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Abstract

This study seeks to investigate the concept of symmetric polyconvex functions
in higher-dimensional spaces. By advancing the methodology introduced by Bous-
said et al. for two-dimensional and three-dimensional cases, we introduce an inno-
vative characterization of symmetric polyconvex functions in higher dimensions.
Our principal finding reveals that the requisite condition for symmetric polycon-
verity of a function f is its ability to be formulated as a convex function that
incorporates the matriz and its second-order minors, exhibiting a non-increasing
tendency in a specific sense with respect to the second-order minor variable. Ad-
ditionally, we propose and scrutinize the concept of S-positive semi-definite ma-
trices, which s crucial to our characterization. This new characterization also
enables the identification of the class of symmetric polyconvex quadratic forms

and demonstrates the absence of non-trivial symmetric poly-affine functions.



Acknowledgments

All praise is due to Allah, by whose grace good deeds are completed. I praise
Him and thank Him for the blessings and success He has bestowed upon me in
completing this work. This achievement is the result of joint efforts and fruitful
collaboration with Dr. Omar Boussaid, the supervisor of my doctoral thesis. My
experience in scientific research has been rich and unique, during which I learned
a lot about research methods and explored new areas of significant importance
in mathematics and physics. Additionally, I have gained new knowledge and

expertise through studying the ideas of specialized researchers in this field.

I would like to express my sincere gratitude and appreciation to Dr. Boussaid,
who has always been a support and pillar for me in my modest academic journey.
His supervision and guidance have had a significant impact on improving the
quality of the research and directing it towards the right path. He was the main
source for solving all the complex problems during my doctoral research. I will
never forget his continuous support and assistance through all the difficult stages.
I offer him all my thanks, appreciation, and respect for his knowledge that has
benefited me and for his continuous support. Words cannot express my gratitude

and praise. I wish him all success, prosperity, and further distinction.

I also extend my thanks to the esteemed professors, members of the de-
fense committee: Professor Kainane-Mezadek Mohamed, Chairman of the De-
fense Committee; Dr. Kainane-Mezadek Abdelatif, co-supervisor; Professor Medeghri
Ahmed; Dr. Benali Abdelkader; and Dr. Loumi Amine, the exzamining professors.

I thank you all for your careful reading, constructive comments, and valuable feed-
back. Your time and effort in reviewing this work are greatly appreciated. It is a

great honor for me to have you as members of the defense committee.

A special thanks to Professor Ahmed Medeghri, Director of the National
Higher School of Mathematics. It was an honor to meet him, and I was deeply
impressed by his humility and generosity. I want to thank him for joining the
commuttee despite his busy schedule. With all best regards and appreciation, [

wish him further brilliance.



Great thanks and appreciation to my dear family, especially my beloved par-
ents, who have always been the best support and encouragement for me at every
stage of my life. I thank you from the bottom of my heart for your constant
support and encouragement. Words are not enough to express my gratitude and
appreciation for you. Your support and encouragement have been the greatest mo-
tivation for achieving all that I have accomplished. I also do not forget to thank
all those who have provided me with help, support, and guidance at any stage of

this work. You have my sincere thanks and gratitude.

Finally, I would like to express my heartfelt gratitude to the institutions and
entities that provided me with the appropriate conditions and necessary support to
complete this research. I especially mention the Faculty of Exact Science and In-
formatics at Hassiba Benbouali University. I hope that this work has contributed,
even if just a little, to expanding knowledge and enriching research in the field of

calculus of variations.

Ibrahim Merabet



Contents

0 Introduction 9
0.1 General Conceptions . . . . . . . . .. ... ... . ... ... 9
0.2 Symmetric Setting . . . . . .. .. oo 11
0.3 The Structure of The Thesis . . . . . . . .. ... ... ... ... 14

1 Preliminaries and intermediate results 15

1.0.1 Some minors properties . . . . . . . .. ... 15
1.0.2  S-Tensor product . . . . . . .. .. ... ... ... ... . 17
1.0.3  S-Positive semi-definite matrices . . . . . . .. . ... ... 18
1.0.4  Quadratic Forms . . . . . ... ... 00 22
1.0.5 Subdifferential of Convex Functions . . . . . . . . ... .. 23

2 Polyconvexity: Theory And Applications 24
2.1 Definitions and Proprieties . . . . . . . .. ... ... ... ... 24
2.2 k-Polyconvexity . . . . . . . .. ..o 29
2.3 Polyconvexity for C* functions: Necessary and Sufficient Conditions 30
2.4 Quasiconvex & Rank One Convex Functions . . . . . .. .. ... 32

2.4.1 Equivalence Case . . . . . . .. .. ... ... ... 35
2.4.2 Quadratic Case . . . . . . .. .. ... 37
2.4.3 Counterexample . . . . . . ... ... 37
2.5 Invariant and Fully Invariant Polyconvex Functions . . . . . . .. 41
2.5.1 Invariant Function Characterization . . . . . . . .. .. .. 43
2.5.2  Characterization of fully invariant functions . . . . . . .. 50
2.5.3  Objective, Isotropic & Isochoric Functions . . . . . .. .. 51
2.6 Applications . . . . . ... 57
2.6.1 Ogden Material . . . . .. ... ... ... ... ...... 57
2.6.2 Saint Venant-Kirchhoff material . . . . . . . ... ... .. 58

3 Symmetric Polyconvexity: Characterization in Higher Dimen-
sions 60
3.1 Symmetric Polyconvexity in 2 and 3 Dimensions . . . . . . . . .. 60
3.2 Symmetric Polyconvexity in Higher Dimensions . . . . . .. . .. 62



3.3  Symmetric Polyconvex Quadratic Forms in Higher Dimensions . . 76
3.4  Symmetric poly-affine functions in higher dimensions . . . . . . . 79



Notations

e r = min{n, m}, where n and m are any positive integers.

e N(n,m) = Z (m> (ZL), where (]) = ﬁlb), for any integers a and b such

]

=1
that 1 < b < a.
J
° TJ:{a:(al,...,aJ): Zai:l’ ai20}~
i=1

e Rt ={yeR:y>0}.
e RFt={yeR:y>0}

e R? represents the d-dimensional Euclidean space. In particular, R() repre-
sents the (d) -dimensional Euclidean space.

2
o R4 ig the real d x d matrix space.

o S%¥d g the real d x d symmetric matrix space.
e "T” denotes the transpose.

o (T signifies the transpose of the matrix €.

o M;(§) represents the matrix containing all minors of order ¢, for each i
within the range 2 <1 <r

b M(é) = (57 M2(£)7 sy MT(£))
o R = {¢ ¢ R det ¢ > 0}.
o R4 = ¢ c R4 deté < 0}.
. ]R%Xd represent the subspace of diagonal matrices of R?*?.
o tr(§) = Z&i’ for every £ € R™*™.
i=1
e cof ¢ indicates the cofactor matrix.

e det ¢ stands for the determinant of the matrix &.

o £ =tr(Ty), for any n, & € R™*™,
o || = /€ : &, representing the Euclidean norm for any & € R™*".



€]l = max{||éz| : ||z|| = 1 for all z € R?}, is the operator norm of the
matrix £ € R4,

[[€]|op = max{A;1(£), A2(€)}. representing the spectral norm of & € RZ*?.
I represents the identity matrix.

m(£2) represents the Lebesgue measure of .

G? = {yERd:y1 > Y > |yd|}.

Vi={y e R*™ y > - >y, >0}

O(d) C R™? represents the set of orthogonal matrices.

SO(d) C O(d) represents the set of proper orthogonal matrices, where
det(§) = 1 for every £ € O(d).

CO(d) ={pn:n € O(d), 5 € R} represents the set of conformal matrices.
CSO(d) = {aQ e R : Q € SO(d), a € RTT}.

SL(d) = {€ € R4 dete =1},

7 ” represent the scalar product in R?

£ is the symmetric part of £ € R4,

€% is the skew-symmetric part of £ € R%*4,

a,b € R? and a ® b = ab” denotes the tensor product.
a® b= (a®Db)* represents the symmetric part of a ® b.

d
2

Skew(X) denotes the d x d anti-symmetric matrices, where for all X € R(2);

(Skew(X))ij = To(iy), where o(i,j) = (Z(d — k)) —(d—j), for1<i<j<d.
k=1

X XX = My (Skew (X)) represents the S-tensor product.

A e 8)*() is called S-positive semi-definite if and only if:

d
2

A:XRX >0, foralXeRE).



o AcSE*E) s called S-negative semi-definite if and only if —A is S-positive
semi-definite.

RONE

N denotes the set of all symmetric S-positive semi-definite matrices.

RGNE

denotes the set of all symmetric S-negative semi-definite matrices.



Chapter 0O

Introduction

0.1 General Conceptions

The modeling of various material in linear and non linear elasticity can be char-
acterize by the minimization of a functional I defined by:

Iw) = [ (). Vay), )

where (2 is an open bounded subset of R”, and u : {2 — R™ denotes the unknown
function, and f : R™*™ — R is the energy density.

Minimizers of the functional I have been a subject of significant interest among
researchers, with notable contributions from Morrey [52], Ball [7], and Dacorogna
[19], they presented existence results in various forms: one assumes the convexity
of the function f, while another suppose its quasiconvexity. These conditions are
considered to ensure the weak lower semicontinuity of the functional I, which
means that for every weakly convergence sequence up — u in the sobolev space
WP the inequality bellow is satisfied:

liminf I (ug) > I(u).
k—o00
Tonelli [68] showed that the convexity of the function f serves as a sufficient
condition for the weak lower semicontinuity of the functional I. Additionally,
Serrin [58] extended Tonelli’s theorem. When m = 1 or n = 1, convexity serves
as a necessary condition for weak lower semicontinuity. In the vectorial case where
n,m > 1, Morrey Jr [52], Acerbi and Fusco [1] provided the following result:

f is quasiconvex <= [ is weakly lower semi-continuous.

A map f is termed quasiconvex if:

m(Q)f(€) < / f(6+ Vo)) du 2)

9



Chapter 0. Introduction

is satisfied for each open bounded subset €2 of R", each £& € R™*" and all
¢ € W, (9, R™). Given the non-local characteristics of this condition (see Kris-
tensen [42]), it is challenging to decide whether a specific function is quasiconvex.
This difficulty prompted Morrey Jr [52] to introduce an alternative condition,
namely weakly quasiconvexity, which was shown to be necessary for quasiconvex
functions, according to the definition of Acerbi and Fusco [1], f : R™*™ — R is
considered weakly quasiconvex if the maps

t=fn+t®y), s—= fn+r®s),

are convex, for each n € R™*" each z € R™, and all y € R". Roughly speaking,
the notion of weakly quasiconvex functions is often referred to as rank-one convex
functions, equivalently to the above definition, a function f : R™*" — R is
referred to as rank-one convex if:

fBn+ 1 =p)§) <Bf(n)+ (1 =)&),

is satisfied for each n, £ € R™*" with rank{n—¢} <1, and all 0 < 5 < 1. When
the function f € C?(R™*"), rank-one convexity is equivalent to the Legendre-
Hadamard condition, which can be expressed as

m n 2
Z Z 6f—(n)l%qukyl > 0.

This holds for all x € R™, y € R”, and n € R™*". For further details, the reader

is directed to the works of Meyers [48], Morrey Jr [53], and Dacorogna [19].
Morrey Jr [52] also provided a sufficient condition for quasiconvexity, which

was named by Ball [7] as polyconvexity, and is defined as follows: a function

[ R™"™ — R is considered polyconvex if a convex function g : R"™*"™ wR(3)%(3)
L ox RODX() 5 R exists and

f(&) = g(&, Ma(§), ..., My(€)), (3)

is satisfied, where r = min{n, m}, and M;(§), 2 < j < r, represent the matrix of
all minors of order j of the matrix & € R"™*".

The aforementioned concepts are connected to convexity in the following man-
ner:

Convexity = Polyconvexity = Quasiconvexity = Rank-One Convexity.

The relationships described above are precise in the sense that the reverse im-
plications do not necessarily hold, the function £ € R**? — det(£) is polyconvex
but not convex. Moreover, as Morrey’s conjecture suggested, rank-one convexity
does not imply quasiconvexity for all n,m > 2. This remained an open problem

10



Chapter 0. Introduction

until Sverdk [66] provided a counterexample for the case n > 2 and m > 3, prov-
ing that rank-one convexity is not sufficient for quasiconvexity. In contrast, in
the case of quadratic forms, Van Hove [69, 70] showed that rank-one convexity
is equivalent to quasiconvexity and, if n = 2 or m = 2, it is also equivalent to
polyconvexity. However, for n, m > 3, polyconvexity is not a necessary condition
for rank one convexity, for more details, refer to Dacorogna [19], Terpstra [67],
and Serre [57]. In the case n = m = 2, Alibert, Dacorogna, and Marcellini [3, 23]
provided a counterexample showing that there exist quasiconvex functions that
are not polyconvex. As for Morrey’s conjecture, this example did not provide a
definitive answer, and therefore, the case n = m = 2 remains unresolved.

0.2 Symmetric Setting

Within the framework of geometrically linear elasticity, derived from nonlinear
theory, the invariance of the elastic energy density under infinitesimal rotations,
rather than full frame-indifference, implies that the integrand f depends exclu-
sively on the small strain tensor:

(Vu) = 3 (Vu+ (Vu)"),

and the energy functional I can be expressed as

I(u) = [ f(e(Vu(z)))d,
/

where f: 8% — R, see [10, 25, 26] and [41].

Polyconvexity is replaced by symmetric polyconvexity in this setting. A func-
tion f : S9? — R is considered symmetric polyconvex if its composition with
the symmetric part of the matrix is polyconvex. Specifically, if the function
f:R> 5 R f(F) = f(F?®) is polyconvex, see [11]. Similarly, symmetric qua-
siconvex and symmetric rank-one convex functions are defined. The notion of
symmetric polyconvexity plays a crucial role in the existence of minimizers in
nonlinear elasticity in the small strain case and has been fully characterized by
Boussaid et al. [11] in dimension 2 and 3.

In this work, we are concerned with the notion of symmetric polyconvexity
in higher dimensions [47]. Characterizing such a class of functions presents a
significant mathematical challenge, as noted in [12]. Our aim is to provide a
complete characterization of these functions in arbitrary dimensions. Based on
the work of Boussaid et al. [11], we demonstrate that a necessary and sufficient
condition for a function defined on the space of symmetric matrices, S¥¢, of
dimension d to be symmetric polyconvex is to be expressed as a convex function

11



Chapter 0. Introduction

of the matrix itself and its second-order minors, with an S-negative semi-definite
partial subdifferential with respect to the matrix of all second-order minors.

In this setting, a matrix A is said to be S-positive (or S-negative) semi-definite
if A: Ms(F') is non-negative (or non-positive) for any skew-symmetric matrix F'.
Here, Ms(F') denotes the matrix of all second-order minors of F, as defined in
Definition 1.3. The independence of g from higher-order minors greatly simplifies
the search for symmetric polyconvex functions in higher dimensions. Addition-
ally, the characterization of symmetric polyconvex functions will be useful for
understanding the structure of symmetric polyconvex hulls for compact sets K.

We know from [11], Lemma 3.1, that, in three dimension, for a symmetric
matrix A, the convexity of the quadratic form & € R3*? — g4(£) = A : cof€® is
equivalent to its rank one convexity which is in turn equivalent to the positivity
of the matrix A. In higher dimensions, this property is no longer true in general;
we will provide in Lemma 1.4 a counter example of non positive semi-definite
matrix A € S8%%6 such that the associated function g4 is rank-one convex but
not convex; furthermore, we show that the convexity of ¢4 is both a necessary
and sufficient condition for the S-positive semi-definiteness of the matrix A. This
principle serves as the foundation for the representative behavior observed in our
characterization of symmetric polyconvex functions in higher dimensions. On the
other hand, an important observation states that the determinant, as well as all
third- and fourth-order principal minors, are not symmetric rank-one convex in
the cases d = 4 or d = 5. This observation was the key idea in expressing a
symmetric polyconvex function independently of higher-order minors. The main
result of this thesis is as follows:

Theorem 0.1 Consider a function f : S*¢ — R. Then, the symmetric polycon-

d d
vezity of f is equivalent to the existence of a convez function g : S¥*¢ xS -
R and

f(e) = gle, My()),

is satisfied for each ¢ € S, and the partial sub-differential of g with respect to
its second argument is S-negative semi-definite.

The concept of S-positive definite matrices introduced in Section 1.0.3 is the right
notion which corresponds to the symmetric polyconvexity in higher dimensions,
it is reduced to the regular positive definiteness in the case d = 2 or d = 3, which
makes Theorem 0.1 a generalization of Theorem 4.1 and Theorem 5.1 stated in
[11].

The main difficulty in proving Theorem 0.1 is to demonstrate the indepen-
dence of the representative g on different order minors greater than 2. This
involves a systematic classification of minors based on their common elements
with the diagonal of the matrix. Special matrices are employed to eliminate m-
diagonal minors of order p > 3 for 2 < m < p, utilizing the sub-differential

12



Chapter 0. Introduction

property of convex functions. The proof then extends to m-diagonal minors with
m = 1 or m = 0, starting with third-order minors and generalizing through
induction to all orders.

Our new characterization enables the identification of the class of symmetric
polyconvex quadratic forms and symmetric poly-affine functions. Specifically, for
quadratic forms, we show that:

Theorem 0.2 Consider a quadratic form q : S™? — R. Then, the symmetric
polyconvexity of q is equivalent to the existence of a convexr quadratic map h :

S™? R and an S-positive semi-definite matriz A € S(g)x(g), for which
q(e) = h(e) — A : Ms(e),
is satisfied.

