ R(
d
2)×(

d
2),

such that

A :M2(F
a) ≥ β :M2(F ) for all F ∈ Rd×d. (3.23)

Taking first symmetric matrices, and then skew-symmetric matrices in (3.23),
bearing in mind thatM2(F

a) is a symmetric matrix, we get for all ε ∈ Sd×d

and X ∈ R(
d
2),

βs :M2(ε) ≤ 0, and (A− βs) : X ⊠X ≥ 0.

choosing B = βs, and making use of Lemma 1.2 as well as Definition 1.3,
we obtain ii).

Remark 3.2 i) Note that, the symmetric polyconvexity of f does not imply
that A is S-positive semi-definite. Indeed, let

A =


0 0 0 0 0 1
0 0 0 0 −1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 ,

we have for all X ∈ R6,

A : X ⊠X = 4(−x3x4 + x2x5 − x1x6),

then A is not S-positive semi-definite, whereas f is symmetric polyconvex,
since,

f(ε) = −A :M2(ε) = 0 ∀ε ∈ S4×4.

ii) As a consequence of (1.3), if A is a positive semi-definite matrix, then the
function f defined in (3.21) is symmetric rank-one convex. In fact, for a, b ∈
Rd×d, we have

f(a⊙ b) = −A :M2(a⊙ b) = A :M2((a⊗ b)a) = A : Λ⊗ Λ ≥ 0.

However, at this stage, it is unknown whether f is symmetric polyconvex.
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Remark 3.3 the counterexample provided in [11, Theorem 5.7] in the 3d case
can be extended to higher dimensions while preserving the same structure of the
quadratic form. Specifically, we define the quadratic form f : Sd×d → R as

f(ε) = (ε12 − ε13)
2 + (ε12 − ε23)

2 + (ε13 − ε23)
2 + ε211 + ε222 + ε233

− η(ε211 + ε222 + ε233 + 2(ε212 + ε213 + ε223)),

where η is defined as in [11, Theorem 5.7, p. 443]. Clearly, f is symmetric rank-
one convex but, it is not symmetric polyconvex since by restricting f, initially
defined on Sd×d, to matrices of the form ε ∈ Sd×d,

ε =

(
ε′ 0
0 0

)
,

with ε′ ∈ S3×3, the resulting quadratic form reduces to the one already proven to
be non-symmetric polyconvex in the three-dimensional case in [11]. Consequently,
f is also not symmetric polyconvex in higher dimensions.

It is also important to note that the quadratic form studied by [14, 34, 33] for
classical polyconvexity is not suitable as a counterexample in the symmetric case.
Specifically, [33] have demonstrated that the form

Q(F ) = F 2
11 + F 2

22 + F 2
33 − 2(F11F22 + F11F33 + F22F33) + F 2

12 + F 2
31 + F 2

23 +
d∑

i=4

F 2
ii,

defined on Rd×d is rank-one convex but not polyconvex. However, in the symmetric
context, the quadratic form

q(ε) = ε211 + ε222 + ε233 − 2(ε11ε22 + ε11ε33 + ε22ε33) + ε212 + ε213 + ε223 +
d∑

i=4

ε2ii

is symmetric polyconvex, as a consequence of Proposition 3.1, since

q(ε) + A :M2(ε) =
d∑

i=1

ε2ii − (ε11ε22 + ε11ε33 + ε22ε33) ≥ 0, ∀ε ∈ Sd×d,

where A = (AIJ), AII = 1 if I = (1, 2), (1, 3), or (2, 3), and AIJ = 0 otherwise,
is clearly S-positive semi-definite.

3.4 Symmetric poly-affine functions in higher

dimensions

We turn now our attention to symmetric poly-affine functions, we will show, as
in the 3d case, that this notion is equivalent to affinity. We recall that a function
f : Sd×d → R is said symmetric poly-affine if f and −f are symmetric polyconvex.
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Proposition 3.2 Any symmetric poly-affine function is affine, i.e. if f : Sd×d →
R is symmetric poly-affine, there exists a matrix β ∈ Sd×d and b ∈ R such that

f(ε) = β : ε+ b, ∀ε ∈ Sd×d (3.24)

Proof. Let f : Sd×d → R be a symmetric poly-affine function, the function f̃
is then poly-affine. According to [19, Theorem 5.20, p. 179], there exist α =

(α1, . . . , αk, . . . , αd) ∈ Rd×d × R(
d
2)×(

d
2) × · · · × R, αk ∈ R(

d
k)×(

d
k) such that,

f̃(F ) = f̃(0) +
d∑

k=1

αk :Mk(F ), for all F ∈ Rd×d.

Lets denote by g̃ the function g̃(V ) = f̃(0)+
∑d

k=1 αk : Vk, ∀ V = (V1, V2, . . . , Vd),

where Vk ∈ R(
d
k)×(

d
k) ∀k = 1, 2, . . . , d. Consider g the restriction of g̃ to the space

Sd×d × S(
d
2)×(

d
2) · · · × S(

d
d−1)×(

d
d−1) × R and

f(ε) = g(M(ε)) = f̃(0) +
d∑

k=1

αk :Mk(ε).

Since the function g is affine, then both g and−g are convex. Apply the procedure
of deleting the minor variables as in the proof of theorem 3.5, we get that g is
independent on minors of order bigger than 2 and

g(ε,M2(ε), . . . , det ε) = g(ε,M2(ε), 0, . . . , 0) (3.25)

Hence,

g(ε,M2(ε), . . . , det ε) = α0 + α1 : ε+ α2 :M2(ε)

and the sub-differential of g with respect to the second variable is S-positive semi-

definite, that is α2 : X ⊠ X ≥ 0 for any vector X ∈ R(
d
2). Applying the same

procedure to the function −g, we end up with

α2 : X ⊠X = 0 for any X ∈ R(
d
2).

Using Lemma 1.3, we deduce that α2 = 0. Consequently, taking β = αs
1, we get

f(ε) = β : ε+ b, so f is affine.
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