In other words, a necessary and sufficient condition for the quadratic form ¢
to be symmetric polyconvex is the existence of an S-positive semi-definite matrix
A e 8()%(2) such that q(e) + A : My(e) > 0. This characterization refines the
classical case where the matrix A is arbitrary, as indicated in [19].

Since S-positive semi-definiteness is equivalent to standard positive semi-
definiteness in the case d = 3, we recover the characterization of quadratic forms
stated in [11] for 2d and 3d dimensions.

Additionally, it is worth noting that in three dimensions, symmetric polycon-
vexity of the form € — A : —cofe is equivalent to its symmetric rank-one convex-
ity, which in turn is equivalent to A being positive semi-definite, as shown in [11,
Corollary 5.9, p. 446]. However, in higher dimensions, having the matrix A S-
positive semi-definite is only a sufficient condition for the form e — —A : My (¢e) to
be symmetric polyconvexity; a necessary condition requires the existence of a ma-
trix B such that the sum of A and B is S-positive semi-definite and B : My(g) = 0,
as exhibited in Corollary3.1. It is important to emphasize that this condition
does not guarantee that A itself is S-positive semi-definite. This distinction is
particularly illustrated by the counterexample provided in Remark 3.2, where we
present a non S-positive definite matrix A such that the associated quadratic
form e — —A : Ms(e) is symmetric polyconvex. Furthermore, in higher dimen-
sions, it is currently unknown whether the symmetric polyconvexity of the form
e — —A: Msy(e) is equivalent to its symmetric rank-one convexity.

Analogously, in the 3d case where a counterexample illustrating the non-
equivalence between symmetric polyconvexity and symmetric rank-one convexity
for quadratic forms was provided in [11, Theorem 5.7, p. 443]. The adapted
counterexample to higher dimensions,

f(e) = (e12 — €13)” + (612 — €23)” + (€13 — €23)° +&5; + €59 + €33

—ned, +e5 + 5%3 +2(ef, + 5%3 + 833))7 Ve = (gi5) € S

13



Chapter 0. Introduction

where, 7 is chosen as in [11], is symmetric rank one convex but not symmetric
polyconvex, see Remark 3.3. Moreover, we note that the form

d
FYy + F3y + Fay + Fiy + F5y + Foy — 2(FiuFop + FuuFss + FnFs) + Y Fy,
i=4

analyzed by Harutyunyan et al. [34, 33|, see also [14], which presented as a
counterexample of a rank-one convex, non-polyconvex quadratic form, cannot be
applied to the symmetric setting. This is because the altered form

d
2 2 2 2 2 2 § 2
811 + 622 + 833 + 812 + 813 + 623 - 2(811&22 _'_ 811533 + 522833) + E:ii
=4

is symmetric polyconvex (see Remark 3.3).
Regarding symmetric poly-affine functions, our characterization permits us to
show in Proposition 3.2, that there is no non-trivial poly-affine functions.

0.3 The Structure of The Thesis

The thesis is organized as follows. Chapter 1 reviews essential notations and
preliminaries related to the properties of minors, introducing a classification of
minors based on their diagonal elements, which will be crucial for the proof of
Theorem 3.5. The chapter also defines the S-tensor product and S-positive semi-
definite matrices and discusses sub-differentials of convex functions and their
relation to S-positivity.

Chapter 2 delves into the theory of polyconvexity, presenting general proper-
ties and characterizations for various function classes.

The main result of the thesis is presented and proved in Chapter 3. This
chapter begins with a review of a characterizations of symmetric polyconvexity
in dimensions 2 and 3, followed by the proof of the main theorem. The final
sections explore symmetric polyconvex quadratic forms and symmetric poly-affine
functions.

14



Chapter 1

Preliminaries and intermediate
results

Let e; denote the standard basis vectors of R?, where d,i € N. We define R%*¢
as the space of real d x d matrices, and S%*? as the space of symmetric d x d
matrices. For any matrix A € R¥? we refer to its trace as tr(A), and M, (A) €

R(Z)X(Z), 1 < k < d refers to the matrix composed of the k-order minors of A.
in particularly, we note that M;(A) = A denotes the matrix itself, and My(A) =
det(A), denotes the determinant of A. Moreover, we consider M(A) to be the
vector containing all minors of A, defined as

M(A) = (A, My(A), ..., det(A)) € R4 x RE)*G) x ... x R(D*(),

In addition, we denote the symmetric and skew-symmetric parts of A as A% and
A% respectively. Any matrix A can be naturally decomposed into the sum of two
components:
A= A%+ A

For a, b vectors in R?, the tensor product of the vectors a and b is denoted by a®b.
It is the matrix whose entries are a;b;. We also denote by a © b the symmetric
part of the matrix a ® b. Finally, for two matrices A, B € R™? A : B stands
for the scalar product of A and B. We also recall the spectral decomposition of
symmetric matrices, which states that any symmetric matrix ¢ € S%¢ can be
represented as a linear combination of symmetric rank one matrices:

d
VeeSP INER, X;€R e =) AXi®X; (1.1)

i=1

1.0.1 Some minors properties

According to [65] we call for 1 < p < d, a p-tuple any multi-index (i1, ia, ..., i),
such that 1 < 43 < iy < -+ < 4, < d. The set of all p-tuples defined on the

15



Chapter 1. Preliminaries and intermediate results

set {1,2,...,d} is denoted by L,. The cardinal of I, is (z), it is endowed by the
lexicographic order: two p-tuples I = (iy,1s,...,%,), J = (J1, jo, ..., Jp) are defined
to satisfy I < J if there is an index r within {1, 2, ..., p} such that i, < j, and for
every s € {1,2,...,7r—1},i, = j,. For all matrix £ € §¥? and for each 2 < p < d,
we define M,(§) as the (Z) X (i) matrix of all p-order minors of £. Specifically,
M, (€) is a matrix such that each entry (M,(£));s represent the determinant of the
p X p submatrix of £. This submatrix is formed by selecting the rows and columns
of ¢ indexed by the p-tuples I and J, respectively. The position of (M,(£))rs in
the matrix M,(€) is determined according to the lexicographically order. For
more details, see [37] and [65].

We give now some useful properties on matrix minors, we begin with the
following lemma quoted from [44].

Lemma 1.1 For any d X d skew-symmetric matriz & with entries in an arbitrary
commutative ring, the matriz My(§) of k-order minors exhibits the following prop-
erty: it 1s skew-symmetric when k is odd and symmetric when k is even.

For each matrix F' € R™? the matrix of k-order minors satisfy the following
properties:

My(FT) = (M(F))", My(aF)=a"M,(F), forall a €R

Furthermore, for the specific case of kK = 2, we observe the following decomposi-
tion:

(My(F))* = My(F*) + My(F*). (1.2)

Particularly, for a,b € RY, the fact that My((a ® b)?) = A ® A, where A =
d

(A I = (i,7),1 <i<j<d, A = (ab; — a;b;) is a vector in R() whose
components are ordered lexicographically, combined with the application of (1.2)
for FF = a ® b, leads to the following result:

My(a®b) = —A® A. (1.3)
Moreover, for any matrices €, € S9¢ the following holds :

M2(5+77) = M2(8) +M2(n)+A<5777)7 (14)
such that A : S™¢ x §ixd _y §(2)*(5) is a bilinear form in the sens that
Alae +¢',m) = aA(e,n) + A(e',n) and A(e,an + 1) = aA(e,n) + A(e, ), for all
e, &' n,n € 8™ and a € R. Specifically, for n = ¢ we get, My(g) = %A(a, £).
Lemma 1.2 Let B € 8(§)x(§), a giwen matrixz. The following statements are
equivalent:

16



Chapter 1. Preliminaries and intermediate results

1. B: My(e) <0, (or B: My(e) >0) for any ¢ € S¥4,
2. B: My(e) =0, for every e € S,

Proof. It suffice to demonstrate that 1) = 2). Let ¢ € S such that B :
Ms(e) < 0, the case B : My(e) > 0 follow analogously. Consider o € R and
X € R% We then get B : My(e + aX ® X) <0, according to (1.4) we will have,

B:My(e)+aB:A(e,X®X) <0

Due to the arbitrariness of a, we obtain B : A(e, X®@X) = 0 for all vector X € R
Consequently, by taking 7 = ¢ in (1.4), and using the spectral decomposition (1.1)
we obtain,

d d
1 1 1
B : M- =-B:A =-B:A XX, | == B:A(e, X;®X;) =
2(g) 5 (,¢) 5 (5, ;)\l i ® l) 5 ;)\Z (6, X; ®X;) =0
[
Before closing this section, we introduce a definition that classifies the different

types of minors based on the number of diagonal elements of the whole matrix
contained in the sub-matrix.

Definition 1.1 Let € be a matriz in S¥9, and p, m two integers, such that m <
p. A pxXp minor of € is said m-diagonal if it contains exactly m diagonal elements
ofe. If m = p, a pxp minor is p-diagonal if it is principal. A minor is 0-diagonal,
if it is totally outside the diagonal. The picture bellow shows the different type of
minors

11 A12 A13| Q14 Q15 A16
12 Q22| Q23 | Q24 A25 | 26
13 (23 |A33|a34 G35 | A36

14 Q24 | Q34 Q44 QA45 | A6

Q15 Q25 |0a35 Q45 G55 As6
Q16 A2 | A36 Q46 Q56 Ae6

The red minor is 3-diagonal, the blue one is 0-diagonal while the green is a 2-
diagonal.

1.0.2 S-Tensor product

In all the sequel we associate the space of skew-symmetric d X d matrices with

d
the space R(Q), such that the vector components are ordered with respect to
the lexicographic order, this means that any vector X = (z1,x9,... ,x(d)) is
2
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identified as the skew-symmetric matrix, denoted by Skew(X) and having entries
z;; defined as follows:

%

T;j = Z(ij), such that o(i,j) = <Z(d — k)) —(d—j), for1 <i<j<d

k=1

(1.5)
Specifically, for the case where d = 4 and X = (x1, 29, ...,x¢), we have

0 i i) I3

Skew(X) =

Definition 1.2 For X any vector in R(g), we call S-tensor product of X by it

self the matriz of all two by two minors of Skew(X), this matriz is denoted by
XX X, in other words

XXX = My(Skew(X)).
Thanks to Lemma 1.1, the matriz X X X s symmetric.
Remark 1.1 [t is evident that for d =2 or d = 3, any vector X € R(2) satisfies
XXX = X ®X. However if d > 4, then in general X XX # X ® X, as a

counter-example we take the vector X = (z1,xa, . .. ,x(d)) such that ro = xq11 =
2

1 and x; = 0 fori # 2 ori # d+ 1 then Skew(X) = (T;;), where T3 =

Toy = 1,731 = T4o = —1 and all the other entries are zero. By strain forward

calculation we get My(Skew (X)) = My(Skew(X))yr = 1, Ma(Skew(X)); =
M, (Skew (X)),, = 0, where I = (1,2) and J = (3,4) which is sufficient to
conclude that My(Skew(X)) and so that X W X is not positive semi-definite,
hence it can not be equal to X ® X which is clearly positive semi-definite.

1.0.3 S-Positive semi-definite matrices

We will now define a new concept of positivity on symmetric matrices of order
(g) which will be used in the proof of Theorem3.5.

Definition 1.3 A symmetric matriz A in SE)*C) s called S-positive semi-
definite (S-SDP) if

d
2

A XK X >0, forallXER(). (1.6)

18
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Additionally, if the inequality in (1.6) is strict, then A is called S-positive definite
(S-DP). The set of all symmetric S-positive semi-definite (S-positive definite) ma-

trices is denoted by Ss(i>x<2) (SS(fZX(Q)) . Conversely, if the symmetric matriz —A

is S-positive semi-definite (S-positive definite), then the symmetric matriz A is
referred to as S-negative semi-definite (S-negative definite), respectively. The set
of all symmetric S-negative semi-definite (S-negative definite) matrices is denoted

by SO (S@x(;)) |

Remark 1.2 1. Ford = 2 and d = 3, the condition that A € SG)*() s 5
positive semi-definite is equivalent to the condition that A is positive semi-

definite.

2. For the case d = 4, there exist S-positive semi-definite matrices which are
not positive semi-definite and vis versa. In fact the matriz A = (a;;) € S®*6
where

Q5 = 4_1 Zf2+j = 77 Q35 = 0 Zf(lvj) 7& (272)7(27]) 7£ (5a5) or Z+] 7& 7
and ass = ass = 1 is clearly not positive semi-definite. By straightforward
computation we get A : X K X = 13 + a2 + zows5 > 0. Hence, according

to (1.6), the matriz A is S-positive semi-definite. However, the symmetric
matriz B = (b;;) € 8% defined by:

3 3
bmzl,b =9} :——7b = by = bay = b = -,
16 61 4 25 52 34 43 4

and b;; = 0 for all other entries is positive semi-definite. Moreover

6
B: XWX =Y a7+ 3w314
i=1
which 1s not always positive, since by taking r1 = vo = x5 = v¢ = 0 and
r3 = —l,xy = 1, we get B : X X X = —1. Hence B is not S-positive
semi-definite.
We will now present the following auxiliary result, which proves that if the
d
quadratic form A : X X X vanishes for all vectors X & R(2), then the matrix
A is zero. This property is useful in demonstrating that symmetric poly-affine

functions are affine.
d

Lemma 1.3 Let A € S(g)x(2>, if the condition

A:XEX =0 forall X € R(), (1.7)

holds, then A must be the zero matriz.
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Proof. Let consider A € S()*(2) a matrix satisfying (1.7). Note that since the
(

correspondence o defined in

) is one to one between the index sets {(i,7) :

1.5
1<i<j<d}and{l,2,..., (g)}, the entries of the matrix A can be noted as
Arysuch that I,J € {(3,7) : 1 <i < j <d}. The proof is divided to three main

steps.

i)

i)

iii)

We will show, first that all diagonal entries of A vanish. For a fixed index
I = (Za])v let X = (:Bo'(]g’l)) be the matrix Wlth .170-(1‘,]') = 1, and xa‘(k,l) = O,
for (k,1) # (i, 7). By using (1.7), we get A;; = 0.

In this case, we consider entries A;; such that I = (i,k),J = (j,1) and
{i,k}n{j, 1} has exactly one element in common, Without loss of generality,
we can restrict our focus to I = (4, j) and J = (4,1). In this case, we choose
X = (ma(p,q)) by setting x,(; ;) and 4y to 1, and x,(, 4 = 0 otherwise.
The only non vanishing elements of the matrix C' = My (Skew (X)) satisty,
Cry=Cy;=Cir=Cjy=1. Hence (1.7), together with the first step, leads
to A]J = 0.

Finally, we will demonstrate that A;; = 0 for all pair of indices (I, J) where
I = (i, k) and J = (j,1) with the sets {7, k} and {j, [} being disjoint. Since
any tuple (p, q) satisfies p < ¢, we can, without loss of generality, suppose
that ¢ = min{i, j, k, {}. Furthermore, there are only three possible orderings
for the indices i, j, k, 1 : i <j<k<l,i<j<l<kandi<k<j<l We
assume that ¢ < j < k < [. The remaining cases are treated analogously.
Consider the pairs

[1:(Z7.7)7 IQZIZ(Zak)a [3:(271)
le(kal)a JZZJ:(.]7Z>7 J3:(]7k)
We choose a vector X = (Zo(pq)), where zy4y = 0 for all (p,q) #

(,4), (k1) and %54 ) = @oky = 1. The only non null sub-matrix of
Skew(X) exhibits the following form

I
i /0 1 0 0
if-1 0 0 o0
klo o o 1
1\0 0 -1 0

Consequently, the matrix C' = M,(Skew(X)) has only six non zero entries.
As the diagonal elements of A vanish, we will only consider non diagonal
minors.

C'U:CJ[:land C[3J3:CJ3[3:—1
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Therefore, by the symmetry of A, along with (1.7), and the fact that A;; =
Aj; =0, we obtain,

A]J_A]3J3 =0. (18)

Next, consider a second choice for X, defined as X = (2,(,)), where
Topg = 0 for all (p,q) # (4,k), (j,1) and x5k = 2oy = 1. Then, the
no zero sub-matrix of Skew(X) has the following form:

ik
i /0 0 1 0
ifo o o 1
kl-1 0 0 0
1\0 -1 0 0

The non diagonal, non zero elements of C' are the following,
Cnn =Chnn =Cry =Cry =1
By using the same reasoning as above, we get,
Ay + Arg, =0. (1.9)

As a third choice for the vector X, consider X = (2,(yq)), where 2,¢, 4 = 0
for all (p,q) ¢ {(i,1),(J,k)} and x50y = 24k = 1. Then, the non zero
sub-matrix of Skew(X) has the following form:

i k1
i /70 0 0 1
ifo o 1 0
klo -1 0 0
I\-1 0 0 0

The non zero elements of C' except the diagonal elements are,
Cry=Cyr=1and Cpy =Cyp, = —1.
Similarly as above, we obtain,
Arg— A, =0. (1.10)

Consequently, from (1.8),(1.9) and (1.10) we conclude that A;; = Ay, 5, =
Ar, g, = 0, which is the desired result.
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1.0.4 Quadratic Forms

By imitating [11], we give now a result on convexity of a special quadratic form
which will be used in the proof of Theorem3.5.

Lemma 1.4 Let g4 : R>? = R, be the quadratic form defined as follow:
Ga(F) = A: My(Fo), AeSE)x(),
Then, the equivalence of the following statements holds:
(i) The function qa is conver,
(i1) qa(F) >0 for all F € R4
(i11) A is an S-positive semi-definite matriz.

Furthermore, there exists a matriz A that is neither S-positive semi-definite nor
positive semi-definite, and yet qa is rank-one convez.

Remark 1.3 In contrast to the 3d case see [11], the equivalence between rank-
one convexity and convexity of qa in the general case is currently an unresolved
188Ue.

Proof. The convexity of quadratic forms directly leads to the equivalence be-
tween (i) and (i7). Equivalence of (ii) and (7ii) is a consequence of S-positive
semi-definiteness.

We will give a counterexample of a matrix A € S%%6, that is neither S-positive
semi-definite nor positive semi-definite, for which the quadratic form g4 is rank
one convex. Consider the block matrix

B | D
A:<DT 0)7

where B =€ ®e;, D =€ ®e3 — ey ey +e3®e; and C = 0, with (eq, e, e3)
being the vectors of the canonical basis in R3. By a straightforward computation,
we find for any vectors a = (a;),b = (b;) in R*, i =1,2,...,4 that

Mﬁ@@@%zi(ﬁ)@(ﬁ),

such that v = (agbg—agbg, CL2b4—CL4bQ, a3b4—a4b3)1 u = CleA)—blCAL with i) = (bg, bg, b4)
and @ = (ag, as,ay). We notice that Dv = a X b represents the cross product of
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the vectors under consideration, Consequently, due to the orthogonality of v and
Dv together with the positive semi-definiteness of B, we obtain

oo o[ (£12)(2)

= +(u"Bu+v"Cv + 2u" Dv) = ;(u" Bu) > 0,

which means that g4 is rank one convex. In other hands, the matrix A is clearly
non positive semi-definite, lets show that in fact it is not S-positive semi-definite.
According to (1.5), we have for X = (21, 9,...,26)7 € RS,

A XRX = A: My(Skew(X)) = 27 — dwzzy + daoxs5 — 47176 (1.11)

The right hand side in (1.11) is not a positive quadratic form, consequently the
matrix A is not S-positive semi-definite. m

1.0.5 Subdifferential of Convex Functions

Definition 1.4 1. Consider a convex function f : R* — R. The subdifferen-
tial of f at x € RY is defined as follow:

Of(x) ={s € R*: f(y) > f(x)+ < s,y —x > forally € R}

The set Of (x) is compact and convex. For differentiable functions, Of(x)
is reduced to the set {V f(x)}.

The following lemma provide sufficient conditions for a convex function to
have non S-positive semi-definite sub-differentials . The proof is not done here,
it is a direct adaptation of lemma 3.4 in [11] by taking S-tensor product instead
of tensor product and S-semi-negative definite matrices instead of negative semi-

definite ones.
d

Lemma 1.5 Let g : S¥™4 x SE*E) & R be a conves function. Then, the
following implications hold:

d d
(i) If the subdifferential Og(e,n) is a subset of Sdxd SS(E)X(Q) for any (g,m) €
d
2

Sixd 5 sl )X(g), then the partial subdifferential Oag(e,m) is a subset of
S<2)X(2> for any (5’77) e Saxd S(;)X(g);

P
(ii) The existence of an é € S and a constant C > 0 satisfying

d
2

g(&, XX X) < C forany X € R( ), (1.12)

d d
implies that the partial subdifferential Osg(e,n) is a subset OfS(f)X(Q) for any (g,n) €
Sixd 5 s(2)x(2),

Note that the constant C' in (1.12) which is supposed positive in [11] can be
assumed to be arbitrary in R without affecting the proof.
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Chapter 2

Polyconvexity: Theory And
Applications

In this chapter, we focus on the main properties and different classes of polyconvex
functions, as well as discuss other important examples relevant to the application
of the concept in nonlinear elasticity.

2.1 Definitions and Proprieties

The concept underlying polyconvexity was first introduced by Morrey [52, 53]
as a sufficient condition for quasiconvexity. However, the term ”polyconvexity”
itself was coined by Ball in his 1977 paper [7], where he investigated the concept
within the framework of nonlinear elasticity. Ball characterized the properties of
polyconvex functions in dimensions two and three, while the extension to arbi-
trary dimensions was later provided by Ball, Currie, and Olver [8], as well as by
Dacorogna in his works [17, 19].

Definition 2.1 A function f : R™*™ — R U {+oo} is termed polyconvex if it
possesses the following structure:

f(&) = g (& My(E), ..., My(§)),

where g : RN — RU{400} is a convex function, My, (€) represents the matriz
of all k-th order minors of &, r = min{n, m}, and

o -5()()

Remark 2.1 The definition of a polyconvex function is grounded in the work
of Yan [71], Silhavy [64, 65]. For the special cases when m = n = 2 or 3, we
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adhere to the definition provided by Ball [7], as it aligns with physical criteria. A
function f is called polyconvex if it exhibits the following structure:

f(&) = 9(&, det§), for all § € R,
f(&) = g(&; cof &, det §), for all € € R,

where g is a convex function, cof & denotes the cofactor matriz of &, and det &
represents to the determinant of €.

Remark 2.2 A particular case of polyconvex functions is the so-called additive
polyconvex functions where the expression is a sum of convex functions of minors
of each order, namely in the 3 x 3 case a function f : R¥>3 — R defined as

f(&) = f1(€) + falcof &) + fs(det £).

such that fi, fo : R¥®>3? - R and f3: R = R. If f;, i = 1,2,3, are convex in their
respective arguments, is polyconved.

An example of a non-convex function that is polyconvex in R?*? is illustrated
by the function det£. In the case of functions allowed to take the value infinity,
an example is provided in [56, Remark 10.26].

Example 2.1 Consider the function f : R**? — RU {oco} specified by

%, det & > 0,
f(’s):{gof det & < 0.

This function serves as an example of a polyconvex function that is not convex.
A more detailed illustration of this example can be found in [35], where they
consider the convex function g : R® — R U {oo} defined by

i §>0,
sen={ 5 320

Since f(§) = g(§,det &), this implies that f is polyconvex. The non-convexity
is demonstrated by the two matrices &, & € R?*? given by

19 0 —4
With the choice t = %, it follows that the inequality
1 1 1 1
- — < = -
f <251 + 252) < 2f(§1) + Qf(fz)
is not satisfied.
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Remark 2.3 There are specific definitions for finite-valued polyconvex functions
defined on the sets R and SL(d), as discussed in [51, 27].

i) A function f: R = R is said polyconves if the function
+

~ - dxd
Firriaruta, flo={ 1© ESRE,

is polyconvex in the sense described by Ball [7].

ii) A function f: SL(d) — R is regarded as polyconver if the function

o mue, fi9-{ L9 €550

is polyconvex according to Ball’s definition [7].
The following lemma characterizes SL(2)-polyconvexity, as referenced in [27].

Lemma 2.1 Let f : SL(2) — R. A necessary and sufficient condition for f to
be polyconvez is the existence of a convex function f : R**? — R U {oo} where

(&) =f(&) forany &€ SL(2).

Note that the function ¢ is not unique, as illustrated by the example in Da-
corogna [19, p. 158]. Indeed, let f : R**? — R be defined as

f(&) = (€11 + &2)* + (C12 — &)

and consider g, h : R?*?2 x R — R be two convex functions defined by

g(& @) =€+ 2z, h(&, ) = (&1 + &2)” + (G2 — &a1)*

Although ¢ and h are different functions, they both satisfy f(£) = g(&, det(§)) =
(&, det(€)).

In the following theorem, we recall the characterization of polyconvex func-
tions in any dimension, for more details, the reader is refered to [19]. This char-
acterization was established for the 2d and 3d cases by Ball [7].

Theorem 2.1 o Let f : R™"™ — R U {400}, and consider the following
notations, for any integer J

J
7, - {=<> 0> 0 zaz:l}.
=1

and M(&) = (§ Mx(§),...,M.(&)), where r = min{n,m}, and denote
N = N(n,m). Then, the polyconvezity of f is equivalent to the following
statement:
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i) The following two properties hold:
a) A convex function h : RN™™) — R U {+o0} exists, that satisfies

f(&) = h(M(E)) for each § € R™,

b) for all & € R™™ and o € Ty 1 where

N+1 N+1
Z o M(&) =M (Z %fi) ,
i=1 i=1

18 satisfied, hence
N+1 N+1
f (Z Oézfz‘) <Y aif (&)
i=1 i=1

e Supposing statement i) holds, and g : RN™™ — R U {+oo} is considered
as follows

N+1 N+1
g(n) = inf {Z @f(&) ta €Ty, n= aiM(fi)} :

i=1 i=1

hence, g is convex, and

f(&) = g(M(8)) for every § € R™*".

Furthermore, for each n € RNmm)
g(m) = sup {o(n), ¢: RV 5 RU {400}k conver and f(€) = G(M(S)), ¥ € R}

o [In the finite case, i.e., f: R™™ — R. Hence, [ is polyconvez if and only if
the following requirement is fulfilled,

i’) for each & € R™*" there exists v = v(§) = (n(£),72(£),...,7%(§)) €
RN™™) for which

F) > fE) +m(E): (n—&) + Z %i(€)  (Mi(n) — M;i(€))

for every n € R™*™.

e Under the assumption of i’), the function

EeRm Xn

g(A1, Az, ..., Ay) = sup {71(5) H(Ar = Mi(6) + Z%(é) (A = Mi(E)) + f(f)}

is convex and finite-valued, satisfying

f(&) = g(M()) for every § € R™".
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The following result provides a necessary condition for polyconvexity in the
case of functions satisfying growth conditions, see [71, Lemma 5.1} and [19, Corol-
lary 5.9].

Lemma 2.2 Let f : R™" — R be a polyconvex function. Then, the following
statements hold:

i) For m = n, the existence of a constant ¢ > 0 and 1 < q < n satisfying
0< f(&) <c(l+ %)  for every & € R™",

implies the existence of an integer k € [1,n—1], along with a convex function
g(m,ma, ..., mk) that satisfies

f(&) = g(&§, Ma(§), ..., My(§))  for every § € R*™,
with

dg

a_m(ﬁhﬁ% s 77_]]€) 7& 07
for some (71,72, ..., M) within the domain of g.

it) The existence of a constant ¢ > 0 and 0 < q < 2 satisfying
f&) <c(L+£]%)  for every &€ R™™,

implies that the function f is convew.

iii) There exists a non-negative constant o > 0 such that the inequality
f(&) > —a(l+(€]") holds for all & € R™*",
where r = min{m, n}.

Remark 2.4 In statement i) of the above lemma, the author in [71] mentions
that if g is not differentiable at the point (1,72, . .., Mx), its derivative with respect
to mi, may be substituted by its sub-differential at (i, 7z, ..., Mk)-

The following lemma provides a sufficient condition for polyconvexity, see in
[28, 46].

Lemma 2.3 Let g : [1,00) = R, be a non-decreasing convex function, and f :
]RiX2 — [1,00) be a polyconvex function. Then the composition go f is polyconver.

We finish this section by outlining some examples, see [40, Lemma 3.4], [24,
Exercise 1.21], [38, Propositions 10.2 and 10.4], and [30].

28



Chapter 2. Polyconvexity: Theory And Applications

Examples 2.1 The following functions are polyconvex:

1. For f:R**™ — R, defined as

f(f) _ { 1+ |5|2> V |€|2+2'V >1,
2V/IEP +2v =27, VI§P+2y <1,

such that v = Z (€1iaj — €1562:)*.

1<i<j<m

2. For f :R?**? - R, given by
F(&) = [€I* — 2I¢[* det €.
3. For f : R4 5 R, given by
£€) = (det€ — 1%
4. For fq,:R™ = R, given by
fa(€) = ()" — d¥ det )", g>1.

5. For f :R%*? 5 R, given by
1
F(€) = S (IIE]F° + det & Log([[€]1%))-

6. For f :R%? — R, given by

o = L(IEIE

: dot € — log det §)

2.2 k-Polyconvexity

In this section, we explore a particular class of polyconvex functions known as k-
polyconvex functions. This class of functions is initially defined in [8] and further
examined in [64].

Definition 2.2 A function f : R™*" — R U {+oo} is termed k-polyconvex if it
possesses the following structure:

F(&) = g(&, Ma(§), ..., My(§)),

Mw

where g : RN®mm) s RU{+00} is a convex function, N (k,n,m) =

> (7))

and 1 <k <r.
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The theorem below outlines the properties of k-polyconvexity. For more de-
tails, see [8, Theorem 5.2, p. 159]; see also [64].

Theorem 2.2 Let f : R™" — R U {+o0}. The following statements provide
equivalent characterizations of the k-polyconvezity of f :

i) a € R and A; € ROD*() egist where
k
J€) = a+d A M), foral§ € R™,
i=1

and if §,& € R™™ and o € T, satisfy

My(&) =Y auiMy(&), q=1,....k
=1

then
76 <3 aif€).
i=1
ii) If f: R™™ — R, then for each § € R™™, B;(§) € R(D*() exist such that
k
F) 2 £(€) + Y Bi(&) : (Min) = My(€)),  for all n € R™™.
i=1

Remark 2.5 As noted in [6]], if [ takes only finite (and/or non-negative) val-
ues, then g, as in condition (ii), can also be chosen to take only finite (and/or
non-negative) values. Consequently, by Carathéodory’s theorem, we can select the
non-negative integer p such that p < N(k,n,m)+ 1; see [8].

2.3 Polyconvexity for C' functions: Necessary
and Sufficient Conditions

Based on [32], we have the characterization of C* polyconvexity in two dimensions:

Theorem 2.3 Let f : R?*? — R define a C* function. an equivalent condition

for the polyconvexity of f is that for all ¢ € R**? there is a real number b(e)
satisfying

inf F(n,e,b(¢)) = F(e,e,b(e)) = 0.
"
and the function F : R?*? x R?*2 x R — R is expressed as
F(n,e,b) = f(n) = f(e) = Df(e) : (n — &) — bdet(n —e).
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Remark 2.6 For f € C*(R**?), an equivalent condition for the polyconvezity of
f is that for every e € R?**2, the set

G(e) = {b, € is the global minimizer of g(-,€,b)}
is nonempty; see [32].

Additionally, Aubert [5] provides another necessary and sufficient condition
for polyconvexity of functions of class C* in dimensions 2 and 3. Let’s study the
cases d = 2 and d = 3 and present the following sets:

R = {e € R dete > 0}, R = {c € R dete < 0},
especially, in the case d = 3, we define
U7 ={e e R ¢, =¢, =0, foreachp,q=1,23},
Vi ={(4), i, =1,2,3, (cofe)i; >0}, Vo ={(4,7), i,j =1,2,3, (cofe);; <0},
U7 ={e €U (cofe); >0}, U? = {e € U (cofe)y < 0}.
Where cofe is the cofactor matrix of € and dete its determinant.

Theorem 2.4 Let f : R = R define a C' function. Hence, the polyconvexity
of [ is equivalent to:

i) If d = 2, the next inequality is satisfied:
Fi(n) < Gi(n), for all n € R**?
with

_ fin+e)—fn) —e:Df(n) .. fn+e)—=f(n)—e:Df(n)
Filn) = sup, dete G = 1, deic -

ii) If d = 3, the next inequalities are satisfied
Fij(n) < Gij(n), F(n) < G(n)

for every n € R33, such that

) = sy A E) =) —e: Dfm) e St e) = f(n) —e: Df(n)
Eij(n) —€€Ulzj ol , Gig(n) 8€Ufi]. (cofo)n

fn+e)—fm) —e:Dfn ZFU (cofe)i; ZGZJ (cofe)ij

F(n) =
()= sup, ST

f+e)—fn) —e:Df(n Z n)(cofe)i; ZGU (cofe)s;

G(n) = inf
()= Inf, e
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Here, Df(n) denotes the gradient of the function f at n.

Corollary 2.1 Let f : R**?2 — R be a polyconvex function that it of class C?.
Hence, for every n € R**?, the functions Fy(n) and Go(n) are finite, and satisfy

Ga(n) = Fa(n),
with
GQ(TZ): ll'lf m Fg(n): Sup m

cer??  dete ’ cepzx2  dete

Additionally, for each 8 € [Fy(n), G2(n)] and all A € R**?,
ATD?f(n)A > Bdet A.

Here, D?f(n) denotes the Hessian matriz of f at n. This result follows from
the work of Aubert in [5].

Remark 2.7 By using Theorem 2.4, Aubert [5] reduced the number of matrices
required to test the polyconvezity of a given function defined on R**? from six to
three. Specifically, the polyconvezity of the function f : R**? — R is equivalent
to the fact that, for every &1, &, & € R?2 and o € Ty verifying

3 3
det(é — &) det(é — &) <0 and ) a;det(§;) = det <Z a@) :
=1

i=1

we obtain
3 3
S <Z 0@&) <D aif(&).
i=1 i=1

2.4 Quasiconvex & Rank One Convex Functions

An overview of concepts related to polyconvexity, including quasiconvexity and
rank-one convexity, will be presented in this section. Sufficient and necessary
conditions for polyconvexity will be discussed in relation to these concepts. In
particular, we will explore cases where these three notions of semiconvexity are
equivalent.

Historically, quasiconvexity was introduced by Morrey [52] to show that the
functional

I(u) = [ f(z,u(z), Vu(z)) dz,
/

is weak lower semi-continuous, where f : R"™*" — R is the energy density func-
tion, v : R™ — R™ is the deformation, and €2 C R" is an open set.
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Definition 2.3 The local integrable function f : R™*"™ — R, is termed

i) quasiconver function if

/ F(E+ Vop(a))dz > m(Q)£(€)

for each open bounded set 2 C R™, each & € R™*™ and any ¢ € WOI’OO(Q, R™),
with m(§2) denote Lebesque measure.

it) quasiaffine if f and —f are quasiconvex

Since verifying quasiconvexity directly can be challenging, Morrey [52, 53]
introduced polyconvexity and rank-one convexity as sufficient and necessary con-
ditions, respectively, to simplify the process.

Definition 2.4 A function f : R™*"™ — R U {+oc}, is called rank-one convex if
it satisfies the following inequality:

FOE+ (1= Nn) SA(E) + (1 =N f(n)
for every X € [0,1] and all §,n € R™™ where, rank({ —n) < 1.

Note that the notion of quasiconvexity is defined only for finite-valued functions,
and it is equivalent to weak lower semicontinuity, as shown in [17]. However, for
functions allowed to take the value infinity, an extension of the quasiconvexity
definition is provided in [9].

Additionally, we notice that polyconvexity and quasiconvexity are non-local
properties, while rank-one convexity is local (see [42, 43]; see also [29]).

Definition 2.5 A property H is said local if a local operator h exists, wherein
for every smooth function f : R™™ — R, then f possesses the property H equiv-
alently to h(f) = 0.

Additionally, if f = g in the neighborhood of A, it implies that h(f) = h(g)
in the neighborhood of A, then the operator h is local.

In accordance with Kristensen [42, 43], Guerra [29], polyconvexity and quasi-
convexity are generally non-local properties,

Theorem 2.5 Consider f: R™"™ — R. Then:
i) Forn > 2 and m > 2, polyconvexity does not exhibit local properties;
it) Forn > 2 and m > 3, quasiconvezity does not qualify as a local property;

iii) Rank-one convexity possesses the property of locality.
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Remark 2.8 The local operator for rank-one convexity is given by:

h(f) mf{z Z &pafgqazajb o0y | @ € R™, bERn}

i,7=1p,q=1

The following theorems outline on the relationship between the various semi-
convexity notions. For more details, see [17, p. 40].
Morrey [52, 53] showed the following,

Theorem 2.6 Consider a function f: R™"™ — R. It follow that,

i) f is convex implies f is polyconvex, which implies f is quasiconvex, and this
implies f is rank-one convex.

ii) For f € C*(R™ "), the necessary and sufficient condition for f to be rank
one Convew is

Z Z azajbpbq > 0.
i,j=1p,q=1 fzpaqu
For all £ e R™*", a € R™ and b € R™.

iii) If m = n+ 1, then M,(§) € R"™ for £ € R™™. Let ¢ : R — R be such
that,

often referred as the minimal surface problem. Then, The properties of poly-
convexity, quasiconvezity, and rank-one convexity for f are equivalent to the
property of convezity for ¢.

iv) For functions f : R™*" — RU{+4o00}, converity implies polyconvezity, which
i turn implies rank-one convexity.

v) Form =1 orn =1, all semiconvezity concepts are equivalent to the convez-
ity of the function f.

vi) Convezity, polyconvezity, quasiconvexity, or rank-one convezity of f implies
that f s locally Lipschitz

For the case of polyaffine, quasiaffine, and rank-one affine functions (i.e., func-
tions f and — f that are polyconvex, quasiconvex, and rank-one convex), we have
the following characterization (see [17, 19]).

Theorem 2.7 Consider f: R™™ — R, the following equivalences holds:
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i) f is polyaffine.
it) f is quasiaffine.

i11) f is rank one affine.

i) for each 1 < k <, there exist ng € R(?)X@), and a € R so that
F© =a+> i M(&)
i=1

where r = min{n, m}.

v) [ is a function that is continuously differentiable, and
fE+z@y)=fE)+Df(E): z®y,

for every e R™", x € R™ and y € R", with D f(£) = <a<9f£(-§)>1< <
¢ <i,j<m,n

2.4.1 Equivalence Case

In the following, we present several results that illustrate the equivalence of dif-
ferent semiconvexity notions under certain conditions.

For functions depending on quasi-affine functions, we have the equivalence of
the different notions of convexity, as stated in [18, 16]; see also [17, 19].

Theorem 2.8 Consider f,¢ : R™"™ — R and ¢ : R — R, which satisfy

If ¥ 1s quasiaffine, then the polyconvexity, quasiconvexity, rank-one convezity
of f, are equivalent to the convexity of .

The validity of this equivalence is maintained for functions depending on the
Euclidean norm. Refer to [16, 17] for more details.

Theorem 2.9 Consider f : R™™ — R. and ¢ : Rt — R, verifying

f(&) = (l¢])

Then, the conditions of convexity, polyconvezity, quasiconvezity, rank-one con-
vexity of f, as well as the convezity of ¢ with ¢(0) = min{p(z), = > 0}, are all
equivalent.

The subsequent result is attributed to [9].
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Theorem 2.10 Let m=n, 1 < a <2n, and let f: R™"™ - R and ¢ : R — R,
verifying

f(&) = [§]* + p(dets).

Then, the polyconvezity, quasiconvexity, rank-one convexity of the function f,
along with the convezity of @, are all equivalent.

Charrier [13] provides the following example.
Theorem 2.11 Consider m=n, 1 <i<n—1, a >0 and
F(&) = <|Mge§_t)§|n/i>a if deté >0
+o0 if det& < 0.

Then, the polyconvexity and rank-one convexity of f, along with the condition

a > - are all equivalent.
n—

The next example is due to Ball and Murat [9], see also [21].

Example 2.2 Consider 3 > 1, o> 0 and the function f: R*? — R given by

fal&) = €17 = 22 a((det §)*)”.
Then, the following result hold, see [20]:

1. Fm’}l < B < 1, the function f, is convex, polyconvex, quasiconvex, and

rank-one convez if and only if o = 0.

2. For § =1, the function f, is convezx, polyconver, quasiconvex, and rank-one
convex if and only if a < 1.

3. For B > 1, the function f, is rank one convez if and only if a < «,., where

2(26+(26—1)2) . .
(2571)21735)(1712)5—1 if 1<B<1+ %
Ar = 242,66:11> . 1
B 2(8—1) if B>1+ ok
(*-e)
such that
g -+ VAP 1P 82— 1)(E-DEB - 1)

428 -1)(6-1)
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2.4.2 Quadratic Case

In the case of quadratic forms, quasiconvexity is equivalent to rank-one convexity.
Furthermore, in the 2 x 2 case, these notions are also equivalent to polyconvexity.
This equivalence has been established in [69, 2, 55, 36, 67, 57| and [45], as well
as, [17].

Theorem 2.12 Consider A € Stmxm)x(mxn) g let

f(§) = A€

where ”.” represent the scalar product in R™" and the matrix & 1s considered as a
vector of mn element. Then, the quadratic function f is quasiconvex if and only
if fis rank-one convex.

Moreover, in the case where m = 2 or n = 2, the conditions that f is poly-
conver, quasiconvex, and rank-one convexr are all equivalent.

In general, if m,n > 3, the rank-one convexity of f is not a sufficient condition
for ats polyconvexity of.

For the case where m = n = 3, Serre, see [57], provided a specific counterexample
of a quadratic form that is rank-one convex but not polyconvex.

Example 2.3 Consider f : R¥3 — R, defined as

F(&) =(&12 — a1+ &13)* + (€1 — &1 — &)
+ (&1 — &2 — &3)* + (E22)% + (€33)°

Then, the function g : R3*3 — R given by

9(&) = f(&) — €l¢l,

with € > 0, is not polyconvex, whereas it is rank-one convex.

2.4.3 Counterexample

Sverak [66] provides a counterexample that addresses Morrey’s problem [52]. This
long-standing open problem in the calculus of variations asks whether a rank-one
convex function that is not quasiconvex exists. Sverak’s counterexample answers
this question for the case n > 2 and m > 3. However, the planar case remains
an open problem.

Example 2.4 For 8,a > 0, let f,5: R¥? — R be defined as

fas(€) = 9(P(€)) + BlE = PO + a(l€* + [¢[").
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such that
r 0
L=X¢eR™ =10 y|;z,y,2€Rp,
z z
ISH 0
P:R¥>? 5L P& = 0 £o
(&31 4+ &32)/2 (&31 4+ E32)/2
z 0
g:L—-R, ¢g|0 y]|=—2yz.
z z
Thus,

i) For all B > 0 and for all « > 0 sufficiently small, the function f, 5 is not
quUasiConver.

ii) For all o > 0 there exists B = f(a) > 0, such that f, is rank one conver.

The first properties i) was proved by using the periodic function ¢ € Wple’,?o((O, 1)%R3)
given by
1 sin2mxy
¢(ZE‘1, 1’2) = — sin27r:v2
sin2m(zy + x2)

Such that WLeo((0,1)™; R™) is the set of periodic functions p € WH=(R";R™).

per

Remark that D¢ € L and P(D¢) = D¢, then we get

11
/ g(Do)dzx = —//(00327rx1)2(cos?wxg)deldxg < 0.
00

(0,1)

Consequently, for each a > 0 that is sufficiently small and for each 8 > 0,

/ fas(DO)dz < 0 = f.5(0).

(0,1)2
According to the following lemma from [19],

Lemma 2.4 Consider a continuous function f : R™" — R. A necessary and
sufficient condition for the quasiconvexity of f is that the following inequality
holds:

/ f(6 + Dp(a))dz > f(€).
(o,n)n

for all £ € R™™ and for all ¢ € WE°((0,1)";R™).

per
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Using this lemma, we can conclude that the function f, 3 is not quasiconvez.
In the second properties ii), it is equivalent to show the Legendre-Hadamard
condition, 1i.e.,
d2
Ly(&n) = 5 Uus€+tm)| 20,

t=0
for every &, n € R3*2 such that rank{n} = 1.
Sverak [66], generalize his example to arbitrary dimension n > 2 and m > 3

by definining f : R™™ — R, as

f(&) = fap(A(E))-

such that X : R™*" — R3*2 defined as

STRRSE:
/\(f) = | &1 &
§31 &30

Then, it follows that

i) f is rank one convex, as a consequence of the rank-one convexity of fa s

ii) fis not quasiconvex. This can be shown by considering the periodic function

A(x1, .y Ty) = (P1(21, 22), Po(21, 22), P3(21, 22), 0, ..., 0).

We observe that ¢ € WL((0,1)"; R™) and

per

/ F(V&)dz < 0 = F(0).
(o,n)»

Therefore, by Lemma 2.4, [ is not quasiconvez.

According to the characterizations provided in [5], and the characterization
of rank-one convex functions of class C? from [39, 6], Aubert [4, 5] provides an
isotropic! function in the two-dimensional case (d = 2) to demonstrate that rank
one convexity does not imply polyconvexity.

Example 2.5 Let f: R**? - RU{oco} be given by

o0 else,

fe) = {éw — L(det €)? - 2[¢[* det e if det€ >0,

LA function f : R4 — R is isotropic if f(QER) = f(€) for all ¢ € R4 and Q, R € SO(d).
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where |&| represents the Frobenius norm of €. Equivalently, for det& > 0, f(&)
can be expressed in terms of the singular values A1, Ay of & as:

1

GRS

2 1
(AT +2A3) — gAlAQ(AZ{ +A3) + EAZ{A%
Thus, f is rank-one convex but not polyconvex.

Next, we present the example of Dacorogna, Alibert, and Marcellini [3, 23],
as given in its general version in [21], for the case n = m = 2.

Example 2.6 Let 3> 1, o € R, and consider f, : R**? — R, given by
fa(€) = [ (|€]" — ardet§).
Then, it follows that,

i) For =1, the converity, polyconverity, quasiconvexity, and rank-one con-
vezity of fo are equivalent to o < o, o] < ap, |a| < a4, and |a| < ay,

4 4
respectively, where a. = —/2, ap=2,0,=2+0 withd >0, and o, = —=

3 V3

it) For > 1, the rank one convexity of fo is equivalent to |a| < «.., as stated
in [20], where

ol §f1§ﬁ<f%5,
az if B> MR,

with

o — <1+%)min{$4+2(ﬁ+1)x2+26+1}

2>0 323+ (26 + 1)z
1 1
a2:1+ 1—%—2—ﬁ2

4
Note that, the question of whether 2 + § = — is still open. However, if 2+ 4§ <

V3
ﬁ’ then a rank-one convex function that is not quasiconver exists.
We conclude this section by presenting a result given in [61].

Proposition 2.1 Let f: R™*" — R defined as

. fl(f) if £eM;
f(@‘{fQ(f) if €€M,
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such that, fi,fo : R™"™ — R defined two function satisfy along with the two
closed sets M;, My C R™*"

fi=fa over MjNMs, and M; UM, = R™mxn,
fi > fa over M. M; — My is an open set.

Then
i) there exist f1, fo tow polyconvexr function such that f is not;
it) The rank one convezity of fi and fo implies the rank one convexity of f;

i11) The convexity of f is ensured if fi and fo are both conver.

Note that the first statement is demonstrated by considering a counterexample
of a non-polyconvex function that is rank-one convex. Specifically, consider the
functions fi, fo : R*?*?2 — R, defined by the singular values \;(£) > Ay(€) of € as

J1(€) = M (E)A(8), f2(§) = Ma(€) + Aa(8) — 1,
both satisfying the hypotheses of the lemma with
M, = {€ € R¥2: A () < 1}, My = {€ € R¥2: M () 2 1
Therefore, the function f : R?*? — R, given as

A (§)A2(8) if A\i(§) <1,
78 :{ M(E) %) — 1 i M(E) > 1,

is not a polyconvex function but it is rank one convex, see [61, Theorem 5.

2.5 Invariant and Fully Invariant Polyconvex Func-
tions

In this section, we focus on functions that are invariant under orientation. We
begin with some preliminary results, following [60, 24|, we provide the following
definitions.

Definition 2.6 Let f: R™? — RU {00} and g : R — RU {c0}.
i) f is said to be invariant if,

F(QER) = f(&)  for all ¢ € R™ and every Q, R € SO(d).
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it) f is said to be fully invariant if,
F(QER) = f(&)  for all € € R and every Q, R € O(d).

i) g is symmetric if for all d x d permutation matrices P and all x € R?,
g(Pz) = g(x).

w) g is even if for every x € RY,

d
glex) = g(x) for every e = (e1,...,eq) € {—1,1}* where Hei =1.

i=1
v) g is fully even if for every x € RY,
glex) = g(x) for every e = (e1,...,eq) € {—1,1}.

In nonlinear elasticity, invariant functions are also called isotropic functions.
Let A(§) = (M(€), ..., a(§)) denote the vector of the singular values of the
matrix & € R4, where \;(€) are the eigenvalues of (£7¢)'/2 ordered as follows:

A(8) = > M€ >0

Consider the vector (&) = (p1(§), - . ., ua(€)) representing the signed singular
values of the matrix ¢ € R%*¢ where the components of (£) are defined as follows:

1al€) = Ml€) sign(det &) and  pi(€) = Ai(€), i =1,...,d— 1.

The following proposition can be derived from the singular value decompo-
sition. For more details see [30, Lemma 3.1 and Remark 3.6] and [60, 59, 62,
Proposition 2.1], see also [19, Proposition 5.31].

Proposition 2.2 Let f: R — R U {oo},
i) The necessary and sufficient condition for f to be invariant is that
F(&) = g(u (&), - .-, 1a(§)) (2.1)
where g : R — R U {oo} is the unique even and symmetric function.
it) The necessary and sufficient condition for f to be fully invariant is that

f(&) = g(M(8), ..., AalE))

such that g : R — RU {oo} represents the unique symmetric and fully even
function.
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Remark 2.9 [t is noteworthy that the above proposition s slightly different from
the one in [19, Proposition 5.31]. However, while this reference uses an increasing
order for the singular values and includes the definition:

11(€) = M (&) sign(det€) and pi(€) = M(€), i =2,....d,

in our case, we use a decreasing order, and the signed singular values are defined
as:

14(€) = Ml€) sign(det &) and  pi(€) = M(€), i=1,...,d 1.

Consider the set

Gd:{xeRd:xlz---Zxd,lz\xd\}.

The following example is due to [61] and is provided in a general version in
[24], which represent an example of a fully invariant function that is rank-one
convex but not polyconvex.

Theorem 2.13 Let 1 < k < oo, d > 2, and let f be a fully invariant function
on R given as

o 4 |zof =1 dif x> 1,

f(diag(z)) = { ’x1x2‘k if a1 <1,

for every x € G%, where diag(x) is the diagonal matriz whose diagonal entries
are the components of the vector x, it follows that:

i) f is rank-one convex;
ii) The function f is not polyconvex for 1 < k < 2, and it is polyconvez other-

wise.

2.5.1 Invariant Function Characterization

We now provide a characterization of invariant polyconvex functions, following
[63, Theorem 4.1]; see also [24].

Theorem 2.14 Given an invariant function f : R**? — RU{oco} and its associ-
ated signed singular value map g : R? — RU{oo} (as defined in (2.1)). Therefore,
the following conditions are equivalent.

i) f exhibits polyconvexity;

i) A convex function g : R® — R U {oo} ewists such that g(-,z) is even and
symmetric for every z € R, and

9(x) = glx1, 22, 2122) for all x € G
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iti) There exists a convez function § : RT> x R — R U {oo} such that §(-, z) is
non-decreasing for all z € R and

9(x) = G(z1 + T2, 21 — T, 1122) for all x € G

w) Suppose x,y" € G* and o' > 0 fori =1,....,q with Y0 o' =1, 129 =

q Qi
i—1 Q'Y1Ys, and

q
T+ exy < Zaiyi + ey for every e € {—1,1}.
i=1

Then, it follows that

g(z) < Z a‘g(y').

In [22], it was proved that the polyconvexity of the function f : R**? — R,
in the case of invariant functions, coincides with its restriction on the diagonal
matrices. Note that the function restricted to the diagonal matrices RQD“ is said
to be polyconvex if there exists a function g : R* — R, such that for all

e= (5 5) < B 1O = atabab)

Consider a matrix ¢ € R?*2, given by £ = (?1 ?2). Define the associated
21 E22

&2 _521). Denote by £t = 1(¢ +&) and £ = - £).

=&z &u

Theorem 2.15 Let f : R?**2 — R define an invariant function. Then, the
following equivalence hold:

matrix f as 5: (

i) f is a polyconvez function;
it) f is polyconvexr on diagonal matrices;
i) For any n € R3?, there are a(n), B(n),v(n) € R that satisfy

1@ 2 1+ ("5 0] 56— (e - decta)

for all € € R3?; specifically, if

)= sup {1 () +alab)e = a) + Ba by - b +2(ab)o - b},

a,beR
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it follows that h is convexr and

f(f) —h (’£+|\}_§’£_|7 Kﬂ\;;f_l,det({)) :

f (x 0) = h(z,y, zy)

0 y

for all £ € R?*2;

w) For every & € R4, and every B; > 0 such that 2?21 Bi =1, satisfying

4 4
Z Bidet(§;) = det (Z 61’61’) )
i=1 i=1
it follows that
4 4
> Bif&) > f (Z ﬁi@) .
i=1 =1

Specifically, if g : R — R is given as

4 4
. a; 0
g(a,b,d) = inf {Zl Bif <0 bi) 72@'(@@ b, a;b;) = (a,b, 5)} ;
it follows that g is convex and

f (8 2) = g(a,b,ab)

for all £ € R**2,

As a result to the above characterization and Theorem 2.3, the author in [32]

provide a characterization of C* polyconvex functions that are invariant in the
case d = 2.

Theorem 2.16 Consider an invariant function f € C*(R**?). Then, a necessary

and sufficient condition for f to be polyconverity is that, for any n € R3®, there
exists §(n) € R satisfying

inf g(&§n,6(n) = g(n;n,d(n)),

£€R2D><2
where, for & € RH?,
9(§;m,0(n) = f(&) = fF(n) = fera (M) (€11 — 1) — fena (1) (€22 — m22) — 6(E11 — 1) (o2 — M22)
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The following proposition provides a necessary condition to the polyconvexity
for invariant functions, see [63, Proposition 4.2].

Proposition 2.3 Let f : R?*? — R U {oo} be polyconver. Then its associated
signed singular value map g : R?* — R U {oco} (see 2.1 for a precise definition)
satisfies the following inequality:

For every x,y,z € G* and o € [0,1] that satisfies

1+ ey < (1 — a)(y1 + ey2) + a2 + €22),
T1T2 = (1 - a)ylyZ + azi 29,

where

{ L df (1 —21)(y2 — 22) >0,
=1 if (g1 —2z1)(y2 — 22) <0,
It follows that g(x) < (1 —a)g(y) + ag(z).
Consider the sets V; = {x € R**d, xy > >xg >0}

E(z) ={¢ e R deté > 0and z = \¢)} = {Ri(diag(x))Ry, Ry, Ry € SO(d)},

and PA(R™?) = {5 : B € R7D} such that pg(€) = 8 : M(£) where M(£) €
R4 represent the vector of all minors of the matrix £ € RiXd that include 1 as

. _ L (d\ (d
a minor of order 0 and 7(d) = ; <Z) (z)

In [51], the author give a necessary and sufficient condition on the associated
function ¢ : V; — RU{oo} to obtain a polyconvex function f : R¥*? — RU{co},
such that

re=goxg ={ L) He= (22)

where it is assumed that g : V; — R U {00} is lower semi-continuous.
Note that, if f is polyconvex, the function g is called singular-value polycon-
Vex.

Definition 2.7 A lower semi-continuous function f : R™>*? — R U {oo}, is said
to be polyconvezx, if

f(&) =sup{e(&) : p € PARY), o < f}.

Theorem 2.17 ([51]) Let f: R™? — RU{oo}, be defined as in 2.2. Then, the
following assertions are equivalents
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i) g is singular-value polyconver;
i) g(x) = sup{o(a, x) - (e, .) < g} for every x € Vy
where
éla, ) = max{a : M(€), & € ()}
with a € R™@

Corollary 2.2 i) For everya € R™@ the function ¢(a, z) : Vg — R is singular-
value polyconvew.

ii) If g - Vi — R U {00} is singular-value polyconvex, then for all y € Vy with
g(y) < oo, there exists a € R™D that satisfies

9(x) = g(y) + o, z) — ¢, y).
Consider
D(xz) = {¢ € E(x), ¢ is diagonal matrix} = {diag(Sz), S € Sq}
where
d
Saq = {Pdiag(e) € O(d), P € Perm(d), e € {—1,1}¢, Hei = 1}
i=1
and define

dlase) = max {a: M(€)} = max{a : M(diag(S))} < é(a,2).

Proposition 2.4 If the function g as stated in 2.2 is singular-value polyconver,
then for any x € Vy, it follows that

g(m) = Sup{¢<a*,$), 1/}(04*,56) < g}a

where o* € R™Y s q vector whose components, which do not correspond to the
determinants of sub-matrices symmetric to the diagonal of §, are equal to 0, for in-

stance for d = 2 and M (&) = (1,&11, &2, §21, &2, det &) than o™ = (o, , a2, 0,0, a5, ).

Note that, by using the following property (a*, z) = ¢(a*, x) for all x € V5 see
[51, Proposition 3.5], the author show that the above necessary condition is also
a sufficient one in the case d < 3.

Theorem 2.18 Consider d = 2,3. Then,
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i) for every o* the function ¥ (a*,.) is singular-value polyconvex;

it) The necessary and sufficient condition for the singular-value polyconvezity
of a function g : Vo — R U {oo} as defined in 2.2 is that, for all x € Vy, it
follows that

g(x) = sup{p(a”, x), ¥(a”,.) < g};

i11) For the finite case, the necessary and sufficient condition for the singular-
value polyconvezity of a function g : Vg — R as defined in 2.2 is that, for all
x,y € Vy, there exists o such that

g(w) > g(y) +v(a”, z) —P(a”,y).

For differentiable functions, Silhavy [60] provides a characterization of polycon-
vex functions in dimension 2, and Mielke [51] extends this characterization to
dimension 3.

Theorem 2.19 Let f : R>*? — R, be a differentiable function defined by its rep-
resentation g € C1(Vy,R) as in 2.2, then the following conditions are equivalent

i) g is singular-value polyconver;

_ 019—02g9 01g+02g
yi—y2 ' yity2

ii) In the case d = 2, for all x,y € Vs there exist b € | ] such

that
9(x) = g(y) + Dg(y)-(x — y) + b(x1 — y1)(z2 — v2)
iii) In the case d = 3, for all x,y € V3 there exist a € R® and b € R satisfying

9(x) > g(y) + max ((Dg(y) — Ala)y — by).(Sx) + a.(57)) = Dg(y).y

3

+ a.y + b(x17273 + 2y192y3)

such that z = (2923, 2123, 2122) for all 2 € R3, and Dg(y) denotes the gradient
vector of g at y and the matriz A(a) is defined as

0 as as
Al@)= a3 0 ay |, forevery ac R
o a1 0

The next example was obtained in connection with elasto-plasticity see [49, 50]
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Example 2.7 Let f: R?**? - RU {oo} and g: Vo — R U {oc}, for which

f(&) = g(A(E)),
and g is given by

9(x) = g1(x) + g2(z12)
such that
ARy ) for @ > (a8 + b)),
o) = { Lab +ab+b)  for x1 € [ag, (2§ +0)7],
p>2 and gs : R™T — RU{oo} is a lower semi-continuous, convex function, then

as a consequence of the Theorem 2.19, [51] showed that g generates a polyconvex
function for all p > 2.

We will now deal with functions that describe incompressible materials and we
assume that det & = 1 where & € R%? is the deformation gradient, hence we focus
on the function

F(&) = g(A&)).
The function g is determined by the function h : K¢ — R U {oo} as follows

g(@) :{ h(z) for [[_,z; =1, (2.3)

00 otherwise

and K¢ = {x eVy: I,z = 1} . Note that, the author in [51] provides a char-

acterization of the set K% in the cases d = 2 and d = 3 as follows

/@:{(mé)TeVZ: xe[l,oo[},

) 1

T
K3:{<l‘17_7_) G‘/?) $1,l’2€[1,00[,v$1§l’2§$%}.

X1 T2

Therefore, he established the following result:

Theorem 2.20 Let f: R™? — R U {oo} defined by its representation g : Vg —
R U {oc} where g is defined by h : K% — RU{cc} as in (2.3), then, in the case
d =2, consider h : [1,00[— R U {oco} introduce the functions

h: K= RU{oo}

(:zc, i)T — h(z).

Then the following conditions are equivalent,
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i) g is a singular-value polyconver function;
ii) hw) = sup {pap(@) =a+ 8 (e =), pus <h a€R, #20};

iii) hop : [0,00[— RU{oo} is a non-decreasing, convez function, where p denotes
the inverse of the function v — y = x — %, which 1s defined by

p :[0, 00[— [1, 0]

Y y?
— = 1+ =
Y 2+ +4

For d = 3, the following equivalence holds:
i) g is singular-value polyconver,

i) h(z) = sup{p(a,a,b,z) : @(a,a,b,.) < h}, such that h : L — R U {oc0}
represents the function h by

h:K* = RU{cc},
To 1 T ~
(:pl,—Z,—) — h(x)

Ty T2
and

o(a,a,b,x) = o+ max (Sa.z + Sb.T) ,
SESs
T T
where « € R, a,b € R3, T = (xl,i—f,x%) , T = <x—11,i—;,x2> and xr € L =
{[1,00)%: 11 <39 <ai}.

2.5.2 Characterization of fully invariant functions

The characterization of fully invariant functions is presented, providing a sufficient
condition for obtaining a polyconvex function.
Consider the sets,

RE={zeR: 2;,>0,i=1,...,d},

Kﬁlr:{xERd: 0<z < - <ux4}.

Based on the notations in [19, Section 5.39, p. 202], we have, for £ € R($)*()

d
s

where 1 < s < d — 1, denote the singular value of £ by A*(¢) € KJ(F>
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d
For every x € Kﬁf and 2 < s < d, we let Myx € KJ(FS) be the vector in
R() composed of each product z;, ...x; , arranged in increasing order where
1 < <.
Note that for every 1 < s < d and every & € R4
AS(MS(@) = MSAI(f)‘

Theorem 2.21 Let 0 < A\ (&) < -+ < \g(€) be the singular value of & € R¥*?,
and consider the functions f : R>? — R and g : RY — R, where

f(&) = g(M(8), ..., Aal£))-

e Suppose the existence of a function

a2 (a%1)
G RY xR x--- xR} xRy =+ R
G(z) = G(, 2%, ..., 2471 29

which is convex, non-decreasing in every variable, and symmetric in each
, , , d
variable separately i.e., for every permutation P; of (1) elements

G(PAY, PA%, .. Py AT PIAY) = G(AY A% AT A9
and for which
g(x) = G(z, Mz, ..., My_1x, Myx).
Then f is polyconvex.

As a consequence of the above theorem, the function

is polyconvex for all k =1,...,d. See [19].

2.5.3 Objective, Isotropic & Isochoric Functions
Definition 2.8 Let f: RY? — R, f is said to be

i) objective-isotropic if,

fQER) = f(&), for every & € Ri“ and every Q, R € SO(2).
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it) isochoric if,
flag) = f(§), foralla € RT.

Note that, the extended definition of isochoric functions to the hole matrix space
R2*2is given by,

{ f(&) det& >0,

00 otherwise.
Refer to [31, 46].

Proposition 2.5 ([46]) Let f : R¥* — R. Then, a necessary and sufficient
condition for f to be objective, isochoric, and isotropic is

F(QER) = f(§),  for allQ, R e CSO(2)
with CSO(2) = {aQ : Q € SO(2), « € RTT}.

The following lemma is an auxiliary result used to prove the equivalence be-
tween rank-one convexity and polyconvexity for isochoric functions, as demon-
strated in [46].

Lemma 2.5 The function f : R — [1,00) such that

_ g1,

£(6) = s

s polyconvex on Rixz. In addition, the function f can be expressed as

max{A?(¢), \3(6)}
A1 (§)X2(8)

in which A\;(§) stands for the singular values of the matriz &, and ||€||op =
max{\;(£), \a(€)} denotes the spectral norm of & € RY*2.

f(€) = h(Mi(§), A2(8)) =

The following proposition, derived as a consequence of Lemmas 2.3 and 2.5,
is considered in [46] the main tool for demonstrating that an isochoric rank-one
convex function is polyconvex.

Proposition 2.6 Let f : Riﬁ — R. If a non-decreasing convex function g :
[1,00) — R ezists such that

f=goh,

2
with h(§) = Ili'l‘)ép, then f is polyconver.
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Furthermore, characterization of the above notions in terms of singular values
representation is given in [46, Lemma 3.1],

Lemma 2.6 For an objective, isochoric, and isotropic function f : R%r“ - R, a
unique function g : R*T — R exists, satisfying g(x) = g(%), where

fl&) =g (;;Eg) for all £ € ]R%rxz7

such that \1(§), \a(§) € RYT represent the singular values of the matriz &. If f is
only objective-isotropic, then a unique symmetric function g : RTT x RTT — R
exists such that

F(€) = g(M(€),22(€))  for all § € RY.

The equivalence between rank-one convex functions and polyconvex functions,
assumed to be objective, isochoric, and isotropic, is established in [46].

Theorem 2.22 Let h: RttT — R, g : RT™" x Rt — R be the unique singular

value representation function that define the objective, isochoric, and isotropic
function f : RZ*? — R, where

16 = a0u(6) () = 1 (1) = (D) por ang e mp

Then, the following conditions are equivalent:

i) f is polyconver;

it) f is rank one convex;
iii) g is separately convex; 2

i) h is convex on RT;

v) h is non decreasing convexr function on [1,00).

In the case of a continuously differentiable condition on h, the following corol-
lary is derived from the above theorem; see [46].

Corollary 2.3 Let f : Ri“ — R be an objective, isochoric, and isotropic func-
tion, and let h : R™™ — R be its unique singular values representation such that

o= {(5e

Hence, if h € CY(RTT), the polyconvezity of f is equivalent to the convexity of h
on [1,00).

) for all £ € Ri“.

%i.e., the functions a — g(a,b) and b — g(a,b) are convex; see [19)].
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In the case of C? functions, we have the following:

Theorem 2.23 Consider f : Ri“ — R, be defined as an objective, isochoric and
isotropic function of class C*, and let g,h : [0,00) — R be the unique functions
such that

A1 (€)
A2(€)

If g,h € C*(]0,00)), then the following conditions are equivalent,

(&) = g(|devalogUJ?) = h (log2 ) for all & € RY.

i) f is polyconver,
it) f is rank one conver,
iii) 2zh" (x) + (1 — /2)h (z) > 0 for every x € (0, 00),
iw) 2yg" (y) + (1 = /2y)g'(y) > 0 for every y € (0, 00).
Where, devy & = £ — %tr(&).]l, log represent the principal matrix logarithm, and

U = JET¢.

Corollary 2.4 Under the assumptions of theorem 2.23, if f is polyconvex (which
is rank one convex), then h'(x) >0 for all > 0.

In the class of distortion function, We also have following propostion, see [46].

Proposition 2.7 Consider f : RZ** — R, be defined as an objective, isochoric
and isotropic function and let g : [1,00) — R be the unique determined function
such that

fl¢) =g (2111235) for all € € Rixg

If g € C?([0,00)), then the following conditions are equivalent,
i) f is polyconvez;
it) f is rank one convex;

i) (2% —1)(z + Va2 = 1)g" (z) + g (z) > 0 for all z € (1,00).

The next following example was ed by [46].

Corollary 2.5 i) The isochoric Hencky energy | devylogU|? = %log2 (i;g?)

~

18 mon-polyconvex and non-rank one convex function on ]Ri“.
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i1) The exponentiated isochoric Hencky energy function

)-eoltoei)

is rank one convez function (and hence polyconvex) on Riﬂ if and only if

log v
d 1

exp(k|devolog U?) = exp | k
et U2

k> 1
In which U = \/&TE, and A\ (€), A\o(§) represent the singular values of £ €
R,

The following result provided the equivalence between polyconvexity and
rank-one convexity for an objective-isotropic function defined on the set SL(2),

as stated in [27].

Theorem 2.24 Consider f : SL(2) — R be defined as an objective and isotropic
function, hence the next assertions are equivalent,

i) f is polyconver,

i1) f is rank one convez,

iii) the function g : R — R, g(x)=f (((1) T)) is convet,

iv) the function h : [0,00) — R such that f(§) = h(+/|£]? —2) = h (Amax(f) - ,\malx(f))

18 convex and non-decreasing.

where Amax(§) denotes the largest singular value of &.

In the case of differentiable functions, equivalence between rank one convexity

and polyconvexity is treated in [27].

Proposition 2.8 Let f: SL(2) — R be a differentiable, objective and isotropic
function. The following are equivalent,

i) f is polyconver,

i1) f is rank one convez,

iii) The function h : [0,00) — R with f(€) = h ()\max(f) - ﬁ) is non de-
creasing and conver.

Note that the function f: SL(2) = R, f(§) = Amax(§) — m is polyconvex
on SL(2), see [27].
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Proposition 2.9 (/27, Propostion 4.2])
Consider f : ]Ri“ — R defined as an objective, isochoric, and isotropic func-
tion. Let g : SL(2) — R characterize the function f as stated in [}6], defined

B S
f&) =g ((det§)§> :

Then the following statement hold,

i) The rank-one convexity (equivalently, polyconvezity) of f on Riw s a suffi-

cient condition for the rank-one convezity (equivalently, polyconvezity) of g
on SL(2),

i1) The reverse implication does not hold in general, as shown with the coun-
terezample [27], Let f : R¥? — R given by

B A1(€) A2(€) 2%2
f@)"\/Az(&)‘\/xl@)' ceR

with \(€), A\o(€) € RY* represent the singular values of ¢ € R¥?. Then f
s not a rank-one convex function on ]Rixg, whereas it is objective, isochoric
and isotropic on RY**) and its restriction on SL(2) is polyconvex and rank
one convex on SL(2), see [27, Remark 4.1].

As an example of isochoric function that is polyconvex; see [31].

Lemma 2.7 The isochoric function f: R3>3 — R U {co}, given as

{ IEF deté >0,

(&) =1 (dete)s
© 00 det& <0,

is polyconvex function.

Numerous other functions in the general case of the isochoric class, which are
shown in [31] to be polyconvex, are presented in the following proposition.

Proposition 2.10 Let £ € R3*3, and p,q > 1. The following functions, in the
case det & > 0, are defined by:

P
' €29 aq
i) & — ((det§)23q 3 ) .

. 13q P
ii) € — (B - 3va))” .
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p
iii) € — exp ((( '5‘5)4 - 3Q> ) —1.

i) € - exp (12255 - (3v3))") -1

In the case det & < 0, each of the functions tend to infinity. Then, for all p,q > 1,
these functions are polyconver.

However, following functions are not polyconvex; see [31, Lemma 2.4].

Proposition 2.11 For all k,1 > 1, let the functions fi, fo : R?*3 — R U {oco}
defined in the case det & > 0, as

(P ladjé]®
fl(ﬁ)_<(det§) 3) ((d t€)? 3\/_>

£2(6) = (M - 3)

Wl

(det £)3

and f1, fo —> 0o as det & < 0. Then the two functions f1, fo are not polyconverz.

For

2.6 Applications

In this section, we present a set of stored energy functions that describe the
behavior of materials, such as Saint Venant-Kirchhoff, Ogden’s materials, and
Mooney-Rivlin materials. Following [15], we drive the next different stored energy
functions.

2.6.1 Ogden Material
The stored energy function of Ogden material is represent in the following form,

k

f(g)zh(detﬁ)%—z:ctltr{ £)2 —I—Zb tr(cof (& {))72
i=1

where
i) h:(0,00) — R is a convex function satisfied lim, .o+ h(z) = +o0.

i) a;,8; > 1, a;,b; >0 for every 1 <1i,5 <k,
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By using the formula,

tr(€76)% = AT+ A3 + A5,
tr(cof (€7€))7 = (AaAs)? + (Mds)” + (Aahr)?,

with A; = \;(&) represent the singular values of the matrix &, hence, the stored
energy of Ogden material, becomes as in the following theorem

Theorem 2.25 Let f: RY? — R, be defined as

k l
F) = h(det &) + > ai(AF + A5+ A5%) + ) bi((Aada)™ + (MAs)™ + (A2A1)™),

i=1 j=1

where f satisfied the two proposal i) and i) without the condition lim, o+ h(x) =
400 in the above assumption. Then the function f is polyconvex.

2.6.2 Saint Venant-Kirchhoff material

The stored energy function of the St Venant-Krichhoff material is presented in
the following form

f&) =ptr B* + g(trE)Q, I+ 2E = ¢7¢.

It has an equivalent form, given as

f(&)=- (3)\12”> tr(7€) + (Mé?“) te(E7E)? + %trcof@;pg) N (9)\;;6M> |

such that \ and p represent two positive constants called Lamé’s coefficients. It
is consider as a particular class of Ogden material.

The non-polyconvexity on the set Rixg 3 of the stored energy function of the
St Venant-Krichhoff material is proved by the counterexample, that is presented
in [54].

Theorem 2.26 Let f: R — R be given by

f(€) = atr(€"€) +btr(§7€)* + ctr(cof(£7)),

where the coefficients b,c > 0. Then, if a < 0, it follows that the function f is not
polyconver.

3The polyconvexity on the set ]Rix:)’ is defined by the existence of a convex function g :
R33 x R3*3 x R*+ — R such that f(&) = g(&, cof¢, det €) for every & € RY*?, refer to [7, 54]
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Note that the author in [54] provides a direct proof by considering the two
matrices &1,& € Ri”’ and considering the positive number « for which
0
0

& = L=

o o Q
oo o
S oo
o oR
oo o

3a

Then, under the polyconvexity assumption of f, it follows that

(36 +5%) < 31@+ 3@,

Hence, straightforward computations lead to the fact that the last inequality is
not valid for some «.
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Chapter 3

Symmetric Polyconvexity:
Characterization in Higher
Dimensions

The purpose of this chapter is to describe the notion of symmetric polyconvexity
within higher dimensions. In [11] the authors have obtained a complete char-
acterization in the 2d and 3d cases, respectively. Symmetric polyconvexity is
crucial in establishing the existence of minimizers for certain nonlinear elasticity
problems within the calculus of variations, using the direct methods in calculus
of variations, which are also known as the methods of weak lower semicontinuity.

This notion is a special case of polyconvexity, defined exclusively for symmetric
matrices, so that the function combined with the symmetric part of the matrix
is polyconvex.

Definition 3.1 Consider f : S 5 R, we said that f is symmetric polyconvexz,
if the function f : R4 = R, such that

f©) = f(€)
15 polyconvew.

Analogous definitions can be given for symmetric quasiconvex and symmetric
rank-one convex functions.

3.1 Symmetric Polyconvexity in 2 and 3 Dimen-
sions

We present in this section the characterization of the symmetric polyconvex func-
tion in 2 and 3 dimensions included in [11], where they prove the following theo-
rem; see [11, Theorem 4.1 and 5.1]
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Theorem 3.1 Consider f : S™*® — R. Then, it follows that,

i) If d = 2, then the necessary and sufficient condition for the function f to be
symmetric polyconvex is the existence of a convex function g : S**?* xR — R,
where, g has a non-increasing behavior with respect to the second variable,
and

f(&) = g(&,det(€)) for every & € 82

it) If d = 3, then the necessary and sufficient condition for the symmetric
polyconvexity of the function f is the existence of a convexr function g :
833 x 8§33 5 R, where Dog(e,n) C S for all e,n € 8>3, and

(&) = g(&,cof (€)) for every & € S¥*,

A significant result derived from this theorem is presented as follows:
Theorem 3.2 Consider f : 83*% — R, the following hold:

i) If (&) = h(cof€) for all & € 8§33, where h : 833 — R is a continuous
function, then the symmetric polyconvexity of f is equivalent to the convexity
of the function h with dyh(e) C S for every e € S,

i) If f(&) = h(det€) for all € € 833, where h : R — R, then the symmetric

polyconvexity of f is equivalent to h being a constant function.

In the case of quadratic functions, Boussaid and al., [11], gave the charac-
terization of symmetric polyconvex quadratic form in 2d and 3d cases, see [11,
Proposition 4.5 and Proposition 5.6].

Theorem 3.3 Let f : S — R define a quadratic form. Then, the following
conditions are equivalent:

i) f is a symmetric polyconvex function;
it) In d = 2, there exists a > 0 satisfying
f(€) +adeté >0 for every € € S**2,
with det & representing the determinant of .
iii) In d = 3, a positive semi-definite matriz A € 833 exists, satisfying
f(&) + A:cof € >0 for every &€ € S,
where cof € denotes the cofactor matriz of £ € S3*3.

We conclude this section by presenting the characterization for d = 2 and
d = 3 of the symmetric polyaffine function f : S¥¢ — R, i.e., f and —f are
symmetric polyconvex; see [11].

Theorem 3.4 Consider f : S¥*¢ — R. Hence, the symmetric polyaffinity of f is
equivalent to its affinity.
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3.2 Symmetric Polyconvexity in Higher Dimen-
sions

Our main result in this section is the following:

Theorem 3.5 (Characterization of symmetric polyconvexity in any dimension)

A function f : 8¢ — R is symmetric polyconvex if and only if, a convex function
d

g 8% x §(2)<(2) 5 R epists, where Dag(e,m) C Ss(i;)x(2) and
f(e) = g(e, Ms(g)), Ve € S (3.1)
Proof.
1. Sufficiency:

Let f and g be two functions as in Theorem3.5 such that (3.1) is satisfied. We

want to show that the function f(F) = g(F*, My(F*)) is polyconvex. According
to [19], we will show first the existence of a convex function k : R4 x R(2)*() x

-+ X R — R that satisfies f(F) > k(M (F)), with M (F) representing the vector
containing all minors of the matrix F, see [19]. As the function g is convex and
d d ~ ~
Oag(e,m) C SS(E)X(Q), we can find two matrices (B, B) such that, B is S-positive

semi-definite and

f(F) = g(F*, My(F*)) > g(0,0) + B: F* = B : My(F*)
= ¢(0,0)+ B : F* — B : (My(F))* + B : My(F%)
= k(M(F))

Owing to the convexity of the function F — B : My(F®), see Lemma 1.4, we
conclude that k is convex.

Let F; € R%94 be matrices and )\; € [0,1] reals such that ngl)ﬂ \i =
1, where 7(d) = ZZ:1 (2)2. Assume that the matrix F' = ~ZZ§?“ N F; sat-
isty M(STDMNE) = ST N M(F). We will show that f(X 19 N\ F) <
ledl)ﬂ Xif(F;). Remark first, since g is convex and its partial sub-differential

2)

S¥d and n € S(S)X(g), there exist an S-negative semi-definite matrix B in
Oag(F®, M5(F*)) that satisfies

d
with respect to the second variable satisfies Oyg(e,n) C SS@X( , for any ¢ €

g (F*. Ma(F*) + My(F?) = ST NMa(F2)) - = g(F, Ma(F))
B+ (Ma(F?) = ST AM(FY))
> g(F*, Ma(F7))
(3:2)
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Note that in the latter inequality, we utilized the concavity of the form ¢z, (see
Lemma 1.4).
Consequently, thanks to (1.2),(3.2) and the convexity of g, we get:

f(F) = g(F*, My(F?))

IN

g (F My(F*) + My(F?) = YT MM (7))
g(F* < 2(F))* = ST N\ My(F))

g T DTN FE, ST N (Ma(F))* — Ma(F2)))
9> i, Fp ST N My (FY))

S i Ng(Er M(F9)) = ST 3 (R,

IN

which is the desired result.
1. Necessity:

We turn, now our attention to the second part of the theorem which is the most
relevant here. We will show through the different steps that if a function f
defined on the space of d x d symmetric matrices, is symmetric polyconvex, then

there exist a convex function ¢ defined on the space S*¢ x S (S)X(g), such that
d d
ougle,n) < SWC) for every (,m) € S x SE*C) and f(e) = ge, Ma(e),

for all ¢ € 8% Since f is symmetric polyconvex, the associated function f
defined on R%*? is polyconvex. There exist then a convex function § defined on

R4 REE) x ... x R ) such that for every matrix F € R%? we have
f(F)=g(M(F)). We denote by g the restriction of g to the space of symmetric
matrices in all the variables, except the last one which is real and correspond to
the determinant. The function g is then clearly convex and f(g) = g(M(g)). We
will show in the sequel that the function ¢ is dependent only on the matrix and
the second order minors and does not depend on higher order ones. We divide
the proof into two main parts, in the first part we prove that the function g is
independent on the minors of order greater or equal than 3. In the second part
we focus on showing that the function partial sub-differential of ¢ is such that

d d
Oag(e,m) C SS(E)X(Q), for any (g,7n) € S¥? x sEx6),
Part 1. Independence with respect to p-order minors

In this part we will show the independence of g on the minors of order greater
or equal than 3. Our strategy is based on showing first the independence of g on
all m-diagonal p x p minors, for 2 < m < p. The cases m = 0,1 are treated by
induction on the order of the minor.

Stepl : m-diagonal minors, 2 < m < p.
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We start by showing that for any 3 < p < d, the function ¢ is constant in all p x p
m-~diagonal minors, for 2 < m < p. To do so, we prove that ¢ is independent on
any arbitrary m-diagonal minor. Let 3 < p < d any integer, we denote by M,
the matrix of all p x p minors. For I = (1,49, ...,%,) and J = (j1, ja, ..., Jp) two
arbitrary p-tuples such that I and J have at least two common indices, the minor
(M,)r; obtained by taking the lines i, and the columns ji, k = 1,2,...,p, is
then m-diagonal, we will show that the function g does not depend on the minor
(M,)ry. Suppose that 1 <i) <ip <---<i, <d,and 1 < j; < jo <--- < j, < d.
Without loss of generality, we can suppose that i; = j; and iy = js. The other
possibilities are treated similarly by changing the matrix F;, below.

Next we will choose an appropriate d x d matrix which give us useful infor-
mations on the sub-gradients of g. Consider the matrix F;, defined as follows

(Fm)im'z - \/E’ (Fm>i2j1 = _\/a (Fm)i3j3 =f, and for 4 < k < b, (Fm)lkjk =

Where ¢t and « are positive reals and f is any real parameter. All the other
remaining elements of F},, vanish. The only non-zero rows and columns of F},, can
be represented as follows:

J1 J2 J3 Ja - jp
i1 Vi 0 0 0 0
=Vt 0 0 0 0 0
is|] 0 0 B 0 0
is] 0O 0 0 a 0

0 0 0 0 «
: : : .0
ip 0 () () a

By a straightforward computation we get that the different minors of F,, sat-

(F3 = aAg+ BA,, Ay, A € S

d

3<k<p-—3,and A;,i=1,2,...,6, are constants matrices in S(z)x(k),
(M, _o(F))* = BaP™3A; + aP=3\/t Ay + BaP ™/t Az + taP~ 1Ay + tBaP~5 Ay,
A;i=1,2,...,5, are constants matrices in S(PEQ)X(JHZ),

(M,_1(F))* = taP2 By + BaP~3\/tBy + taP ™ Bs

By, By, By are constants matrices in S(Pil)x(ﬂl),

(My(F))1s =tBa?™3 and (My(F,,))kr =0if K # 1T or L# J

\Mk(Fm) =0forall k >p+1.

isfy:

64
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Due to the convexity of g, combined with the invariance property of f and the
structure of the matrix F,,, we can write

f(F)

= 3/ (Fn) + 3 %)Z%( (F)) + 39(M(F7))
>4 (M<Fm>> ) g( (MQ( ))Su(M( )) )y v(Mp(Fm>)5707"' 70)

In other hands, since the function g is convex, we can find for any real r, matrices

Cy € S(Z)X(z), k=1,2,...,p—1 and a real ¢, which depends only on r such
that

L) = Q(F;Za ( 2(F) ))s (M3(Fm))*, -+ (Mp(Fn))*,0,- -, 0)
Z g( s O r, O 0) + Ol . (OéAg + ﬂAl) + CQ . (tAQ + OéQAg + O[/BA4>
p—3
Cr: (o Ay + BaP T Ay + oF WA + BaFTAVEAL + taF TR AL + Bak’?’tflg)
k=3
+Cp_2 : (Bozp_?’fll + ap—?)\/EAQ + 5(){]3_4\/%143 + tap_4A4 + tﬁap_5A5)
+Cy 1 ¢ (taP3 By + BaP=3\/tBy +tB3aP™4B3) + ¢, (tBaP3 — 7).

+

(3.3)

We will show that the constant ¢, is necessary zero. We divide the two sides
of the above inequality by ta?~2 and tend first ¢ and then a to +o0o to get

(Cp—1:B1) + B, <0

Varying /3 on positive and negative values respectively, we get necessarily ¢, = 0.
By taking in (3.3) t = a = 8 = 0, we conclude that

9(0,...,0,7,0,...,0) < f(0) (3.4)

Lemma 3.3 iv) in [11], allow us to establish that g is constant relatively to
the p x p m-diagonal minor (M,),;, for all m € {2,3,...,p}. Since I and J are
arbitrary in the set of p-tuples which gives rise to m-diagonal minors, we conclude
that ¢ is independent with respect to all m-diagonal minors.

Step2 : m-diagonal for m =0, m =1

We move now to the cases m = 0 and m = 1 and demonstrate that ¢ is inde-
pendent on all the m-diagonal minors (m = 0, 1) of order greater or equal to 3.
The strategy is based on showing first the independence on the 3 x 3 m-diagonal
minors and then arguing by induction to show the independence on the general
order minors.

The sequel of the proof is done by induction, we will show first the property
for all 0 and 1-diagonal 3 x 3 minors, and then generalize it to p X p minors of
the same kind.
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1. Independence on 1-diagonal and 0-diagonal minors of order 3

Let us first show that g is constant on the 3 x 3 m- diagonal minors, for m =
0,1. We will use the same technique as in the first step by choosing appropriate
matrices; this choice is based on the number of diagonal elements of the d x d
matrix appearing in the minor under study, which is either 1 or 0. We divide this
part of the proof into two main sub-steps depending on the number of diagonal
elements appearing in the minor.

i) Case of 1-diagonal Minors

We consider the case of 1-diagonal minors, which consists on minors intersecting
the diagonal of the entire matrix in just one element. Let I} = (iy,19,13),1 < iy <
Qg < i3 < dand J; = (j1,J2,7J3), 1 < J1 < j2 < j3 < d two arbitrary 3-tuples, such
that {i1, 42, i3} N{J1, j2, j3} contain exactly one element. We will show that g does
not depend on the minor (Ms),5,. There is no loss of generality if we suppose
that iy = j; < 12 < js < i3 < j3. The other situation are treated similarly. Next
we choose the matrices Fy, I, in S9*¢ whose entries are given by:

(Fl)ilil = @, (Fl)i2j3 = \/i (F1>i3j2 = \/Ea (Fl)j3i2 = _\/ga (Fl)jzig = _\/7_f (3 5)
(FQ)iljz = \/%7 (FQ)i1i3 = \/a (FQ)i2j3 = a, (FQ)Jéh - _\/57 (FQ)i3i1 = _\/E '

and all the other entries non appearing in (3.5) in both F} and F, are supposed
to be null. We deal first with the matrix F;. By deleting all the null rows and
columns, the only sub-matrix of F| containing non zero elements in each row or
column is the following

1 12 J2 13 J3
iv s 0 0 0 0
i [0 0 0 0 Vit
jol 0 0 0 —/t 0
isl0 0 Vvt 0 0
j3 N0 —V/t 0 0 0

Note that, F¥ = ae;, @ e;,, e;, is the i;th vector in the canonical basis in R%. In
other hands, the sub-matrix contain only one non zero element in each row and
each column, we deduce that the number of non zero minors of order k, 1 < k <5

is exactly (;). For the two order minors, we have (M(Fy))* = tA, where A is a

d d
constant matrix in § OEOBN ext, in order to compute the different 3-order minors
of Fi, we consider all the possible 3-tuples, defined in the index set {41, i2, j2, i3, j3 }

[1 == (i17i27i3)7[2 = (i17i27j2)7[3 = (i17i25j3)7]—4 = (i17j27i3)715 = (i17j27j3)7
Is = (i1, 13, J3), I7 = (i2, jo,13), Is = (i2, j2, J3), Lo = (42,13, js), [1o = (Ja. 3, J3),
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note that J; = I5. Due to the structure of the matrix F}, for each 3-tuple, I,
correspond only one other 3-tuple [; such that (Ms);,;, # 0, k,l = 1,...,10.
Consequently, the only non zero elements of M3 are given as follow:

(Ms(F))ns, = (Ma(F))por, = —at,  (Ms(F)pry = (Ms(F2)) 11, = 0t
(M3(F\))1oro = —(Ms(F)) o1, =tV (Ms(F)) 11, = —(Ms(F1)) 11, = —t/%,
(M3(F1)) 131 = (M3(F1))p,r, = at

Note that the only possible non zero 5-order minor is a diagonal one which is a
5-diagonal minor, and the non zero 4-order minors are those obtained by choos-
ing rows and columns in the set I = {i, i2, J2, %3, j3}, then necessary at least two
of the rows and columns are equal, this means that those minors are m-diagonal
with m > 2, The same thing apply on the 3 x 3 minors, (M3(F1)) 1,1, (M5(F1)) 11,
which are 3-diagonal and the minors (M3(F1)) 11,0, (M3(F1)) 10175 (M3(F1)) 1,1, and
(M3(F1))15 are 2-diagonal. Thanks to the first step, the function g is indepen-
dent on all the above minors and we will consider only the dependence of g on
the minors

(M3(F))rrss (M3(F1))1pn, (M3(F1)) 115, (M3(F1)) 11,

Consequently, proceeding as in the first step, for any two arbitrary reals rq, 9
, there exist ¢y, 1., cr,1, € R such that

f(CYA()) Zg(0,0,T,O,"' 70)+Cl:OCAO+02:tA

+2C]1[5(—Oét - 7”) + 2012]60475. (36)

Where Ay and A are constant matrices. and r appear both in the position (/;15)
and its symmetric position with respect to the diagonal.

Tending first ¢ to infinity and then varying a to take both positive and negative
values, we get

_011[5 + 01216 = O (37)

We consider, now the matrix F5. By deleting null rows and columns as we did for
F1, we obtain the following 5 x 5 sub-matrix:

i iy J2 i3 J3
iv /s 0 0 VvVt Vvt O
i»x[ 0 0 0 0 «
jol=vt 0 0 0 0
isl=vt 0 0 0 0
j3N0 0 0 0 0
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Remark that the fifth and the fourth order minors of F; are equal to zero. The
non zero 3-order minors are the following

(Ma(E2))1is = (Ma(F2))raty = (Ms(F2)) g = (Ma(F2))ror, = —att.

The minors (M3(F»))r, 1, and (M3(Fy)) 1, are 2-diagonal, since Iy = {iy, 9,13}, [ =
{il,ig,jg} and ]2 = {ih ig,jg} 15 {Zl jg,jg} then we will not consider the de-
pendence of ¢ on it. The non zero second order minors are either t or av/%, i.e.
we can write (My(Fy))* = tA; + av/tA,, where A1 and A, are constant matrices

in the corresponding spaces. Finally (F3)® = oAy, such that A, is a constant
matrix. arguing as in the previous step, we conclude that
cn + ¢ =0 (3.8)

Combining (3.7) and (3.8) we conclude that ¢y, ;, = 0 and c¢f,;, = 0. We return to
equation (3.6) and take a =t = 0, we get an inequality as in (3.4). We conclude
then that ¢ is independent on the minor (Mj)y,r,. Since the choice of the minor
is arbitrary among the 1-diagonal ones, we conclude that ¢ is independent of all
third-order minors of the 1-diagonal form.

i7) Case of 0-diagonal Minors

In this part of the proof, we will show that the function under consideration
g is also independent on the 0-diagonal minors of order 3, namely those which
does not intersect the diagonal of the matrix. This case is the most relevant
here since we are enable to prove it with just one, two or three different choices of
special matrices. It will be done with seven different choices such that each choice
leads to a dependence equation between exactly four entries of the sub-differential
matrix associated to the 3 X 3 minors variable. Consider any 0-diagonal minor of
order 3, this is obtained by choosing three rows and three columns which does not
intersect. Suppose that this minor correspond to the rows (i1, is,3) and (j1, jo, J3)
such that {i1, 2,3} N {Jj1,J2, 73} = 0. Without loss of generality we can suppose
that 1 < 43 < iy < 13 < J1 < J2 < Js < d. Next we will express the different
corresponding choices of the matrices.

(Fi)ings = VE (F1)iagy = VE (F1)igjy = @ (F)jyis = —VE, (F1) iy = V1,

and all other elements of F; vanish. The sub-matrix Fl of F; where the rows
11, 19,13 and the columns 71, Jo, 73 are involved can be represented as follow

i to i3 J1 J2 J3
iy /0 0 0 0 0 +t
o 0 0 0 vt 0
is| 0 0 0 a 0 0
|l o O 0 0 0 0
ol 0 =/t 0 0 0 0
ja\=vt 0 0 0 0 0
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The non zero minors of F; are exactly those of Fl. We note that Fj is a 5-rank
matrix, which means that all the minors of order more than 6 vanish, moreover,
the minors of order 5 and 4 are either zero or m-diagonal since the intersection of
two subset (rows and columns) containing both four (or five) elements respectively
among six elements is never empty. Before studying the 3 x 3 minors, we recall
that any such minor correspond to a specific choice of 3 rows and 3 columns
among the elements {41, i, 3, j1, j2, js}. Next, we denote the 3-tuples I and Jj
for k=1,...,9 as follows:

I = (21,’&2,23), Ji = (]1,]2733)7
Iy = (iv, i3, J2), J2 = (i2, J1, J3),
3 - (Z Z37j3)7 ‘] (ZlvthQ)v
Iy = (i3, j2, j3),  Ja = (41,72, J1),
Is = (1,12, J3), J5 = (i3, ]1,J2),
Is = (21,]2,]3), Jo = (2 13, ]1),
[7 = (Z Z2aj2)> J7 <Z37]17]3>7
Iy = (i1,d3,51), Js = (i2, J2, J3),
Iy = (ia, i3, J2), Jo = (i1, 1, J3)-

For the non null 3 x 3 minors, we distinguish the two possible situations. If
a 3-minor contain j, or js3 as a row and a column, it is a 1-diagonal minor, their
number is exactly 6. There is four 0-diagonal minors of order 3, namely

(M3<F1))11J1 - _&t> <M3<F1))12J2 = Oét,
(M3<F1))13J3 = od, <M3(F1))[4J4 = —at.

The 2 x 2 minors are either zero or ¢ or +a/t. Arguing as in the previous step,

for any real r, there exist matrices C; € 8¢ C, € SG)*() and Cs € sE)x(6)
such that

f(FIS) Z g(O, . ,O,T, O,. .. ,0) +Cl : Fls + 02 . (MQ(Fl))S +03 : (M3(F1))S —7"(03)]1J1

(3.9)
By varying first ¢ then o we get the following equation:

—(C3)r, +(C3) gy + (C3) 1355 — (C3) 1,0, = 0. (3.10)

Next, we consider matrices F; by changing the position of o in the 3 x 3
sub-matrix of I} corresponding to the rows I; and columns .J;, keeping in mind
to have exactly one non zero value in each row and each column. The specific
choices are as follows:

(F2)irjs = 0, (F)igy = (F2)igjs = Vi, (Fa)jyiy = (Fa)jyis = —V1,
(F3)i1j3 = G, (F3)izj2 - (F3)i3j1 - \/%7 (F3)j2i2 - <F3)j1i3 - _\/57
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(Fa)insy = @, (Fa)injy = (Fa)igjy = Vt, (Fi)jiy = (Fi)ji, = =V,
(F5)ivgs = @ (Fs)ingy = (F5)igss = Vi, (F)juin = (F5)jois = — V1,
(F6)injy = @ (Fo)injs = (Fo)igjs =V, (Fo)joiy = (Fo)jaiy = =V,
(Fr)isis = @ (F)iyig = (Fr)juio = VE (Fr)igiy = (F7)jo5, = =Vt

and all the other entries non appearing in the matrices are equal to zero. Note
that all the k-minors for k£ > 6 of all the F; are zero, and all the 4-order (5-order)
minors of all the matrices F; are m-diagonal, m > 2. By substituting F; together
with its minors in (3.9) and combining with (3.10) we get the following system

[ —(C3)r,0, + (C3) 1y + (C8) 1305 — (C3) 1,0, = 0,
(C3)ry = (C3) 1505 — (C3) 1,0, + (C3) 1505 = 0,

—(C3)ro + (Ca)ry + (C3) 1, — (C3) 1505 = 0,

_<C3)11J1 + (03)14J4 + (03)13J3 - <C3>12J2 = 07
<C3)I1J1 + (C3>I7J7 + (03)18J8 + (03)I3J3 =0,

_(03)I1J1 + (03)15J5 - (03)19J9 + (03)18J8 =0,

{ —(C3) gy + (C3) g, — (C3) 106 + (C3) 1505 = 0.

Note that the equations above are arranged with respect to the matrices Fj.

By solving the system, we get Cy, 5, = 0, which means as in the previous
steps that ¢ is independent on the variable which correspond to the 3 x 3 minor
(Ms3)y, 5,- Since the minor is arbitrary, we deduce that g is not dependent on all
the 0-diagonal minors of order 3.

2. Independence on 0-diagonal and 1-diagonal minors of order p

By induction, we will prove that the function ¢ is independent on the 0-diagonal
and 1-diagonal minors of order p, for all p > 3. Let’s assume that 3 < p < d is
any integer, suppose that ¢ is independent on all k- order minors, 3 < k < p—1,
we want to show that ¢ is also independent on p X p minors. we start as in the
previous step by considering 1-diagonal minors and then 0-diagonal ones.

a) Case of 1-diagonal minors of order p

We note first that any p x p minor such that 2p > d + 1 is an m-diagonal with
m > 2. In fact, if a minor correspond to the rows I and columns .J, such that
Card(I) = Card(J) = p and 2p > d+ 2, we conclude, since I UJ C {1,2,...,d},
that

Card(INJ) = Card(Il)+ Card(J) — Card(IU J) >2p—d > 2.

Hence I and J have in common at least two elements, thus the minor is an
m-diagonal, with m > 2.
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Let’s assume that 2p < d 4+ 1 and consider an arbitrary 1-diagonal mi-
nors of order p, by choosing the rows I; = {i1,is,...,4,} and the columns
Iy ={j1,72,. ., Jpr. Without lose of generality we can suppose that

21 <Z'2<"'<Z.p71 < 71 <j2<"'<jp:ip
We consider the matrix F; defined as follow:

(F1)i, o, =V, (F)jyiy s = =Vt (F)iy 1jy 0 =V, (F1)j, 10,0 = — V1,
(FDijp—s = By (F1)ij, = ¢, for 1 <k <p-—3,

where «, 3 are real parameters and ¢ a positive real. All the other entries of
F} are supposed to be equal to zero. Note that rank F; < p+ 1, consequently all
the k-order minors, for k > p + 2 are equal to zero. Moreover

Fls = OéAO + ﬂAl and MQ(Fl)S == tAQ + OZ\/%A;} + B\/EA4 + Oé/BAg, + Oé2A6,
(3.11)

such that Ay, A; € S? and A4,,, € S(;‘)x(g)’ 2 < m < 6 are constant matrices.
The index of non zero rows and columns are in the set {i1,%2,...,%_1, jp—1,Jp}
{ip—2,9p—1,J1. 72, - - -, Jp—1, Jp} Tespectively. As a consequence, all the (p+1)-order
minors are m-diagonal, with m = 3,4, since a (p + 1)-order minors is obtained
by deleting one column between the (p + 2) columns i, o, p—1, 1, J2, - - - s Jp—1, Jp
and we have

{Z.la i?? s 7Z.p—1ajp—1ajp} N {Z.p—27 'L.p—lajlvj% cee ajp—lajp} = {ip—Qv Z.p—lajp—lﬂjp}
(3.12)

which means that the columns and the lines coincide in at least three elements
for any deleted column. For p-order minors, we note that since the intersection
in (3.12) contain four elements, the only possible 1-diagonal minors are those
obtained by deleting one row and two columns from the intersection index set.
All other minors are either zero or 4-diagonal.

— Assume that we delete the row j,, we get a possible non zero p-minor only
if we delete the two columns i,_s, j,—2. But the obtained minor is 2-diagonal since
it contain the indices i,_; and j,_; which appears both in the rows and columns.

— Assume that we delete the row j,_;, to obtain a possible non zero minor
we should delete the column 4,_;. If in addition we delete the column j,, the
obtained minor vanish since it contain the two dependent columns i,_s, j,—2. But
it we delete the column 4,_» we get the minor under study

(M, (F\)) 1,1, = —tBa?=3

— Assume that we delete the row ¢,_1, to obtain a possible non zero minor we
should delete the column j,_;. Moreover, If we delete the column j,, the obtained
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minor vanish since it contain the two dependent columns i,_s, j,—2. However, if
the second column deleted is i,_2, the obtained minor is

(Mp(F))1y1, = —tB(—a) P9,

where Izand I, are the rows and columns respectively given by:

-[3 = (ll) e 77'p—3)1p—27.]p—172p)7 -[4 = (Zp—h.]l? e 7.]1)—37.]1)—27.]1))

— Assume that we delete the row 4,_5, to obtain a possible non zero minor
we should delete the column j,. If in addition, we delete the column ¢,_;, or the
column j,_1, the obtained minor vanishes since it contains the two dependent
columns %,_2, jp—2.

Let’s fix a real r, by sub-differential property of convex functions, keeping in
mind, due to the induction hypothesis, that the function ¢ is independent on
the k-minors for 3 < k < (p — 1), there exist two real constants ¢y, p,, ¢r1,, two

d d
constant matrices C; € 8™ and C, € S(2>X(2>, such that,

f(aAo—i—ﬂAl) 2 g(O, ,0,7",0,"' ,O) +Cl . (CkAo—i—ﬂAl)
—|—02 . (tAQ + Q\ﬁAg + ﬁ\/EA4 —+ OéBA5 + 062146) (313)
tenn(—tpal?™) — 1) —tB(—a) P ey,

The constant matrices A; are given in (3.11). By tending ¢ and « to infinity and
varying 3 we get

Cni, + (_1)p_3613[4 =0 (314)

To conclude that ¢y, 1, = 0, we will get a second equation of the form ¢y, 1, —cr,1, =
0 by a suitable choice of a second matrix F5 which will be chosen as follow:

(Fa)iy v, = V., (F2)ji0 = =Vt (Fo)iyj,y = VE, (Fa)j, 1, = —V1,
(FZ)ip,ijfz - /87 (FQ)Zk]k = Q, fOT 1 S k S b — 37

As in the treatment done for F, we will show that we only consider the p-minors
(MP(F2>>1112 and (M:D<F2))I3I4'

We note first that F» is of rank (p + 1), moreover the maximal rank sub-
matrix of F; is the one obtained by choosing the rows, 71,49, ..., %1, jp—1, Jp and
columns 4,1, J1, J2, - - - , Jp- We denote this matrix by FQ, consequently all the k-
order minors of Fy vanish for £ > (p + 2). In other hands, the rows and columns
intersect exactly in three indices, namely

{ilvi% s Jipflhjp*lujp} N {Z.pflajl?j% s 7jp} = {ipflvjpflvjp}‘

Since the columns i, ; and j,—; are dependent, all (p + 1)-order minors vanish.
We now turn our attention to the p-order minors of Fj.
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— If we delete the row j,, the obtained sub matrix of Fy € Re+D*(#+1) contain
two null columns, this means that all resulting p-order minors of F;, are equal to
Zero.

— If we delete the row j,_; and the column j,, the obtained minor vanish
since it contain the dependent columns 4,_; and j,_;. But if we delete the row
Jp—1 and the columns 7, ; the obtained minor is

(My(Fo))n1, = —tBal™ (3.15)

— If we delete the row ¢,_; and the columns j, the obtained minor vanish
since it contain the column ¢,_; and j,_;. But if we delete the row i,_; and the
column j,_; the obtained minor is

(My(F2)) 151, = tB(—)? ™ (3.16)

For the minors of order one or two, we obtain a same formula as in (3.11) with
different constant matrices A;. Arguing as previously by taking in account (3.15)
and (3.16) we get the equation

—011]2 + (_1)1)—30[3]4 = O (317)

Combining (3.14) and (3.17) we conclude that ¢;,, = 0. We replace in (3.13) t, «
and 8 by zero, we get for any r € R

g9(0,...,0,7,0,...,0) < f(0)

which allow us to conclude that g is independent on the minor (M,),1,. Since
the choice of I; and I is arbitrary, we deduce that ¢ does not depend on all
0-diagonal minors of order p.

b) Case of 0-diagonal minors of order p

We turn now to 0-diagonal minors of order p, by recurrence hypothesis, the
function g is independent on minors of order less than p, we will show in this step
that ¢ is independent on 0-diagonal minors of order p,. Consider any 0-diagonal
minors of order p, corresponding to the rows Iy = (41,42, -+ ,i,) and columns
J1 = (J1,72, -, Jp), without loss of generality, we suppose that the p-tuple are
ordered as follows:

1< <ig < <ip<Jp <Jo<---<Jp<d.
Consider the d x d matrix defined bellow:
(F )iy 0gy o = By (FL)ip 1jyr = Vit (F1)j, i, = =V,
(F1>ipjp = \/E’ <F1)jpip = _ﬂv (Fl)ikjk =, fOT 1<k<p-3
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where t is a positive integer, «, 3 are real numbers and all other entries of
F, are zero. We have F} = aAy + fA;, where Ay, A; are d x d constant
symmetric matrices, and (My(F}))® = tAy + avtAs + BVEA, + afAs + o Ag
with A,, € S(;)x(g)’ 2 < m < 6 are constant matrices. The non-zero row
and columns of Fy correspond respectively to the sets {i1, 42, -, ip—1,Ip, Jp—1,Jp}
and {ip_1,0p, J1, 2, -+ Jp—1,Jp}- As a consequence, all the minors of order greater
than (p+2) are equal to zero. Moreover the two sets of rows and columns satisfies

{Zlu 19, 7Zp—172p7.]p—17.]p} N {Zp—la Zp).]l?j?a e 7.]p—17.]p} = {Zp—l)lpmjp—h.]p}‘

(3.18)

This means that all the minors of F} of order (p 4+ 1) or (p + 2) are either zero
or m-diagonal, with m = 3 or m = 4. Consequently, by taking in account the
induction hypothesis, it suffice to treat only the p-order minors. To obtain a
possible non-zero p-order minor, since all the rows and all the columns has only
one non-zero element, we need to delete two elements from the (p + 2) rows (the
deleted columns are automatically the corresponding ones). If one at least of the
deleted rows are outside the intersection set (3.18), the obtained p-order minor
is m~diagonal, with m = 3 or m = 4. Let’s consider, then the case where we
delete two rows from the intersection set (3.18), the number of such possibilities
is exactly six, two of them leads to 2-diagonal minors and correspond to deleting
the rows i,_1,jp,—1 or the rows i,,j,. The other four possible choices gives the
following minors:

(MP(FI))11J1 = tﬁa(p—?)), (MP(Fl))12J2 - _(_1)(17_3)75505([)_3)7
(MP(FI))I4J4 = tﬁa(p_g)v (MP(F1>)13J3 = _<_1)(p_3)t6a(p_3)'
Where
]2 = (ilu i?v to 7ip—17jp)7 J2 = (ipajlu T 7jp—2’jp—1)7
[3 == (ilu T 7Il’p727 iphjp*l)? J3 = (Z‘pfhjlu e 7jp727jp)7
I4 = (ila e 72.p—2ajp—1ajp)7 J4 = (Z.p—17ip7jl7 e 7jp—2)7

As we did before, for any real r, there exist constants Cy, 5,, C1,1,, Cry, Cr,0, €
d d
R and C, € 8™4, O, € S)*() such that,

f(O!AO—f-ﬂAl) Z g((), 70,7“,0,"' ,O) +Cl . (Ole—f-ﬁAl)
+Cy ¢ (tAy + a/tAs + BVEAL + aBAs + a?Ag) + O 5, (tBaP=3) — 1)
_<_1)(JD—S)tgoé(zp—?))(CIZJ2 +Chy) + tﬂa(p_3)CI4J4.
(3.19)

74



Chapter 3. Symmetric Polyconvexity: Characterization in Higher Dimensions

Tending first ¢t then « to infinity and varying 8 we get the following equation
C’11J1 - (_1)@73)0]2(]2 - (_1)@73)6'13]3 + CI4J4 =0. (320)

The above equation does not imply that C, 5, = 0. To obtain this, we will choose
eight other matrices which give us eight other equations, solving the obtained
system leads to the desired conclusion. The matrix choices are summarized as
follow:

(£2)iy2ips = By (F2)ipj, = (F2)iyg,0 = Vi, (F2)jpip 1 = (F2)j, i, Vi,
(F3)iy i, = B, (Fs)zp pe = (B =V (F)jy a0,y = (F3)j, 01, = =V,
(Fa)iy s = B, <F4>Z,, pr = (Figips = VI (Fa)jyriyor = <F4>jp_21p =Vt
(F)iysips = Bs (Fs)iy 1ty = (Fs)jp gy = Vi (Fa)igiy = (Fs)jp, 0 = =V,
(Fo)iprip2 = 05 (F6)ip iy = (Fe)jp sy = Vb (Fe)igip > = (F) 1 = =V,
(F7)zpyp 2 = (F7)zp 20p—1 (F7)jp—1jp = Vi, <F7)ip—1ip—2 = (F7)Jp]p 1 _\/E’
(F)iy aip 1 = By (Fe)iysy = (F8)jy2gy s = Vit (F)jps, = (F)jyp 1y 0 = =V,
(Fo)ip sipr = By (F0)ipspr = (Fo)jyagy = Vi, (Fo)jy vip = (Fo)jpi, = =V,
such that for any 2 < [ < 9, we have (F);, = o, for 1 <k <p—3,, and

all other entries of F; are equal to zero, t is a positive integer and «, 8 are real
numbers.

By making the same treatment for the matrices Fj, [ = 2,...,9 as we made
for F there exist real constants Cfr, 5, k = 5,...,12 satisfying eight equations
which combined with (3.20) leads to the following system:

( Crg — (=) 0y, — (1) Crygy + Crigy =0,
CI1J1 - (_1)(1)—3)0]5]5 + (_1)(p_3)CIGJ6 - CI7J7 =Y

CIIJI + (_1)(p_3)CISJ8 + <_ )(p_g)CIQJg + CIlOJIO =Y

CYI1L71 + (_1)(p_3)CI5J5 + (_1)(p_3)013J3 - CIIOJIO =Y

(1) gy + (1), + (1) gy — (=1)P Iy =0,
(_1)(p_3)CISJ8 - ( )(p 3)CI2J2 + (_1)(1)—3)0111]11 - (_1)(p_3)0112J12 =Y
(_1>(p_3)013J3 - (_1>(p_3)CIGJ6 - (_1)(12—3)0[11]11 + (_1>(p_3)0112J12 =Y
_(_1)(1)—3)0[9]9 + (_1)(p_3)013J3 + C'I7J7 - C(I4J4 =Y

\ (_1)(p_3)CI9J9 + <_1)(p_3)CIGJ6 + CIIOJlo + CI4J4 = 0.

Note that equation in the line [,] = 1,2,...,9 is obtained by exploiting the
corresponding matrix Fj.
The p-tuples I, Ji are the rows and columns defined by:

I5 - (7:17 T Jip—17jp—2)7 J5 - (ipajla e 7jp—37jp—17jp)7
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I = (i1, yip—2,1p, Jp), Jo = (ip—1,J1," "+, Jp—2,Jp—1),

Iy = (i1, ip—2, Jp—2, Jp), Jr = (ip—1,0p, J1, "+ Jp—3, Jp—1);
Ig = (1,92, -+, ip—1, Jp—1), Js = (ip, j1, 5 Jp—2:Jp);

Iy = (i1, yip—2,ip, Jp—2), Jo = (lp-1,71, "+, Jp—3: Jp—1,Jp)>
Lo = (i1, 5 ip—2, Jp—2, Jp—1), Ji0 = (ip—1,7p, 1, Jp—3: Jp);
Ty = (i1, 5 ipo3,Gp—1,0p, Jp—1), J11 (fp—2,71," " 5 Jp—2, Jp),

Ly = (i1, ip-3,1p—1,1p, Jp), = (ip—2,J1," " » Jp—2> Jp—1)-

Solving the system, we get Cp,;, = 0. Taking t = f = a = 0 in (3.19), we
have

g<07"' 707T707"' 7O)§f(0>

Which means that ¢ is independent on the 0-diagonal minor (M,), 5,. Since Iy, J;
are arbitrary, we conclude that ¢ is independent on all 0-diagonal minors of order
p. By induction we get the independence of g on all p-minors for p = 3,...,d.

Part2. Non S-positivity of 0;g

We turn now to the second part of theorem 3.1 which consist on showing that
the set of partial sub-differential of ¢ with respect to the second variable contain
only S-negative semi-definite matrices. We will adapt the proof in [11] to our
case, the change will be on considering S-positive semi-definite matrices instead
of positive semi-definite ones. The strategy consist on adapting Lemma 3.4i7) to

our situation. Let X € R() be any vector, we will show that there exist a real
constant C' such that ¢g(0, X X X) < C. Let us denote Fy the matrix Skew(X)

9(0, X ¥ X) = g(F%, (Ma(Fx))*) < 359(Fx, Ma(Fx)) + 59(F¥, Ma(Fx)")
= 3f(Fx) + 3£ (FX) = f(Fx)*) = 9(0,0)

Thanks to Lemma 1.5, we conclude that d;g contain only S-negative semi-definite
matrices. m

3.3 Symmetric Polyconvex Quadratic Forms in
Higher Dimensions

In this section we give a characterization of symmetric polyconvex quadratic
forms, based on Theorem3.5. The result asserts that the necessary and sufficient
condition for the symmetric polyconvexity of any quadratic form defined on the
space of d x d symmetric matrices is that it can be written as the sum of a convex
quadratic form and the scalar product of an S-negative semi-definite matrix by
the matrix of 2-order minors. The proof is not done here, it is similar to that of
Proposition 5.6 in [11].
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Proposition 3.1 Let f : S — R be a quadratic form. Then the following
conditions are equivalent:

(1) f is a symmetric polyconvex function;
(ii) There exist a conver quadratic form h : S™? — R and a matriv A €
d d
<S’S(+2)X(2> such that

f<5> = h(&') —A: M2(g) fOT‘ all € € ded;

d d
(i1i) there exist a matriz A € Ss(f)x@ such that

f(e)+ A: My(e) >0 forall e € S™,

Remark 3.1 Our result on quadratic forms in higher dimensions can be seen
as a refinement of the classical case where no conditions on the matrix A are
required, see [19], Lemma 5.27. Furthermore, the result is a generalization of the
representations of symmetric polyconvex quadratic forms from three dimensions
to higher dimensions, see [11].

In the particular case of quadratic functions of the form: f(e) = —A : My(e) we
have the following:

Corollary 3.1 Let f: S84 = R be a quadratic form such that

fle) = —A: My(e), Ve € S (3.21)

where A € SGE)*(). The following assertions are equivalents:

i) The quadratic form f is symmetric polyconver,

ii) There exists a matrix B € S such that A — B s S-positive semi-
definite and B : My(¢) = 0 for any matriz ¢ € S,

Proof.

e ii) = ). Consider A and B as in i), then, clearly f(¢) = —(A — B) :
M,(e), as a consequence of Proposition 3.1, f is a symmetric polyconvex
quadratic form.

e i) = 1ii). Assume that f given by (3.21) is symmetric polyconvex. Making
use of (1.2) we get,

FIFS) = —A: My(F*) = —A: (My(F))* + A : My(F). (3.22)

7
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The symmetric polyconvexity of f along with the poly-affinity of the form
F — —A: (My(F))*, allow us to conclude that the form F' — A : My(F) is

polyconvex. According to [19, Lemma 5.27, p. 192], there exist 5 € R@X(g),
such that

A My(F*) > B : My(F) for all F € R, (3.23)

Taking first symmetric matrices, and then skew-symmetric matrices in (3.23),
bearing in mind that My(F?) is a symmetric matrix, we get for all e € S¥*¢

andXeR@,
B%: My(e) <0, and (A—p°): XXX >0.

choosing B = 3°, and making use of Lemma 1.2 as well as Definition 1.3,
we obtain 7).

Remark 3.2 i) Note that, the symmetric polyconvexity of f does not imply
that A is S-positive semi-definite. Indeed, let

0 0 00 0 1
0 0 00 —1 0
0 0 01 0 0

A=10 0 10 0 ol
0 -1 00 0 0
1 0 00 0 0

we have for all X € RS,
A X RX =4(—324 + 2015 — 2125),

then A is not S-positive semi-definite, whereas f is symmetric polyconvex,
since,

fle) = —A: My(e) = 0 Ve € S¥4.

it) As a consequence of (1.3), if A is a positive semi-definite matriz, then the
function f defined in (3.21) is symmetric rank-one convex. In fact, for a,b €
R4 we have

flacb)==A:My(a®b)=A: My((a®@b))=A: A A>0.

However, at this stage, it is unknown whether f is symmetric polyconvex.
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Remark 3.3 the counterexample provided in [11, Theorem 5.7] in the 3d case
can be extended to higher dimensions while preserving the same structure of the
quadratic form. Specifically, we define the quadratic form f : S = R as

f(é-f) = (812 — 813)2 + (812 — 823)2 + (813 — 823)2 + 8%1 + 832 + 633
—n(ely + €5y + €33 + 2(e1, + €13 +€33)),
where 1 is defined as in [11, Theorem 5.7, p. 443]. Clearly, f is symmetric rank-

one convex but, it is not symmetric polyconvexr since by restricting f, initially
defined on S, to matrices of the form e € S,

5—5/0
~\0 0/’

with €' € 833, the resulting quadratic form reduces to the one already proven to
be non-symmetric polyconvex in the three-dimensional case in [11]. Consequently,
f s also not symmetric polyconvex in higher dimensions.

It is also important to note that the quadratic form studied by [14, 34, 33] for
classical polyconvezity is not suitable as a counterexample in the symmetric case.
Specifically, [33] have demonstrated that the form

d
Q(F) = F{y + F3, + Fjy — 2(FuFo + FiyFag + FnFag) + Fy + F5y + Py + Y F7,

i=4
defined on R™? is rank-one convex but not polyconver. However, in the symmetric
context, the quadratic form

d
2 2 2 2 2 2 Z 2
q(@) - 811 + 522 + 533 - 2(611822 + 611533 + 522833) + 512 + 513 + 523 + gii
i=4
is symmetric polyconver, as a consequence of Proposition 3.1, since

d
q(a) + A Mg(é) = Z&i — (611622 + €11€33 + 822633) Z 0, Ve € SdXd,
=1

where A = (Ary), Air =14f I = (1,2), (1,3), or (2,3), and Ar; = 0 otherwise,
is clearly S-positive semi-definite.

3.4 Symmetric poly-affine functions in higher
dimensions

We turn now our attention to symmetric poly-affine functions, we will show, as
in the 3d case, that this notion is equivalent to affinity. We recall that a function
f: 8™ — Ris said symmetric poly-affine if f and — f are symmetric polyconvex.
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Proposition 3.2 Any symmetric poly-affine function is affine, i.e. if f : S*¢ —
R is symmetric poly-affine, there exists a matriz 3 € S¢ and b € R such that

fle)=pB:e+b, Ve e S (3.24)

Proof. Let f : 8% — R be a symmetric poly-affine function, the function f
is then poly-affine. According to [19, Theorem 5.20, p. 179], there exist o =

(Oél, ey Oy ,Oéd) c Rdxd » R(;)X(g) X oo X R’ oy € R(z)X(Z) such that,
B _ d
FF) = F(0)+> g My(F), for all F € R

k=1
Lets denote by g the function g(V') = f(O)+ZZ:1 ag Vi, YV = (V, Vo, ..., Vo),
where Vj, € R i = 1,2,...,d. Consider g the restriction of g to the space
Sixd 5 §(2)<(3) ... §(af)*(als) x R and

d

f(e) = g(M(e)) = f(0) + ) an s Mi(e).

k=1

Since the function g is affine, then both g and —g are convex. Apply the procedure
of deleting the minor variables as in the proof of theorem 3.5, we get that g is
independent on minors of order bigger than 2 and

g(e, Ms(e),...,dete) = g(e, Ms(¢),0,...,0) (3.25)
Hence,
g(e, Ms(e),...,dete) = g+ a1 : € + ag : My(e)

and the sub-differential of ¢ with respect to the second variable is S-positive semi-
d

definite, that is ap : X X X > 0 for any vector X € R(). Applying the same

procedure to the function —g, we end up with

d

2

az:XIXX:OforanyXGR<).

Using Lemma 1.3, we deduce that ay = 0. Consequently, taking 5 = af, we get
fle)=pP:e+b,so fis affine. m
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